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Abstract

This study investigates the dynamics of heat and mass transfer, focusing on the impact of nonlinear convection and thermophoresis in the flow of
viscous nanofluid towards a shrinking sheet embedded with a porous matrix. To facilitate understanding of the flow behavior, the study employs
similarity variables to simplify the resulting nonlinear partial differential equations. Numerical analysis utilizing the collocation method with
Legendre polynomials as basis functions reveals distinct distributions of velocity, temperature, and concentration. The results demonstrate that the
dimensionless suction coefficient amplifies nanoparticle volume fraction and momentum along the stretching surface. In addition, an increase in
internal frictional force leads to heightened injection of heat energy, accelerates the temperature field, and impedes nanoparticle diffusion due to
heat absorption. Elevation of convection terms augments momentum, reduces energy dispersion, and enhances nanoparticle diffusion. Moreover,
an increase in the dimensionless Eckert number (Ec) correlates with intensified energy and diminished diffusion concentration of the nanoparticle
volume fraction.
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1. Introduction

The phenomenon of fluid convection, where a gas or liq-
uid comes to a rest at a specific location, is commonly known
as stagnation point flow. This behavior is characterized by the
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convergence of fluid particles around an object, resulting in
zero velocity. The analysis of fluid dynamics around stagna-
tion points is crucial in engineering applications, offering valu-
able insights into pressure distributions, lift, and drag forces,
particularly in aerodynamic and hydrodynamic contexts [1–3].
Physically, applications of this phenomenon are found in vari-
ous fields, such as heat exchangers or thermal systems.

Numerous researchers have contributed to the comprehen-
sive assessment of stagnation point dynamics across different
disciplines. Setting the record straight, Brimmo and Qasaimeh
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[4] critically analyzed these dynamics in life sciences and an-
alytical chemistry, while Khashiie et al. [5] incorporated the
injection of hybrid nanofluids in mathematical modeling for
simulating flow past a Riga surface. Makinde et al. [6] in-
vestigated radiative heat transfer and slip impact for stagna-
tion point flow toward a stretchable convective surface. Shahid
[7] highlighted the response of mass diffusion, thermophore-
sis, and Brownian motion in a magnetized Upper-Convected
Maxwell (UCM) fluid. Recent studies encompass the analy-
sis of buoyancy features over a spinning sphere by Zaheer et
al. [8], Kenea and Ibrahim [9] exploration of non-Fickian and
non-Fourier flux conditions in rotating systems, and Awati et al.
[10] utilization of spectral and Haar wavelet collocation meth-
ods while enumerating the viscous dissipation effect on micro-
polar nanofluid, among others.

The industries, fields of science and engineering consider
applications of nonlinear convection particularly important in
processes requiring high temperatures, as emphasized by Patil
and Kulkarni [11]. It’s impact on flow processes has been ex-
tensively studied by researchers such as Raju et al. [12] and
Raju et al. [13], where investigation encompassing nonlin-
ear convection with time dependency and quadratic convection
through a Darcy porous medium is analyzed. Their findings
indicate an increase in fluid particle momentum with quadratic
convection. An investigation of heat and mass transfer enhance-
ment by Khan et al. [14] presented the Buongiorno model of
nanofluid nonlinear mixed convection with melting heat phe-
nomenon. Their findings reveal that the fluid nanoparticle con-
centration decreases for melting response and entropy genera-
tion enhancement is observed for melting and magnetic vari-
ables. Akolade et al. [15, 16] with the study of Carreau fluid
and Williamson fluid respectively discussed the concept of non-
linear convection via different numerical scheme. Further anal-
ysis of nonlinear convection in various geometries includes the
study of Casson fluid flow through an annular micro-channel by
Idowu et al. [17], investigation of multi-slip and Soret-Dufour
effects over a nonlinear slendering sheet by Olabode et al. [18],
and exploration of a shrinking sheet investigation towards stag-
nation point flow by Kumar and Sood [19]. Furthermore, Pati
and Shankar [20] analysis on the influence of activation energy
in a double-diffusive dusty fluid flow over a cone, among other
geometries. Across these findings, it is consistently observed
that fluid velocity increases with nonlinear convection.

The flow of fluid over a stretching surface and porous me-
dia presents classic challenges in fluid dynamics with diverse
industrial and natural applications. In industries such as print-
ing, paper, and textile manufacturing, the process of coat-
ing and film deposition often involves the flow of fluids over
stretching surfaces. Moreover, understanding the dynamics of
porous media is crucial for achieving wide range of applica-
tions such as thermal energy storage, geothermal energy uti-
lization, petroleum reservoirs, storage of grain, buried electri-
cal cables etc. Consequently, the effects of permeability of the
porous medium when the flow is characterised by Darcy’s law
was theoretically investigated recently in different geometry
and based fluid assumptions. Alam et al. [21] and Agunbiade
et al. [22] examined stretching porous media with nanofluids,

Prandtl nanofluidic flow via a stretching sheet was examined
by Ramanjini et al. [23]. In a related study, Deba et al. [24]
and Goud et al. [25] presented their investigations on the dy-
namics of Williamson fluid. Combined effects of thermosolutal
convection in Jeffery Nanofluid with porous medium was inves-
tigated by Lata et al. [26], where the impact of magnetic field
response was identified. Sharma et al. [27] and [28] studied the
energy instability, variable gravity and magnetic field influence
of Jeffery nanofluids via porous media. An investigation on the
onset of convection with extended Darcy-Forchheimer law was
presented by Yadav et al. [29], a similar study by Yadav [30]
analyzed the convection with heat-generating effect for Jeffery
fluid all in porous medium while Yadav et al. [31] recent study
explores the double diffusive convection in porous membrane
enclosures soaked with Maxwell fluid. Moreover, recent study
of Sharma et al. [32] incorporates the specific effects of the
electric field, Brownian motion, thermophoresis, and rheologi-
cal factors, with critical analysis of the porous matrix response
being enumerated. In a related study, Sharma et al. [33] identify
the rotation effect and the thermal instability of Jeffrey nanoflu-
ids with variable gravity.

Inspired by previous studies, the current study aims to ex-
plore the combined influence of thermophoresis, Darcy and vis-
cous dissipation, and nonlinear convection on stagnation point
flow of viscous nanofluid towards a shrinking sheet. To the au-
thors’ best knowledge, a combined investigation of this kind is
presented for the first time. The analysis of velocity, tempera-
ture, and concentration profiles in response to variations in per-
tinent parameters is conducted through an approximate numer-
ical approach using Legendre polynomials as basis functions
and the collocation technique.

2. Problem formulation

The geometry depicted in Figure 1 illustrates the Cartesian
coordinate system used to represent the considered porous in-
compressible viscous fluid. This system facilitates the analysis
of two-dimensional steady convection flow directed towards a
shrinking surface. The x-axis, perpendicular to both the y-axis
and the sheet, remains parallel to the latter, maintaining a fixed
origin. In this setup, the velocity of the external fluid is de-
noted as Ue = ax, while Uw = cx represents the velocity of the
sheet. Here, a > 0 signifies the constant strength of the stag-
nation flow, and c > 0 denotes the constant stretching of the
sheet. Additionally, the temperature and concentration of the
shrinking sheet are expressed as T = Tw (x) and C = Cw(x), re-
spectively. The ambient temperature is designated as T = T∞,
while the ambient concentration is represented as C = C∞.

The flow governing equations based on the above assump-
tion and following the work of Kumar and Sood [19], Japili et
al. [34], and Rakesh and Shilpa [35] are taken as follows:
Equation of continuity:

∂u
∂x
+
∂v
∂y
= 0, (1)
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Figure 1: Stagnation point flow model configuration with Darcy
dissipation.

Equation of momentum:

u ∂u
∂x + v ∂u

∂y = Ue
∂Ue
∂x + ν

∂2u
∂y2 +

ν f

K (Ue − u)
+ gβ0 (T − T∞) + gβ1 (T − T∞)2

+ gβ2 (C −C∞) + gβ3 (C −C∞)2

 . (2)

Equation of energy:

u ∂T
∂x + v ∂T

∂y = α
∂2T
∂y2 + τ

[
DB

∂C
∂y

∂T
∂y +

DT
T∞

(
∂T
∂y

)2
]

+
Q1
ρCp

(T − T∞) + µ f

ρCp

(
∂u
∂y

)2
+

µ f

ρCpK (Ue − u)2,

 .(3)

Equation of concentration

u
∂C
∂x
+ v

∂C
∂y
= DB

∂2C
∂y2 +

DT
T∞

∂2T
∂y2 . (4)

The assumed boundary conditions for the model equations
takes:

v = 0, u = cx, T = Tw = T∞ + bx,

C = Cw = C∞ + dx at y = 0, (5)

u →Ue (x) = ax, T →T∞ and C → C∞ as y→∞. (6)

Equations (1) - (6) are transformed into the following non-
linear differential equations, using the stream function and sim-
ilarity transformation variables. By implementing the stream
function and similarity variables (Kumar and Sood [19]):

η =
√

Ue
νx y, θ (η) = T − TW

Tw − T∞
, ϕ (η) = C − CW

Cw − C∞
,

ψ =
√

aν x f (η) , u = ∂ψ
∂y , v = − ∂ψ

∂x ,

 , (7)

on equations (1) - (6), equation (1) is identically satisfied while
equations (2) - (6) give

f ′′′ + f f ′′ − ( f ′)2 + 1 + B (1 − f ′)+
λ θ (1 + λ1 θ) + γ ϕ (1 + γ1 ϕ) = 0,

}
(8)

θ′′ + Pr
[
f θ′ − f ′θ + Qθ

]
+ Nt (θ′)2 + Nb θ′ϕ′

+Ec Pr( f ′′)2 + Pr Ec B (1 − f ′)2 = 0,

}
(9)

ϕ′′ + S c( fϕ′ − f ′ϕ) +
Nt
Nb

θ′′ = 0, (10)

with the following boundary conditions:

f ′ = Z, f = 0, θ = 1 , ϕ = 1, at η = 0, (11)

f ′ = 1, θ = 0, ϕ = 0, as η → ∞, (12)

where

B = ν
ak , λ =

Grt

Ret
2 ,Grt =

gβ0 (T − T∞)x3

ν2 ,

Ret =
xUe
ν
, γ = Grc

Rec
2 , Grc =

gβ2 (C − C∞)x3

ν2 ,

P r = ν
a , Nb = τDB

α
(Cw − C∞) , Rec =

xUe
ν
,

Q = Q1
a ρCp

, Ec = (ax)2

Cp(Tw−T∞) , S c =
ν

DB
, K = k1

a ,

Z = c
a , λ1 = β1

β0
(Tw − T∞) , γ1 = β3

β2
(Cw − C∞) ,

τ =
ρcp

ρc f
, Nt = τDT

αT∞
(Tw − T∞) ,


The flow characteristics are of interest because of their var-

ious practical applications in many fields. These include the
local Skin friction C f , the local Nusselt number Nux, and the
local Sherwood number S hx defined as

C f =
τw

ρUe
2 , Nux =

x
K1 (Tw − T∞)

, S hx =
x jw

α (Cw − C∞)
,

(13)

τw = µ
(
∂u
∂y

)
y=0

, qw = −k1

(
∂T
∂y

)
y=0

and jw = −α
(
∂C
∂y

)
y=0
.

(14)

Applying the non-dimensional similarity parameters in equa-
tion (7) on equation (14) yields;

C f Rex
1/2 = f ′′ (0) ,

Nux

Rex
−1/2 = −θ

′ (0) ,
S hx

Rex
−1/2 = −ϕ

′(0).

(15)

3. Results and Discussion

The numerical solution of the reduced system of equations
(8) to (12) is conducted using the collocation method, employ-
ing assumed Legendre polynomial as basis functions within the
symbolic computation software MATHEMATICA 11.3. Previ-
ous studies have shown that this method offers enhanced ef-
ficiency and simplicity in solving both linear and non-linear
problems. A comprehensive explanation of the method’s appli-
cation can be found in Oyekunle et al. [36, 37], where the im-
pacts of relevant parameters on flow dynamics are thoroughly
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(a)

(b)

(c)

Figure 2: Impact of suction parameter (Z) on the flow distribu-
tion f ′ (η) , θ(η) and ϕ (η), respectively.

explored. To ensure the validity of the obtained results, Ta-
ble 1 present the comparison of the limited case of the cur-
rent results with the results obtained in the work of Rakesh and
Shilpa [35] and Wang [38]. The results obtained demonstrate a
strong agreement with the conclusions presented in these earlier

(a)

(b)

(c)

Figure 3: Impact of convection parameter (γ and λ ) on the flow
distribution f ′ (η) , θ(η) and ϕ (η), respectively.

works, as depicted in the table below. Evaluating f ′′(0) with re-
spect to Z when B = 0, Pr = 1, Nb = 0.01, Nt = 0.01, λ =
0, λ1 = 0, γ = 0 and γ1 = 0 (see Table 1). This comparison
confirmed the validity of the results, thereby strengthening the
motivation to pursue the objectives outlined in this paper.
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Table 1: Comparison of the present results and the work of
Rakesh and Shilpa [35] and Wang [38].

Z Present
result

Rakesh and
Shilpa [35]

Wang [38]

-0.25 1.40224 1.402253 1.40224
-0.50 1.49567 1.495685 1.49567
-0.75 1.4893 1.489316 1.48932
-1.00 1.32882 1.328840 1.32882
0.20 1.05113 1.0511379 1.051130
5.00 -10.2647 -10.26479 -10.26475

In this paper, rigorous computations were conducted to ex-
plore the effects of various parameters on the flow field. Graphs
are provided to illustrate the influence of these parameters. Un-
less stated otherwise, the following parameter values are fixed
to obtain the numerical results of this study: α = 0.5, Nt=0.1,
λ1 = 0.5, β = 0.5, B = 0.5, λ = 1, S c = 1.0, Ec = 0.05,
Nb = 0.1, Z = −1.0, Pr = 6.8, and γ = 1. The dynamical
response of the velocity ratio (Z) is depicted in Figure 2(a-c)
for all the model profiles (velocity, temperature, and nanopar-
ticle fraction). Physically, variations in this parameter (Z) al-
ter the flow pressure distribution and enhance the fluid velocity
at the solid boundary. Moreover, an increase in Z impacts the
boundary layer thickness, thus intensifying fluid motion. As
shown in Figures 2(a-c), the momentum distribution increases
with the constant velocity ratio Z, leading to a lower tempera-
ture maintenance. Meanwhile, the nanoparticle volume fraction
accelerates with Z up to a certain point along the channel width
and then slows down. This indicates that the parameter Z has
the capability to significantly enhance the nanoparticle volume
fraction and momentum field along the stretching surface.

The dynamics of the Boussinesq approximation are de-
scribed through both linear and nonlinear convection processes.
The opposing forces due to gravity acceleration (Grt and Grc)
characterize the behaviors of the linear and nonlinear convec-
tion terms λ, γ, λ1, and γ1, as profiled in Figure 3(a-c). Physi-
cally, the upright impact of flow geometry predicts a higher im-
pact of gravity acceleration, while an inclined geometry tends
to produce less impact from gravity. Additionally, setting g=0
in equation (2) results in the flow configuration becoming hori-
zontal. The mathematical representation of the results in Figure
3(a-c) highlights that when λ = γ = λ1 = γ1 = 0, it represents
a no-convection model; when λ = 1 = γ and λ1 = γ1 = 0,
it represents a linear convection model; and when λ = 1 = γ
and λ1 = γ1 = 0.5, it represents a nonlinear convection model.
From the analysis, it is observed that an increase in the con-
vection term signifies a rise in the momentum field, a reduc-
tion in energy distribution, and a pronounced enhancement in
nanoparticle diffusion. An increase in nanoparticle diffusion
suggests that nanoparticles are spreading more readily through-
out the fluid medium. This could be significant in various appli-
cations involving nanoparticle transport, such as drug delivery,
catalysis, or nanofluid-based heat transfer systems. Enhanced
nanoparticle diffusion might affect the overall performance or
efficiency of these processes.

(a)

(b)

Figure 4: Impact of Eckert number (Ec) on the flow distribution
θ(η) and ϕ (η), respectively.

The work done by the fluid on adjacent layers due to the ac-
tion of shear forces is transformed into heat energy, also known
as dissipation heat. This internal heat is measured by the di-
mensionless number Ec (Eckert number). The impact of Ec on
energy and nanoparticle diffusion is displayed in Figures 4(a)
and 4(b), respectively. A rise in the dimensionless number (Ec)
enhances the energy and reduces the diffusion concentration of
the nanoparticle volume fraction accordingly. These changes
reflect the dynamic interplay between fluid flow characteristics,
heat transfer processes, and nanoparticle dispersion within the
system, and understanding these implications is crucial for opti-
mizing various engineering applications, such as heat exchang-
ers, nanofluid systems, or particle-laden flows. Similarly, the
effect of the heat source term (Q) on temperature and concen-
tration profiles is shown in Figures 5(a) and 5(b). We identify
a continuous injection of heat energy into an accelerated tem-
perature field, resulting in a decrease/less diffusion rate of the
nanoparticle concentration due to heat absorption.

Figures 6(a-c) display the influence of the Darcy number
(B) on the flow profiles. An increase in the Darcy number
within a fluid flow system is associated with enhanced flow
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(a)

(b)

Figure 5: Impact of Heat generation parameter (Q) on the flow
distribution θ(η) and ϕ (η), respectively.

velocity, decelerating temperature profiles, and non-uniform
concentration distributions along the channel width. These
changes reflect the complex interplay between flow dynamics,
heat transfer processes, and mass transport phenomena within
the system. Understanding these implications is essential for
optimizing various engineering applications involving porous
media flows, such as groundwater hydrology, petroleum reser-
voir engineering, or filtration processes. The thermophore-
sis parameter, Nt, resulting from the submersion of nanopar-
ticles, increases liquid conductivity based on established the-
ory. Therefore, Figure 7(a) shows an increase in velocity pro-
file with the thermophoresis parameter Nt, while a decrease is
observed in the temperature profile, as depicted in Figure 7(b).

With varying values of the dimensionless variables, Table
2 enumerates the skin friction coefficient ( f ′′ (0)), heat trans-
fer coefficient (θ′ (0)) and mass transfer coefficient (ϕ′(0)). A
lower skin friction coefficient and increased heat transfer rate
are indicated by the velocity ratio parameter (Z). As the inter-
nal heat generation parameter (Ec) is increased, skin friction,
Nusselt number, and Sherwood number are enhanced. The Ta-
ble further signified that skin friction and Nusselt number rise

(a)

(b)

(c)

Figure 6: Impact of Darcy number (B) on the flow distribution
f ′ (η) , θ(η) and ϕ (η), respectively.

as a result of higher nonlinear thermal and solutal convection
ratios, while Sherwood number decreases. Increasing Nt and
Sc values result in reversed behavior of Z, λ1 and β1. Skin fric-
tion and Sherwood number increase with increases in B and Ec,
while a decrease is observed with decreases in B and Ec.

6



Abubakar et al. / J. Nig. Soc. Phys. Sci. 6 (2024) 1970 7

(a)

(b)

Figure 7: Impact of thermophoresis parameter (Nt) on the flow
distribution f ′ (η) , θ(η), respectively.

4. Conclusion

The investigation of stagnation point flow of viscous
nanofluid towards a shrinking sheet, considering various influ-
ential parameters, offers valuable insights into intricate fluid dy-
namics and thermal transport phenomena. Utilizing a similarity
variable, the system is transformed into a solvable form. An ap-
proximate solution is then derived using the collocation method
with Legendre polynomials as basis functions, revealing the dy-
namics of the involved physical variables. This scenario, which
incorporates parameters such as suction parameter, convection
parameter, Eckert number, heat generation, and Darcy number
in porous media, provides a comprehensive understanding with
numerous physical implications. However, the following key
highlights:

• Velocity enhanced with an increase in Eckert and Darcy
numbers, suction, convection, thermophoresis and heat
generation parameters.

• Arise in Eckert and Darcy numbers, suction, convection,
thermophoresis and heat generation parameters lead to a

Table 2: Computational results of skin friction, Nusselt number
and Sherwood number for variation of the embedding param-
eters when Z = 0.5, Nt = 0.1, Nb = 0.1, S c = 1.0, Da =
0.2, Pr = 6.8, Ec = 0.05, Q = 0.1, λ = 1, γ = 1, λ1 =
0.5, γ1 = 0.5, β1 = 0.1.

Dimensionless value f
′′

(0) θ
′

(0) ϕ′(0)
Z -0.50 3.00860 0.09865 1.278110

0.50 1.78785 2.38275 -0.374636
1.00 0.95071 3.14256 -0.863024

B 0.01 3.36045 -1.67122 2.692220
0.10 3.42734 -1.69686 2.726000
0.30 3.55659 -1.76047 2.804410

Nt 0.10 3.36045 -1.67122 2.692220
0.30 3.31229 -1.70940 7.277170
0.50 3.31229 -1.70940 7.27717

Ec 0.10 3.41497 -2.76378 3.76642
0.15 3.49367 -3.91642 4.90345
0.20 3.59847 -5.16020 6.13334

S c 0.50 3.47158 -1.62703 2.57771
1.00 3.36045 -1.67122 2.69222
1.50 3.31055 -1.69586 2.71437

γ1 0.10 3.12614 -1.74125 2.72056
0.30 3.24710 -1.70261 2.70394
0.70 3.46780 -1.64530 2.68415

β1 0.10 3.24190 -1.70316 2.69899
0.30 3.30005 -1.68690 2.69525
0.70 3.42286 -1.65619 2.68995

decrease in both energy and concentration distributions.

• Higher value of non-linear convection parameters give
rise to skin friction and heat transfer coefficient.

• An increase in Darcy and Eckert numbers correspond to
a decrease in heat transfer coefficient while skin friction
and Sherwood number are increased.

• There is reduction in both skin friction, Nusselt and Sher-
wood numbers with an increase in thermophoresis num-
ber.

Understanding the interplay of these parameters in the stagna-
tion point flow of viscous nanofluid towards a shrinking sheet
provides a holistic view of the complex interactions between
fluid dynamics, thermal transport, and material considerations.
Balancing these parameters is crucial for optimizing heat and
mass transfer processes while mitigating challenges associated
with excessive velocities, turbulence, energy consumption, and
material wear. This comprehensive analysis aids in designing
efficient systems and processes across various engineering and
industrial applications involving fluid dynamics and heat trans-
fer.
NOMENCLATURE
α -Thermal diffusivity
g - Acceleration due to gravity
β0,β1 – Coefficients of thermal expansion
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DB – Brownian diffusion coefficients
B0 – Applied magnetic field
τ – Ratio of the nano particles to the base fluid
u,v – Velocity components in the direction of x and y
K1 – Chemical reaction coefficient
Q1 – Heat source/ sink
Ec - Eckert number
µ – Viscosity
β2,β3– Coefficient of solutal expansion
ρ – Density
DT – Thermophoresis diffusion coefficient
ν – Kinematic viscosity
T – Fluid temperature
C – Fluid concentration
K – Permeability constant
B – Permeability parameter
λ – Thermal linear parameter
λ1 – Thermal nonlinear parameter
Grt – Temperature Grashof numbers
Ret – Temperature Reynoid number
γ – Solutal linear parameter
γ1 – Solutal nonlinear parameter
Grc – Concentration Grashof number
Rec – Concentration Reynold number
Pr – Prandtl number
NB – Brownian motion parameter
NT – Thermophoresis parameter
Q – Heat source/sink parameter
Sc – Schmidt number
K – Chemical reaction parameter
Z – Velocity ratio parameter
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