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Abstract

This study presents a class of single-step, self-starting hybrid block methods for directly solving general third-order ordinary differential equations
(ODEs) without reduction to first order equations. The methods are developed through interpolation and collocation at systematically selected
evenly spaced nodes with the aim of boosting the accuracy of the methods. The zero stability, consistency and convergence of the algorithms are
established. Scalar and systems of linear and nonlinear ODEs are approximated to test the effectiveness of the schemes, and the results obtained
are compared against other methods from the literature. Significantly, the study shows that an increase in the number of intra-step points improves
the accuracy of the solutions obtained using the proposed methods.
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1. Introduction subject to initial conditions

Many problems in the fields of mathematics and engineering are Y(x0) = y0, Y (x0) = 0, " (x0) = wo,
formulated using initial and boundary value problems (IVP and

BVP) for third-order ODEs. Most physical problems, includ- boundary conditions

ing the deflection of a curved beam with a constant or varying

cross-section, a three-layer beam, the motion of a rocket, thin ¥(x0) = 0, ¥ (x0) = 60, (xn) = wo,
film flow, electromagnetic waves, gravity-driven flows, phys-
ical oceanography, and the context of a variational inequality
involve the use of third-order ODEs of the form

V') = fOy, Y7, (1)

or with mixed boundary conditions

y(x0) = 0, (x0) = o, y(xn) — ¥'(xn) = wo,

where xg, Xy, Y0, 59, wg € R, and f is a continuous function and

“Corresponding author tel. no: +2348034500462 satisfies a Lipschitz cond1t'10n as glven. Henrici [1]. ‘
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(1). Through Taylor expansions, some 3 and 5-step schemes
for the special third-order ODEs were presented by Rajabi et
al. [2]. A one-step block method with four equidistant gen-
eralized hybrid points was presented by Adeyeye and Omar
[3]. Via numerical integration, a two-point four-step direct im-
plicit block method implemented at two points simultaneously
in a block using four backward steps was proposed by Majid et
al. [4]. Also, a fourth and fifth derivative, three-point implicit
block method was presented by Allogmany and Ismail [5]. Us-
ing interpolation and collocation techniques, implicit continu-
ous LMM for solving Equation (1) was presented by Jator [6].
Linear multistep methods have also been used to solve other
types of differential equations in Refs. [7, §].

Proposed to overcome the Dahlquist Barrier theorem, hy-
brid methods were introduced and have continued to generate
interest among numerical analysts as given in Ref. [9, 10]. In
this paper, we derive a class of hybrid block methods via inter-
polation and collocation technique, that directly solves general
third-order ODEs. We reiterate that the most typical methods
for attempting to solve (1) typically entail reducing the problem
to a system of first-order differential equations and then solving
the system using one of the available methods, which has been
shown to have some significant computational drawbacks like
requiring more time and labour from the user as as presented
by Jator ef al. [11]. Within the decade researchers have clearly
shown an unequivocal dependence of the accuracy of block hy-
brid methods on the number and type of grid points incorpo-
rated in the derivation process as presented in Refs. [12-15].

In this paper, a self-starting class of single-step hybrid block
methods are presented for numerically integrating general third-
order ODEs. We formulate certain members of the single-step
hybrid block methods, prove the convergence and perform nu-
merical tests to check the precision of the suggested methods
by contrasting them with other schemes from the literature.

2. Derivation and Analysis of Method

2.1. Derivation of the Methods

In this section, we describe the formulation of a class of one-
step block hybrid methods via the interpolation and collocation
approach as proposed by Onumanyi et al. [16], which will be
utilized to generate a number of discrete solutions for solving
(1).

We start by deriving a block hybrid method of the form

1
Y00 = @0 + @y (03,0t + @1t + (D iy
=0

Y NCY o Nye)
v=1

where p, € (0,k) are a countable number m € O of equally
spaced, non-integer off-grid points with % as midpoint derived
by

h,v=1,2,---,m. 3)

Xntp, = Xp +

\%
+1

Equation (1) contains the first and second derivative, hence, the
derivatives of Equation (2) are given as

|+ (e

, 1/, ,
Y@ = 3 {ah0om + a0y,

' ’f(i B+ DB D)) @
=0 v=1

" 1 ’” ’” ’”
Y (x) = ﬁ(ao (X)y, + a%(x)yn% + @] (X)Yn+1

+ h3(Zl] B Wy + iﬁ'g(x)fﬁpv)). 5)
=0 =1

The following conditions are imposed on Equations (4) and (5)

Y'(x) =6(x), Y'(x) = w(x), (6)
Y'(a) = 60, Y"(a) = wo. @)

2.2. Specification of the methods

In this section, Equation (2) is utilized in obtaining a particu-
lar one-step block hybrid method with equally spaced off-grid
points by specifying m. For illustrative purposes, the results for
m = 3 is provided.

Evaluating Equation (2) at x = {xn i1 Xy ls X, +%}, we generate
the two main methods (8) and (9) given below as:

h3
30720(fn + fur1 + 126]‘;,_,_% + 86fn+% + 26fn+%)

1 - 0®)
+ §(3yn —Yn+1 T 6yn+% - 8yn+%)

h3
o730\~ Fovt = 126y =26, 86/,

1 =0.9)
+ g(—y,, + 3y + 6yn+% — 8yn+%)

The starters Equations (10) and (11) are obtained from Equation
(7) and are given as:

h3
—41f, + fur1 —288f,,1 —424f .1
10080( Ja+ Jut Fues Tue =0, (10)
—88fn+%)+h6n + 3y, + Va1 —4yn+%
1
mh3(59fn = 3fur1 + 48fn+% + 216f;1+%
) =0. (1)

+40 fn+%) + hw, - 4(y,, T 2y,1+%)

It is worth mentioning that the derivatives are generated by
O0(Xn+r,) = Optr,, and W(Xy4r,) = Wper,, as follows:

+ 1532,

h3
—(79f,, S f 4 54S
=0, (12)

161280 :
+ 20fn+%) 8,0+ 2( . yn+%)
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%(ﬁ, + fast +258f,.1 +80f,,1 _o (13)
+80ﬁﬁg)+hdﬁé+yn—yml
3

s (50 + 79 it + 54,0y 4207, o as
+ 1532fn+g) +ho,, 3 + 2(yn+% - yn+1) ’

h3
10080
— 4247, )+ ROt = 3 = 3yt + 40y
h3
2880

+ 54fn+%) + hzw,”% - 4(y,, + Vpa1 — 2yn+%)

(= 41fue1 — 287,01 — 881,
—0, (15

(—15fn + 7 fos1 +456fn+% +218fn+%
=0, (16)

1
—h3(fn — fr1 = 321 + 32fn+;)
720 : N, -

+h2wn+% _4()’n+}’n+l —2y,,+%)
3

2880
- 218fn+%) + hzwl‘l+% - 4(yn + Ynt1 — 2yn+%)

(—7fn 15 01 — 4561 — 54,0
) =0,(18)

—_— ———  —— —— ——— ————

1

m;ﬁ(m — 59 fu1 —48f,,1 —40f,,1

=0.(19)
_ 216fn+%) + W wp — 4(y,, + Yn4l — 2yn+%>

For the one-step block hybrid method with m = 5 equally
spaced off-grid points, we evaluate Equation (2) at

X = {xn+%’ Xnads Xppls Xpg2s Xpis, x”"'l}'

We generate the four main methods (20), (21),(22) and (23)
given below as:

h3
19595520
+57525,,1 +20670f,,> +23673f,,1 = 0,(20)

(412f,, 971 + 44050,

1
+ 4773f,,+%) + §(sy,, = Yt + SVt 9y,,+%)
3

19595520
+40539fn+% + 19749fn+% +9564fn+% =0,21)

(191f, + 65f41 + 45824fn+%

1
+ 5028fn+%) + 5(2)1,, — Yns1 + 8yn+% - 9yn+%)

h3
19595520
— 19749f,,1 — 40539f,,> — 5028,

(—65f,1 ~ 191 f1 — 45824f,.,

1 =0, (22
- 9564fn+%) + 5(_yn + 2yn+l + 8yn+%

- 9yn+%)

/’13
19595520
- 20670f,,+% - 57525fn+% - 4773fn+%

(—97 fu = 4121 — 440501,

1 =0. (23
— 23673ﬁ1+g) + 6(_)7;1 + Syn+1 + 5yn+%

- 9yn+%)

The starters Equations (24) and (25) are obtained from Equation
(7) and are given as:
3

268800(
~2025f,,: ~ 6156, - 756fn+%) T hoy + 3y, (=09

—459f, + 11 fye1 = 6400, 1 — 6615,

+ Vet =AY

h3
M(BS%‘” — 47 fy1 +4352f,,1 + 1035f,,1

~ 1712 + 6300, 1+612fn+%)+h2wn =0.(25)

n+ 6

- 4()7,1 + Yn+1 — 2yn+%)

It is worth mentioning that the derivatives are generated by
0(Xnt1,,) = Opsr, and W(Xpir,) = Wpin,,

h3
21772800
- 138825fn+% - 71565fn+% +63114f,

1
l+g

(35414, = 479101 ~ 1433001,

1 =0, (26)
- 14886](;”%) + h6n+é + 5(7.))11 + Yn+1

- 8yn+%)
3

21772800(
+ 2812351 + 691652 + 84924, = 0,27)

TLLfy + 361 fup1 + 152320,

1
N 15684fn+g) 8, + 5(5)),, - 4yn+%)

3

h
268800(1lfn + 1 fpr + 4860fn+% + 2565fn+%

+ 2565fn+% + 594-fnJr 1

6

+594f, 8) + 6,1+ T 0,(28)
— Yn+1
h3

21772800
+69165f,,1 +281235f,,2 + 15684f,,1 = 0,(29)

(361fn + 111 fyy + 152320f,,,1

1
+ 84924 fn+%) +hé,,2 + g(yn = Syus1 + 4yn+%)

h3
21772800
— 71565 f,,1 — 1388252 — 148861

(~479, + 3541 fy1 - 1433007,

1 =0,(30)
+ 63114fn+%) +ho,. s + 5(—yn = TYn+1

+ 8yn+%)
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n and (43) given below as:
m(llfn—459ﬁl+l _6400‘]‘;”% —2025f;1+% .
= 0,31
= 0615f,3 = 756y, — 6156,.5) G 884?%(93”” #1421 + 131885f,,,
A0t = Yo = 3wt + Ay + 1446311 + 330611, 3 + 53474,
3 =0, (38)
m(_l‘lglﬁz + 457 frur + 42496f”+% + 1161518fn+§ + 71398fn+% + 7754fn+%)
+ 120867f,,1 + 358052 + 398761 =0,(32) + 3_2(21yn 3y + Ly, - 32%%)
+3900 f,,+%) FI2w,, ) - 4(yn et — 2yn+%) -
————(59f, + 19f,1 + 18770f,,, 1
3 9676800( Jut 9fun Juss
725760 (245fn = 85fns1 +75008f, 1 +14122f, 1 +4742f, 5 + 34281,
=0, (39)
+26889,,1 +21207f,,2 — 10380, =0.33) +22676f,,5 +10636f,,5 + 1148 f,H%)
2
+ 8076fn+g) +h Wyl = 4()’n + Ynt1 — 2yn+%) + é(?’y” — Yne1 + 6yn+% _ 8yn+%)
i ( 11f, + 11f,. — 1287f,,1 + 1287f n
| n n+l — n+l n+2 - |2 6 n 1 n 183445
26880 3 3 123863040( 96fu + 199 fus1 + e
— 180f,,1 + 180 f,ﬁg) + w1 — 4(yn +Yue1 ¢ = 0,34) +75337f,,1 +46259f,, s + 184661
=0, (40)
_ 2yn+1) + 169886 ,.,3 + 100054f,, < + 10858f,,+%)
2
1
(g5, ~ 245 5008 ' ﬁ(sy” 7t ¥ 30 - 32y"+%)
725760( Jn = 243wt = 75008y .
—21207f,.1 —26889f,,2 —8076f,,1 h (_1 — 296 — 183445
. " oo Gs) 123863040\ /T 200w T
+ 10380ﬁ,+g) +Hw,,: 4(yn + Yn+l —46259f,,1 — 75337f,.: — 10858f,,1
=0,(41)
- 2yn+%) — 100054f,,, s — 169886, s - 18466]‘,”%)
1
n + _(_3)’n + 5Yu+1 +30y,,1 — 32yn+§)
_ _ 32 : s
725760( 457f, + 1481 £y — 42496, 3
—35805f,,1 — 120867f,,2 — 3900, 1 =0,(36) " (—19 — 59,1 — 18770f,,
’ . : ° 96768001 | =3 Jur
- 39876ng) thw,,s - 4(yn + Vet — 2yn+%) — 47421 — 14122, 5 — 11481,
=0, (4
3 ~ 10636, : ~ 226765 — 3428 fm%)
+ o (=Vn +3Yns1 + 6,1 —8y,,2
~1035f,,2 = 612f,.1 —6300fn+%)+h2wn+1 =0.(37) 8 ! *2 *3
h3
= 43+ 3 = 20,0 seicog | ~142f — 937t - 131885,
For the one-step block hybrid method with m = 7 equally = 33061f,,1 = 144631, .3 = 775414 _ 0. 43)
spaced off-grid points, we evaluate Equation (2) at 71398, - 161518fl+% B 53474f,,+%) =0.
_ 1
X = {xn+§’ Kntds Xnads Xpals Xppds Xpids Xy 7, -xn+1}~ + ﬁ(_3y" + 21ype + 14yn+% _ 32yn+%)

We generate the six main methods (38), (39), (40), (41), (42)  The starters Equations (44) and (45) are obtained from Equation
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(7) and are given as:
3

4989600(
- 80024fn+£ - 13672]‘%% - 71648fn+%

~ 126304f,,; — S8016,, s - 6176fn+%)
+ hé, + 3 + Yu+1 — 4yn+%

h3
(8121, —209f,,, — 18160f..1
226800( Y Jus1 Juss

—2552f,.1 —A872f,,y +44192f, 1

- 4(yn + Yn+1 — 2yn+%)

~4519, + 79 fys1 — 55520,

=0, (44

+55584f,,1 +28384f,, s + 2912fn+%) + Ko,

= 0.(45)

It is worth mentioning that the derivatives are generated by

6(xn+‘rm) = Ontry and ‘U(xn+‘rm) = Wn+t,

3

5109350400(
— 43219630, — 31649144f,,,

— 10970288, > + 5710568 .1
— 44180864f,,5 — 20167160,

371725 f, — 65591 fr1

1
- 2191216fn+%) b1 + E(Syn + Vur1

- 6yn+%)
3

79833600
+515828f,,1 +2524f,,5 + 1567361

(2221 fo+ 65 Fr1 + 10930f,..

+1499207,, 1 — 6016, - 608fn+%)

+ h6n+% + z(yﬂ - yn+%)
3

5109350400 (

+ 40485970,y +30702112f,,1
+ 99982645 + T176736f,,1

+ 595733361, +22437424f, <

128801, + 393497,

1
+ 2430808fn+%) + h6n+% + 5(3)% — Yn+l

- 2yn+%)
3

4989600
+ 19504fn+% + 19504fn+% +4736fn+%

+44416f,,»

(79 fu+ 9 fuar +T0430f,,1

+ 44416, + 4736f,,+g) + 08,1+ Yn = Yot

=0, (46)

=0, 47

=0, (48)
= 0,(49)

3

5109350400
+ 40485970]‘,”% + 9998264]‘"%

+30702112,, 5 + 2430808,

1
n+g

+ 22437424fn+% + 59573336]"+5
n+g

(39349 o+ 128801 fun

1
+ 7176736](,”%) + h6n+§ + E(yn - 3yn+l

+ 2yﬂ+%)

h3
79833600
+2524f,.1 + 515828, — 6081

(65 fo+ 2221 fyur + 10930,

- 6016fn+% + 149920fn+% + 156736fn+%)
+h5n+% +2(yn+% —yn+1)

h3
5109350400
— 432196301 — 10970288, .

~31649144f,, 5 - 2191216f,,1

(—65591 fo 4+ 3717250

~20167160f,,1 — 44180864, 5 =0,

1
+ 5710568 fn+%) + 6,7 + 5(—yn = 5Ynet
+ 6yn+%)
h3

4989600
- 13672fn+% - 80024fn+% - 6176fn+%

(79 fo— 4519 1 - 55520,

~ 58016, — 12630415 - 71648fn+%)
+ h6n+l

= Yn = 3Yns1 + 4yn+%
3

29030400

+ 2708640fn+% + 4277938fn+% + 667598fn+%

+ 1189482fn+é + 1519394}‘“% +486814fn+%

(—30529 £ + 7201 fs

+ 59862f;1+%) + hzwmé - 4(yn + Yo+l — Zyn+%)

3

907200(
+32286,,1 + 11666, — 58161

+ 102248, + 38808, 5

107f, = 3 fuu1 + 43480,

+ 4024f;1+%) + hzwn% - 4(yn + Ynt1 — 2yn+%)

(50)

=0, (51)

(52)

=0, (53)

=0,(54)

= 0,(55)
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3

29030400
- 605134fn+% + 515406fn+% - 86486fn+%

(—3873 fo+ 3137 fuy + 22244801,

+ 640098, 2 + 843998, 5 + 97174 f,H%)

+ hzwn+% - 4(yn + Yo+l — 2yn+%)

h3
45360
—192f,,1 — 1984f,.5 + 1984, s + 192]‘,”%) =0,(57)

(<fo + fovn = 608, + 608F,.

+ hzwnJr% - 4()’11 + Vel — 2yn+%)

3

29030400
— 515406f,,1 + 605134f,,: — 97174f,,,

(~3137, + 3873f,01 — 2224480,

— 843998, — 640098, 5 + 86486 f,H%)

+ hzwn+% - 4(yn + Yn+l — 2yn+%)

3

h
907200 (3fn ~ 107 fra1 = 43480f,,1 — 11666f,,1

— 30286, — 4024, 1 — 38808,

~ 1022485 + 5816fn+%) 10,

- 4()’n + Yo+l — 2yn+%)

3

29030400
- 2708640]‘,”% - 667598fn+% - 4277938fn+%

(-7201 £, +30529f,.,

~ 59862f,,1 —486814f,.: — 1519394f,.+ | _ 0 60)
1189482 fn+%)
+h2wn+% —4(y,1 + Vil — 2y,,+%)

h3
(209, - 8121, + 18160,
226800( o Jret + 1816074
FA872f, 1 + 25521~ 2912f,,1

=0. (61)

~28384f,, s — 5558415 - 44192f,”%)

+ hzwn+l - 4(Yn + Y+l — 2yn+%)
For brevity, we have omitted the schemes for m > 7.

2.3. Analysis of the methods

We report the findings from our analysis of the characteristics
of our proposed method with evenly spaced off-grid collocation
nodes in this section. We focus in particular on the zero stability
analysis and truncation error.

= 0,(56)

=0,(58)

2.3.1. Local Truncation Errors and Order
We express our main methods and starters for third order IVPs
in terms of a linear operator £ defined as

1
Dy + )+ ay, v+ pyh)
J=0 : i

1 m
—0Q By o+ i)+ Y By (6 + puh)),
i=0 v=1

1
D@+ ) = hy (x)

=0

1 m
—W QB o+ i)+ Y By + puh)),
i=0 v=1

1
D@y, + jh) = by ()

=0

1 m
=IO By + i)+ Y By (5 + poh)),
i=0 v=1

where = 1,2,...,m.
Assuming that y(x;,) is sufficiently differentiable, we can expand
the terms y(x, + jh), y(x, + psh), Y (x, + p,h)and y"’ (x, + jh)
as a Taylor series about the point x,, to obtain the expression

LIy(x); h] = Coy(x)+Crhy (x,)+ - -+ Cph Y (x,)+ - <(63)

= 0,(59)where Cy,Cy,...C » are constant vectors. As stated in Henrici

[1], we say that the method has order p if

CAv()’ él’ T 7ép7 CA'p+l’ and CA‘17-¢—2 =0 Cp+3 # 0.

A

The vector Cp43 is called the error constant and
Cps3hP*3yP*3(x,) the principal part of the local truncation
error at the end point x;,. It is standard from our computations
that our methods have order p > 1 and with comparatively
small error constants.

Consequently, for our method with m = 3, we have

hEy® (x)
125829120
nEy® (x)
125829120
Ry ® (x)
5160960
IS RIE)

33030144

+0(h9),

+0 (h9)
= L[Y(xp); hl. (64)

+0(r°).

+0 (h9)

= L[Y(x,); h].(62)
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For our method with m = 5 and m = 7, we have

13h10y(10)(x)
10970982973440
thy(lO)(x)
548549148672
thy(lO)(x)
548549148672
134105010 (x)
10970982973440
thy(lo)(x)
4180377600
thy(lO)(x)
179159040

+0(n"),
+0(n'"),
+o(n),
+0(n'"),

+0(h”),

+0(h”)

Th12y12) ()
94997804639846400
12y(12)(x)
2597596220620800
R12y(12)(x)
2955487255461888
R12y12) ()
2955487255461888
12y(12)(x)
2597596220620800
n12y012)(x)
4783519825920
1212 ()
2597596220620800

317h12y(12)(x)
- Z 7 0 h13
50226958172160 " ( )

+—0(h”),

+ 0(h13),

+0(h'3),

+0(Wﬂ,

+-c)(h13),

+ 0(h13),

+ O(h”),

2.3.2. Zero Stability

= L[Y(x,); hl,

= L[Y(x,); h].

The starters and primary methods are represented in matrix-

vector form as

AVY = Ay, + 1BV F L +BY

m

where
Yasr = (o oypplse )
Yi= (oo v
Faar = (oo funy ome )
Fu=( s funy oo f)'
S1=0(-- 75#%7... ,5n)T,
wy = (- NOMEUEE ,on)T,

1 0 1 0 0 0
AW AL B, B, C,) and D)

m

are square matrices.

Fl+h*COw +hDW6,,(67)

7
For m = 3 we obtain we obtain the square matrices
3 1 3
1 _§ 0 §3 0 0 O _1§
AD 0 -3 1 -3 A0 _ 00 0 g
3 0 4 0 -1 |70 0O 0 0 37V
0 -8 0 4 00 0 4
43 21 13 1
_1531630 _Si _1534%0 _307%0
3(31) — 13360 5120 15360 3720 |,
(65) _132% T35 T oo
10 5 8 240
1
SR AT
©) _ 30720 o _
B=10 0 0 o G =00 01
9
0 0 O =5 0 0 0 O
and
0 0 0 O
o_[0 0 00
Dy"=10 0 0 0
0 0 0 1
For m = 5 we obtain
10 —é 00 ¢
0 1 -g 00 5
A0 |00 =5 1 0 —F
5 00 -3 01 -3/
(66) 00 4 0 0 -1
0 0 -8 0 0 4
() _
B5 =
7891 3835 4405 689 1591 97
6534840 T300368 1959552 6338 6531890 19593520
1632960 6531840 76543 6531840 1632960 3919104
7119 76583 170 13513 197 7791
1632960 6531840 76545 6531840 1632960 19595520
591 _ 7689 _ 4105 3835 g9l _ 103
_65%}%40 fﬁ“ 1_951552 _1302_67368 _sssiszxo 4898880
64 1792 105 3960 2240 26880
00000 —%
00000 -5
4@ |0 0000 5
5 0000O0 5 [
0 00 0 0 -3
0 0 0 0 0 4
103
0 0 0 0O W
0 0 0 0 O W
BO _ 0 0 0 0 O _W
5 00 0 0 O _W
000 00 —ggﬁa
00000 =
0 0 0 0 0O
0 0 0 0 0O
c® 00 0 0 0O
5710 0 0 0 0 0}
0 0 0 0 01
0 0 0 0 0O
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For brevity, we omit the square matrices for the method m = 7.
The matrix system (67) is reduced to

ANy = A0y, (68)

The zero stability is established from the nature of the zeros
of the first characteristic polynomial defined as

P(R) = det[AV — A©]. (69)

A method is said to be zero stable if the roots of p(R) satisfy
| R; |< 1 and all the roots with | R; |= 1 have multiplicity that
does not exceed 2. For our method with m = 3, we obtain the
first characteristic polynomial given as

p(R) = —8R*(1 + R), (70)

which has principal root | Ry |= 1 and spurious roots R; =
0,j = 1(1)3. For our method with m = 5, we obtain the first
characteristic polynomial given as

p(R) = 8R3(1 +R), (71)

which has principal root | Ry |= 1 and spurious roots R; =
0,j = 1(1)5. For our method with m = 7, we obtain the first
characteristic polynomial given as

p(R) = —=8R’(1 + R), (72)

which has principal root | Ry |= 1 and spurious roots R; = 0, j =
1(1)7. In general, the first characteristic polynomial of our class
of hybrid block methods alternates between

p(R) = -R"R+1), (73)
and
p(R) =R"(R+1). (74)

Following Jator [17], our class of hybrid block methods are zero
stable, consistent and convergent.

3. Numerical Problems & Discussions

In this section, we have tested the performance of our meth-
ods on both scalar and system ODEs of the linear and nonlinear
types. All results in this study were compared with the theoret-
ical solutions, hence, the Absolute Errors (AE) and Maximum
Absolute Errors (MAE) obtained. We compare our methods
with the Generalized Linear Block Method (GLBM) of order
5 in Ref. [3], the Direct Two-Point Four-Step Variable Step
(D2P4VS) methods of order 6 and 7 in Ref. [4], the Implicit
Three-Point Block Method of order 9 ITPBMQOY) in Ref. [5],
and the Boundary Value Methods (BVMS) of order 6 in Ref.
[11] . All computations were implemented using Mathematica
13.

Table 1. Comparison of the MAE of m = 3 and BVMS5 (Problem 1)

N m=3 BVMS5
10 2.91x107° 5.07 x 107°
20 4.65x 1071 1.16 x 1077
40 7.39x 10713 2.07x107°
80 1.84 x 1074 3.35x 1071
160 1.65x 10713 5.92x 10713
320 2.52x 10712 8.28 x 10714
3.1. Problem 1
Consider the non-linear third order IVP
Y () + 270 = 4(1 + x) 7, (75)

which was solved in Ref. [11], with the initial conditions, inter-
val of integration and exact solution given as

¥(0)=0,y(0)=1,y(0) = -1,
xe|[0,1],
Exact : y(x) = In(1 + x).

In this example, a comparison is made between our method m =
3 and the BVMS in Ref. [11], both orders 5 and 6 respectively.
In Table 1, we compare the MAE of our method m = 3 with
the BVMS at different values of N. It is evident from the results
that our method m = 3 of order 5 performs favourably well
against the BVMS of order 6. Our method m = 3 outperforms
the BVMS for all the values of N provided except at 320.
Table 2 display the MAE for our method m = 3, 5 and 7. The
results were computed using different values for N.

3.2. Problem 2
Consider the singularly perturbed third order BVP

—ey () +4y(x) =1, xe[0,1], (76)

which was solved in Refs. [6, 11], with the boundary condi-
tions, domain of integration and exact solution given as

y0)=y 0=y =1,

x c1\e (—Zx)
exp|—= | +

czx/EeX (2x
4 2 Ve

Exact : y(x) = 5 p —) +c3,

where



Table 2. MAE methods m = 3, 5 and 7 with various N (Problem 1)

Table 3. Comparison of the MAE m = 3 and BVMS (Problem 2, € = 0.01)
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N m=3 m=>5 m="17 N m=3 BVM5
6  593x10°  1.52x 10710 1.69 x 1076 10 3.7 % 107 2.6x 107
10 291x10°  276x 10712 228 x 1078 20 8.4 % 1078 1.1x 1074
12 9.84 x 10710 6.52x 10713 4.45x 107 40 1.5x107° 6.9 x 1076
20 465x10°1 7.97x1075  373x 107! 80 23% 107! 43 %1077
24 156x1071 553x 1071 649 % 10712 160 3.7 % 10713 27 %1072
40 7.39 x 10713 5.76 x 10713 1.08 x 10714 320 1.3x 1071 1.7x107°
48 232x10°8 134x10°% 171x 107
Table 4. Comparison of the MAE m = 3 and BVMS5 (Problem 2, € = 0.1)
80 1.84x107%  241x10  840x 107" N m=3 LALE)
96  176x10*  7.64x107*  1.84x 107 10 181078 24x107
160 1.65x1073  136x1073  5.79% 107 20 2910710 4.8 107
192 548x107  158x107%  1.60x 10713 40 4.6x10712 8.0 107
320 252x1072  3.19x1072  1.01x 10712 80 7.7x 1071 1.3% 1071
160 1.4 % 10714 2.0% 10712
o = 3 320 1.8x 10713 1.8 x 1071

4(1 + exp(%)
8+ 8exp(%)—3\/2+ 3\/Eexp(%)

c3 =
2
8(1 + exp (?)

The singularly perturbed third-order BVP has been solved with
a variety of values €, and it is shown that the results are still
acceptable as € — 0. In the Tables 3 and 4, the MAE of our
method m = 3 of order 5 is compared with the BVMS5 of order
6. From the results presented, our method m = 3 outperforms
the BVMS for € = 0.01. Although, our methods perform better
with a decreased number of steps, for example, our methods
m = 3, 5 and 7 outperform those presented in Ref. [11] for
smaller values of N, the BVMS outperforms our methods at
N =320 and with € = 0.1.

For our methods, m = 3, 5 and 7, the numerical solutions were
contrasted with the theoretical and the MAE presented in Table
5 and 6.

3.3. Problem 3
Consider the third order IVP

vy +2y =9y — 18y = —18x* — 18x + 22, (77)

with the initial conditions, domain of integration and exact so-
lution given as

¥(0) = -2, y'(0) = -8,y (0) = 12, x € [0,5],

Exact : y(x) = —2¢ > + e 2 + x> — 1.

Tables 7 and 8 display the AE at the endpoints x = 1 and x = 4
of the integration domain. The results were computed using
different values for N.

We compare our methods m = 3 of order 5, with the two-point
four-step implicit block method (D2P4VS) of orders 6 and 7
presented in Ref. [4].

In the Tables 9 and 10, we provide the MAE within the inte-
gration domain x € [0, b]. From the results displayed in Table
9, our methods outperform the D2P4VS in a lesser number of
steps with b = 1. In the Table 10, our method m = 3 outper-
forms the D2P4VS.

3.4. Problem 4
Consider the BVP with mixed boundary conditions

Y (x) - +2y(x) = f(x), (78)

1
V1+x



Table 5. MAE method m = 3, 5 and 7 with various N (Problem 2, € = 0.01)

Table 6. MAE methods m = 3, 5 and 7 with various N (problem 2, € = 0.1)
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N m=3 m=5 m="17 N m=3 m=5 m="17
6 3.9x107 8.01 x 1077 1.10x 1078 6 3.5x1077 6.74 x 10710 8.93x 10713
10 3.7x107° 2.63x 1078 1.27 x 10710 10 1.8x1078 1.25x 107! 6.22 x 1071
12 1.4x107° 7.01 x 107° 233x 107! 12 6.1 x107° 2.95x 10712 3.11x 1075
20 8.4x 1078 1.46 x 10710 1.75 x 10713 20 2.9x 10710 451 x 107 422 %1075
24 29x 1078 3.54x 1071 3.22x 107 24 9.9x 1071 131 x 10714 4.44 x 1071
40 1.5%107° 6.31x 10713 8.88 x 10716 40 4.6 x 10712 1.58 x 1074 7.33x 1071
48 49 %1071 1.51x 10713 2.58 x 1071 48 1.5%x 1072 333x 1071 733 x 1079
80 23 x 1071 333x 1071 4.00 x 1071 80 7.7 x 10714 2.89 x 1071 2.02x 10714
96 7.9x 10712 7.55% 1071 1.55x 1071 96 4.8 x 1071 4.06 x 1071 1.26 x 10712
160 3.7x 10713 7.59 x 10714 6.88 x 1071 160 1.4x 1071 291 x 1071 513 x 107
192 12x107" 9.99 x 1071 7.37x 10713 192 1.1x 10713 7.86 x 10713 457 x 10714
320 1.3 x 1071 8.00 x 10713 5.45x 10712 320 1.8 x 10713 2.25x 10712 520x 1071

which was solved in Ref. [11], with the mixed boundary condi- Table 7. AE at the end of interval (Problem 3, x = 1)

N m=3 m=2>5 m="7

tions, domain of integration and exact solution given as
Y0)=y (O =1Ly -y 1) =0, xe01],

1
Exact: y(x) = §x3.

In this problem, f(x) is deduced from the exact solution. All
methods solve this problem accurately and are consequently
exact to machine precision. Table 11 shows the computational
comparison of the different methods for this problem.

In Table 12, we display the MAE within the integration domain
of the problem for m = 3, 5 and 7. The results were computed
using different values of N.

3.5. Problem 5
Consider the third order IVP

y +e =0, (79)

which was solved in Ref. [3], with the initial conditions, do-
main of integration and exact solution given as

y(0)=1, y(0)=-1,y(0) =3, x€[0,1],

Exact : y(x) = 2x> — " + 2.

Tables 13 and 14 show the AE at selected points in the inte-

gration domain for the problem solved with step size h = 1—10

10

8 2456667 x 1077 6.023624 x 107" 1.010961 x 10~1*

10 6.421349x 1078 1.007798 x 10711 1.082454 x 10713

22 5.640075 x 10710 1.829226 x 107 4.059099 x 10~

Table 8. AE at the end of interval (Problem 3, x = 4)
N m=3 m=35

m="17

59  1.901826 x 10 1.406541 x 10~%  7.038723 x 10713

99 8512268 x 107 2236027 x 107'%  3.974098 x 10~13

120 2.683452x 1076 4797736 x 10! 5.803680 x 10716

and compared with the theoretical solution. In the Table 13, we
compare the AE of our methods m = 3 against the GLBM in
Ref. [3]. It is instructive to note that both methods are of order
5. It is easy to see that our method m = 3 performs relatively
well against the GLBM. From Table 13, both methods perform
slightly better than the other at 5 selected points each within
the domain of integration. The AE of our methods m = 5 and
m =7 is presented in Table 14.
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Table 9. Comparison of MAE m = 3 and D2P4VS (problem 3, x = 1)

Table 12. MAE methods m = 3, 5 and 7 with various N (Problem 4)

N m=3 N D2P4VS N m=73 m=25 m="7
8 2.46 x 1077 41 9.33 x 1077 6 1.10 x 10716 1.33 x 10713 8.22 x 10718
10 6.42 x 1078 54 7.82x 1078 10 1.55 x 1071 1.44 x 10713 1.57 x 10716
22 5.64 x 10710 64 8.16 x 10710 12 1.22%x 1071 1.77 x 1071 1.17 x 10715
20 4.44 x 10715 1.44 x 10713 4.00 x 10715
Table 10. Comparison of MAE m = 3 and D2P4VS (problem 3, x = 4)
N m=3 D2P4VS 24 810x107'6  833x1076  555x 1076
-8 -6
41 141x10 226x 10 40 244x10°5  1.11x1075 333x10°15
-8 -8
>4 6.42x 10 7.82x 10 48 137x107'6  411x1075  822x 10713
-10 -10
o4 5.64 x 10 8.16x 10 80  1.65x107  199x10*  921x107
Table 11. Comparison of the MAE methods m = 3 and BVMS5 (Problem 4) 96 3.15% 1071 1.37 x 107 9.38x 107"
N m=73 BVMS5
160 7.07 x 10714 3.21x 10714 6.36 x 10714
10 1.55 x 1071 1.38 x 10713
192 4.15x 10716 9.03 x 10714 2.89 x 10714
20 4.44 x 10715 4.44 x 10710
320 1.94 x 1074 1.22x 10713 2.10x 10713
40 2.44 x 1071 2.87 x 10714
14 _14 Table 13. Comparison of the AE methods m = 3 and GLBM (Problem 5)
80 1.65 x 10 6.86 x 10 X m=3 GLBM
-14 -14
160 7.07x10 245x10 0.1 1.617997 x 1014 1.620926 x 1014
-14 “14
320 194 x 10 5.23x10 0.2 6.611369 x 10714 6.605827 x 10714
_13 —-13
36. Problem 6 0.3 1.528079 x 10 1.527667 x 10
Consider the nonlinear third order IVP 04 2.795853 X 10—]3 2.795542 % 10—13
"2.2 . 2 2
— Xy +x°y" = xsinx — cosx+ x“sin“ x, 80
Y ) Y (80) 0.5 4501185 x 10713 4501954 x 10713
which was solved in Ref. [3], with the initial conditions, do-
main of integration and exact solution given as 0.6 6.684659 x 10713 6.683543 x 10713
¥(0)=0, y(0)=1,y(0)=0, xe[0,1], 0.7 9.391131 x 10713 9.392487 x 10713
. 0.8 1.267017 x 10712 1.266987 x 10712
Exact : y(x) = sin x.
In this example, a comparison is made between our method m = 0.9 1.657656 x 10712 1.657785 x 10712
3 and the GLBM in Ref. [3]. In Table 15, we compare the AE of
our method m = 3 with the GLBM at selected points within the 1.0 2.117086 x 10712 2.117417 x 10712

integration domain of the problem solved with step size & = %

It is evident from the results that our method m = 3 performs
relatively well against the GLBM. Our scheme m = 3 slightly
outperforms the GLBM at the first five selected points in the
Table 15, while the GLBM marginally outperforms our method
m = 3 at the points x = 0.6, 0.7, 0.8, 0.9 and 1.0. The AE of our
methods m = 5 and m = 7 is presented in Table 16.

11

3.7. Problem 7

Consider the linear system



Table 14. AE at selected points for method m = 5 and m = 7 (Problem 5)
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Table 16. AE at selected points for method m = 5 and m = 7 (Problem 6)

0.1 2.667406 x 10~ 3.083489 x 10~
0.2 1.091358 x 10718 1.262510 x 10723
0.3 2.525817 x 1018 2.924209 x 1073
0.4 4.627550 x 10718 5.361661 x 10723
0.5 7.460028 x 107!8 8.650259 x 1072
0.6 1.109340 x 107"7 1.287332 x 10722
0.7 1.560518 x 10717 1.812293 x 10722
0.8 2.108106 x 1077 2.450086 x 10722
0.9 2761572 x 1077 3.211957 x 10722
1.0 3.531380 x 1077 4.110336 x 10722

X m=35 m=17
0.1 2.44337 x 10718 2.44337 x 10718
0.2 9.39821 x 1071 9.39821 x 1071
0.3 2.65894 x 10717 8.44329 x 10717
0.4 3.0799 x 10717 1.35734 x 107'°
0.5 1.05918 x 10~'° 3.27963 x 10710
0.6 9.68481 x 10717 429915 x 107'°
0.7 1.47862 x 1071¢ 4.80929 x 10~1°
0.8 2.97549 x 10717 4.14334 x 107'°
0.9 2.47817 x 10716 2.57721 x 1077
1.0 6.64357 x 10717 6.64357 x 10710

Table 15. Comparison of the AE methods m = 3 and GLBM (Problem 6)

X m=3 GLBM
0.1 6.6369 x 10710 6.661338 x 1071°
0.2 3.9126 x 10713 3.913536 x 10715
0.3 1.23524 x 10714 1.243450 x 1074
0.4 2.86685 x 10714 2.886580 x 10714
0.5 5.59501 x 10714 5.601075 x 10714
0.6 9.70193 x 10~ 9.692247 x 10~
0.7 1.55024 x 1013 1.546541 x 10713
0.8 2.33561 x 10713 2.325917 x 10713
0.9 3.35928 x 10713 3.346212 x 10713
1.0 4.65962 x 10713 4.644063 x 10712

¥, (x) = g5 (817y1 + 1393y, + 448y3)

yy () = — g (1141y; + 2837y, + 896y3) , (81)

¥y (X) = 752(3059y; + 4319y, + 1592y3)

which was solved in Ref. [11], with the initial conditions

12

¥1(0) = 2, y,(0) = —12, y/(0) = 20
2(0) = -2, ¥,(0) = 28, y,(0) = -52 ,
y3(0) = =12, y,(0) = =33, y;(0) =5
and exact solutions
yi(x) = e — 2> + 3e73*
y2(x) = 3e* + 2> — Te~3*
yi3(x) = —1le* - 53¢ + 4e73%

We compare our method m = 3 of order 5 with the BVMS in
Ref. [11] and ITPBO9 in Ref. [5] of orders 6 and 9 respectively.
From the results presented in Table 17, our method m = 3 per-
forms favourably well against the BVMS5 and ITPBO9.

Table 18 shows the maximum error of our methods m = 3,5, 7.
This problem is solved with various values N.

3.8. Problem 8
Consider the non-linear system

"

¥, (x) = Sexp(4x) y3(x) y,(x)
¥y (1) = Sexp(2x) yi1(x) y,(x) , (82)

¥y (X) = 27 yo(x) ¥, (x)

which was solved in Ref. [5], with the initial conditions



Table 17. MAE Comparison methods m = 3, BVMS5 and ITPBO9 (Problem 7)
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Table 19. AE at grid points for method m = 3 (Problem 8)

N m=3 BVMS5 ITPBO9 X Y1 V2 V3
10 1.51 x 1077 5.45x 1073 1.42x 10712 0.1 1.51546x 107" 3.83364%x 10712 8.95258 x 10~!!
20 2.36x%x 107 9.59%x 1073 9.52%x 10713 0.2 3.10129x 107 1.73926 x 10! 3.39825 x 10710
40 3.68 x 107! 1.80 x 107° 540%x 10713 03 17698 x 10713 474889 x 10711 7.1774 x 10710
80 5.76 x 10713 298 %1078 3.13x 10713 04 131187x 10712 1.06305x 10710 1.19818 x 10~
160 8.99 x 10713 529 x 10710 1.22x 10713 0.5 4.92628x 10712 2.11419x 10710 1.76148 x 10~
320 1.41 x 10716 1.07 x 1071 not given 0.6 1.3897x 1071 385917x 10710  2.39116 x 10~°
0.7 3.30345x 107! 6.58552 x 10710 3.0719 x 107°
Table 18. MAE methods m = 5 and m = 7 with various N (Problem 7)
N m=3 m=35 m=1 08 6.98675x 1071 1.06386x 10° 378767 x 10~
—6 —9 —13
6 321x10 1.16 x 10 3.13x10 09 135634x10710  1.64216x10°  4.51995% 10~
-7 —11 —15
10 1.51x10 1.96 x10 1.90 %10 10 246510x 101 243917 x107° 52460 10~
12 5.05x 1078 457 x 10712 3.08 x 10716
Table 20. AE at grid points for method m = 5 (Problem 8)
20 2.36x%x 107 7.69 x 10714 1.86 x 10718 x Vi V2 V3
24 7.89 x 10710 1.79 x 10714 3.00x 10710 0.1 5.55827x 10717 481773 x 10710 1.29796 x 10714
40 3.68 x 10711 3.00 x 10716 1.82 x 1072 0.2 295383 x 1071 1.52751x 10715  4.95592 x 10~
43 1.23x 1071 6.99 x 10717 2.94 x 10722 0.3 8.98209x 10716 47062 x 10715  1.04197 x 10713
80 576 x 10713 1.17x 10718 1.78 x 10724 0.4 191418x 107"  1.1297 x107'*  1.72933 x 1013
96 1.93 x 10713 2.73 x 1071 2.87 x 1072 0.5 2.99826x 10715  2.41904 x 107'*  2.53058 x 10~13
160 8.99 x 10713 4.58 x 1072! 1.74 x 1077 0.6 5.17479x 10715 4.68669 x 10714 3.41539 x 10713
192 3.01 x 10713 1.07 x 1072 2.80x 10728 0.7 8.61645x 10715 832541 x 1074 43678 x 10713
320 1.41x 10716 1.79 x 1072 1.70 x 10730 0.8 1.46822x 107 1.38331x 10713 536118 x 10713
) , 0.9 244228107 21786 x 10713 6.38609 x 10713
y1(0)=1, y,(0)= -1, y,(0) =1
) , 1.0 4.11462x 107*  3.27866 x 10713 7.38401 x 1073
»O0)=1,y,0)=-1,y, O =1,
y3(0) = 1, y3(0) = =3, y/(0) =9 Tables 19, 20 and 21 shows the AE at selected points in the
) integration domain for the problem solved with step size h =
and exact solutions 1

15 and compared with the theoretical solution. The numerical

() = e results for this problem are presented in Tables 19, 20 and 21.
1 —

ya(x) = e

ya() = e

13
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Table 21. AE at grid points for method m = 7 (Problem 8)

X Y1 Y2 Y3
0.1 5.55827x 1077 1.48706 x 107'®  1.21053 x 1071°
0.2 295383 x107!®  3.06269 x 1071®  1.54285 x 1071°
0.3 7.87186x 10716 820419 x 107'®  3.35219 x 107!¢
0.4 135907 x10°5  8.6094 x 1071®  6.26151 x 1071°
0.5 2.44315x 1071 1.26433x 1071 6.49266 x 1071
0.6 3.39843x 10715  1.79189x 107>  3.95042 x 107!¢
0.7 4.67516 x 10715 237434 x 10°15  3.1434 x 1071°
0.8 5.63386x 107 3.02269 x 10°°  1.57661 x 10~1°
0.9 6.93674x 1071  3.58693 x 107 3.53019 x 1071
1.0 7.89501 x 10°  3.95862 x 10°1°  6.27424 x 10~

4. Conclusion

We proposed a class of single-step hybrid block methods for
solving third-order ODEs without first converting to an analo-
gous first-order system. The convergence of the new methods
was established, and the schemes are implemented without the
use of starting values or predictors, avoiding the necessity for
complex subroutines. To illustrate the effectiveness of the new
methods, eight test problems of varied degrees of difficulty are
considered. From the results, it is shown that the improvement
in accuracy increases as the number of intra-step points m is in-
creased. Tables 1-21 discuss the numerical outcomes in further
depth. Our future research will focus on developing optimized
single-step hybrid block schemes for solving third-order ODEs
directly.
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