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Abstract

The effect of the magnetic field on the onset of thermal convection in a porous layer saturated by Jeffrey nanofluid is studied. Three distinct
boundary conditions are considered to be free-free, rigid-rigid and rigid-free boundaries. The model used for Jeffrey nanofluid includes the effect
of Brownian motion and thermophoresis. The normal mode analysis as well as the Galerkin first approximation technique is used. The effects
of the Rayleigh number of nanoparticles, Lewis number, modified diffusivity ratio, Jeffery parameter, porosity and Chandrasekhar number are
investigated analytically and graphically. It is discovered that the Chandrasekhar number, Lewis number and modified diffusivity ratio have a
stabilizing effect while the Jeffery parameter, nanoparticles Rayleigh number and porosity have a destabilizing effect. This study induces the
effect of Chandrasekhar number and Jeffrey nanofluid. We have analyzed that Chandrasekhar number produces a stabilizing effect on the onset
of convection i.e. it delays the onset of convection whereas the Jeffrey parameter which comes from Jeffrey nanofluid shows the destabilizing
effect on the onset of convection i.e. it accelerates the onset of convection. The influence of a magnetic field on the commencement of nanofluid
convection is significant in magnetohydrodynamic power generators, electrical equipment, petroleum reservoirs, nuclear reactors, biochemical
engineering, chemical engineering and geophysics.
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1. Introduction “nanofluid”. The application of nanofluid in porous materi-
o ) ) o als across automotive, energy efficiency, nuclear reactor, trans-
A nanofluid is a colloidal suspension consisting of nanopar- former, medical (especially hyperthermia treatment) and var-

ticles (typically less than 100 nanometers in size) dispersed  joug other industries has sparked increased attention among
in a base fluid. Choi [1] is credited with coining the term  regearchers. Several studies have demonstrated that certain
nanofluid formulations can effectively eliminate cancerous cells
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ing phenomena related to the behavior, dynamics or proper-
ties of nanofluids in various contexts, such as heat transfer,
fluid flow thermal instability, particularly within porous me-
dia. Many researchers have examined the Buongiorno model
of thermal instability of nanofluid in a porous medium and they
have discovered applications for it in the molten cores of Earth,
oil reservoirs, bile ducts, gall bladders with stones in blood
veins, human lungs etc. Chandrasekhar [3] journeyed to gain a
deeper understanding of thermal instability in Newtonian fluids.
Nield and Kuznetsov [4] carved out a noteworthy path through
the maze of porous media convection.

Meanwhile, researchers like Tzou [5, 6], Nield and Bejan
[7] and Sheu [8] have broken new ground by deciphering the
mystery of nanofluid convection using a range of theoretical
models. Through their recent research, Rana ef al. [9] and
Sharma et al. [10, 11] have illuminated the intricate subject of
thermal instabilities and explored the intriguing realm of non-
Newtonian fluid.

Using the Brinkman model, Nield and Kuznetsov [12] ex-
amined a variety of boundary conditions, when examining heat
convection in nanofluids inside porous media. In our research
we have proposed Darcy model for porous media. Darcy simply
proposed the relationship between rate of fluid flow and applied
pressure gradient in his model. Numerous authors like Gautam
et al. [13] and Sharma et al. [14-16] have utilized Darcy model
in their investigations. The study of heat transmission in a fluid
in a porous medium is crucial because it has numerous uses in
industries like engineering (for chemical reactor construction),
geothermal reservoirs, building insulation (for the production of
fiberglass), etc. The buoyant force produced when internal heat
production and vertical throughflow are combined is one of the
main research interests in the onset of convective movement in
a porous medium.

We have already covered a lot of ground in our extensive
discussion of Newtonian nanofluid research. The bulk of indus-
trial and biological nanofluids exhibit non-Newtonian rheolog-
ical behaviour, making Newton’s law of viscosity inadequate to
adequately characterize their behaviour. These fluids are used
in many different disciplines, such as chemistry, geophysics and
biological sciences. Biological liquids such as blood and mo-
tor oil, as well as drilling muds, soap solutions, sauces, foams,
paints and lubricants are examples of non-Newtonian nanoflu-
ids. The study of non-Newtonian nanofluids in porous me-
dia has not received much attention, different types of non-
Newtonian nanofluids exist. The Jeffrey fluid model, recog-
nized as the most valuable among these models, has garnered
significant interest from various researchers, including Gautam
et al. [13], Sharma et al. [14-16], Rana [17], Khan et al. [18],
Pati et al. [19], Pati et al. [20], Ashraf et al. [21], Sharma et al.
[22], Bains et al. [23] and Garg et al. [24-28].

Magnetic field is important when studying thermal insta-
bility of a fluid layer heated from below. Numerous domains,
such as fluid machinery, mechanical engineering, geophysics,
biomechanics, power plants and the automotive and petroleum
sectors can be benefited from its applications. Bains and
Sharma [29] and Sharma et al. [30] have investigated the prob-
lem, effects of magnetic field on thermal and thermosolutal con-

vection in Jeffrey nanofluid with porous medium. Sharma et al.
[31] has investigated several thermosolutal instability issues in
a horizontal layer of porous material saturated by a nanofluid
using computational and analytical methods. Recent work on
magnetic field under the consideration of Jeffrey nanofluid, un-
der different circumstances are conducted by many researchers
like: Yadav [32-35] and Yadav et al. [36, 37]. Gupta et al.
[38] investigated the megneto convection within the nanofluid
layers.

The current work was prompted by the increasing num-
ber of applications of nanofluid, which include numerous in-
dustries such as the pharmaceutical and energy supply indus-
tries, as well as several medical fields such as cancer therapy.
Our primary goal is to investigate magneto convection in a
porous medium’s Jeffery nanofluid, which has boundaries that
are rigid-free, free-free and rigid-rigid. As far as we are aware,
this paper has not yet been published.

2. Mathematical formulation

We have considered an infinite horizontal layer of Jeffery
nanofluid of thickness d between the planes z = 0 and z = d
in the presence of consistent magnetic field 2 = (0,0, 4). The
nanofluid layer is heated from bottom layer and working up-
wards direction with gravity force g = g(0,0, —g) (refer Fig-
ure 1), where the temperatue 7' and volumetric fraction ¢ of
nanoparticles are kept constant at z = 0 and z = d, with Ty > T}
and ©wo > Q1.

2.1. Governing equations

Equation of continuity is given by:
V-qp=0. (1)

Equation of motion by Boussinesq [2] approximation is given
by:

pr(oqp 1 I
. ( o +8(qD V)qD)— Vp YR .

+ %(h.V)h+(wpp + (1= {po (1 - a (T = T))g,

where A3 denotes Jeffery parameter, o denotes fluid density, p,,
denotes fluid pressure, T denotes fluid temperature, u denotes
fluid viscosity and € denotes porosity.

The Brownian diffusion coefficient D and the ther-
mophoretic diffusion coefficient Dy are defined respectively, as:

B — ) T = 90
3npyd, pr(2ky +kp)

The momentum-balance equation of nanoparticle is given
by

0 qp-V »  Dr,
— + = DpVp+ —V-T. 3
[(% p ]6 BV ¥ T, 3
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Heated from below

Figure 1. Physical configuration.

The energy-balance equation is given by [3, 10, 30]:
aT
i (pO),y + qp - VT (p0); =k, VT

D
+|DpVep - VT + TTVT-VT &(po),
1

“
The Maxwell equation is given as
oh )
5+ @V h= (V) g+ 1Vh, 5)
V.h =0, (©6)
where 7 represents resistivity of the fluid. The boundary condi-
tions are
w=0, o=¢9 T=Ty, at z=0 @
w=0, ¢o=¢; T=T), at z=d |’

Omitting the dashes (’) for convenience. Eqgs. (1) - (6) reduce
to the non-dimensional form:

V-qp =0, ®)

N U
v, Ot 1+ A3 W=

P
—Ap = Ryé, + RyTé, — Ryé, + QP—’1 (h-V)h,
r

®

X
lap 1 I o Nago
— L4+ -q,-Vo=—V VT 10
0'6t+qu 4 L, ‘p+Ln ’ 1o
T N,
6(9_t+qD-VT=V2T+%V90'VT+NA Eyr.vr, (11)
oh Pry
E+o-(qD~V)h=a'(h-V)qD+0'P—r2V2h, (12)
V.h =0, (13)

where the dimensionless parameters are given by:

/:T_Tl p/:p_kl 50’2(’0_900
To-T,’ UK ©1—¢0
d ,  tky _ (uy2)

' = —, I = —, ’, ’9/ 5
7 =4 o WD) )

and P, = prk; Prandtl number, D, = 5—;; Darcy’s number,
! gBdk(To—T .
V, = ED—P’; Vadasz number, R, = ’%; Rayleigh number,
- —eo)gkid L )
R, = Leivohd, o noparticle’s Rayleigh number, L, =

MK
. cotpr(1—go))ghid
2=; Lewis number, R, = WT%»‘“

Dr(To=Ty) . : . F : _
DaTr(e e modified diffusivity ratio and Ny =

modified particle density increment.

; density Rayleigh

number, Ny =

€(pc)p(p1=¢0) |
(pc)y >
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The boundary conditions after dimensionless (Chan-

drasekhar [3] and Nield ef al. [4, 39]) are
w=0, ¢=0 T=1, at z=0
at z=1 |~

w=0, ¢=1 T=0, (14)

2.2. Steady state solutions

The basic state solutions are given by (Buongiorno [2],

Sheu [8], Nield and Kuznetsov [12] and Sharma et al. [14—
16, 22, 29-31])
quO h:(()’o’l) ) (15)
T=Ty2), ¢=¢p(2), p=pp@ |’

Applying equation (15) in equations (9) - (11) reduce to:

d Pr Bh
0=~ pb(@) = Rub: + RaTy(@)é: = Rugn(@)é: + O -
dz 6Z
(16)
d2 2
— N, T 17
oD+ Na 5 Th(0) = (17
L 1+ 2L g0 Ly s BN (L)
22 T RALCEC L \z @) =
(18)
Using boundary conditions (14) in equation (18), we have
() = =NaTp + (1 = 2)(1 + Ny). 19)
Substituting equation (19) in equation (18), we get
(1-NONgd . NaNg(d_\
—T —AF —E(=T1,] =0,
dz? bt L, dz bt L, (dz b)
after eliminating the higher order term, we have
d* (1 =Na)Ng d
= (T — TP (T = 2
dz2( b) + L ( b) = (20)
Using boundary conditions (14) in equation (16), we get
e‘;N’*‘L‘[”“z[l M- z>]
Ty = RYTE 21
l-e

Applying Buongiorno [2] hypothesis, equations (19) and (21)
reduce to
Tb = 1 -2,
Py =12 '

Equation (22) is similar to the results of Nield and Kuznetsov
[4], Tzou [5, 6], Nield and Kuznetsov [7], Sheu [8], Kuznetsov
[12], Sharma er al. [29, 30], Nield and Kuznetsov [39] and
Yadav et al. [40].

(22)
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2.3. Perturbation solutions

In order to evaluate the stability of the system, we superim-
pose small perturbation to the basic state equation (15) as

p=py+p
T=T,+T",

qp =0+qj,

23
=@+ 23)

=(0,0,1) +h” }

Using equation (23) in equations (8) - (13), after these pertuba-
tions we get linearizing equations as follow

V.q, =0, (24)
1 0 1 Pry , Oh*
—— 4 f = _Vp' + R,T*6, — Ryp'6, + 0—6,—,
(va o 1 +/13)"D P G Rugiet O e
(25)
1d¢* qp 1_, Ni_,
— 2 = V2t + —=VT, 26
o ot - £ L. L L, (26)
orT” . Np 2NaNp
—qp = VT — — (VT* = V¢") - =——VT", (27
o~ b L (VT = V') = =0T, 2)
oh* PV] 2
=0 h.V)q; —V°h', 28
” ohNV)q,+o - (28)
V.h* =0, 29)
and the boundary conditions reduce to
w'=0 ¢*=0 T*=0 at z=0
w' =0 ¢*=0 T*=0 atz:l} (30)
Operating Eq. (25) with é;.curl.curl.qy,, we get
14 1 *w*
—— + V2w = R,V T + R, V30" + 0—— = 0.
(Vaﬁt 1+a3) W H ne + 05
(€29)

3. Normal mode and stability analysis

Using normal mode analysis approach for the analysis of
perturbations in the system (following Chandrasekhar [3] and
and Sharma et al. [14-16, 22, 29-31]):

W, T, ¢"] =

Using equation (31) in equations (30), (25) and (26), we get

[(Vﬁ + 1:/13)(02 ~ )+ QD?

[W(z), O(z), D(2)] Him+en  (32)

W + a’R,0 — a’R,® = 0,

(33)

1. Na(D*-) (D*-a®)
-W - Q- - —|® =0, 34
& L, L, (34

N, NuN, N
W+ |(D? - a) + L—BD—ZMD—w}G— L—BDqJ:o.

(35)
Here, * + m? = &2, d% = D and a represents dimensionless

resultant wave number. Egs. (33)-(35) with (32) form a charac-
teristic value problem for R,.
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3.1. Free-free boundaries

In this case, the boundary conditions become after the im-
plementation of normal mode as [3]:

W=0, D*W=0, =0, ®=0 ar z=0 36)
W=0, D)W=0, ©®=0, ®=0 at z=1 [~

3.1.1. Analysis of linear stability and dispersion relation for
free-free boundaries
Considering the trial functions for W, ® and ® as given
below which satisfied equation (36) are
W =W, sin (nz), O = Oy sin (n1z), @ = @ sin (7). (37)
Putting equation (37) into equations (33) to (35), and each equa-
tion is integrating within the limits O to 1 and further by imple-
mentation of Galerkin first approximation method then we have
the follwing matrix system:

(ﬁ + V%) (a2 + 7T2) + Q7r2 —a’R, a*R,
Wo
1 —(a2+7r2)—u) 0 Q| =
@
(38)
The non-trivial solution of equation (38) is
(Hl/13 + %) (a2 + 712) + On? —-a’R, a’R,
1 —(a2+7r2)—w 0 =0.
. M@ pur
€ L, L, loa
(39)
Thus,
R (1+]_A; + v%)(n2+a2)(n2 +a2+w)+ Q7r2(a2 +7r2+w)
a = - az
€Ny (7r2 + az) +L, (7‘[2 +a*+ w) o “0)

— —R,,.
(7% + a*) o + wL, e "

Eq. (40) represents the dispersion relation under the effects of

/13, Le, Rn’ NA, Q and €.

3.1.2. Non oscillatory convection for free-free boundaries
Putting w = 0 in equation (40) for steady state and we ob-
tain

1 (a2 + 712)2

0

71'2 (71'2 + Clz)

R, 5

- (NA + %)Rn.
(4D

:1+/13 a a

The critical wave number is obtained by differentiating R, with
respect to a? thus the critical wave number must satisfied, i.e.,

OR,
= 0.
(ae)...

Eq. (41) gives
ac=m[1+Q1+ )", 42)
In the absence of magnetic field Eq. (42) reduces as follow
a. = 7. 43)

Eq. (43) agrees well with the result obtained by Nield et al.
[12].

3.2. Rigid-rigid boundaries

In this case, the boundary conditions become after the im-
plementation of normal mode as [3]:

=0, =0, ®=0, DW=0 at z=0 (44)
0, ®=0, ®=0, DW=0 at z=1 |~

3.2.1. Analysis of linear stability for rigid-rigid boundaries
Considering W, ® and ® are of the form [12]:

W=Wy(1-2%2", ©=0pz(1-2), ®=yz(l —2), (45)

Applying Eq. (45) in Egs. (33) to (35), each equation integrate
within the limits from O to 1 and further by implementation of
Galerkin first approximation method then we have the follow-
ing matrix system:

(ﬁ + ﬁ)(24 +2a%) +240 ~9R, 94’R,
Wo 0
3 —((10 + a?) + 14w 0 Q| =10
(00+) 14 =[]
E 142a00) 14102 4 1o
(46)
the non-trivial solution of equation (46) is
(g + ) (24 + @)+ 240 -9a°R, 9aR,
3 - (14 (10 + &) + 140) 0 =0,
2 142400) 14100 | 1o
€ € (47)
which implies that
28((2 + i) (12 + @) + 120] (10 + @ + w)
R, = .
27a?
[(10+cj)+a) + NA(lLo+a2)]Rn (48)
B (10+a)
(=

3.2.2. Non-oscillatory convection for rigid-rigid boundaries
Putting w = 0 in equation (48), we obtain
L,
R, +(— +NA)Rn =
€
28
27a?

(12+a2)(1+1/1

)+12Q

(10+a%).
(49)

3
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The critical wave number is obtained by minimizing R, with
respect to a” thus the critical wave number must satisfied, i.e.

R,
—a =0,
(5.

Therefore, from equation (49), we have
a. =3.31, (50)

which is similar with the result obtained by Nield ez al. [12].

3.3. Rigid-free boundaries

Following Chandrasekhar [3], the rigid-free boundary con-
ditions after applying normal mode are
} .’

3.3.1. Analysis of linear stability for rigid-free boundaries
Considering W, ® and @ are of the form (Nield et al. [12])

, =0, ®=0, DW=0 at z=0
=0, ®=0, D*W=0 ar z=1

W=W2(1-2)(3-2272,0 =0pz(1 —2),® = Doz (1 - 2),
(52)

Putting Eq. (52) into Egs. (33)-(35), on integrating within lim-
its from O to 1 and further by implementation of Galerkin first
approximation method then we have the follwing matrix sys-

tem:
(#Jri)(ﬁJr 19a2)+Q1,z 2R 132p
I+43 Va 3 630 35 420 a 420 n
13 1 2 Wo
720 [(?*’%@)*’w] 0 6 [ =
Dy
N, 2 2
* Blvg) 2(i+5)+%
(53)
the non-trivial solution of equation (53) is
(¢+£)(Q+ 191:2)+Qg _13 op 1B2p
1+13 Va 35 630 35 420 a 420
; 805l o |0
420 3 30 30 - ’
13 Naf1, & (1 w
0e f(i"’%) E(i*’ %0)*’ 300
(54)

28[(‘%+ !

1+43

216 + 194%) + 2160 (10 + &®> + w
)( ) It )

50742
[(IOHZZ)HU " NA(IIE)+a2):|Rn

U5 s ]

(55)

3.3.2. Non-oscillatory convection for rigid-free boundaries
For this, putting w = 0 in above equation (55), we get

L,
R, + (— +NA)R,, =
€

507a

[(216+ 19a2)(1 +1/1
3

) + 216Q] (10+a).
(56)

The critical wave number is obtained by minimizing R, with
respect to a? thus the critical wave number must satisfied, i.e.

OR,
=0.
(5)...

The above equation (56) gives

a. =3.27. (57)
This result is similar with the result obtained by Nield et al.
[12].

4. Results and discussion

In this paper, we have analysed the effect of magnetic field
on the onset of thermal convection in a Jeffery nanofluid layer
saturated by a porous medium for free-free, rigid-rigid and
rigid-free boundary conditions. The effects of various param-
eters like; A3, L., R,, N4, Q and € on stationary convection are
represented graphically as shown by Figures 2-7 for free-free,
rigid-rigid and rigid-free boundary conditions.

Figure 2 represents the graph between R, and wave num-
ber a for the distinct values of 43 = 0.3,0.5,0.9 by fixing the
other parameters as Ny = 10, L, = 1000, € = 0.6, R, = —1 and
Q = 100. It is clear from Figure 2 that within the increase in
the value of A3 i.e. Jeffrey parameter, R,, goes on decreasing
and hence as a result of this behaviour Jeffrey parameter shows
the destabilising effect on stationary convection. Also, we can
see from Figure 2 that in case of rigid-free boundary condi-
tions, the system has more destabilising impact on stationary
convection in comparison with free-free and rigid-rigid bound-
ary conditions. Thus, A3 i.e., Jeffrey parameter enhances the
onset of convection. Figure 3 represents the graph between R,
and wave number «a for distinct values of O = 50, 100, 150 by
fixing the other parameters as Ny = 10, L, = 1000, 43 = 0.5,
R, = —1 and € = 0.6. We observed from the Figure 3 that as
the value of Q increases, R,, goes on increasing and hence Q
shows the stabilising effect on stationary convection. Also, we
can see from Figure 3 that in case of free-free boundary condi-
tions, Q has more stabilising impact on stationary convection in
comparison with rigid-free and rigid-rigid boundary conditions.
Thus, Q delays the onset of convection.  Figure 4 represents
the graph between R,, and wave number a for distinct values of
Ry =-1,-0.5,-0.1, by fixing the other parameters as N4 = 10,
L, =1000, 213 = 0.5, € = 0.6 and Q = 100 . We observed from
Figure 4 that as Ry increases, R,, goes on decreasing and hence
shows the destabilising effect on stationary convection. Figure
4 also demonstrates that for rigid-free boundary conditions Ry
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Figure 4. R, versus a for the distinct values of R,,.
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Figure 5. R, versus a for the distinct values of N,.
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Figure 6. R,, versus a for the distinct values of L,.

has more destabilising impact on stationary convection as com-
pared to free-free and rigid-rigid boundary conditions. Thus,
Ry accelerates the onset of convection.

Figure 5 represents the graph of R,, against the wave num-
ber a for distinct values of Ny = 1,5, 10, while fixing the other
parameters as € = 0.6, L, = 1000, 43 = 0.5, R, = —1, and
QO = 100. From Figure 5, it is observed that as the values of Ny
increase, R,, also increases, demonstrating a stabilizing effect
on stationary convection. Additionally, it is evident from Fig-
ure 5 that free-free boundary conditions have a more stabilizing
impact on stationary convection compared to other boundary
conditions. Therefore, N4 delays the system.

Figure 6 represents the graph between R, and wave num-
ber a for distinct values of L, = 500, 1000, 1500 by fixing the
other parameters as Ny = 10, € = 0.6, 13 = 0.5, R, = —1, and
Q = 100. We observe from Figure 6 that as we increase L,,
R,, also increases, resulting in L. showing a stabilizing effect
on stationary convection. This investigation also demonstrates,
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Figure 7. R, versus a for the distinct values of €.

after analyzing Figure 6, that for free-free boundary conditions,
L, has a more stabilizing impact on stationary convection com-
pared to other boundary conditions. Thus, L, delays the onset
of convection.

Figure 7 represents the graph between R, and the wave
number a for distinct values of € = 0.3,0.6, 0.9, while fixing the
other parameters as Ny = 10, L, = 1000, 43 = 0.5, R, = —1,
and Q = 100. We observed from Figure 7 that with the in-
crease in the values of €, R,, decreases, thereby demonstrating
the destabilizing effect of € on stationary convection. Addition-
ally, it is evident from Figure 7 that for rigid-free boundary con-
ditions, € has a more destabilizing impact on stationary convec-
tion compared to rigid-rigid and free-free boundary conditions.
Thus, € also enhances the onset of convection.

5. Conclusion

In this research paper, we have analyzed the thermal insta-
bility of the Jeffery nanofluid layer in the presence of a mag-
netic field for all boundary conditions. We have investigated
the effects of various parameters such as A3, L., R,, N4, Q, and
€ on stationary convection both analytically and graphically for
free-free, rigid-rigid, and rigid-free boundary conditions. This
entire investigation is carried out with the help of Galerkin’s
first approximation and normal mode analysis.

From our investigation, we have drawn the following con-
clusions:

1. The Chandershekar number Q has a stabilizing impact on
the onset of convection, producing a behavior that delays
the onset of convection.

2. Parameters like the Jeffery parameter (13), the nanopar-
ticle’s Rayleigh number R, and the medium porosity €
have destabilizing effects on stationary convection, ac-
celerating its onset.

3. Parameters such as the Lewis number L, and the mod-
ified diffusivity ratio N4 introduce stabilizing effects on
the system, delaying the onset of convection.

4. It is discovered that the three parameters, namely A3,
R,, and €, exhibit a greater destabilizing influence on
rigid-free boundaries, accelerating the onset of convec-
tion more quickly in such conditions.

5. Conversely, the Lewis number, Chandrasekhar number,
and modified diffusivity ratio show a greater stabilizing
influence in free-free boundaries compared to rigid-free
and rigid-rigid boundaries. This indicates a delay in the
onset of convection due to these parameters. Conse-
quently, in the case of free-free boundary conditions, the
magnetic field parameter causes a greater delay in the on-
set of convection compared to rigid-rigid and rigid-free
boundary conditions.

6. This study mainly focuses on the impacts of the mag-
netic field and Jeffrey nanofluid on the onset of convec-
tion. The magnetic field results in the occurrence of the
Chandrasekhar number, which exhibits more stabilizing
behavior in free-free boundary conditions. Meanwhile,
the implementation of the Jeffrey nanofluid accelerates
the onset of convection due to its destabilizing effect on
the system.
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