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Abstract

A linear multistep method is transformed into an iterative method based on the Patade and Bhalekar technique for the numerical solution of an
optimal control problem modeled for mosquito and insecticide management using forward-backward sweep methods via Pontryagin’s principle.
Stability and convergence analysis of the iterative method are carried out and it is found to be stable, convergent, and of order four. Results
obtained by the method clearly show that the population of mosquitoes can be minimized to a large extent using the new iterative method while
reducing the harmful effects of the insecticide, which subsequently reduces the spread of malaria.

DOI:10.46481/jnsps.2024.1965

Keywords: First Boubaker polynomials, Insecticide, Malaria, Mathematical model, Mosquito

Article History :

Received: 12 January 2024

Received in revised form: 25 March 2024
Accepted for publication: 29 March 2024
Published: 23 April 2024

© 2024 The Author(s). Published by the Nigerian Society of Physical Sciences under the terms of the Creative Commons Attribution 4.0 International license. Further distribution of this

work must maintain attribution to the author(s) and the published article’s title, journal citation, and DOI.

Communicated by: Pankaj Thakur

1. Introduction

Researchers widely use mathematical models to explain
various phenomena arising in science, technology, engineering,
economics and social sciences which are based on ordinary and
partial differential equations [1-4]. In our environment today,
many physical problems give rise to first order ordinary differ-
ential equations of Initial Value Problems (IVPs) [4-6].

Malaria, which is a mosquito - borne disease is among the
leading causes of human deaths especially in Africa, needs to
be controlled by eradicating the mosquitoes [7, 8]. Vector con-
trol is the most common global strategy for management of
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mosquito-associated diseases, and the application of insecticide
[7, 8].

Insecticides are the easiest way to get rid of mosquitoes
around the yard, but, they are only temporary measures; as soon
as the insecticide drifts away or dries out, the mosquitoes are
back [7]. Insecticides are formulated specifically to kill flying
and crawling insects. It has a long lasting residual protection
against flying and crawling insects, but has adverse effect on
human being if it comes in contact with eye or skin. Exces-
sive inhalation of insecticides also has a devastating effect on
the health. Hence, there is a need to drastically reduce the pop-
ulation of mosquitoes around the yard, while minimizing the
harmful effect of the application of insecticide on human be-
ings.
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This study aims at developing an iterative method for the
minimization of both the mosquito population and the effect
of insecticide used for the eradication of the mosquitoes. This
paper considers the numerical solution to optimal control prob-
lems of the form

Ty
min J [x(?), u(?)] = f f(t, x(2), u(®))dt, €))
subject to the dynamic system
x' = g(t, x(), u(), @)
x(t9) = xo, 3)

where x(7) and u(¢) are real valued functions, f and g are smooth
functions.

Fatmawati er al. [9] studied some mathematical models
of malaria transmission with and without seasonal factor and
numerical simulation of the model show that, providing con-
trols in the form of insecticide, prevention, and treatment si-
multaneously are effective in reducing the number of the ex-
posed and infectious human population, and also the infectious
mosquito population. Araujo, et al. [8] studied the theoretical
and numerical optimal control problems concerning the extinc-
tion of mosquito populations by using moving devices whose
main role is to spread insecticide. The optimal trajectory are
computed using optimality conditions, and performed a rigor-
ous analysis of an optimal control problem.

Forward Backward Sweep (FBS) is an iterative method
based on how the algorithm solves the problem state and con-
trol [10, 11]. To approximate the control function, FBS solves
the state ‘forward’ in time first, before solving the adjoint
‘backward’ in time. Finding the optimal result by solving
the necessary conditions is commonly known as the indirect
approach. Pontryagin’s Maximum (or Minimum) Principle
(PMP) is a powerful method for the computation of optimal
controls, which has the crucial advantage that it does not re-
quire prior evaluation of the infimal cost function [10-13].

Forward-backward sweep method is extensively discussed
by Araujo et al. [8] for the solution of optimal control problem,
using classical order Runge-Kutta via Pontryagin’s maximum
principle. Orakwelua et al. [5] used the optimal control strate-
gies to minimize the population of mosquitoes in the ponds and
swamps by applying forward-backward sweep method using
classical Runge-Kutta method. Garret [10] also adopted FBS to
solve Optimal Control Problem (OCP) using Classical Runge-
Kutta Method (CRKM). Hence CRKM became the most pop-
ular choice method for solving optimal control problems using
FBS.

Runge-Kutta (R-K) formulas are among the oldest schemes
in numerical analysis [14] and are an important family of it-
erative methods for the approximation of solutions of ODEs
[15, 16]. Runge-Kutta methods are typically single-step meth-
ods, however, with multiple stages per step which were first
studied by Carle Runge and Martin Kutta [2, 13, 15]. The
Runge-Kutta methods are fairly simple to program and easy to
implement.

2

Patade and Bhalekar [1] transformed a single step trape-
zoidal method to 3 stage Runge-Kutta type method using con-
stant step length for the solution of ordinary differential equa-
tions. The techniques proved to be efficient for the solution
of ODE:s, but to the best of our knowledge, it has never been
used for the solution of optimal control problems. The pro-
posed technique is highly promising for the numerical solution
of optimal control model, as evidenced by the fact that, hybrid
points, especially of lower step size, enhance stability and ap-
proximation properties in one-step approaches [17]. According
to Davaeifar and Rashidinia [18], the validity and dependabil-
ity of the findings produced are the main benefits of adopting
FBPs in the construction of the collocation method. As a re-
sult, it stands to reason that using FBPs in conjunction with the
hybrid point will result in an approach that is more accurate in
approximation.

In this paper, new four-stage iterative method is developed
based on Patade and Bhalekar [1] approach for the numeri-
cal solution of optimal control model for mosquito population
growth and insecticide.

2. Methodology

2.1. Development of linear multistep methods

Consider the polynomial approximate solution of the form

x() = 231 a,t",
n=0

where ¢ € [a,b], a, € R are unknown parameters to be deter-
mined.
Interpolating and collocating Eq. (4) using the points

“

x(thrj) = Xn+js .] = O;

49

¥ (tns) = fusye 7=0.75501
gives a system of equations
XA=1U, 5)
where
3 2t, £
0 2 21, 312
X=lo 2 2t,0 32, |
100 n+m
0 2 21041 3t’%+1

T
A = lap,a1,a2,a3]"

T
U= [Xm Jns fn+%’ f"+l] ’

Solving the system Eq. (5) for the unknown parameters and
substitute it into the approximate solution Eq. (4) to get the
continuous scheme

st = Q0O + oDy + B s Doy s +BIORSi1, (6)

where the coeflicients a(?), Bo(?), 8,(1), B1(¢) are:
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Figure 1. The Mosquito population without control case 1.

CYQ(I) =1,
100 149
Bo(t) = 19 — S22 +1,
5000 .2 10000 .3
Bu(t) = 33051" = 357 497

_ 1003 2
Bi0) = 530" = mt ) .
Evaluating Equation (6) at point x,,; to get the discrete
scheme

2397, + 10000, 10 +2597 fy11).(7)

Xpt+1 = Xpt

14994 (

2.2. Development of the Iterative Method
Equation (7) can be written as

47 5000 53
= Xn + Sor i+ Py 0 + %hfnﬂ- ¥

Xn+1

294 7497
Let
X = Xptls ©)]
47h 5000h
30 = f = k5o £l )+ o f (s 300 ) . (10)
N( )—N()—ﬂf(t ) (1D
Xn+1) = X) = 306 n+ls Xn+1) -

Using 3-terms solution in Daftardar-Gejji and Jafari Method

(DJM) series [1], then
X = X9+ X + X2, (12)

where x; = N(xp) and x, = N(xp + x1) — N(xp). Equation (12)

becomes
x = xo9+ N(xg) + N(xg + x1) — N(xp)

and simplifying it to get

x=x9+N (g + N(x)). (13)
Substitutes Eqs. (9) and (10) into Eq. (13) to get
5000
Kat = %y hf(rn,xn) *oaorh (e de ) (19)
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Figure 2. The optimal Mosquito population and Insecticide for case 2.

+24T74hf(tmxn)+%hf(n+£ X, 0) ) )

Xn
+N
47 5000
( +N (20 + 3R s %) + B0 S (1030, %, 50

This can be simplified, by considering Equation (11) as

5000 ) 53h

7497hf(l‘l+f’ n+— _f

X = X
el " 100 100

306
(15)
+ 3 h s %) + 3890 (1 30,5, 5 ) )

[ In+1,%Xn
53h 47 5000
+Wf(t”+"x" + 203 1f (tn, %) + 25571 (n+% xn+m

7
+ ﬁhf(tm -xn)

Equation (15) reduces to

+ ol 2397k, + 10000k, +2597k;),  (16)

Xn+l = Xp

where

kl :f(tnvxn)’ k2 = _f(tn+ %9xn+ﬁ(§))’

ks = f(tn+1,xn ik + SOOOhkz)

7497

ky = f(tn+1»xn + Senky + Tk + ;82k3)~
Proposition. The established iterative method in Eq. (16) is
Non-Runge-Kutta Method.

Proof. To show that, the iterative method Eq. (16) is not a
Runge-Kutta method, Runge-Kutta properties are tested. The
iterative method is written as:

Xn+l = X + h (blkl + bzkz + b3k3 + b4k4) y
while k; is written as

1+ ch, Xj+ h(aj ky
+apky + aks + aiks)

k,-:f( ),i=1,2,3,4.

The following parameters are extracted from the iterative
method

bl bz 5000 b3

7497° 0, by =

294 ’ 306 ;
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c1 =0, 622%’C3=C4=1;

anp =ap = a3 =aig =0, ay = axn =ap = ax =0,
as1 = 24974’ as = %’ a3 =az =0,

) %,au = %’ aq3 = %,a44 =0,

Thus, the Butcher table for iterative method is

0o 0 0 0
0 0
0 0
20

For Runge-Kutta method, it is necessary that Zaij = ¢; [19].
j=1

From the parameters, a3 + as + as; + az = % # c¢3. This

shows that iterative method is not Runge-Kutta method.

2.3. Analysis of the Iterative Method

2.3.1. Order of the method

Definition 2.1. The order of a single step method is the largest

integer p such that
|n~' 7| = 0 (") (17)

Source: [1]

Theorem 2.1. The order of the new iterative method in Eq. (16)
is four.

Proof. Having
ki = fu. (18)

Considering the second order Taylor’s series, k», k3 and k4 can
be presented as

49h 49h 49h2 49h2
ky=fu+ —fu Ann n, n,tx
s = ot oo+ 5o e+ + o
4-9h2
+4_00ﬁ1,xx + ... (19)
h? 47/12 47h
ks = fo+hfp, + 7ﬁl,tt fnfn tx T+ 94fnfn,x
47h%
21168f S+ (20)
n? h
k4 = f;1+hfn,t+?fn,tt+W2 hfn,tx + fn,x + thfn,xx +’(21)
where
om0 SO0 B s B,
294 7497 +3500 fnax + 400 xx

Phys. Sci. 6 (2024) 1965

534 ( St %ﬂ, + 55 at %;ffnfn,,x )
306 +30afnfux + 37168 Sn Srx
af(t, x) af(t, x)
fn = f(tn’ xn)’ f;’l,l = ( fa ) ’fn,x = ( fa ) 3
4 (tn,Xn) X (tnsXn)
0 f(t, x) 8 f(t, x)
ﬁl,tt = (];%) ) ﬁLxx = (];—2) .
i (tn,Xn) X (tnsn)

Using Eqgs. (18) — (21) in Eq. (16), we get

Xp+l = Xpt+

2397 f, + 10000

K ( fo+ A 40 4 4on 40 ¢ 4 4o 4952 )
12992 n ¥ 100 nt + 300 nx + S00 Jnse T 500 400 Jnxx

+2597 (f + hfus + %fn,,, + W [Afoi + fox+ S ufos])

n,itx

2 (132341 1 2.
et = Xp + hfy + 1 (S5t oS + 3 Fos + 5 Fo)
132341 2 132023 132341
+ h3( 9176328fn x2f 27528 984f" 2294082f” tx-f;" )
46313fnx + 612ﬁttﬁ1x 153fntx 4fnt2 + 3()6fnx2
1325
mfn,txfn,t 2340 f;ﬂxfnx mfn,tzfn,x
1325 f 2f
+ it 132023 93636 e 1325
13764492fnﬁt txfnx 2448fnﬁ1 xzfnt 187272fnﬁ1,x2fn,x
42508437 2508437 fo f
1982086 848 nx2Jn.x
132023 3 2 2508 437 2
7928347392ff;1x~ 1982086848f;1f;'”‘f”x2
132023 f
5 2;528984 nJn,tx
+ h 1872 nfn txf;'l X2
1325 2 1325
* 37454 " 4896fnt2f"fnx- + 2658 S

9363()ﬁt len 2+ 1224ﬁ1 tzfn tx

Expanding the of exact value of x(¢#) about ¢, in Taylor’s
series

132341 25
Iy = Xn h n nJn,x n n.x h3
Mner) = Zn + hfu 1 (2294082ff f” 1537 )+
(22)
132341 132023 132341
( 5176325 nx2f ; + 3r5as08g S S 2294082]0"”](” )+0(h4).
+ 36515 o + S Srifax ¥ s Srax + 3Sar + 25

The truncation error gives
Thr1 = Xivr — X(ti1)

132341
2294082
132023

2,
fnx-f 37528 9842f”
+ o S fox + 153f"tx +

5 1325
612ﬁt,txfn,t 23 4()3](;1 txfn X
132023

+93636fn 2 Jnx
376449

fnfn mfnx 244gfnfn xzfnt

25084
+ 1982086848f Jax2 fx

_ 2508437 2
1982 086 848 f ﬁl fxf;z X2

25
23
= )( )
132341
2294082f"’”‘f” )
4fn,t2 +
1§g4fn,zzfn,x

_1325
187272

T,,+1=xn+hfn+h2( fofox + f,,,+

132341
?17 328

46818

+h (
%fn,)c2

+ 1t

fnﬁl,xz fn,x

132023 f3
7928347392 n, x2

2;25528984f" nix
187272 nfn txﬁz X2 13
+ g Sncffae + 6518

n,t)cfn,x2 + mf;z,tz fn,tx

e

1325
3745441 xz
41325 1325

93636

+

I‘lt.)C
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132023 ¢3 42 2508437 (2
792834]7%39022%n nx2 + 198%%)%)84810 n Jnaxne
T =W 27528984fn mEr + 5757 foSux S
n+l + f f sz ) + 1325 2
37as5adint, 2t 4896 n2Jntnx® T 36818 Jntx

1323
+ 55 g36 Snix o + g fuix

Hence, the new iterative method is of fourth order.

2.3.2. Convergence of the iterative method
Definition 2.2. A single step method is said to be consistent if

¢ (x,y,0) = f(x,y) [1]. (25)

Definition 2.3. A single step method is called regular if the
function ¢ (x,y,h) is defined and continuous in the domain
a<x<b-0<y <oo,i=12,.,n0<h< hyand if
there exist a constant L such that

llpCx, y, ) — ¢(x, y", WII < Lly = y°ll, (26)

for every x € [xg, b],y,y" € (=00,00),h € (0, ho) [1].

Theorem 2.2. Suppose the single step method is regular, then
the relation Eq. (25) is a necessary and sufficient condition for
the convergence of the method [1].

Lemma 2.3. An iterative method Eq. (16) is said to be conver-
gent by Theorem 2.2 if the following results hold:

e Consistency holds

e Regularity holds

Proof (Consistency). Consider the increment function in Eq.
(16),

47h 5000Ah 53h )
——ks

¢ Cxns tns 1) = (ﬁkl 7497 © * 306

¢ (X, Uy, h) = 14994 (2397k, + 10000k, + 2597ky4) . (27)
If h = 0, then
& (Xn, un, 0) = f(2, X). (28)

Therefore, by Definition 2.2, the method Eq. (16) is consistent.
Proof (Regularity). Let
ki = f(tw, x,),

k; = f(tn+% xn_,.ﬁ)’

. 47h . 5000 .
k3 f(tn+l, ) d

* 205k + 7307k ) an

47h . 5000h 53h
k“_f(t”*"x 20451 F Ta97 "2 3065 )
for every (t, x), (t,x*) € S and k,, (n = 1,2,3,4) are defined in
Eq. (16).

.(24)

Considering f(z, x) to be Lipschitz, then

e = &5 || = || s 20) = f s
< L,
k2 = k3| = Hf(tn %,xn + %)_f(n + %,XZ + %)”
< Lo~
ks — &5

47h 50001 ., 4Thpe . 5000h
”f(t"”’x" + 305k1 + 07 k2 ) f(tn+1,xn + 503K1 + 507 k*)

<L|l+ 253hL Hx - X,
B 306 L
A4Thy L 5000k, . 53

s — k5] = H f(t" + h, Xy + gk + 7497;7‘2 + 306hk3) ‘

o AThpe | S000h L | S3hpk) ||

-f (fn X, + 0Kyt Ta07 K + 306K )
253h 53h  (253h

<L|x,—x||{l+|=—L+-—L|——L+1}{],
<Ll - ( +( 306 306 ( 306 " )))

Now using Eq. (27),

.1 ( 2397k + 10000k, + 2597k
@ Gt 1) = ¢ (x4 ) = 7507 ( —2397k: — 10000K; — 2597k
710677 53
———I’W+ ——Lh+1||x, - x
(28 652616 " 306 " )”x x|

-,

where L’ = L(Zgg%ﬁhz + 306Lh + 1)
Therefore, the increment ¢ satisfies the Lipschitz conditions
in x, hence, by Definition 2.3, method Eq. (16) is said to be

regular.

Lemma 2.4. Given the function f(¢, x) defined and continuous
in the strip

Lemma 2.5. S ([t—1t| < a, ||x]| < co,a >0) satisfying the
Lipschitz condition

(2, %) = (2, x| < Llx = x7I. (29)

Y (t,x),(t,x*) € S, here Lipschitz constant is denoted by L;
then, the method Eq. (16) is said to be convergent.

Proof. Since consistency and regularity holds for method Eq.
(16), by Theorem 2.2, it is convergent.

2.3.3. Stability of the iterative method

A
b’
the stability for a y/ = gy is the set of points in the complex
plane satisfying |R ()| < 1 [19].

Definition 2.4. For a method given by the tableau
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Theorem 2.3. For the iterative method Eq. (16) to be stable, we
must have

97hA | 5141222 20497273h3)3)
(1+ Ja7 t Tmosz T TTa03973 184
(1 _ S0hA _ 13250 _ 70225/,313)
153 — 23400 7163 154

Proof. Using Definition 2.4. Applying the iterative method Eq.
(16) to the test equation x’ = Ax, we obtain

kl = Axn’
ky = /lxn+%’

500044
7497

X, 49
n+ 155

ks = A [(1+

o=+

From Eq. (16), we can write

471
204 ) Xn

I

(MW

+ 7041

7497 89964

4 21970 4 2491 hz/lz)
7497

47hA
294

4+ 2497
( Saorhd +

5000/
+ ( 7497

5000h1
7497

2491 712 92

s9061 1 A )

1%2500/1242)
1147041

53hA
Xn+l = Xp + Xp + n+£ + '3016

+ 49

n+ a0

1323410%4°
2294082

132 500n%A°
1147 041

_ 249711
Xn+l = (1 + o7

5000
+ ( 7497

33
+ 132023n°2 )

27528984

35112503 4 )
175497273

n+m'

Writing X,y o AS % (%41 + x,), then

1323410222
2294082

132 5004% 4
1147041

2497hA
7497

5000h4
7497

33
+ 132023n°2 )

27528984

3511250h° 23
175497273

Xn+l = (1 +

49 (
100

)(xn+1 + xn) .

5141h%2%
44982

1325h% %
23409

97}1/1

20497 2731343 )
(1 + 1203978 184

= )

Now, for stability of iterative method and by Definition 2.6, we
must have

Fntl = S0k

153

_ 70225303
7163 154

9ThA | 514122 20497273h3)3)
(1 T 95 1 Tmogr T 203978 184
( _ S0hA_ 13250 _ 70225/,313)
153 — 2340 7163 154

2.4. Algorithm for Forward Backward Sweep Methods

2.4.1. Algorithm for FBS implementation for the iterative
method
Applying Eq. (16), the algorithms are given as
Forward algorithm
forn=1:N
kl - f(tn’ Xns un)
k2 = f(tn + 100 > lOO(x” + xn+1)a 100 (un + un+1)>

47h 5000A
ks = f(tn +h, x, + 294k1 7497 =297 k2, un+l)
— 47h 50004 53h
k4 - f(tn + h xl’l 294kl 7497 k2 + %k'ﬁ’ un+l)

Xnil = Xp + 7 499 7 (2397k; + 10000k, + 2597k4)
Backward algorithm
forj=1:N

1.6 T T T T T T T T T

olar
=
o
1%}
o
=12t

1 , . . \ . .

0 0.5 1 1.5 2 25 3 3.5 4 4.5 5
Time

of
&)
S 15F
g
1] 1 [
£

0.5
0 A . A . A .
0 0.5 1 15 2 25 3 3.5
Time
X,
) n+ g

Figure 3. The optimal Mosquito population and Insecticide for case 3.

n=N+2-j
f(tn’ xna/ln,un)
k2 - f(tn ]00 ’ loo(xn + Xp— 1)7 100(/l + An 1)7 loo(un + Uy 1))

ks =f( — R, Xy Ay — 3Bk — 200k, u, 1)
ky = f (ta = h, Tt A = Wy — 20key — ks, 1)
Ay = A, — m (2397k1 + 10000k, + 2597ky)

2.5. Numerical Experiment

In this section, optimal control model for mosquito and in-
secticide is solved. All computations in this section are done
with the aid of a written code in MATLAB 2018a, which is run
on a Window 8.1 computer.

Problem. Supposed the population concentration of
mosquitoes at time ¢ is given by x(#), and the population
over a fixed period of time wished to be reduced. Assuming x
has a carrying capacity M and growth rate 7. An application of
the substance which is known to decrease the rate of change of
x (?), by decreasing the proportional rate to the amount of u (¢)
and x (7). Assumed the amount of the substance to be added at
time ¢ is u(f). Then the concentration of mosquitoes is taken to
be x(¢) and the insecticide known to kill it taken to be u(¢). The
mosquito is represented in differential equation

X' (1) = r(M = x(1)) = u()x(1), x(0) = xo,

where the population size at the initial point is given as xo > 0.
Here, term u(#)x(¢) pulls down the growth rate of the mosquito.
Both mosquito and insecticide have negative effects on individ-
uals around them, so both need to be minimized. Little amount
is acceptable for both, there is then need to penalize for amounts
too large, so quadratic terms for both will be analyzed. Hence,
the optimal control problem for 5 day regimen is

5

minJ (x, u) = f Ax(1) + u(p)*dt,

0
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Figure 4. The optimal Mosquito population and Insecticide for case 4.

subject to
xX'(H) = r(M — x(2)) — u(t)x(t), x(0) = xy.

The coefficient A is the weight parameter, balancing the relative
importance of the two terms in the objective functional [7, 12].

Solution. The optimality system of the problem is developed
by first constructing the Hamiltonian

H(t,x,u, ) = f (&t x,u) + Ag (¢, x,u),
H(t,x,u, ) = Ax + > + r (M — x) — Axu.

The optimality condition is

OH A
0=$=2u—/1x=>u*=7x.

The adjoint equation is

O0H
AV(t)=——=-A+Ar+ Au
ox

1
=—A+Ar+ -2%x
5
xX'(t) = Mr — x(r + u), x(0) = xo.
1
X(t)=-A+Ar+ g/lzx,/l(T) =0.

Using the optimality system, the numerical code is generated,
written in MATLAB R2018a. This problem is solved with N =
1000 : The results are shown in Figures and Tables.

First considering parameters M = 10, r = 0.3, xp = 1,
A=1.

Case 1: No control.

In Figure 1, the mosquito population continue to increase
steadily without any interuption at any point. Now considering
the following parameters and with control.

Case 2: M=10, r=0.3, xo=1, A=1.

The aim is to lower the population of mosquito as well as
minimizing the effect of insecticide on individuals around. In
Figure 2,when the carrying capacity M = 10, and the weight
parameter A = 1, the population of the mosquito is increasing
but when the insecticide is introduce and maintained at constant
level between time 1.2 to 3.5, the population of mosquito level
up and become constant between the time 1 to 4.5; here the
insecticide and mosquito population are paarallel. As the insec-
ticide begin to decrease at day 5, the population of the mosquito
begin to increase again, with heavy growth at the beginning and
end.

Case 3: Varying the weight parameter A to A = 5.

In Figure 3, when carrying capacity is maintained at M =
10, and the weight parameter is varied to A = 5, the level of
insecticide applied is slightly higher. It is seen that, state and
control are at equilibrium for a longer period. The control starts
at its highest point, then decreasing slightly before becoming
constant for a moment, then drop to zero. The state growth rate
drop and become constant up to day 4. However, at the end of
the interval, when the effect of the insecticide is no longer harm-
ful to the mosquitoes, the population of the mosquito rapidly
increases.

Case 4: Varying the parameter A to A = 10.

In Figure 4, when the carrying capacity is maintained at
M = 10, and the weight parameter is varied again to A = 10,
a much higher level of insecticide is used. It is observed that,
the mosquito population and insecticide are at equilibrium for
a long period. The insecticide is at its highest point at the be-
ginning before decreasing slightly and then become constant,
and later decreasing to zero. The state growth rate also drop
and become constant up to day 4.5. However, at the end of the
interval, when the effect of the insecticide is no longer harm-
ful to the mosquitoes, the population of the mosquito rapidly
increases.

Therefore, studying the results, it can be seen that, when
an insecticide that last for five days is applied, it reduced the
population of the mosquito at minimal level but as soon as the
effect of the insecticide approach 0, the mosquito population
begin to increase again. Also, the higher the insecticide applied,
the lower the population of the mosquitoes. The best way to
maintain a 5 days regimen, is to start a second regimen on about
day 4.5.

3. Conclusion

An order-four iterative method is developed based on
Patade and Bhalekar’s approach for the numerical solution of
the optimal control problem for mosquito population growth
and insecticide using the forward-backward sweep method.
The stability properties of the iterative method are tested and
found to be stable and convergent. The new iterative method
is used to solve the optimal control problem, and the results
obtained clearly show that mosquitoes cannot be completely
eradicated, but through optimal control, their population can be
substantially minimized, thereby reducing the spread of malaria
disease.
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