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Abstract

The mathematical model for dengue fever transmission studied by [1], has been re-investigated. The differential transformation method
(DTM) is used to compute the semi-analytical solutions of the non-linear differential equations of the compartment (SIR) model of dengue
fever. This epidemiology problem is well-posed. The effect of treatment as a control measure is studied through the growth equations
of exposed and infected humans. The inadvertent errors in the recurrence relations (DTM) of equations for dengue disease transmission
including initial conditions have been removed. Furthermore, the semi-analytic solutions of the model are obtained and verified with the
built-in function AsymptoticDSolveValue of Wolfram Mathematica. It has been found that results obtained from the DTM are valid only for
small-time 7 (# < 1.5), as t becomes large, the human population (exposed and recovered) and infected vector population become negative.
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1. Introduction 4.2 million in 2019. Between 2000 and 2015, the number of
registered deaths increased from 960 to 4032 [3]. A second
potential vector, Aedes Albopictus, resides in temperate re-
gions (North America and Europe), where it may give rise to
occasional dengue outbreaks [4, 5].

The spread of infectious diseases is studied through vari-
ous epidemiological models, including observational studies,
interventional studies apart from mathematical modelling us-
ing the compartment model [6]. The pioneering work using
the SIR model for contagious diseases is done by [7, 8, 9]. In
the compartment model, the population is primarily divided
mponding author tel. no: into three distinct mutually exclusive compartments: suscep-

Email addresses: gstuteja@gmail . com (Gurpreet Singh Tuteja), tible S(#), infected/infectious I(t) and recovered R(?) at any
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Dengue fever is a mosquito-borne flavivirus that is mostly
found in tropical and sub-tropical regions of the world. The
disease is spread by Aedes mosquito due to day-biting [2].
Dengue fever is the fastest-spreading vector-borne viral dis-
ease affecting 40 per cent of the world’s population, and now
endemic in over 100 countries. Over the last two decades,
the number of dengue cases registered to WHO has increased
from 505,430 cases in 2000 to over 2.4 million in 2010, and
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time ¢, based on the epidemiological status of the population
(10].

For the first time, the DTM was used for solving electrical cir-
cuit problems [11]. The application of DTM in finding so-
lutions for the set of non-linear ordinary differential equa-
tions obtained using the SIR model for various epidemiologi-
cal diseases including Typhoid [12, 13], Malaria [14] and sea-
sonal diseases [15] has been studied. In this SIR model for
dengue disease, we consider two separate but dependent sets
of non-linear ordinary differential equations related to hu-
man and vector population [16, 17]. The purpose of this pa-
per is to find semi-analytical solutions to the dengue fever
(SIR) model including the effect of treatment as a measure
of control. The semi-analytic solutions are obtained by using
the differential transform method (DTM) and are confirmed
by using a built-in function: AsymptoticDSolveValue of
Wolfram Mathematica and are discussed graphically also.
The paper is organized in the following sections: In section
2, the SIR model for dengue fever with model parameters in-
cluding treatment is briefly described. The existence, unique-
ness and positivity of the solution to the epidemiology prob-
lem are discussed in Section 3. Section 4 presents a theoret-
ical concept and implementation of DTM. In Section 5, nu-
merical solutions are obtained with a graphical discussion.
Finally, concluding remarks in section 6.

2. Formulation of the Problem

Two sets of populations consisting of human and vector
are considered in Figure 1. The population is divided into
some mutually exclusive compartments as given below. The
total human population is divided into the following mutu-
ally exclusive epidemiological classes: susceptible humans
Sp (1), humans with dengue in latent stage Ej,(#), humans in-
fected with dengue Ij(f), humans treated for dengue Ry, (?)
(recovered), while the vector population is divided into three
classes: susceptible vectors S,(¢), vectors with dengue in la-
tent stage E, (), vectors with dengue I, (). The class of treated
vectors (R, (1)) is not taken into consideration. Let Ny, (¢) and
N, (1) denote the total number of humans and vectors at time
t, respectively. Hence, we have that, Ny, (¢) = Sy, (#) + Ej (1) +
I,(t) + Ry, (1) and N, (1) = S, () + Ey (t) + I, (1), where Nj,(1) >
0,Ny(t) > 0,S,(8) > 0,S,(t) > 0,Ep(t) = 0,I;,(t) = 0,Rp(1) =
0,E,()=0,I,(t)=0.

The susceptible humans are recruited at a rate Ay, while the
susceptible vectors are recruited at arate A,. The susceptible
humans’ contract to dengue at a rate:

_ BuonMyEy + 1)
Ny, ’

where 1, < 1, this accounts for the relative infectiousness of
vectors with latent dengue E, compared to vectors in the I,
class. Susceptible vectors acquire dengue infection from in-
fected humans (infected blood is passed to a vector through
a bite) at a rate:

_ Brno@maEn+nslp)
N, ’

Apv 1)

Apu

2)
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where 114 < np this accounts for the relative infectiousness of
humans with latent dengue Ej compared to humans in the
I, class [1].

The model equations for dengue disease transmission includ-
ing treatment as a control measure are:

das

—h =Ap—ppSp—ApvSh, 3)
dt

dE),
T =ApvSn—(yn+ ) Ep, 4)
dr,

ar =ypEp— (Tp+pp+6pp)in, (5)
ﬂ—‘[ Iy, —upR (6)
ar = thln—BnRn,

dsS

dty =Ay—ptuSv—ApuSy, (7)
dE

y t” =ApuSy— (Yv + o) Ep, ®8)
dl,

dr =YvEy— Uy +0py) 1y, 9)

where Ay, A, are the recruitment rates and py, 1, are natu-
ral death rates of susceptible human and vector population,
respectively. f,, and fj, are the effective contact rate for
dengue from vectors to humans and humans to vectors, re-
spectively. The treatment rate for infected humans is 7. vy,
and y, are the progression rate of the human and vector pop-
ulation from the latent class (exposed) to the active dengue
class, respectively. The disease induced deaths in human and
vector are denoted by 6 p;, and 6 p,. 7y, N4, N are the modi-
fication parameters of E,,, Ej, and Iy, respectively.

3. Existence, Uniqueness and Positivity of Solution

We will use the Lipchitz condition to verify the existence
and uniqueness of solution [18] for the model equations (3)-
9):

Ey = Ap—pnSh—Apv Sh,
By =ApySp— (yp+ 1n)Ep,
E3=ypEp— (Tp+pp+0pp)In,
Ey =1l — unRy,
Es =Ny —uySy—ApuSy,
Eg=ApuSy— (yv + 1) Ey,
E7=yyEy—(ty +6pu) Ip.
Let B denote the region, |- | < 6, ||x—xpl| < a, where x =

(x1,X2,...Xp), Xo = (X10, X20,...Xno) also suppose that a(t, x)
satisfies the Lipschitz condition:

lla(t, x1) — a(t, x2)|| < kllx1 — x2|

whenever the pairs (¢, x1), (£, x2) belong to B where k is a posi-
tive constant, then there is a positive constant 6 = 0, such that
there exists a unique and continuous vector solution x(#) of



Susceptible

Tuteja & Lal/]. Nig. Soc. Phys. Sci. 3 (2021) 82-88

Latent

84

Human

Human

Latent
Vector

| Susceptible
Vector

. Hp

Infected
Vector

Figure 1: Dengue Fever Model

the system in the interval |f — #y| < 6. The condition is sat-
isfied by the requirement thatg—g,i,j =1,2,3,..n, be continu-
ous and bounded in B. Considering the model equation (3)-
(9), we are interested in the region 0 < @ < R [13].

Let B denote the region 0 < a < R, then equations (3) — (9) will
have a unique solution if g—g,i, j =1,2,3,..7 are continuous
and bounded in B.

For Ej:
OF | = (up+Apy)| < ‘aEl 0< ‘ Ex 0<
—_— | == O, | —/— | = Oy | —| = oo,
0Sy, Hn2pv 0E}, oIy,
0E; 0E; 0E; 0E;
—|=0<00,|—|=0<00,|—|=0<00,| —|=0<
ORy, 0S, 0E, oI,
For E5:
0E, 0E, 0E,
— =1 <00, |—|=|- + <00,|— | =0<o00,
33, [Apv|<oo ‘OEh’ [ = (yn+pp)l <oo ‘alh oo
O0E, 0E, 0E, 0E;
—|=0<00,|—|=0<00,|—|=0<o00,| — | =0< 00
ORy, 0S, 0E, oI,
For Ej:
0E3 0< ’6E3' | <
o | = Oy | == | = oo,
Sy, oE,| "
0E;3
—|=1=@n+up+dpp)l <oo,
oIy,
OFs 0< ’0E3 0< ’6E3 0< ‘ Es 0<
= o0, |l — | = o0, |l — | = o0, | —— | =
ORy, 0S, 0E, oI,
For Ey4:
6E4 0E4 E4
—|(=0<o00,|—|=0<00,| — | =|Thl <00,
0Sy, 0E}, oI
OE, | < ‘0E4 0< ‘6]54 0<
5| =1 00, |75~ | =0<00,| —|=0<o00,
or,| M as, 3E,
OF, 0<
= oo
oI,
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These partial derivatives exist, are continuous and bounded,
similarly for Es, Eg, E7. Hence the model has a unique solu-
tion. The positivity of the solution is presented in the follow-
ing theorems:

Positivity of the Solution: We show that the model equa-
tions (3)-(9) are biologically and epidemiologically meaning-
ful and well-posed as the solutions of all the stated variables
are non-negative [16].

If S;,(0) > 0,Ep(0) = 0,1,(0) = 0,R,(0) = 0,5,(0) > 0,E,(0) =
0 and I,(0) = 0, then the solution region Sy (¢), E, (1), I(1),
Ry (1), Sy (1), Ey(t) and I, () of the system of equations (3)—(9)
is always non-negative.

We consider each differential equation separately and show
that its solution is positive.

Theorem 1: Positivity of susceptible human population: Con-
sider the differential equation (3):
asy

e Ap =y +Apy)Sk(8) =2 —(up + Apv) Si (1),

Ap > 0 being recruitment rate of humans, we can write as:

s,
Sn

On integrating, the solution is Sy, = Spge~ /o Wn+ApVIdt It i
clear from the solution that Sy, (¢) is positive since Syg = S, (0) >
0 and the exponential function is always positive.

Theorem 2: Positivity of latent human population: Con-
sider the differential equation (4):

=—(up+Apv)dt

dE
d_th =ApuSn(t) = (yn+pn)En(t) = —(yn + pn) Ex (1),

Sp(2) is positive in time t and Ap gy > 0 being humans’ contract
rate to dengue, we can write as:
dEj, B

—_— == dt.
E, (Yn+ tn)
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t
On integrating, the solution is Ej, = Epge™ o Yntrmwdt T jg

clear from the solution that Ej, (¢) is positive since Ejg = Ej(0) =

0 and the exponential function is always positive.
Theorem 3: Positivity of infected human population: Con-
sider the differential equation (5):

iy _
dr

Y1 being the progression rate of humans from latent class to
active dengue class and Ej(t) = 0, we can write as:

YhER() = (p+pun+6pp)In() = —(tp+ pp+0pn) I5(1),

ﬂ =—(tp+up+oppdt.
I
On integrating, the solution is I, = Ige” Jo @n+un+Sppde So,
it is clear from the solution that I () is positive since Iy, =
I, (0) = 0 and exponential function is always positive.
Theorem 4: Positivity of recovered human population: Con-
sider the differential equation (6):

dRy,
e TplIp(8) — up Ry () =2 —pp Ry (1),

75, > 0 being the treatment rate for infected humans and ;,(¢)
is positive in time #, we can write as:

dRy,

—updt.
R, Hn

On integrating, the solution is Ry, = Rhoe‘fotl‘hdt . It is clear
from the solution that Ry, (¢) is positive since Ryg = R;,(0) =0
and the exponential function is always positive.

Theorem 5: Positivity of susceptible vector population: Con-
sider the differential equation (7):

as
— = M= (o + Apm)Su(0) = =y + Api) Sy (D),
A, >0 being recruitment rate of vectors, we can write as:
das
= = —(uy+App)dt.
Sy

On integrating, the solution is S, = Sype” fot(Nqu/lDH)dt, Itis
clear from the solution that S, (#) is positive since S, = S, (0) >
0 and the exponential function is always positive.

Theorem 6: Positivity of latent vector population: Consider
the differential equation (8):

dE,
W =ApuSy(t) - (Yu +,Ul/)Ev(t) = _(YU +,Uv)Ev(t);

Sy (1) is positive in time ¢ and Apy > 0 being vectors’ contract
rate to dengue due to infected humans, we can write as:

dE,
E,

= —(Yv“'llv)dt-

13
On integrating, the solution is E, = Eyge™Jo Vvt Tt s clear
from the solution that E,(¢) is positive since E,o = E;,(0) = 0
and the exponential function is always positive.
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Theorem 7: Positivity of infected vector population: Con-
sider the differential equation (9):
al,
dr
Yv > 0 being the progression rate of vectors from latent class
to active dengue class and E, () = 0, we can write as:

YvEy(8) — (uy +0p)1y(t) = _(,Uv"‘aDv)Iv(t)y

dly
Iy

=—(uy+bpyldr.

On integrating, the solution is I, = I,pe” Js (wo+6pp)dte . So, it is
clear from the solution that I, (¢) is positive since I,y = I,,(0) =
0 and exponential function being positive always.

Hence, the stated problem is epidemiologically meaningful,
well-posed and has a unique solution.

4. Differential Transform Method (DTM)

The differential transformation of the k'" derivative of fx)
is defined as:

1 |df
F(k) = ﬁ [ ik (10)
X0
We obtain,
f) =Y Fk)(x-x9F, an

k=0

is called the inverse differential transformation of F(k). In real
applications, the function f(x) can be expressed as a finite se-
ries and equation (11) can be expressed as:

n
f0 =Y Fll)x-xp*.

(12)
k=0
So, we have
n 1 |{défix)
= —x0)F = 13
fx) kgo(x Xo) k![ axF | (13)
0

From equations (10) and (11), the following properties are ob-
tained:

If z(x) = f(x) £ g(x), then Z(k) = F(k) + G(k).

If z(x) = aF(x), then Z(k) = aF(k).

If z(x) = f'(x), then Z(k) = (k+ 1) F(k +1).

If z(x) = f"(x), then Z(k) = (k+ 1) (k+ 2)F(k +2).

If z(x) = £ (x), then Z (k) = (k+1)(k+2)...(k+ D F(k+1).
If 2(x) = u(x)v(x), then Z(k) = ¥}_  F(NG(k—1).

If z(x) = ax’, then Z(k) = ad(k — I), where Kronecker

delta, 6(k— 1) = {'}!

N o ge e

Using the fundamental operations of differential transforma-
tion method, let Sy (k),Ej (k), I,(k), Ry (k), Sy(k), E,(k) and
I, (k) denote the differential transformations of Sy (), Ej (1),
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I (1), Ry (1), Sy(1),E,(¢) and I, (1) respectively, the recurrence
relation to each equation of the system (3)-(9) is:

Snk+1) = {Ah5(k) 1S (k)
_Purny Z Su(m)Ey (k—m) - Do Z Sn(m) T, (k- m)}
I/ —" Nu m
(14)
k
Ep(k+1) = {ﬁ uhl]y Z Sp(m)Ey(k—m)
k
Z Sp(m) I, (k—m) - (thh)Eh(k)} (15)
In(k+1) = —{mEh(k)—(rh+uh+5m)lh(k)} (16)
1
Ryk+1)= —{rhlh(k) unRy(k)} a7
Sy(k+1) = {A 5(k) — py Sy (k)
ﬁhynA
Z Sy (m)Ep(k — m)
Np m=0
_ Puuns Z S, (m) T, (k- m)} (18)
Ny, m=0
Broma

k
Y Su(m)Ep(k—m)
m=0

1
E 1
v(k+1) = k+ 1{ Np,

k
NELLS sv(m)lh(k—m)—(yy+uv>EV(k)}
Nn  m=o
(19)
Iy(k+1)= {nyy(k) (o +Epn) Iy (K)} (20)

The recurrence relations (14), (15), (18) and (19) are the rec-
tified forms of (8), (9), (12) and (13) of the study [1]. The
semi-analytical solutions and numerical solutions have sig-
nificantly changed due to these corrections.

5. Numerical and Graphical Simulation of the Model Equa-
tions

With the initial conditions Sy, (0) = 3503, Ej (0)
390, Ry (0) =87, S,,(0) = 390,E,(0) = 100, I,(0) = 130, we com-
pute the semi-analytical solutions for k = 4 using following
values of the parameters: Nj = 4470, N, = 620, A, = 500,
Ay, =1,000,000, up = 0.02041, p, = 0.5, By, = 0.5, By, = 0.4,
vh = 0.3254, v, = 0.03, 6p;, = 0.365, 6p, =0, 1, =04, N4 =
0.2,n5=0.5[5].

=490, I,(0) =

86

86

5.1. Low Dengue Treatment(ty = 0.25)

4
Y Skt = 3503 +361.8919131767338¢
k=0

+8.365058543813413 1% — 686.2825200034454 1>
+197.47227991929221*,

sp(t) =

4
Z Ej (k) tF = 490 - 102.83504317673376¢
k=0

+5.7225276226911681> + 685.5659739627513 1>
—253.23941572498939 %,

ep(t) =

4
3" I (k) e* =390 - 88.3639¢ + 11.342391324645417 1
k=0

—1.78165279438974621° + 56.05381198239061 ¢,

in(t)=

4
() =Y. Ry(k) ek = 87 +95.72433¢ - 12.02235428765

k=0
+1.026991360724097 1> — 0.11659352306745382 %,

4
Y S, (k)t* = 390 +999794.7744966443
k=0

—263054.4930350626 12 + 48072.332846142934
— 6858.820737023293 1%,

sy(t) =

4
> Ey(k)t* =100 - 42.774496644295304¢
k=0

+13117.1346525122591 — 6547.277795576331 13
+1717.2934391692909%,

ey(t) =

4
Y I, (k) t* =130 - 62. + 14.85838255033557 1
k=0

+128.694949433399981° — 65.19145214599749*

iv(t) =

These solutions are the same as obtained from the in-built
function AsymptoticDSolveValue of Wolfram Mathematica
13. Following is the program:

AsymptoticDSolveValue|
{S),L1] = Ap + pupSplt] + (Bunn v/ Ni) Splt]
Ey[t1+ (Byn! Np)Sp (111, [£] ==0,
181 = (Buntv! Ny Splt]

— (Bon! Np) Syt 1, [e] + (yp + pp) Eplt] ==
L = YnEplt] + (T + pp + S pp) In1] == 0,
R, [1] = TpIyl0] + ppRyl1] ==0,

Sylt] = Ay + o Sylt] + (Brom al Ni) S, (1]
Eplt]+ (Bryng! Np)Sylt1Iy[t] == 0,
L0 = (Bron al Np)Sylt1Epl8) = (Bryn g/ Np)
SyltlIp[t] + (v + o) Ey[£] ==0,
L[] =y yEplt] + (uy + 6 o)

0,
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I, [1] == 0, 5,,(0] == ShI0], Ep[0] == Ej[0],
I,[0] == Ih[0], R, [0] == RA[0], S, [0] == Sv[0], E, [0] == EvI[0],
I, [0] == Iv[0]},
{Snlt), Enlt], In(t], Rult], Sylt], Eylt], 1,21}, {£,0,4}]

5.2. Moderate Dengue Treatment(ty, = 0.50)

4
su(t) =Y Sp(k)t* =3503 +361.8919131767338¢
k=0

+8.365058543813413 1 — 686.2380770354108 1>
+254.424054497563841*

4
en() =Y Ep(k)t* =490 -102.835043176733761
k=0

+5.722527622691168% + 685.5215309947168¢°
—310.18757486781141%,

4
in(t) = Z In(k) t* =390 - 185.8639¢ + 65.5516163246454 1>
k=0

— 18.7259820405268621° +59.9122194860459351*,

4
(D) =Y Rp(k)t* = 87 +193.224331 - 48.437829287651°
k=0

+11.25480808602788¢° — 2.3981754133248154 1%,
sp(f) = i S, (k) t* = 390 + 999794.7744966443 ¢
k=0
—263053.6423639217 1 + 49525.708598154626
—7943.074169380729¢%,
e, (1) = i E, (k) t* =100 — 42.774496644295304 ¢
k=0
+13116.28398137132¢> — 8000.6450408766181°
+2812.4460625275524 1,
i) = i I, (k) t* = 130 — 62.1 + 14.85838255033557 2
k=0
+128.6864427219906 > — 76.090643146823451*

5.3. High Dengue Treatment(tj, = 0.75)

4
su(® =Y Sp(k)t* =3503 +361.8919131767338¢
k=0

+8.365058543813413 1> — 686.1936340673763 1>
+311.3702737048312¢%,
4
en(0) =Y Ep(k)t* =490 -102.83504317673376¢
k=0
+5.7225276226911681> + 685.4770880266824 1>
—367.130178639629157*,

87

Susceptible Humans
6000

Infected Humans
4000

~2000

-4000

~6000
Exposed Humans

Figure 2: Susceptible, Exposed, Infected Human (7 = 0.5)

4
in(t)= Y In(k)t* =390 —283.3639¢ + 144.1358413246454 1>
k=0

—53.93038836999731> + 71.07183667576527 14,

4
rp(t) = Z Ry (k) ¥ =87 +290.724331 — 109.22830428765 1>
k=0

+36.777076894665 1> — 10.299602854229525 14,

4
su(f) = Y Sy (k)£ =390 +999794.7744966443 ¢
k=0

—263053.64236392171% + 50978.94257164284 1>
—9299.8224883176481*,

4
es() = Y E,(k)tF = 100 - 42.774496644295304¢
k=0

+13115.433310230381% — 9453.870507653413 >
+4180.0925091263725%,

4
iv() =Y I,(k)t* =130 - 62.1 + 14.85838255033557 1>
k=0

+128.67793601058121> — 86.988770808723261*.

The graph of susceptible, exposed, infected human pop-

ulation with moderate treatment and exposed, infected vec-
tors is plotted against time ¢ Figures 2 and 3. It is found that
the susceptible and infected human population grows with
time t while the exposed human population becomes nega-
tive after t = 2.25, being population graph, it can’t be negative
(limitation of DTM). Similarly, the graph of the infected vec-
tors becomes negative.
The effect of the treatment as a control measure can be stud-
ied from Figures 4 and 5, where the effect of better treatment
on infected population is found positive initially, the recov-
ered population also increases initially and then consequently
decreases (after ¢t = 1.70, for high treatment rate) due to fast
growth of infected population.

6. Conclusions

The compartmental model for dengue fever with treat-
ment control measure [1] has been re-investigated and the
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Figure 4: Infected Human with different Treatment (1)
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Figure 5: Recovered Human with different Treatment (7)

inadvertent errors have been removed from the recurrence
relations of the model equations due to DTM. The existence,
uniqueness and positivity of the solutions have been estab-
lished. The semi-analytical solutions of the model equations
are re-computed using the DTM and built-in function Asymp-
toticDSolveValue of Wolfram Mathematica and are found to
be the same. It has been found that results obtained from
the DTM are valid only for a small interval of time #(¢ < 1.5),
as t becomes large, the exposed, recovered human popula-
tion and infected vector population becomes negative. For
smaller t, the better the treatment is, recovery will be faster
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