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1. Introduction

Let H(U) consist of all analytic functions in the open unit
disc U :={z : |zl < 1} and for n € Z*,a € C let H[a,n] =
{(f@ 2 f@ = a+ X2, a7} . Clearly Hla,n] c H and
H[0,1] = A, the class of all normalized analytic functions.
According to the principle of subordination, if fi, f; € H with
f1(0) = £2(0), then f; is subordinate to f>, if 4 a Schwarz func-
tion wi 3 wi(0) = 0,|wi(2)] < 1 and f1(z) = o(W1(2)),¥z € U
and we write f] < f>.

Let i) € S, a subclass of A that comprises of all univalent
functions and let ¢ : C2xU — C. If py and ¢(p;(z), zp"(2); 2) €
S and if p; satisfies the (first-order) differential superordination

h(2) < ¢(p1(2),z2p"1(2);2 € V), (D
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then p; is called an integral of the differential superordination
in (1). An analytic function g, is called subordinant of the inte-
grals of the differential superordination if ¢; < p; . A subordi-
nant §; with g; < @, for all subordinants of g; of (1) is said to
be the best subordinant.

The principle of subordination, plays a vital part in the the-
ory of univalent functions. Though Lindelof [1] was the first
person to initiate this theory, the contributions of Littlewood
[2] and Rogosinki [3] were remarkable in this field. Hallen-
beck and Ruscheweyh [4] studied the subordinate functions and
showed many interesting results for subordination in 1975. Ma
and Minda [5] introduced different subclasses of star-like func-
tions using the concept of subordination in 1992.

Differential subordination is the generalisation of differen-
tial inequalities with real variables. Goluzin [6] and Robinson
[7] gave some important results involving differential implica-
tions of order one in 1935 and 1947 respectively. In 1970, Suf-
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fridge [8] extended Goluzin’s result. The renowned theory of
differential subordination was developed by Miller and Mocanu
[9]. They introduced the concept of differential subordination
and differential superordination [10].

The results of Miller and Mocanu motivated Bulboaca
[11, 12] to study the first-order differential superordination for
certain classes and superordination preserving integral opera-
tors. Thus, the topics subordination and superordination be-
came the focal point for many researchers. The study of quan-
tum calculus has been captivating the interest of researchers
since 1707. Though Leonhard Euler and Carl Gustav Jacobi
laid foundation to the study of g-calculus, it was a publication
of Albert Einstein that made g- calculus popular because of its
applications to quantum Mechanics after 1905. Unlike conven-
tional calculus, g-calculus does not require continuity. In quan-
tum calculus, the notion of limits is not considered.

The g-derivatives and g-integrals were first introduced by
Jackson [13, 14]. The contributions of Srivastava to g-calculus
for analytic functions and also to g-hypergeometric functions
in function theory were remarkable. All his contributions were
mentioned in his book [15]. Ismail er al. [16] have studied
about starlike functions using g-calculus. Abelman et al. [17]
have made use of fractional g- calculus operators on a class of
non-Bazilevic functions to study the subordination conditions.
A study on starlike functions in g-calculus and an extension of
it to g-starlikeness for particular subclasses of starlike functions
have been carried out by Agrawal and Sahoo [18]. For more
details one can refer to Refs.[19-22].

On the other hand, Zadeh [23] introduced the concept of
fuzzy in 1965. The notions of fuzzy subordination and fuzzy
differential subordination were initially introduced by Oros and
Oros [24-26]. This new initiative associates fuzzy set theory
with geometric function theory. The duplet notion of fuzzy dif-
ferential superordination was studied in Ref. [27].

Wanas and Majeed [28] have proved certain results on fuzzy
differential subordination of analytic functions using general-
ized differential operator. Fuzzy differential subordinations in-
volving integral operators can be found in the work of El-Deeb
and Lupas [29]. Also El-Deeb and Oros [30] have studied
fuzzy differential subordinations using linear operator. Lupas
and Catas [31] have obtained the results on fuzzy subordination
for analytic functions associated with the Atangana-Baleanu
fractional integral of Bessel functions. For further study, see
Refs.[32-34].

For results on a subclass of analytic and bi-univalent func-
tions, using the symmetric g-derivative operator one can refer
to Refs. [35-39]. The theory of symmetric g-calculus has its
applications in various fields, specifically in fractional calculus
and quantum physics. The importance of symmetric q-calculus
in areas like quantum mechanics has been discussed in Ref.
[40, 41].

Following are some of the g-analogues in complex (or real)
analysis which we need for our work:

Definition 1. [13] For 0 < g < 1, the Jackson’s g-derivative
operator of a function is defined as

2

fi@-fi(g2)
(1-9)z

J1(0)

where D, f1(0) = f(z), if f](2) exists.

It is to be noted that (D, fi(z)) = 1+ ZZz[t]qa,z"l; where [1], =

for

Dy f1)(z) = { for

Definition 2. [4]] The symmetric g-derivative operator is de-
~ . s . ~
fined by (Dyfi)(@) = MELED: if 2 % 0 and (Dyfi)(0) =

f17(0) provided f,’(0) exists.

It is to be observed that (f)q k) =1+ Z[t]qa,z"l, where
=2
Definition 3. [23] A pair (K, Fg), with Fx : Y — [0,1],K =

{xeY:0< Fg(x) <1} = supp(K, Fg) is named as a fuzzy set
of Y. Fk is called the membership function of (K, Fg).

Definition 4. [24] Consider two functions f,g € H(D), D C
C and zp € D being a fixed point. fi is said to be fuzzy
subordinate to g, (i.e) fi <r g1 otherwise fi(z) <r g1(2) if the
following conditions are satisfied.

J1(zo) := g1(z0) ,

Fr)(fi(@) £ Fgp)(81(2), (z€ D),

@
3

where
A(D) = supp(D, F (D) = {z €C:0<Fp(D)Q) < 1},

¢1(D) = supp(D, Fy, (D) = {z €C:0<Fy (D)) < 1}.

Definition 5. [25] If ¢ : C> x U — C and h, € S satisfy
Y(c,0;0) = h1(0) = c, then p; is a fuzzy integral of the fuzzy
differential subordination if py is an analytic function in U such
that it satifies the (first-order) fuzzy differential subordination

“

and p1(0) = c¢. q1 € S is called a fuzzy dominant of the fuzzy
integral of the fuzzy differential subordination or simply a fuzzy
dominant, if F, uyp1(z) £ Fgwq1). A fuzzy dominant g,
which satisfies F 5 w)q1(2) < Fq,w)q1(2) for all fuzzy dominants
q1 of (4) is said to be the fuzzy best dominant of (4).

Fyc2xuyW(p1(2), 2p1(2) < Fpy(hi2),V p1,

Definition 6. [25] Consider y : C*> x U — C and hy an univa-
lent function in U. If py is analytic in U and satisfies the fuzzy
differential superordination

Fi,anhi((2)) £ Fyerxuy@(p1(2),z2p"1(2)):2) . Q)

(i.e) hi(2) <F Y(p1(2),z2p’'1(2);2),z2 € U, then p, is called a
Sfuzzy integral of fuzzy differential superordination. q; € S is
called a fuzzy subordinant of the integrals of the fuzzy differen-
tial superordination, if

q < Fp1,

for all p; satisfying (5).
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Definition 7. [42] Denote by Q, the set of all functions fi that
are analytic and injective on U — E(f), where

E(f) =1 €U : lim fi(z) = eo} € f{(0) # 0, £ € 9U - E(fy).

In this article, two classes of functions have been defined by
using Quantum Calculus operators and Differential and Fuzzy
Differential Sandwich theorems have been discussed.

2. Subordination results

In this section we have defined two classes R(g) and R(q)
and have proved the subordination, superordination and sand-
wich theorems for the classes defined.

Definition 8. The function fi € A is said to be in the class

R(q), if

2Dy f1) (2)
9{[1 + D ] >0,zel.

Definition 9. The function fi € A is said to be in the class
R(g), if

ADy 1) (2)
92[1 + Bufo ] >0,zeU.

Theorem 2.1. Let q(z) be analytic and univalent with q,(0) =

1 such that 7(;1'1((1)) is starlike univalent in U and aj € C (j =
1,2,3), (a3 #0). Let q1(2) satisfy
Re[%ql(z) b1 0@ qu(Z)} >0 (6)
a3 71@  q@
If fi € A satisfies
A1) = A(fi, 1, 0, 03) < @) + a2q(2) + asqu(Z)a (7
q1(2)
where
I (Dgf1) ()
AP (f) = 1 Zq—}
(f=ar+a|l+ DG
iy 2Dy 1) (2) 2Dy 1) (2)
(qu 1)(@) + 2Dy f1) (2) (qu (@) + 2Dy f1) (2)
) 2Dy ) @ ] ©
(D fY@(Dy fi)(2) + 2Dy f) ()] |
then
2Dy f1) (2)
_— 9
+ D)@ < q12) ©)]
and q, is the best dominant .
Proof
2Dy /1) ()
=14 —=" U). 10
P1(@) D)@ (zel) (10)

Here p(0) = 1 and p, is analytic in U. Using Eq. (10)

Dy f1) (2) m[ 2Dy f))"(2)
D)@ | | (Def)E) +2(Dgf1) 2)
N D /1) (2) ) [2(D, Y ()2
(Dyf)@) + 2D iY@ (Def)@DL(Dyfi)@) + 2Dy f1) @]
zp1(2)
. 11
p1(2) an

By using Eq. (11) in Eq. (7), we have

1+

) +ap

=a; +ap1(2) + a3

zp1(2) 2q(2)
<ap+ a'qu(z) + a3

p1(2) T

(Y}

12)

a) +arpi(2) + a3

By setting 8(w) := a; + apw and ¢(w) := =2, we noticed that
0(w) and ¢(w) are analytic in C — {0} and ¢(a)) # 0.

Let
, 1
01(2) = 2¢,(D$(q1(2) = @37 5 -
and
@) = 6qi1) + Q1) = a1 + aap1 Q) + a3 S
Since Q) (z) is starlike univalent in U with
M@ _ @ /@ 24,
Re { Qll(z)} = Re [a‘i‘Il(Z) e tI1l(z)] >0,

the results follow by the application of [[42],Theorem 3.4h,
p-132] and by the assumption of Theorem 2.1.

If g1(2) = 14,

get the following

( —-1<B<AL 1) in the previous result, we

Corollary 1. Leta; € C(j=1,2,3),(a3 # 0), g1 be univalent
with q1(0) = 1, and (6) be true. If fi € A and

(@)} 1+Az __(A-Bz
A1) < an + e i + O i -
then
ADyf1)' (@) 1+Az
1+ D < 1+BZ and 755 is the best dominant.

Assigning a; = 1; @, = 0 in the previous result, we obtain the
following corollary.

Corollary 2. Letaj € C (j = 1,2,3) (a3 # 0),q: be univa-
lent with q;1(0) = 1, and

[1+qu(2) _H9 . If fi € Aand

4,(@) q1(z)

2Dy /1))

«D 1))
l+as [ Def @+ D, @ T

Dy fi)(@)+2(Dy 1) (2)

_ [z(Dy fY @P
D MN@IDgf)@)+2Dg 1) @)]

(A-B)z
} <1+ @waoms:

then

2Dy /1) (2)
(Dygfi)(2)

1+Az
1+Bz

1+Az
T+Bz

1+ < and the best dominant is

s
q1(z) = (}—Z) (0 < 6 < 1) in Theorem 2.1, leads us to the next

result.
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Corollary 3. Let q; be univalent with q,(0) = 1,
a; € C(j=1,2,3) (a3 # 0) and let (6) hold good. If fi € A
and

5
ARf) < 0+ a1 s 22)

then

5 s
2Dy f1) (2) 14z z . .
1+ DD < (—l_z) and (—1 ) is the best dominant.

2.1. Superordination Results

Theorem 2.2. Consider aj € C (j = 1,2,3),(a3 # 0) and

q1 € Swithq1(0) =1 > % is starlike univalent and assume
that

Re{%qmz)} > 0. (13)

@3
If fi € A ZELD)[’?;(S) e H[1,11n Q, A("f)?(fl) is univalent in U
and
Zq, (Z) (a.)3

a) + @q1(2) + a3 7@ < N (f), (14)

where, A@)i (f1), is given by Eq. (8), then

UDyf) @)
q1(2) < 1+ 5050

and q, represents the best subordinant.

Proof: Define
2Dy f1) (2)

(2):=1+ (zeU). (15)
m Dy /)@
By simple computation, we get
ACD(fi) = @)+ aopi () + a3 2
Then
q,(2) 1 (2)
@1+ (@) + @l R

By setting v(w) = @] + axw and ¢p(w) =
that v(w) is analytic in C. Also ¢(w) is analytic in C —
d(w) # 0.

Using ¢, is convex univalent function in U and a3 # 0, we have,

Re{ ;(le((zz)))} = Re{z—ﬁm(z)} >0

We get Theorem 2.2 by applying [10] (Theorem 8, p. 822).
The following result is obtained when we replace g (z) by iig?
(-1<B<A<1)inTheorem 2.2 .

33, it is easily observed
{0} and

Corollary 4. Consider aj € C (j = 1,2,3),(a3 # 0), q1 a
univalent function with q;(0) = 1, and (13) holds true. If fi € A
and

1+Az (A-B)z (@)}
5 T BTagas < A

) +ap

then

1+Az 2Dy 1) (2)
e <1+ om0

1+Az

and the best subordinant is B
Z

2.2. Sandwich Theorems

Theorem 2.3. Consider two univalent functions q, and q3 in U
andaj € C (j=1,2,3,(a3 # 0)). Let q5 satisfy (6), g3 satisfy

(Dq f1)(2)

be univalent in U satisfying

(13), fi € A, (1 + Z(D"f‘”z’) € H[1,11n Q and A“Di(f,) by (8)

245(2)
q3(2) °

245(2)
72(2)

a1 + 0o (2) + 3 22 < ACDI(f) < ) + arg3(2) + s

then

(D)@
0@ < 1+ g <436

and q, and q3 seem to be the best subordinant and dominant.

3. Fuzzy Differential Subordination Results

Theorem 3.1. Let a; € C(j = 1,2,3),(a3 # 0) and q1(z) be
29,(2)

e A

analytic and univalent with q,(0) = 1. Assume that

starlike univalent in U. Consider

7@ 4@

Re[%ql(z) +1+ ] >0 (zeU), (16)
a3 7@ @)
and

A@] s defined by (8). If q, satisfies the following fuzzy

subordination

o S (17)

g, (z))

F <F a) +aq1(2) +
ql(U)( 1 241 3 e

for ay,az,a3 € C,a3 # 0, then

F ( {4 2Dy f1) @)
(1+ “Dgh) )(IU)

SFlu (), EU(]S)
@q D (qul)(Z)) aw 9112), 2

and q, is the fuzzy best dominant .

Proof: Let
2Dy f1) (2)
@=1+—"r—, # 0. (19)
o D)@
After computation, we have
Zp’l (Z) ((1/-)3
a) + axp1(z) + az——— = A(f). (20)
p1(2)

where A@i( f1) is given by (8). By using the above inequality
into (17) , we have

24,(2)
@@ |

zp} (@)
1@

FPl(U) a)+app1(2) +as ) < Fql(U)(al +a2q1(2)+ a3

Considering O(w) = a1 + w ; p(w) = “3 , it is noticed that

f(w) and ¢(w) in C — {0} are analytic & gb(a)) not equal to zero.
Consider

01(2) =: 2¢,()P(q1(2)) = a3 = 24,2

q1(2)

and
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24,(2)

@ = 0(010) + 01 = o1 + 021 (2) + 03 3.

Since Q is starlike univalent defined in U with
zh|(z
Re [ ()} e[gql(z)+1+
@3

q1(2)
By using proposition 2.1 of Ref. [43], we get Fp, wpi1(z) <
F4,nq1(z) and using (19) we obtain

F
(1+

and ¢g; indicates the fuzzy best dominant.

qu '(2)
q1(2)

2q1(2)

> 0.(21
e ] @D

(D)@
* B, ) < Fuwqi @),

(1
2Dq f1) )(U)

Dyl

Corollary 5. Consider aj € C(j=1,2,3) (a3 # 0). Assume

1+A (A-B)z
that (16) holds. IfFAm/_)? < Fq](U)(a1+a2(l+Bz
then
ADg /1) (2) 1+Az.
Eo s (1 T @ ) <F, e €U
1+ 558 |
and ::21 represents the best fuzzy dominant.
Proof: In Theorem 3.1, assign q;(z) = 1+BZ ;—1 < B<A<I

to obtain the above corollary.

Theorem 3.2. Let q1(z) be analytic and univalent in U such

that q1(0) # 0 and Z;l/‘((g defines a starlike univalent in U. As-
sume that

Re(a—qu(z)) > 0. (22)
a3

3 ’
Let A1 (f,) € U be univalent and (1 + zgg.,j::;(g)) e H[L,11nQ

3
where A%, (f1) has been introduced in (8), then

) (Dyf1)' (2)
Fqlw)(wl +a2q1(2) + 37 qu - ) <F (1 + Z(DZJJ::)(; )
implies
2D, /1) (2)
Fouq1(@) < F i (1 (D(i,fll)(m)
(1+ (D{I?l’ ()

and q, represents the best fuzzy subordinant.

z(qu 1)'(@) .
D,/NG **

Proof: pi(z) =

and ¢(w) = "3 . It is observed that v(w) is analytic in C, ¢(w) is
analytic in (C {0} and ¢(w) # 0.
V(q1(2)

Under these conditions = =

#(q1(2)
R {(1741(2)}

and we obtain,

z € U. Define v(w) = a; + axw

V’(ql(z)) _

%
d1(2) = Re (¢(ql<z)>

9,z (@)
Fql(IU)(CVl +arqi(2) F a3 (Z)) < Fm(U)(Ch +aap1(+ a3 5o |-

Applying Theorem 2.15 of Ref. [27]], the result is obtained.

Theorem 3.3. Let a; € C(j = 1,2,3);(a3 # 0),q> and q3 be
univalent in U, g, satisfy (16) and q3 satisfy (22) . Let f| € A,

(1 n Z(qul)/(Z)) c 7_{[1, 11N 0 and A((Yj)?(fl) given by (8) be

(Dg f1)(2)
univalent in U satisfying

q5(2)
qu(IU)(a’l +a2q2(2) + a3

<F 3 <
A1 (f)

2q5(2)
qu(U)(a'l +aq3(2) + a3 )

(Dg f1)

93(2)
Then
2D, /1) (2)
Few 0@ <F (1 * (Df,fli)(z)) < Fow 952),
14224 ()

and q, and g3 are fuzzy best subordiant and best fuzzy domi-
nant.

1+A;z

To get the following result choose ¢»(z) = 77 and ¢3(2) =
}iﬁ‘;ﬁﬁ; -1 < B, <B; <A| <A, <1inTheorem 3.3.

Corollary 6. Let a; € C (j = 1,2,3)(a; # 0). Assume that

(1 v z;g;;;‘;;;g) € HIL, 11N Q and

(16) and (22) hold. If

(A1-B1)z
3(1+A|z)(1+311)) = FA(a 3= qu(U)(al +

Fql([U)(a'] + a( 1+B|Z) +

(25 g 92820 here AL () isintroduced in ()
O Sm )T a0 57 | Where 1) is introduced in (8),

then

1+A
FQI(U)_HB:; <F , (1+
(1+ zl)qfl) (U)

(Dgf1)

DS @ 1+4s2
D, ) < FoTiges

and }f;‘z nd 112,27 are the best fuzzy subordinant and best

fuzzy dominant respectively.

4. Subordination results for Symmetric q-derivative opera-
tor.

Theorem 4.1. Let q,(2) be analytic and univalent with q,(0) =

1 such that qu‘() is starlike univalent in U and a; € C (j =
1,2,3) (a3 # O) Let q1(2) satisfy

297 ()
q,(2)

2412
q1(2)

e %ql(z) +1+ >0, (zeU).(23)
3

If fi € A satisfies

24, (2)
a1’

ACO(f) = A(fi, a1, 0, 03) < @) + a2qy(2) + @3 (24)

where A@)i (f1) is defined by (8) then
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2Dy /i) ()

I+ G <1@

and q, is the best dominant .
Proof: Let

2Dy f1) (@)
=1 — > 0). 25
P1(2) + Buf0 (zeU) (25)

Then the function p; is analytic in U and p;(0) = 1. By using
Eq. (25), we get

ap +axp1(2) +a @) —a +a [1 + —Z(Dqﬁ)’(z)}+
1 2P1 3 ) 1 2 (Dqﬁ)(Z)
N 2(Dgf1)" (@) Dfy@
’ Dy )@ + 2Dy f1)(2)  (Dyfi)(@) + 2Dy f1) (2)
[2(Dyf) ()] ] 26)
(Dy @Dy f1)() + 2Dy f1) ()] |
By using (26) in (24), we have,
zp(2) 2q1(2)
a1 +azpi(2) + a3 =a; +@q1(2) + a3 . @7
P1(2) q1(2)

Taking 8(w) = @; + xw and ¢p(w) := %3, we note that 6(w) and
¢(w) are analytic in C — {0} and ¢(w) # 0. We also notice that

0:1(2) =t 2/ (IP(q1(2) = a3 3.

q1(2)
and

zp|(2)
P "

h1(2) := 0(q1(2) + 01(2) = a1 + a2p1(2) + @3

Clearly, Q(z) is univalent starlike in U and

M@\ _ qu (@) 24,()
Re(Ql(z))_Re[ @+ 1+ 9, 01(2) >0.

By the assertion of the Theorem 4.1, the result follows by the
application of [Ref. [42] Theorem 3.4h, p. 132]. By taking
a1 = 0 and @y = 1 in above result , we obtain the following
corollary.

Theorem 4.2. Let a; € C(j =

valent with q;(0) = 1 such that
assume that

1,2,3), (a3 # 0), q be uni-
4@

is starlike univalent and
q1(2)

Re(l + %ch(z)) > 0. (28)
(0%}
If fi € 3{;(1 + %) € H[1,11 N0 Q, A“Di(f)) be univalent

in U and

a1+ mqi () + a3 LS < A

where A@)] (f1) is defined in (8), then

2Dy f1) @)
71@) < (1 MRCNAE) )
and ¢ said to be the best subordinant.

Proof: Let

M) cU; z#£0,  (29)

=11 ~
i) ( "B

v(w) = @1 + @rw be analytic in C and ¢(w) =  be

analytlc in C — {0} and ¢(w) # 0. Under these conditions

v/ (ql(z) _ @
Fa@ — 0@

= Re{ (/];(:1]11((:.)))} = Re{g—iéh(z)} >0

and we obtain,

qu (z
q1(2)

zp|(2)

Pi@ "
Applying [Ref. [10], Theorem 8, p. 822], we obtain, q,(z) <
p1(z) and q; is the best subordinant. Replacing g;(z) by =
1#42 (_] < B < A < 1) in Theorem 4.2, the following result is

1+Bz X
obtained:

a) +a2q1(2) + a3 —5) S @y + axp1(2) + a3

Corollary 7. Consider a; € C (j = 1,2,3),(a3 # 0) and let q;
be univalent with q1(0) = 1, and (28) be true. If f € A and

1+Az (A-B)z
@1+ a2 rp Y O3

< A@DI(f),

then

1+ WD) @)
s <1+ G

and —{f;z represents the best subordinant.
Z

Sandwich theorem is obtained by using Theorems 4.1 and 4.2.

Theorem 4.3. Let g5 and g3 be univalent in U, a;j € C (j =
1,2,3),(a; # 0),q> satisfy (22) and q3 satisfy (28). Let f €

A, (1 - %) € HI1, 110 Q and AV (f,) defined by (8)
e

be univalent in U satisfying

245(2)
q2(2)

2q5(2)
q3(2) °

a1+ @qa(2) + @3 22 < A1) < ) + aag3(2) + @3

then

(D f1) ()
() < 1+ 358 < g5(2),

and the best subordinant and best dominant are q, and q;.

5. Fuzzy Differential Subordination for Symmetric q-
derivative operator

Theorem 5.1. Let q1(2) be an analytic and univalent function
with q1(z) such that Zq‘( ) ¢ U is starlike univalent and a; €
C(=123),(a3 #0) Let
247 (2)
q,()

2912
q1(2)

Re|=2gi(2)+ 1 >0, (z€U)30)
3
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and A (f1) be defined as in Eq. (8). If q1 satisfies the follow-
ing fuzzy subordination

€1y

Z Z
[ q1(2)
ACP1(fy)

@@ )

< Fql(U)(al + qul(Z) + a3 ——

where (a1, as, @3) € C and (a3 # 0), then

) <F,, 00 zeU32)

(1 2D, 1) (2)
+—
) (Dyfi)(2)

F
(Dgfy)
( + e ()
and q represents the best fuzzy dominant.
Proof: Let

z(qul)’(z)) N .

(Dyf1)(@)

Here the function p; is analytic with p;(0) = 1. Simple calcu-
lation leads to

pi1(2) = (1 +

zp(2)
p1(2)

a) +axpi(2) + a3 = ADI(f)), (34

where A@)i( f1) is given by (8). By using above inequality in
(31) we have

P12 [ AC)
Fp | +api@) +as 5 )) Fql(U)(a’l +@2q1(2) + a3 7 )

By considering 8(w) := @] + @pw and ¢(w) = %, it is evident
that O(w) , ¢p(w) € C — {0} are analytic and ¢(w) # 0.
Consider

01() =: 24| QH@1(2)) = a3 L&

) °

We deduce that Q is starlike univalent in U and

hl
wf)-
01(2)
By [proposition 2.1, Ref. [43]] Fp,ayp1(2) <
using (35) we obtain

zq,(2)
q,)

29/ @)
q1(2)

(0%
Re [—2611(z) +1
(0%}

Fgwq1(z) and

D ’
oo (108 < Foaer zev

(Dgf1)
and g is the best dominant .

Corollary 8. Let aj € C (j = 1,2,3), (a3 # 0). Assume that

' 1+Az (A-B).
(30) holds lfF >1 " Fq.(U)(CVl + az(lj:BZ) + Q3W(lf&))
then
WD /iY@ . 1+Az.
d aDgfiY (l * (Dgf)@) ) <Fa B> <€ Y
HW(U)
and {352 is the fuzzy best dominant.

> 0.(35)

Theorem 5.2. Let Zq]‘((“) be starlike univalent in U and q,(z) be
analytic and univalent in U. Assume that

Re(%ql(z)) > 0. (36)
a;

Let A@i (f1) be univalent in U and 1 + Z(((ll)) ffl))( ()Z) € Hg(0),11n

3
Q where A1 (f,) is given by (8). Then

24, (2) <
‘11@) - FAWT (A

FqI(U)(a'l +a2q1(2) + a3

ADf1) @
Fooo 1+ 5o
(Dgfy) 4
1+ (Dgf1) )
©D 1) @)
= F,uq1(x) £ F . (1 + (D.,m(z))
1+ X8V

(Dgfi)
and q, is said to be the fuzzy best subordinant.

(D /i) Q)
G @€l

Taking v(w) : @ +aw and ¢(w) =
is analytic in C, ¢(w) is analytic in C —

Proof: pi(z2) =1+

2 . Also knowing that, v(w)
{0}, ¢(q1(2)) = %QI(Z)

Vg _ Vg | _
and ¢(w) # 0, we have 05 = 2qi(2) = Re( ¢(611(z))) =

Re{Z—iql(z)} > 0. We obtain

q,(2)

(11(’)

Applying [Theorem 2.15 of Ref. [27]], we get F,q1(2) <
F,anpi1(z2) and ¢ is the fuzzy best subordinant.

zp}(2)
Fql(U)(al +aaq1(D) +az =) < Fpl(U)(al +ayp1(2) +as p]'(,) )

Theorem 5.3. Consider the univalent functions q, and qs in
U, a; € C(j=1,2,3),(a; # 0)with q, satisfying (30) and q»

satisfying (36) . Let f, € A, (1 + Z“?‘If')'“)) e H[1,11N Q and
(Dgfi1)(@)

3
ACDi(f,) given by (8) be univalent in U satisfying

2¢5(2) (a )
qu(tu)(a/l +a(2) + 3 ) TR <

45
qu(IU)(CYl +q3(2) + a3y )

Then

(zDg f1)
(Dg f1)

1+

(Dyfi) @)
Fow ¢2(2) < F( ) (1 + Z(D;’f:)(; ) < Foyw) 432)-
Here g, and q3 represent fuzzy best subordinant and fuzzy best
dominant.

6. Conclusion

In this article, we have defined two classes using quantum
calculus operators. We have stated and proved the theorems on
differential subordination and superordination. Sandwich theo-
rems have also been stated and proved. These results have been
extended to fuzzy set theory as fuzzy differential subordination,
superordination, and sandwich theorems.
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