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Abstract

Fractional calculus has become an increasingly important tool for biological process modeling. In this study, we propose a novel fractional-order
model that is used to analyze visceral leishmaniase (VL) transmission dynamics, incorporating the effects of interventions. By fitting the model
to 22 years of cumulative VL cases, we estimate intervention effectiveness and key parameters. Our results show a high disease prevalence,
with reported cases accounting for less than 20% of all infections. Both human and vector control measures show limited effectiveness. Future

projections point to a further increase in cumulative cases.
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1. Introduction

The SEIR model is a mathematical framework frequently
employed in epidemiology to depict the dynamics of infectious
diseases in a population. It comprises four main compartments
denoted by the acronym SEIR, representing Susceptible, Ex-
posed, Infected, and Recovered individuals [1-3]. The model
begins with individuals classified as susceptible to the disease,
progresses to the exposed phase, where they have been exposed
but are not yet infectious, moves to the infected phase with the
potential for transmission, and ultimately concludes with the
recovered category, assumed to confer immunity. By utilizing
the SEIR model, researchers and public health authorities can
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gain insights into the progression of infectious diseases, esti-
mate crucial epidemiological parameters, and assess the effec-
tiveness of interventions such as vaccination or social distanc-
ing measures in curbing the disease’s spread within a popula-
tion [4-6].

Visceral Leishmaniasis, also referred to as Kala-Azar, is a
chronic, neglected, and deadly infectious disease caused by the
flagellate protozoan parasite Leishmania. It affects 2 — 4 hun-
dred thousand individuals worldwide, with an approximately
0.1% mortality rate [7-9]. VL is a zoonotic disease infecting
humans and animals such as dogs, jackals, rats, and foxes [10].
The vector that transmits the Leishmania parasite to humans
and other animal reservoirs is typically the phlebotomine fe-
male sandfly, which is about one-third the size of a mosquito.
The parasite is rarely transmitted through needle sharing, blood
transfusions, or mother-to-child transmission [11].
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Sandflies transmit Leishmania parasites between hosts (in-
dividuals and animals) through biting, enabling promastig-
otes (the pathogenic component) to penetrate macrophages and
other mononuclear phagocytic cells under the skin [9]. The
pathogens then evolve into non-flagellated intracellular ovoid
amastigotes with a large nucleus and a smaller kinetoplast [12].
Leishmania is harmful to host cells, like macrophages, and af-
fects the liver, spleen, bone marrow, and lymph nodes. Rec-
ognized VL symptoms include prolonged irregular fever with
or without rigors, cough, loss of appetite, diarrhea, vomiting,
jaundice, edema, epistaxis, and anemia. Most VL-positive indi-
viduals experience one or more of these symptoms within 3 — 6
months of infection [13]. Moreover, VL may lead to post-kala-
azar dermal leishmaniasis (PKDL) within six months to a year
after recovery. PKDL appears as a maculopapular or nodular
rash on the face, upper arms, trunks, and other body parts. Peo-
ple with PKDL are capable of spreading the VL disease.

An effective vaccine against VL has yet to be developed,
and the main control measures are case management based on
prompt diagnosis and treatment, which is vital for reducing
morbidity and averting death, detection and treatment of in-
fected animals [14], insecticide spraying for vector population
control, and use of insecticide-treated bed nets. VL control ef-
forts also include the establishment of surveillance systems for
monitoring and reporting, as well as community engagement
and public education [15].

VL is common in East Africa, particularly in impoverished
and conflict-torn areas. Sudan is home to Phlebotomus orien-
talis sandflies [7], the primary carrier of the disease pathogen,
and VL endemic has been established in the country since 1908
[16, 17]. The disease is endemic in the Darfur region of west-
ern Sudan, the Nuba Mountains of Kordofan region [18], and
the vast area from the western bank of the White Nile to the
Ethiopian border, which encompasses central and eastern states.
The last region includes El Gadaref state the epicenter of the
disease in the country [19]. VL-related statistics in Sudan are
alarming; it has the highest prevalence of PKDL in the world
[20, 21] with an incidence rate of 38/1000 per year and a case
fatality rate as high as 20.5% in population-based studies. Clin-
ical characteristics associated with VL and PKDL, such as en-
larged lymph nodes, hepatomegaly, and lymphadenopathy, are
more prevalent in Sudan than elsewhere [22]. The disease also
incurs a huge economic burden on the already poor population
treatment for a single VL episode costs 53% of household in-
come [23].

Sudanese health authorities, in partnership and collabora-
tion with various stakeholders such as the World Health Orga-
nization, the Leishmaniasis East Africa Platform, and the Drugs
for Neglected Diseases Initiative, have implemented numer-
ous initiatives to control the disease over the last two decades.
These efforts include the establishment of early diagnosis and
treatment sites, the introduction of a computerized registra-
tion system, the establishment of pharmacovigilance and pas-
sive surveillance mechanisms for sandflies in villages and other
remote areas, vector control strategies executed through the
malaria control program, operational research, and outreach ac-
tivities. Much of these efforts were focused on El Gadaref state.

However, the disease is still persistent, with an average annual
number of reported cases in the last two decades exceeding
3,500 cases (see Figure 1). The blue horizontal line represents
the average number of reported cases per year. The data were
obtained from the VL control program, Ministry of Health, El
Gadaref state, through personal communications with officials.

Mathematical modeling has been an important aspect of in-
vestigating infectious disease transmission, and numerous mod-
els for VL transmission dynamics have been proposed. The ma-
jor theme in these models is that they are built on deterministic
SEIR-type models and take into account three populations that
are important in VL dynamics: human beings, animal reser-
voirs, and vectors [24-28]. Elmojtaba, in collaboration with
others, has exhaustively examined and established several the-
oretical and simulation-based results about VL transmission in
Sudan from various perspectives. For example, in Ref. [29],
it was shown that human treatment and vector control can ef-
fectively eliminate the disease under specific conditions, and in
Ref. [30, 31], the dynamics of co-infection between malaria and
VL were investigated. Additionally, Refs. [27, 32] applied the
optimal control theory within dynamical models for VL trans-
mission to identify the optimum combination of strategies for
combating the disease.

Following in the manner of previous studies, the current re-
search attempts to develop an SEIR-type model for VL trans-
mission dynamics that explicitly accounts for the influence of
different interventions to control the disease in the three popu-
lations. We model the effect of the interventions as percentages
and assume that the reported human VL cases only represent a
fraction of actual infections in the community.

Using a Bayesian approach, we fitted the proposed model
to annually reported human VL cases from El Gadaref state
over 22 years (2000-2021) and estimated the value of each in-
tervention, as well as the values of the transmission rates that
determine the disease’s dynamic in this region.

The remainder of this article is structured as follows. In
Section 2.1, we present the formulation of the proposed model,
and in Section 2.2, we prove its validity from a mathematical
perspective, including the expression for the basic reproduc-
tion number Ry. In section 3 we present the analysis of the
model. Section 4.1 describes the parameter estimation process,
and Section 4.2 presents the sensitivity analysis of the model,
where we identify the most significant parameters. A brief sum-
mary and discussion of the results are provided in Section 5.

1.1. Preliminaries

Definition 1. Let f € H*(a,b) with b > a, and J € [0, 1).
The Atangana-Baleanu fractional derivative of f of order J in
Caputo sense is defined by

t _ R}
ABC DS () = F(3) df() . [_5@ w) }d(u,

1-9) ), dw 1-9

where F(J) = (1-9) + % is a normalization function satis-
fying F(0) = F(1) = 1 and Ey (.) is the Mittag-Leffler function
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given by

Esa)—;m, 9> 0.

Definition 2 ([20]). The Atangana-Baleanu integral of f (in
Caputo sense) of order J is defined by

1-3

ABC 13 _
I7f(0) = )

aj

J t 31
f(ﬂ'*'mfaf(w)(l‘—w) dw

Definition 3 ([20]). The Laplace transform of the
Atangana-Baleanu fractional derivative of f of order J in Ca-
puto sense is given by

SSLUFD) - 597 f(a)
sSSA-9H+9

i

L{2PCD] f() = F(D)

where £ is the Laplace transform operator. Definition 4 ([29]).
The Laplace transform of the Mittag-Leffler function Ey (.) is
given by

. (31
ClEs (o)) = 505

, where 0 e R

2. Methods

2.1. Model formulation

This section describes the transmission dynamics of VL us-
ing a modified version of an SEIR type model. The model in-
cludes three populations: people, vectors, and reservoirs, the
total human population N, is divided into six sub-populations,
namely susceptible, exposed, detected infected, undetected in-
fected, PKDL-infected, and recovered individuals denoted, re-
spectively, by S, En, 14, I,,, Pp,, and Rj,. Likewise the total vec-
tor population N, is divided into two sub-populations: suscep-
tible S, and infected I, vectors, and the total reservoir popula-
tion is divided into susceptible S ,, and infected I, reservoirs. At
given time #, we have

Ny(®) = Sp@) + En(0) + 1) + L, (1) + Py(0) + Ry(2),
N@® = S0+ 1),
N, = S0+ L.

The transmission procedure of VL that we propose is as fol-
lows: Initially, all the three populations remain susceptible to
acquiring the disease’s parasite, and that they grow at constant
birth rates Ay, 4, and A, and incur natural death, regardless of
their infection status, at rates uy,u,, and y, for human, vec-
tor, and reservoir populations, respectively. Susceptible hu-
mans are exposed to the disease’s parasite with force of in-
fection f; = ﬂI%(l — ap(1)), where ) is the probability of
infection transmission to host (human or animal) after being
bitten by an infected vector, and o, (f) € [0, 1] represents the ef-
ficiency of non-pharmaceutical interventions made for protect-
ing human population, e.g., the use of treated bed-nets, at time
t. If these interventions were 100% eflicient —that is () = 1,
no new incidences of VL would occurred. Exposed individuals
remain in E;, compartment for i days of year, after which they
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Figure 1. Yearly counts of reported human VL cases for El Gadaref state, East-
ern Sudan, from 2000 to 2021.
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demise naturally at rate y,, or become detected infectious /; at
rate €(¢), or undetected infectious I, at rate 1 — €(¢). The pa-
rameter €(?) represents the efficacy of concentrated surveillance
activities for case detection—e.g., capacity building and early
diagnosis— that take place at time 7. Without surveillance sys-
tems, all infected individuals would go undetected. Individuals
in I; compartment are subject to treatment, recover from the
disease due to the treatment at rate o, develop PKDL at rate
p1, or die at rates d; and y;, as result of VL infection and natu-
rally, respectively. Undetected infectious individuals, I, are not
recorded by the surveillance systems nor eligible for treatment.
However, they recover naturally at rate y; owning to the indi-
vidual’s immunity, develop PKDL at rate p,, and die at rates ,
and y;, as result of VL infection and natural mortality, respec-
tively. The I, class includes asymptomatic, sub-clinical cases,
and individual who are covered by the health programs. Indi-
viduals in PKDL class, Pj,, recover because of treatment and
naturally at rates of o, and y,, respectively, and die naturally at
rate u,. Recovered individuals, Rj, die naturally at rate y;, and
become susceptible again at an average rate of n attributable to
diminishing VL-induced immunity.

Susceptible reservoirs acquire VL infection from infected
vectors by force f, = 3 1{,((?), and further reduced by rate «,(7),
where «, () denotes for the efficiency of the measures (if any)
taken to control the reservoir population such as killing in-
fected animals and canine-vaccinations. It is worth noting that
the transmission probability from an infected vector (3,) is as-
sumed to be the same for susceptible humans and reservoirs.
The chance of VL transmission from an infected host to vec-
tor is determined by the host’s stage [33]. Therefore, we in-
clude parameters 3>, 83, B4, and 35 to represent, respectively, the
transmission probability per detected, undetected, and PKDL
individuals, as well as an infected reservoir. Thus, the overall
infection force for vector population is given by

1,0
N1

_ 1y(1) 1,(1) Py(t) _
= ((ﬁzNh(t) +ﬁ3Nh(t) +'84Nh(t) (I = ay(0) +Bs

)Sv(t).

Susceptible vectors are also further reduced by rate a,(f)
that corresponds to the efficiency of measures taken
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Figure 2. Diagram of the proposed VL transmission model.

3DES} 0 = A~ puty(n G =0

Np(®)
11Dy = gt 2L 28O ) ),
Ni(2)

SEEDII) = e(wE(t) — (1 +p1 + 61 + ) La(),

+ Ry (1) = S 1 (0),

ABCDEL (1) = [1 — @] WE(t) — (y1 + pa+ 62 + ) L (D),

SBEDEP(t) = pila(t) + pal () = (072 + Y2 + ) Pu(D),

SPEDIR) (1) = o1 1a(0) + Y1 Lu(t) + (02 + ¥2)Pp(t) — (17 + ) Ri(2),

S,
DS = 4, ~ Bl 8 = (@ (t) + 1S (1),
, S.(t
aBEDIL(1) = Bil(1) N,Et; — (@ (D) + )1 (2),
ABC pyrqrip o 14() 1,(1) P\, 1.(1)
o DiS,(0)= (('BzNh(t) +ﬂ3Nh(t) +ﬁ4Nh(t))(1 a(1) +ﬁ5Nr(t))SV(t)
+/1v - (av(t) + ,uv)S v(t),
ABC a7/ L(1) L,(1) Py o 1.(t)
o DiL() = ((ﬁzNh(t) + B3 N +’84Nh(t))(l a(1)) +,35Nr(t))5v(t)

_(a'v(t) + ,uv)lv(t)-

to control the vector population, such the spray of in-
secticides. The VL transmission dynamic described
above is depicted graphically in Figure 2 and mathe-
matically by the ten differential equations in system 1.

uolig|ndod Jdloalasay

ey

The following three equations are also implicit in the model’s

formulation:

N, (1)
Ny(1)

Ap = upNy(t) — 6114(1) — 621,(2),
Ay = (@ (0) + )N, (1),

(@)
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/lv - (a'v(t) + ,uv)Nv(t)-

All of the compartments, their initial values, and parameters
in system 1 are non-negative. In section 3 we present tables that
contain a full description of the model’s parameters and their
values.

The flowchart of the proposed VL transmission model, the
definition of all variables, parameters,transition rates and f;, f>
and f; are the force of infections for human, reservoir, and vec-
tor population, respectively are shown in Fig. 2

Nt =

2.2. Mathematical analysis

From the three equations in system 2, it is obvious to note
that in the absence of the disease (6; = 0,0, = 0) Visceral
Leishmaniasis induced death rate for individuals” indicates that
the death rate from Visceral Leishmaniasis (VL) for individuals
is zero. This means that no individuals died from VL during
the specified period or within the specified population. and in
the long run (t — o), the total number of human population is
determined by natural growth and death rates, N, = ﬁ Some

Hn
of the reservoir and vector population control measures are im-

plemented in other health programs, such as pesticide spray-
ing in malaria program, and may remain in place even after
the VL disease has eradicated. Therefore, both the total num-
ber of reservoir and vector populations are governed by nat-
ural causes and the effects of such interventions. In practice,
however, to the best of our knowledge, there is no other pro-
gram for controlling animal populations in the region of inter-
est. Though mathematical analysis allows for it to be different,
it is reasonable to set @, = 0. Thus, in the long run we have
A,
N, = — and N, =
Mr a, + [y,
coordinates of system (1), denoted by EY. is

)

, and the disease free equilibrium

A A Ay
E°={2"0,0,0,0,0,2%,0, ,0].
Hh Mr a, + [y,

Considering the fact that system (1) calculate number of living
things, the sensible region to study it is

Q = {(ShﬁEh’Ids ILH Pthh’ Srs Ir,Sv, IV) (S R_]'_O
S+ Ep+1; +1,+ P, + R, < Ny(0),
S, + 1. < NJ0), S, + I, < N,(0)},

which is bounded and positively-invariant domain for model (1)
and given non-negative initial conditions in R!° in Section 3.2 .
Using the next generation operator [34], we obtained the basic
reproduction number — the average number of susceptible indi-
viduals infected by a single infected case — Ry of model (1) as
stated in Equation (8). We also discussed and proved the dis-
ease free equilibrium conditioned on R as well as the stability
of system (1) in Section 3.2.

3. Analysis of the model

In this section, we seek to qualitatively study the dynamical
properties of the VL disease model (1) in the main text, which
quantifies disease spread or extinction in a population.

3.1. Positivity and boundedness

Theorem 1. (positivity) if the initial conditions are non-
negative then the corresponding solution set

(S h(t)a Eh(t)7 Id(t)’ Iu(t)’ Ph(t)’ Rh(t)7 S r(t), I)‘(t)7 Sv(t)’ Iv(t))’
of system (1) is non-negative for all t > 0. Moreover,

lim N, () < Ny(0), lim N(1) < N,(0), lim Ny () < Ny (0),

and the region

Q = {(Shs Ens Ls Lus Py Ris S 1, 1, Sy, I,) € R1:
Sp+E,+1;+1,+Pp+ R, <N,0),S,+ I, <N,(0),
S, +1, <N, (0}

is positively-invariant for the model (1) any non-negative initial
conditions in R1°.

Proof:. By substituting S;, = 0,E, = 0,1; = 0,1, = 0,P;, =
0,R,=0,5,=0,1,=0,S, =0, and I, = 0 in the first, second,
third, ..., and the tenth equation of system (1), respectively, we
have

dS (1)

dr s, -0 = A +nR, >0,
dd% Y - ﬁllv%}lah(m >0,

%{ L, T CO0B>0,

o L, = (=B >0
% - = pila+ paly > 0,

dzh R0 oily+yily + (02 +v2)Py > 0,
as,

dr ls, 0 >0,

% o ﬁllv(t)ilig >0,

das,

dr ls. o = A1,>0,

di, I:(s LG

W = oo

+ Pa ;ZZ; )(1 — (1)) + Bs ;”r((ft)) )Sv(t) > 0.

All of these equations are non-negative, and since the initial
conditions are also non-negative, then using Proposition B.7 in
[35] we can conclude that S ,(f) > 0, E(2) > 0, 1,(t) > 0, 1,(t) >
0,P,(t) > O,R,(t) > 0,S,(t) = 0,I.(t) > 0,S,(r) > 0, and
I,(t) > 0, for all t > 0.

Now, we prove that the solution is bounded on interval
[0, 00) by using the standard comparison theory [36] and con-
sidering the positivity of the solution on [0, o) established for
the equations of system (1)
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R A (1)) Ny(1) < Ny(0),
e N0) < N,(t) < N0),
e ' N,(0) N,(?) < N,(0).

A A

IA

Therefore, N, (), N.(t) and N,(¢) are bounded on the domain [0, c0), and any solution of model (1) is positively invariant in the
region given by

Q = {Sn®), En(0), 1a(1), (1), Pp(),
Ri(1), 8 (1), 1(1), S /(1) I(D)) € RY?

2 A
SNy < 2N < — 22—,
Mh ar(t) + Uy

Ay
Ny(H) < —— V> 0).
® a,(t) + uy }

We denote the disease free equilibrium coordinates of system (1) by E°, and it is given by

A A, A,
E° = (—",0,0,0,0,0,—,0, 0].
Mn

Hr @y + 1y

To obtain the above result, we assume «, = 0 in the long run.

3.2. The basic reproduction number

The basic reproduction number denoted by R is the expected value of secondary infections rate per time unit. There are six
infected classes in system (1): Ey, 14, 1, Py, I, and I,. Therefore, system (1) is reduced to the following new system:

S 1-
Ej(0) =mw>% — (@ + ) E4D),
I(1) = e(OWE(1) = (o1 + p1 + 61 + pp) 14(2),
L,(t) = (1 - () WE}(t) = (y1 + p2 + 02 + ) 1,(2),

Pi(0) = pila()) + p2Lu(t) = (02 + ¥2 + pn) P(D)

s
10 = Bl Eg ~ (@) + ),

LD Lo P 10
L) = ((,32 oS it D+ (f))(l an(0) + By o ]5,(0)

_(av(t) +:uv)]v(t)~ (3)

We assume that the average detection rate is constant €(¢) with the value € for all time 7 and that the non-pharmaceutical interventions
ap(t) = ay, reservoir control interventions a,(f) = «,, and vector control interventions «,(f) = a@,. Rewrite system (3.2) in vector
from [37], as follows

d
== fw= 5w -V,
where
Bi Ly Si(1-ap)

Np

0

0

F(x) = 0 ,
BilyS,
)i I P I
| [(5 + 5+ B2) (- + BE] s, |
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and V(x) = V" (x) — V*(x) such that

0 (W + up) Ep
EwE), (o1 +p1+ 61+ ) Ly
+ (I-ewk, - 1 +p2+ 02 +up) 1,
Vi = o1 1y + paly and V'(x) = (y2 + 02 + ) Py,
0 (a, +/1r)]r
0 (@ + ) 1,

We can verify that system (3.2) satisfies the conditions (A1)-(AS) in [34]. From the above functions, it is easy to conclude that:
(A1) if x; > 0, then F;(x), V;’(x), and V7 (x) 2 0, fori = 1,2,3,4,5,6. i.e., each compartment is directed transfer of living things
and thus they are all non-negative; recall that € and @ € [0, 1].

(A2) if x; = 0, then Vi‘(x) =0, fori=1,2,3,4,5,6. i.e., removal of living things is not from an empty compartment.

(A3)J; =0fori¢({1,2,3,4,5,6}. i.e., the incidence of infection for uninfected compartments (S, Ry, S ,, and S ) is zero, see the
main text.

(A4) if x € E°, then F;(x) = 0 and Vi(x)=0,fori=1,2,3,4,5,6.

(AS) if F(x) = 0, then the Jacobian matrix of system (3.2) is given by

—(w + up) 0 0 0 0 0
€w —(o1 +p1 + 61+ up) 0 0 0 0
_[lt-9w 0 —(y1 + 02+ 62 + i) 0 0 0
D (xa) = 0 o1 02 —(y2 + 02 + pp) 0 0 @)
0 0 0 0 —(a, +uy) 0
0 0 0 0 0 —(ay + )

The eigenvalues of D f(xp) are: —(w + ), —(01 +p1 + 61 + pp), —(y1 +p2 + 02 + pap), —(y2 + 02 + 63 + pp), —(@r + i), and —(a, + ),
and each one has negative real part.

0 O 0 0 0 Bi(l—ap
0 O 0 0 0 0
0 0 0 0 0 0
F=lo 0 o o o 0o | )
0 O 0 0 0 Bi
0 BKi BKi Bk BsKaz 0
_ (—apuN, Z N,
where K| = ﬁ, and K, = (a‘i TR
(w + pap) 0 0 0 0 0
—€w o1 +p1+ 01+ u 0 0 0 0
Ve -(l-ew 0 Y1+ p2+ 00 + Uy 0 0 0 ©)
0 —p1 -2 Y2+ 02+ 0 0
0 0 0 0 ay + Uy 0
0 0 0 0 0 ay, + Uy
The reproduction number of the system equation (2), Ry, is given by the
Ro = p(FVH. @)

Letting Ay = o1 + p1 + 61+, Az = y1 +p2 + 02 + pp, Az = yo + 02 + py. Thus

R = Bi [Kiw(1 = ap)(a, + ) [A1(1 = €)(A3B3 + Bap2) + €A2(A3B: + Bapy)]| + Ka(w + pp)A 1 ArA3f5]
0 AtAA3( + )ty + @) + ) '

3.3. Stability analysis of the model
Theorem 2. System (1) at disease-free equilibrium point E4y, is locally asymptotically stable if Ry < 1 and unstable if Ry > 1.
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Proof:. The Jacobian matrix [34] with respect to the system of equation (1) At E;/,, is given by

17 0 0 0 n 0 0 0 —A4]]
0 -4y 0 0 0 0 0 0 0 A4
0 ew -4 0 0 0 0 0 0 0
0 Ap 0 —A;z 0 0 0 0 0 0
0 0 01 p2 —A; 0 0 0 0 0
Jo(Egqpe) = , (8)
0 0 ol Vi Ag Ay 0 0 0 0
0 0 0 0 0 0 -Ap O 0 —Ag
0 0 0 0 0 0 0 -Ap O As
0 0 —BAs —B3As —PsAs 0O 0 -A; Ay 0
| 0 0  p2As  PB3As  BsAs O 0 Aps 0 -Apn
where
A4=W, As=%, Ae=%, Ar=(W+Hp), As=Y2+02, Ag=n+p,
A =0+, An=aw+i, Ap=0-6w, Ajss= M(#ﬁim’
We can clearly see that four eigenvalues are negative, namely, Z; = —t, 2o = —Ag,and Z3 = —Aj9, 24 = —Aj;. For the rest of
eigenvalues, we consider the following reduced matrix [38]:
-A; 0 0 0 0 A4
Ew —Aj 0 0 0 0
NEar) = Ap 0 —A; 0 0 0
0 P1 P2 —Aj3 0 0
0 0 0 0 A As
0 BrAs B3As BsAs Az —Ap |
After simplification, we get:
A, <0 0 0 0 A4
0 —A A7 0 0 0 +e wA4
I(Eage) = 0 0 —AzA7 0 0 +AAp ©)
0 0 0 —A3A1A7A; 0 0
0 0 0 0 —Ajp Ag
0 0 0 0 0 L
1 = ABi( - @10)° @ (A2A3B260 + Bacop1Ar + A1(1 = €)(A3f3 + Bap2)) AB1Bs A, AL

(w + pp)A 1 Az Azt N?

The eigenvalues of J{(E,y.) take the following form:

Zs = —A;, Ze=-AjA;, Z7=-AzA7
:RZ
Zg = =A3A1A7A;, Zo=-Ayp, Zio= %Jr—()a/ro) - A

(ﬂr + a'r())erz(ﬂv + av()) -
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The last eigenvalue also has the negative real part since
:RZ
0 <1
(,ur + arO)(/Jv + a'vO)

which implies that
R
0 <
\/(/'lr + ar())(/lv + a'vO)
implying that Z,9 < O,then Ry < 1, so the system of equa-

tion (1) is locally asymptotically stable for Ry < 1, and imply-
ing that
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fRO > \/(ﬂr + a’rO)(ﬂv + avO),

then Z;9 > 0, we obtain that Ry > 1, hence the system (1) is
unstable for Ry > 1. O
Table 1 contains an extensive discussion of the model’s param-
eters, including their values and ranges. For human, reservoir,
and vector populations, the table includes detection rates, inter-
vention efficiencies, transmission probabilities, incubation du-
rations, death rates, treatment rates, natural recovery rates, pro-
gression rates, and constant growth and death rates. The param-
eter values are estimated or collected from a variety of sources,
and they play critical roles in creating the model’s dynamics.

Table 2 focuses on initially value estimations, which are
critical for establishing the model’s initial circumstances. These
numbers show the starting numbers of different human and
reservoir classifications, such as vulnerable, exposed, undis-
covered infected, PKDL, and immune individuals, as well as
the size of the human, reservoir, and vector populations. The
table also includes the estimated reproduction number, desig-
nated as Ry, which offers information about the disease’s po-
tential spread.

Finally, Table 3 displays the Partial Rank Correlation Coef-
ficient (PRCC) and accompanying p-values for each parameter,
including 1; (undetected infected human class) and mathcalR
(estimated reproduction number). The PRCC calculates the
strength and direction of the linear correlation between a pa-
rameter and the target variable while accounting for the influ-
ence of other variables. The p-values represent the correlation’s
significance. Parameters with high PRCC values and low p-
values have larger impacts on the dynamics of I; and mathcalR
in the model, making them crucial for understanding the dis-
ease’s behavior. Parameters with low PRCC values and high
p-values, on the other hand, have little influence.

4. Results

4.1. Parameters estimation

Approximate values for a subset of parameters in model (1)
that pertain to the characteristics of VL disease, such as the
average incubation period, are known and have been obtained
from relevant literature (refer to Table 1). However, certain pa-
rameters that represent the rates of interactions (81,52, 53, B4,
and B3s), efficacy of interventions (€, @, @,, and @,), as well as
the initial values of N, Ej, I,,, Py, R;,, N, N,, I, and I, remain

unknown beforehand. We collectively denote these unknown
parameters as 0, i.e.

0= {63 A, Ay, Ay,

ﬂhﬁ%ﬂ%ﬂ‘hﬂs’ Nh(o)’ Eh(o)’ IH(O), Ph(0)3 Nr(O)s
1,(0), N,(0), 1,(0)}. (10)

The exact total population of El Gadaref state in 2000 is less
certain, but according to [44, 45] it stood around one million.
We model the initial number of human population around this
numbers as N,(0) = K, x 10°, where K, ~ u(0.8,1.4), and
set 1;(0) to be the cumulative reported VL cases in the year
2000 (see Figure 3). As in the work of [27] we modeled the
initial value of susceptible human as a fraction of N,(0), i.e.,
S1(0) = Ky, X Ny(0), K, € (1,0]. Likewise we modeled N,(0)
and N,(0) as N.(0) = K, X Nj(0) and N,(0) = K, X Nu(0),
respectively, where K;;, and K, represent the total number of
reservoirs and vectors per human, respectively. The initial val-
ues for the other compartments are considered to be fractions
of the compartments to which they belong (see Table 2).

Information about the time points where the interventions
went into effect is unavailable to us. Therefore, we assumed
that the average detection rate is constant e(f) with the value
€ for all time 7. Likewise, for the non-pharmaceutical inter-
ventions for protecting human population «@;(f) = a;, reservoir
control interventions «,(f) = «,, and vector control interven-
tions a,(f) = a,.

The cumulative number of reported human VL cases at time
t, represented by y, can be estimated from system (1) as follows

a) _
dr

The yearly cumulative number of reported VL cases are count
data and can be considered as random number of occurrences
in a year, and thus can be modeled by negative binomial (NB)
distribution. Therefore, the joint posterior distribution of the
parameters vector 8 and hyper parameter ¢ for dispersion is then
given by

ewkE(r). a1

L
JO, Bly1, y2, ..yL) = 1—[ NB(y)0, 9)PO)P(p),  (12)
t=1

where L represents the number of years, y(¢) is obtained from
11, and P(6) represents the density of joint prior distribution
of all the parameters in vector 6, P(¢) is the density of prior
distribution for dispersion parameter ¢. We assumed a flat un-
informative prior distribution (either (0, 1) or positively trun-
cated normal distribution N(0, 1)) for each parameter in 6, and
¢! ~ Gamma(0.1,0.1).

The following graph Figure 3a displays the annual cumu-
lative number of visceral leishmaniasis (VL) cases that have
been officially recorded for the state of El Gadaref from 2000
to 2021. The red curve depicts the outcomes simulated by a
model, while the blue dots reflect the actual reported cases in
the data.

The Figure 3b also offers a forecast for the total number of
reported VL cases in El Gadaref state during the subsequent
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Table 1. Description of the model’s parameters.
Par. Description Value Range Source
€(t) Average detection rate 0.17 [0.1, 0.5] Estimated
ap(t) Efficiency of non-pharmaceutical interventions 0.7 [0.29, 0.8] Estimated
a,(t) Efficiency of reservoir control interventions 0.0.15 [0.01, 0.44] Estimated
a,(t) Efficiency of vector control interventions 0.5 [0.13, 1] Estimated
Bi Transmission probability of VL from an infected 0.56 [0.2212, 0.94] Estimated
vector to a susceptible host
B> Transmission probability of VL from a detected 0.34 [0.004, 0.923] Estimated
infected individual to a susceptible vector
B3 Transmission probability of VL from an unde- 0.40 [0.04, 0.93] Estimated
tected infected individual to a susceptible vector
B4 Transmission probability of VL from a PKDL 0.37 [0.02, 0.94] Estimated
individual to a susceptible vector
Bs Transmission probability of VL from an infected 0.74 [0.3,0.97] Estimated
reservoir to a susceptible vector
i Average VL incubation duration for humans 60 days [30, 180] [39, 40]
01 VL-induced death rate for individuals in I; class  4.015 TBD [33, 40]
07 VL-induced death rate for individuals in 7, class 4.015 TBD [33, 40]
03 VL-induced death rate for individuals in Pj, class 4.015 TBD [33, 40]
o1  Treatment rate for individuals in I, class 0.03 day_l - [33]
o,  Treatment rate for individuals in Pj, class 0.033 day_1 - [41]
b2 Natural recovery rate for individuals in 7, class 0.84 [0.8,0.9] [33]
V2 Natural recovery rate for individuals in P, class  0.005 day*1 [0.001, 0.005] [33]
P1 Rate of progression from I, class to P, class 0.36 - [41]
02 Rate of progression from I, class to Pj, class 0.0001 [0.0001,0.0002] [33]
n Rate of progression from R;, class to S, class 0.002 day‘l [0.001, 0.006] [33]
A, Constant growth rate of human population 0.027 - [42]
A, Constant growth rate of reservoir population Up X N,(0) - [27, 33]
A,  Constant growth rate of vector population Hn X N,(0) - [27, 33]
un Constant death rate of human population 0.0067 - [42]
M Constant death rate of human reservoir 0.0017 day_I - [43]
#,  Constant death rate of vector population 0.0668 day™!' - [33]
Table 2. Estimates for the initial values.
Par. Description Formula Range (95% CI)
N,(0) Initial size of total human population 1.0859 x 10° [1.0084, 1.37]°
S1(0) Initial size of susceptible human 0.27 X N,(0) [0.01,0.87] X Nx(0)
E;(0) Initial size of susceptible human population 0.21 x §,(0) [0.01,0.9] x S ,(0)
1,(0) Initial size of undetected infected human 0.3659 x E,(0) [0.08,0.9] x E(0)
PL(0) Initial size of PKDL human population 0.3659 x [1,(0) + 1,(0)] [0.08, 0.93]
R;,(0) Initial size of human population who are immune to VL disease see * TBE
N,(0) Initial size of total reservoir population 0.18 X N,(0) [0.1,0.3] x N,(0)
1,(0) Initial size of infected reservoir population 0.07 x N,(0) [0.02,0.3] x N,(0)
N, (0) Initial size of total vector population 6.15 X N,(0) [2.14,9.3] x N,(0)
1,(0) Initial size of infected vector population 0.2 X N,(0) [0.05,0.54] x N,(0)
Ry Estimated reproduction number 8.04 [6.41,9.03]
* Note that we also have R;,(0) = N,(0) — §,(0) — E,(0) — 1;(0) — 1,(0) — P,(0), §(0) =
N(0) - 1,(0), and S ,(0) = N, (0) - 1,(0)
five years, from 2022 to 2026. This forecast, which is based on cases in El Gadaref State from 2000 to 2021(L = 22), us-

model simulations, provides insightful information on antici-
pated trends in the number of VL cases in the region throughout
the given time period.

We fit Eq.(12) to the cumulative number of reported VL

10

ing Markov Chain Monte Carlo (MCMC) approach. Specif-
ically, we implemented the No-U-Turn sampler [46], an ad-
vanced MCMC algorithm, within the Turing [47] ecosystem
for Bayesian computing paradigm in Julia programming lan-
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Figure 4. PRCC results of the model’s parameters with the number of reported cases I; (a) and the basic reproduction number Ry (b). The height of each bar
represents the strength of the correlation, with blue indicating a positive correlation and red indicating a negative correlation.

guage [48]. No-U-Turn algorithm converges fast to the target
distribution, avoids repeated random walks, and automatically
adapts the learning rate [45]. We run the program for 15,000
iterations; discarded the samples in the first 5, 000 iterations as
burn-in, and calculated point estimate and 95% incredible in-
terval for each parameter in 6 from samples in the remaining
iterations (see Table 1).

Figure 3a compares the results from model (1) simulation to
the actual data of cumulative reported VL cases in El Gadaref.
The model results are in accordance with the actual accumu-
lated data, only a few data point were missed by the model. The
estimated value for Ry = 21.04 (95% CI: 18.28 — 36.23), which

is far larger than one, and thus VL will remain in the region for
the foreseeable future, if the level of exiting measures remains
the same. The model estimated a limiting value for the aver-
age case report € = 0.187 (95% CI: xx — xx). a, = 0.xx (95%
CIL: xx — xx), ap = 0.xx (95% CI: xx — xx). a, = 0.xx (95%
CI: xx — xx). We further used the estimated parameter values
and projected the cumulative VL cases that will be reported in
El Gadaref state for 5 years, from 2022-2027. The cumulative
cases of VL will be steadily increasing (see Figure 3b).

4.2. Sensitivity analysis
We performe sensitivity analysis of model (1) using com-
bination of Latin Hypercube Sampling (LHS) and PRCC. Such
11
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Table 3. Partial rank correlation coefficient » and p-value of each parameter
with both I; and Ry.

PRCC with 1 PRCC with Ry

Par. r p-value r p-value

e 0562 1.59e-5 -0.0129 0.214

ap  —0.192 0.000283 —-0.0579  0.000961
a, —0.0213 0.427 —-0.255 5.77e-34
a, 0.00033 0.145 -0.0613  0.00153
B 0.21 6.27e-8  0.676 4.92e-215
B> —0.000256 0.0636 0.0159 0.178

Bz 0.0533 0.466 0.0266 0.0316

B+ 0.0134 0.73 0.00571 0.219

Bs 0.145 2.02e-5  -0.047 0.00113
N, —-0.0632 1.84e-9  -0.459 1.01e—135
N, 0.145 8.98e-6  0.37 9.75e-71
Sn 0456 0.0159 0.0187 0.44

E, 0401 0.577 0.000359  0.877

I, 0.0245 0.323 -0.00276 0.874

I, 0.0781 0.0251 —-0.00067 0.168

I, —0.000326 0.954 -0.0222  0.143

analysis allows for the identification of parameters that have an
important effect on the model’s dynamic [49]. LHS is a strati-
fied sampling technique in which the range of interest for each
parameter is partitioned into N equidistant intervals and random
samples are drawn from each interval. The PRCC is an effec-
tive technique for exploring nonlinear, monotonic relationship
between input parameters and model output [49]. PRCC results
quantify the relationship between a parameter and an outcome.
A positive result implies increasing the parameter increases the
outcome, whereas a negative result indicates that increasing the
parameter decreases the outcome.

We assume a uniform distribution for each parameter (or
the corresponding fraction of each parameter, see Section 4.1)
in 6, randomly generated 3000 samples of each parameter, and
calculated PRCC results for the total number of reported cases
I, and the basic reproduction number Ry. Figure 4 shows the
results of the analysis for each input parameter, at 95% confi-
dence level. From Figure 4 a, it can be noted that the parame-
ters that have significant positive effect on I, are €, Sy, Bs, N,,
and §,; whereas @, and N, have significant effect impact on /.
The highest positive influence on /; comes from e (with corre-
lation coefficient » = 0.562 and p-value = 1.59¢73, see Table
3 in Section 3), which intuitively understandable —the stronger
the reporting rate, the larger the number of detected cases. The
highest negative influence on I; comes from a;, (r = —0.192
and p-value = 0.000283), which is also intuitive; the stronger
the interventions for human population protection, the lesser the
reported cases in the community.

However, very few parameters have significant effect on Ry
(see Figure 4 b), which include g, N,, @,, @, and N,. In partic-
ular 8, (r = 0.21 and p-value =4.92¢721%) and N, (» = 0.37
and p-value = 4.92¢721%) have positive correlation with R
(r = 0.21 and p-value =9.75¢"""), whereas «, (r = —0.255 and
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p-value = 5.77¢73*), @, (r = —0.0613 and p-value = 0.00153)
and N, (r = —0.459 and p-value = 1.01¢™'*%) have negative
correlation with Ry. Interestingly, we found two observations
that are inline with the conclusions of other studies: increase
in 31, the interaction rate between sandflies and hosts (humans
and reservoirs), is and important factor that increase the basic
reproduction number Ry [40], and decrease in N,, the total size
of reservoir population, by culling or otherwise, leads to an in-
crease of VL cases among human population [29, 50].

5. Discussion and conclusion

Visceral Leishmaniasis (VL) is a major public health con-
cern that has affected millions of people worldwide. The dis-
ease has been endemic in Sudan for several decades, and var-
ious control strategies have been established for contain it.
Much of the efforts were concentrated in the eastern state of El
Gadaref, the disease’s epicenter in the country, where around
80% of cases occurred. The efficacy of these interventions have
yet to be thoroughly examined.

In this study, we constructed a mathematical model for VL
transmission dynamics that includes three population at the dis-
ease interplay: humans, animals, and vectors. The Model is
built on an SEIR type model and incorporates the effects of in-
terventions in a systematic manner. We proved the validity of
the model mathematically and derived formula for its basic re-
production number R (see Equation 8). Using Partial Rank
Correlation Coefficient method coupled with Latin Hypercube
Sampling technique we also performed sensitivity analysis on
the model, and identified the important parameters that have, ei-
ther positive and negative, significant influence on the number
of reported human VL cases 1; and R (see Figure 4).

We fitted model 1 to the yearly cumulative data of re-
ported human VL cases in EL Gadaref state for 22 years
(2000—-2021), estimated the model parameters, and compared
the model predictions with the actual cumulative reported VL
cases (see Section 4.1 and Figure 3a). According to the model,
the disease is quite prevalent among the local population —the
basic reproduction number is quite larger than one. The re-
ported cases represents fewer than 20% of the total number
of infected patients, with infected reservoirs (8s5) and humans
in the PKDL stage (84) being the primary sources of disease
propagation. If the existing level of the measures remains the
same, future projections show that the yearly cumulative cases
will continue to rise (see Figure 3b). The model provided a
very limiting value for reservoir control intervention efficacy
(o, < 15%). To some extent, this is correct; only a few efforts
have been undertaken to detect, treat, or cull infected animals.
Furthermore, the model predicted that the efficacy of both hu-
man and vector measures would be less than 50% (see Table 1
in SI file).

In general, we reach the conclusion that existing VL control
strategies are inadequate and inefficient, and that much has to
be improved in order to meet Sudan’s National Leishmaniasis
Control Program (NLCP) goal of eliminating VL as a public
health problem by 2030 [51]. We regarded the yearly cumula-
tive reported VL as random numbers for over-dispersed count
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data, thus we modeled them using the negative binomial distri-
bution and calibrated our computations accordingly. We pre-
sented the average values for the efficacy of the interventions
over the span of 22 years because we did not have the exact
time points when these interventions were implemented, sus-
pended or resumed. We would have better model resolutions
if we had this information. On the future, we are planning to
solve and analyze nonlinear fractional models by new methods
[52-54].
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