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Abstract

This study delves into the dynamics of lymphatic filariasis and buruli ulcer coinfection, two overlooked yet impactful tropical diseases. With
lymphatic filariasis, commonly referred to as elephantiasis, and buruli ulcer, a chronic affliction caused by mycobacterium ulcerans, both posing
significant health challenges, understanding their interaction is crucial. Utilizing a mathematical model, this research aims to analyze the dynamics
of this coinfection, elucidating its complexities. The study establishes the local asymptotic stability of the disease-free equilibrium and calculates
the basic reproduction number using the next generation matrix. It uncovers transcritical and backward bifurcation phenomena within the model.
Additionally, the integration of time-dependent controls enables the exploration of optimal disease management strategies. Numerical simulations
highlight the efficacy of employing a comprehensive approach, utilizing all available controls simultaneously, as the most effective strategy for
disease control. These findings underscore the importance of integrated interventions in combating lymphatic filariasis and buruli ulcer coinfection,
offering valuable insights for public health policymakers and practitioners.
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1. Introduction

Neglected Tropical Diseases (NTDs) represent a diverse ar-
ray of infectious diseases commonly observed in tropical and
subtropical regions worldwide, as reported by Receveur et al.
[1] & Durojaye et al. [2]. This group of infectious diseases pri-
marily impacts impoverished and vulnerable populations, en-
compassing 20 conditions such as Buruli Ulcer (BU), snakebite
envenoming, onchocerciasis (river blindness), Chagas disease,

∗Corresponding author: Tel.: +234-803-597-7988.
Email address: helen.edogbanya@fulokoja.edu.ng (Helen

Olaronke Edogbanya)

dengue, and chikungunya, dracunculiasis (guinea-worm dis-
ease), lymphatic filariasis (LF), trachoma, and others, as out-
lined by George et al. [3]. NTDs are usually caused by viruses,
bacteria, protozoa, or helminths and are not viewed as priorities
in terms of public health according to George et al. [3], Has-
soun Cosler [4] & Gyorkos et al. [5]. According to the findings
of Sun and Amon [6], early detection plays a crucial role in
preventing and treating the disease, NTDs have affected about
2 billion people (see Refs. [7]), with 206,155 reported death
cases (discussed in [8]). Recent studies conducted by Refs. [9–
11] have demonstrated that when non-NTDs such as Hepatitis
B Virus (HBV), Human Immunodeficiency Virus (HIV), Tuber-
culosis (TB), Malaria, and COVID-19 coexist with NTDs, the
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Figure 1: Response to treatment following integrative medicine
in elephantiasis (lymphedema) due to lymphatic filariasis ([31])
(Response to treatment).

severity of the diseases increases.
Similarly, other studies by Camelo et al. [12] and Azonvide

et al. [13] have shown that co-infections between NTDs also
occur. For example, co-infections of Schistosoma and Leish-
mania, as well as Buruli ulcer and Filariasis, have been doc-
umented, although little is known about this phenomenon. In
particular, Azonvide et al. [13] reported that residents in BU-
endemic areas are usually prone to Filariasis. In several locali-
ties within Ghana where BU is endemic, cases OF LF induced
by Wuchereria bancrofti worm have been recorded. Therefore,
Azonvide et al. [13] suggested exploring the co-infection of
Buruli Ulcer (BU) with Filariasis in the treatment of BU.

LF is an NT Ds popularly known as elephantiasis, which is
a major cause of morbidity in the developing world. Medeiros
et al [14] have demonstrated that after Leprosy, Lymphatic Fi-
lariasis (LF) is the second-largest cause of disability and de-
formity globally. The transmission of LF involves infected
mosquitoes depositing filarial parasites into the lymphatic sys-
tem of healthy individuals, as outlined by Refs. [15, 16]. The
filarial parasites responsible for LF are Wuchereria bancrofti,
Brugia malayi and B. timori [15]. Furthermore, it is clarified
that Wuchereria bancrofti is the prevailing species, responsible
for 90 percent of the estimated 70 million cases of LF world-
wide [16, 17]. The Global Program to Eliminate Lymphatic Fi-
lariasis (GPELF) was launched in 2000 by the World Health
Organisation (WHO) to end the transmission of LF through
the yearly administration of a large-scale treatment called Mass
Drug Administration (MDA) and reduce the suffering induced
by LF via the provision of morbidity management and disabil-
ity prevention (MMDP) [18]. Figure 1 vividly demonstrates
the treatment response of patients afflicted with LF, offering
valuable insights into therapeutic outcomes and disease man-
agement.

Buruli ulcer, another NTD highlighted in the research by
Coutts et al. [19] and Boakye-Appiah et al. [20], is an acute
and debilitating skin condition caused by Mycobacterium Ul-
cerans. Multiple investigations document instances of Buruli
Ulcer (BU) spanning 33 nations, with a notable prevalence in
West Africa and Southeastern Australia [21–23]. Recent re-

Figure 2: Leg infected with Mycobacterium ulcerans (Buruli
ulcer) with undermining edges. Images A and B show the le-
sions at the time of presentation to the Department of Dermatol-
ogy; images C and D show the lesions after 6 months of treat-
ment; images E and F show the lesions after 9 months of treat-
ment ([32]).

ports estimated that there are more than 67,000 people infected
with BU worldwide [20]. Despite the global increase in BU
infection, the precise epidemiology and mode of transmission
of BU remain evasive. The majority of BU infections in West
Africa are attributed to amphibians, fishes, mollusks, beetles,
and water bugs [24, 25]. Conversely, in Australia, possums
are identified as the natural reservoir of BU [26]. Recently,
Refs. [20, 27] explored the efficacy of a combination of clar-
ithromycin and rifampicin in treating BU infection, although
these antibiotics are not free from side effects [28, 29]. Figure
2 illustrates the characteristic signs of BU before treatment ini-
tiation and the notable progress observed throughout the treat-
ment process. These visual representations depict the evolution
of lesions, healing rates, and overall improvement, providing
valuable insights into the efficacy of therapeutic interventions
for managing BU infection.

Mathematical models are used to improve the understand-
ing of how to stop the transmission of infectious diseases. With
the help of these models, relevant parameters and controls that
affected the spread of infectious diseases in the past and those
that will influence the spread in the future are determined and
considered to make a well-informed decision. Some of the re-
cent mathematical models for LF are found in Solonga et al.
[30], Darmawati et al. [33], Rycht´ar et al. [34], Febiriana et
al. [35] and Alshehri et al. [36]. Similarly, Edholm et al. [37],
Momoh et al. [38], Khan et al. [39] , Clark and Bern [40] and
Fandio et al. [41] have also studied the transmission dynamics
of BU. The objective of this paper is to construct and assess a
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mathematical model delineating the co-infection dynamics of
two neglected tropical diseases, namely Lymphatic Filariasis
and Buruli Ulcer.

As far as my understanding extends, there is currently a gap
in mathematical research concerning the co-infection of Lym-
phatic Filariasis (LF) and Buruli Ulcer (BU). This study seeks
to fill a critical knowledge gap by conducting a comprehensive
mathematical analysis of the intricate dynamics and interac-
tions between Lymphatic Filariasis (LF) and Buruli Ulcer (BU).
Its primary objective is to meticulously explore effective strate-
gies for combating the coinfection of LF and BU. Through this
investigation, the study aims to generate valuable insights and
recommendations to significantly enhance disease management
and control efforts within the realm of neglected tropical dis-
eases. By shedding light on these complexities, the research
aims to deepen our understanding of LF and BU coinfection
dynamics and provide actionable guidance for the development
of impactful public health interventions.

The rest of the paper is structured as follows: Section 2
deals with the model formulation and analysis, the optimal con-
trol model is presented in section 3, section 4 deals with the
numerical simulation while the conclusion of the study is pre-
sented in section 5.

2. Model formulation

A mathematical model that couples the models in Khan et
al. [39] and Salonga et al. [30], is used to describe the transmis-
sion dynamics of LF and BU co-infection. The proposed model
is made up of the population of humans, mosquitoes, water bugs
and mycobacterium ulcerans. The total human population N(t)
is subdivided into five compartments, namely susceptible class
S (t), exposed individuals infected with LF only class L1(t), in-
fectious individuals with LF infection only class L2(t), infec-
tious BU infected humans only class B(t) and the class of those
infected with both LF, BU and C(t) the co-infection class.
Thus

N(t) = S (t) + L1(t) + L2(t) + B(t) +C(t). (1)

The susceptible mosquitoes M1(t) and the LF infected
mosquito M2(t) made up the mosquitoes population M(t). Sim-
ilarly, the total water bugs population W(t) is made of two sub-
populations, namely, the susceptible water bugs W1(t) and the
BU infected water bugs W2(t). Lastly, the concentration of my-
cobacterium ulcerans in the environment is denoted by E(t).
The assumptions below were considered in the proposed model.

1 Only healthy individuals are recruited into the human
population.

2 The shedding of mycobacterium ulcerans from individu-
als in B(t) increases the concentration of mycobacterium
ulceran in the environment

3 The susceptible humans S (t) get infected with LF and
BU at the rate λlS and λbS respectively such that λl =
β2M2

N
, and λb = βbW2 + βeE.

4 The mosquitoes and water bugs gets infected with LF and
BU at the rate λmM1 and λwW1, respectively. The forces
of infection λm and λw are given by

λm =
β1 (L2 + η1C)

N
, and λw = βw (B + η2C) ,

respectively.
5 Individuals in L2 class and B class gets infected with BU

and LF and progresses to the co-infected class C(t) at the
rate λvL2 and λsB respectively. Where

λs =
β3M2

N
and λv = βvW2.

Based on the above mentioned assumptions, Figure 3 and
Table 1 illustrate the transmission dynamics of a two co-
infected NT − Ds, namely, LF and BU is governed by the
following first order non-linear system of ordinary differential
equations.

dS
dt
= Πh + (γ1L1 + γ2L2) q − (λl + λb + µh) S , (2)

dL1

dt
= λlS − (γ1q + θ + µh) L1, (3)

dL2

dt
= θL1 − (γ2q + µh) L2, (4)

dB
dt
= λbS − (µh + δb + λs) B, (5)

dC
dt
= λvL2 + λsB − (µh + δc) C, (6)

dM1

dt
= Πm − (λm + µm) M1, (7)

dM2

dt
= λmM1 − µmM2, (8)

dW1

dt
= Πw − (λw + µw) W1, (9)

dW2

dt
= λwW1 − µwW2, (10)

dE
dt
= Bτ − Eµe. (11)

2.1. Disease free equilibrium and computation of R0

Let the disease free equilibrium be denoted by Σ0, such that
its component are given by:

Σ0
(
S ∗, L∗1, L

∗
2, B

∗,C∗,M∗1,M
∗
2,W

∗
1 ,W

∗
2 , E

∗)
=

(
Πh

µh
, 0, 0, 0, 0,

Πm

µm
, 0,
Πw

µw
, 0, 0

)
.

3



Edogbanya et al. / J. Nig. Soc. Phys. Sci. 6 (2024) 1972 4

Table 1: Description and estimation of parameters for the model. Notes: The parameters listed as 1-5 and 16 in the table below
were sourced from Salonga et al. [30], while all remaining data were cited from Khan et al. [39].

Parameter Description Estimated value
Π(h,m,w) Recruitment rates into humans, mosquitoes and water bugs population

(
100, 4.227 × 104, 1000

)
µ(h,m,w) Natural death rates for humans, mosquitoes and water bugs population

(
4 × 10−5, 0.123, 0.0714

)
δ(l,b,c) Disease induced death rate for individuals suffering from LF, BU and dual infections (0.001, 0.07, 0.7)
γ(1,2) Treatment rate for individuals in L1 and L2 compartments (0.0615, 0.0014)
q Treatment coverage 0.619
β1 Transmission coefficient of LF from infected humans to susceptible mosquitoes 0.232582
β2 Transmission coefficient of LF from infected mosquitoes to susceptible humans 0.0000113
β3 LF transmission coefficient from infected mosquitoes to BU infected humans 0.000113
βb BU transmission coefficient from infected water bugs to susceptible humans 1 × 10−7

βw BU transmission coefficient from infected humans to to susceptible water bugs 3 × 10−6

βv BU transmission coefficient from infected water bugs to LF infected humans. 2 × 10−7

βe BU transmission coefficient from the Mycobacterium ulcerans in the environment to susceptible humans 5 × 10−9

η1 The modification parameter associated with the decrease in LF transmission to susceptible mosquitoes by individuals in C compartment 1.2
η2 The modification parameter associated with the decrease in BU transmission to susceptible mosquitoes by individuals in C compartment 1.2
τ Shedding rate of Mycobacterium ulcerans into the environment 0.0714
µe Natural death rate of the Mycobacterium ulcerans in the environment 0.123
θ Progression rate from L1 to L2 compartment 0.37

Figure 3: Schematic representation of the model (model diagram).

Computing the Reproduction number using the next gener-
ation method to have

F =



0 0 0 0 β2 0 0

0 0 0 0 0 0 0

0 0 0 0 0 βbΠh
µh

βeΠh
µh

0 0 0 0 0 0 0

0 β1µhΠm
Πhµm

0 β1η1µhΠm
Πhµm

0 0 0

0 0 βwΠw
µw

βwη2Πw
µw

0 0 0

0 0 0 0 0 0 0



,

Q =



k1 0 0 0 0 0 0

−θ k2 0 0 0 0 0

0 0 k3 0 0 0 0

0 0 0 k4 0 0 0

0 0 0 0 µm 0 0

0 0 0 0 0 µw 0

0 0 −τ 0 0 0 µe



, (12)

to be the matrices for the new infection term and the transition
terms respectively. Then,

R0 = ρ(FQ−1) = max
{
RL

0 , RB
0

}
. (13)
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where

RL
0 =

√
R1R2, RB

0 =
Re +

√
4 RbRw + Re

2

2
, R1 =

β1µhΠmθ

Πhµmk2k1
,

R2 =
β2

µm
, Rw =

βwΠw

µwk3
,Re =

βeΠhτ

µhµek3
, Rb =

βbΠh

µhµw
,

k1 = µh + θ + γ1q, k2 = µh + γ2q, k3 = µh + δb, k4 = µh + δc.

2.2. Local stability of DFE

Theorem 2.1. Whenever R0 < 1, the DFE of equations (2)-(11)
is locally asymptotically stable and unstable if R0 > 1

Proof. The Jacobian matrix of equations (2)-(11) evaluated at
DFE is given by

J(DFE) =


−µh γ1q γ2q 0 0 0 −β2 0 −
βbΠh
µh

−
βeΠh
µh

0 −k1 0 0 0 0 β2 0 0 0
0 θ −k2 0 0 0 0 0 0 0
0 0 0 −k3 0 0 0 0 βbΠh

µh

βeΠh
µh

0 0 0 0 −k4 0 0 0 0 0
0 0 −

β1µhΠm
Πhµm

0 −
β1η1µhΠm
Πhµm

−µm 0 0 0 0
0 0 β1µhΠm

Πhµm
0 β1η1µhΠm

Πhµm
0 −µm 0 0 0

0 0 0 −
βwΠw
µw

−
βwη2Πw
µw

0 0 −µw 0 0
0 0 0 βwΠw

µw

βwη2Πw
µw

0 0 0 −µw 0
0 0 0 τ 0 0 0 0 0 −µe.



(14)

From equation (14), it is readily seen that λ1 = −µm, λ2 =

−µw, λ3 = −µe.

λ7 + a1λ
6 + a2λ

5 + a3λ
4 + a4λ

3 + a5λ
2 + a6λ + a7 = 0, (15)

where

a1 = µe + µw + µm + k1 + k2 + k3 + k4, (16)
a2 = X0 + (k1 + µm + k2 + k4)(k2 + µe + µw)

+ (k1 + µm)(k2 + k4) + k1µm, (17)
a3 = X0(k1 + µm + k2 + k4) + X1(µe + µm)

+ µeµwk3(1 − RbRw − Re) + X2, (18)
a4 = X1X0 + X2(µm + µe) + µmµek3(1 − RbRw − Re)

+ µmk1k2k4(1 − R1R2), (19)
a5 = X2X0 + µwµeK3x1(1 − RbRw − Re)

+ k1k2k4µm(k3 + µe + µm)(1 − R1R2), (20)
a6 = K1K2K4µmX0(1 − R1R2) + µwµek3X2(1 − RbRw − Re),

(21)

a7 = µeµmµwk1k2k3k4(1 − RbRw − Re)(1 − R1R2), (22)
X0 = k3[µ3(1 − Re) + µw(1 − RbRw)] + µeµw, (23)
X1 = (k1 + k2 + k4)µ + (k2 + k4)k1 + k2k4, (24)
X2 = µm {k1[k4 + k2(1 − R1R2)] + k2k4} + k1k2k4. (25)

It is readily seen that a1 and a2 are positive since all the
model parameters are positive. Similarly, ai > 0 for all i =
3, ..., 7 provided R0 < 1. Following Chu et al. [42], equation

(15) will have seven negative eigenvalues if ai and mi are posi-
tive for all i = 1, . . . , 7, where

m1 = a1, m2 =

 a1 1

a3 a2

 , m3 =


a1 1 0

a3 a2 a1

0 0 a3

 , (26)

m4 =


a1 1 0 0
a3 a2 a1 0
0 a4 a3 a2
0 0 0 a4

 ,

m5 =


a1 1 0 0 0
a3 a2 a1 1 0
a5 a4 a3 a2 a1
0 0 a5 a4 a3
0 0 0 0 a5

 ,
(27)

m6 =



a1 1 0 0 0 0
a3 a2 a1 1 0 0
a5 a4 a3 a2 a1 1
0 a6 a5 a4 a3 a2
0 0 0 a6 a5 a4
0 0 0 0 0 a6


, (28)

m7 =



a1 1 0 0 0 0 0
a3 a2 a1 1 0 0 0
a5 a4 a3 a2 a1 1 0
a7 a6 a5 a4 a3 a2 a1
0 0 a7 a6 a5 a4 a3
0 0 0 0 a7 a6 a5
0 0 0 0 0 0 a7


. (29)

With the help of Maple 18 software, it is readily seen that mi >
0. Thus, equation (15) has all its eigenvalue to be negative.
Furthermore, the model equations (2)-(11) is said to be locally
asymptotically stable whenever R0 < 1.

2.3. Existence of transcritical and backward bifurcation

Using the centre manifold theory described in Castillo-
Chavez and Song (2004) to explore the existence of forward
and backward bifurcation. Then, system in equations (2)-(11)
is written as

f1 = Πh + (x2γ1 + x3γ2) q

−

 β2x7∑5
i=1 xi

+ x9βb + x10βe + µh

 x1, (30)

f2 =
β2x7x1∑5

i=1 xi
− k1x2, (31)

f3 = θ x2 − k2x3, (32)

f4 = (x9βb + x10βe) x1 − x4k3, (33)

f5 =
x4β3x7∑5

i=1 xi
− x5k4 + βvx9x3, (34)

5
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f6 = Πm −

β1 (x5η1 + x3)∑5
i=1 xi

+ µm

 x6, (35)

f7 =
β1 (x5η1 + x3) x6∑5

i=1

− x7µm, (36)

f8 = Πw − (βw (x5η2 + x4) + µw) x8, (37)

f9 = βw (x5η2 + x4) x8 − x9µw, (38)
f10 = τ x4 − x10µe, (39)

where N =
∑5

i=1 xi. The component of the right and left eigen-
vectors of the Jacobian matrix given by equation (14) with the
assumption that β2 = β

∗
2 = µm are expressed, respectively, as

V1 = V4 = V6 = V8 = V9 = V10 = 0,

V2 =
θV3

k1
, V5 =

θΠmV3β1β2η1µh

k1k4Πhµm
2 ,

V7 =
β2θV3

k1µm
.

(40)

Note that Vi, fori = 1, 2, · · · , 10 are the right eigen-vectors.

Z1 =
Z3

(
qk1Πhγ2µm

2 + qΠmβ1β2γ1µh − k1Πmβ1β2µh

)
k1Πhµhµm

2 ,

Z2 =
β2β1µhΠmZ3

k1Πhµm
2 ,

Z6 = −
β1µhΠmZ3

Πhµm
2 ,

Z7 = −
β1µhΠmZ3

Πhµm
2 ,

Z4 = Z8 = Z9 = Z10 = 0. (41)

Note that Zi, for i = 1, 2, · · · , 10 are the left eigen-vectors.
Next, use

a =
10∑

h,i, j=1

VhZiZ j
∂2 fh
∂xix j

, b =
10∑

h,i, j=1

VhZi
∂2 fh
∂xiβ

∗
2

to get

a = − 2
β1

2µhV3W3
2Πm

2θ β2
2µh (Q − 1)

K1µm
4Πh

3 ,

b =
W3β2θV3µhΠm

K1Πhµm
2 ,

(42)

where
Q = K1µm(qγ2µm+β1µh+2 µhµm)Πh+β1β2µhΠm(qγ1+2 µh)

K1Πmβ1β2µh
.

According to the centre manifold theory, the sign of a and b
that determines the direction of the bifurcation. Oviously, b > 0
while a < 0 if Q > 1 and a > 0 if Q < 1.Based on Theorem
4.1 in Castillo-Chavez and Song [43], the following result is
established.

Theorem 2.2. The model equations (2)-(11) undergoes a for-
ward (transcritical) bifurcation if Q > 1 and a backward (sub-
critical) bifurcation if Q < 1.

Epidemiologically, the existence of backward bifurcation
suggests that R0 < 1 is not sufficient to ensure that the disease
dies out.

3. Optimal control model

The modification of model equations (2)-(11) is given in
this section by introducing three time-dependent controls de-
noted by u1(t), u2(t) and u3(t). The controls u1(t) and u3(t)
denote the effort of preventing LF and BU respectively. The
treatment of either LF and BU is denoted by u2(t). The optimal
control model is governed by the following system of first order
differential equations:

g1 =
dS
dt
= Πh + (γ1L1 + γ2L2) u2

− (λl(1 − u1) + λb(1 − u3) + µh) S ,

g2 =
dL1

dt
= λl(1 − u1)S − (γ1u2 + θ + µh) L1,

g3 =
dL2

dt
= θL1 − (γ2u2 + µh) L2,

g4 =
dB
dt
= λb(1 − u3)S − (k3 + u2) B,

g5 =
dC
dt
= λvL2 + λsB − (k4 + u2) C,

g6 =
dM1

dt
= Πm − (λm(1 − u1) + µm) M1,

g7 =
dM2

dt
= λm(1 − u1)M1 − µmM2,

g8 =
dW1

dt
= Πw − (λw(1 − u3) + µw) W1,

g9 =
dW2

dt
= λw(1 − u3)W1 − µwW2,

g10 =
dE
dt
= Bτ − Eµe

(43)

The objective functional to be minimized is given by

J(u1, u2, u3) =
∫ T

0
d1L2 + d2B + d3C +

1
2

3∑
i=1

Aiu2
i dt. (44)

The purpose of J(u1, u2, u3) is to minimize the number of all
infectious human population and the cost of implementing the
three time dependent controls. Hence, the optimal triple control
u = (u1, u2, u3) such that

J(u∗1, u∗2, u∗3) = minu∗1, u∗2, u∗3 ∈uJ(u1, u2, u3), (45)

is sought for such that

u =
{
ui : ui is measurable and 0 ≦ ui(t) ≤ 1

for i = 1, 2, 3, t ∈ [0, T ]}

is the control set.
Given that the optimal control problem involves three time-

dependent controls, Table 2 above outlines the interventions un-
der consideration.
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Table 2: Sample strategies.

Strategy type Strategy Control conditions

Single Strategies Prevention of LF Strategy I(
u1 , 0, u2 = 0, u3 = 0

)
Treatment of LF and BU Strategy II(

u1 = 0, u2 , 0, u3 = 0
)

Prevention of BU Strategy III(
u1 = 0, u2 = 0, u3 , 0

)
Double Strategies Prevention of LF + Treatment of LF and BU Strategy IV(

u1 , 0, u2 , 0, u3 = 0
)

Prevention of LF + Treatment of LF and BU Strategy V(
u1 , 0, u2 = 0, u3 , 0

)
Prevention of BU + Treatment of LF and BU Strategy VI(

u1 = 0, u2 , 0, u3 , 0
)

Triple Strategy Prevention of LF + Prevention of BU + Treatment of LF and BU Strategy VII(
u1 , 0, u2 , 0, u3 , 0

)
Without Controls Strategy VIII

(
u1 = 0, u2 = 0, u3 = 0

)
The Pontryagin’s Maximum Principle is used to convert the

optimality system gi, i = 1, ..., 10 and equation (44) into a prob-
lem of minimizing the Hamiltonian H, defined by

H = d1L2 + d2B + d3C +
1
2

3∑
i=1

Aiu2
i +

10∑
i=1

χigi. (46)

Theorem 3.1. There exists an optimal control
triple (u∗1, u

∗
2, u
∗
3) and a corresponding state solution

S ∗, L∗1, L
∗
2, B

∗,C∗,M∗1,M
∗
2,W

∗
1 ,W

∗
2 , and E∗ that minimizes

J(u1, u2, u3) over u. Furthermore, there exist adjoint functions
χ1, . . . , χ10 satisfying

dχ1

dt
= −χ1

(
β2M2(1 − u1)S

N2 −
β2M2(1 − u1)

N

− (Eβe +W2βb)(1 − u3) − µh)

− χ2

(
−
β2M2(1 − u1)S

N2 +
β2M2(1 − u1)

N

)

− χ4 (Eβe +W2βb) (1 − u3) +
χ5β3M2B

N2

−
χ6β1(η1C + L2)(1 − u1)M1

N2

+
χ7β1(η1C + L2)(1 − u1)M1

N2 , (47)

dχ2

dt
=

M1(u1 − 1)(η1C + L2)(χ6 − χ7)β1 + β2S M2(χ1 − χ2)u1

N2

− ((−γ1u2 − µh)χ2 + u2χ1γ1 + χ3θ) , (48)

dχ3

dt
=

M1(Cη1 − N + L2)(χ6 − χ7)(u1 − 1)β1 + Ξ1

N2

−W2βvχ5 − χ1γ2u2 + χ3γ2u2 + χ3µh − d1, (49)

Ξ1 = (β2S (χ1 − χ2)u1 − β2S (χ1 − χ2) + Bχ5β3)M2,

dχ4

dt
=
−χ5β3M2N + M1(Cη1 + L2)(χ6 − χ7)(u1 − 1)β1 + Ξ2

N2

+
M2Bχ5β3

N2 −W1βw(χ8 − χ9)u3 +W1βw(χ8 − χ9)

+ χ4(K3 + u2) − χ10τ − d2, (50)

Ξ2 = (β2S (χ1 − χ2)u1 − β2S (χ1 − χ2))M2,

dχ5

dt
=

(−S (u1 − 1)(χ2 − χ1)β2 + Bχ5β3)M2 + Ξ3

N2

+
β1(u1 − 1)M1(χ6 − χ7)((C − N)η1 + L2)

N2

− βwη2(u3 − 1)W1(χ8 − χ9), (51)

Ξ3 = ((K4 + u2)χ5 − d3)N2,

dχ6

dt
=
−(χ6 − χ7)(u1 − 1)(η1C + L2)β1 + Nµmχ6

N
dχ7

dt
=
−S (χ1 − χ2)(u1 − 1)β2 − Bχ5β3 + χ7µmN

N
dχ8

dt
= −(χ8 − χ9)(u3 − 1)(Cη2 + B)βw + µwχ8

dχ9

dt
= −S (χ1 − χ4)(−1 + u3)βb − χ5βvL2 + µwχ9

dχ10

dt
= −S (χ1 − χ4)(−1 + u3)βe + µeχ10.

(52)

With the transversality conditions χi(T ) = 0, for all i =
1, ..., 10 such that

u∗1 = min{u1max,max{0, u+1 }},
u∗2 = min{u2max,max{0, u+2 }},
u∗3 = min{u3max,max{0, u+3 }},

(53)

and

u+1 = −
M1(χ6 − χ7)(Cη1 + L2)β1 + β2S M2(χ1 − χ2)

A1N
,

u+2 =
−L1(χ1 − χ2)γ1 − L2(χ1 − χ3)γ2 + χ4B + χ5C

A2
,

u+3 = −
−W1(χ9 − χ8)(Cη2 + B)βw + S (χ1 − χ4)(Eβe +W2βb)

A3
.

(54)
7
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Figure 4: Effect of single strategies on the total infectious pop-
ulation.

Figure 5: Optimal control profile for single strategies.

Proof. To obtain equation (52), the partial derivatives of the
Hamiltonian H given by equation (46) with respect to each of
the state variables are computed as follows

dχ1

dt
= −
∂H
∂S

χ1 (T ) = 0

dχ2

dt
= −
∂H
∂L1

χ2 (T ) = 0

... . . .
...

...

dχ10

dt
= −
∂H
∂E

χ10 (T ) = 0.

(55)

Next, the partial derivatives of equation (46) with respect to the
control variables (u1, u2, u3) and equating it to zero to get

∂H
∂u1
= A1u1 +

β2S M2(χ1 − χ2) − β1M1(χ7 − χ6)(Cη1 + L2)
N

= 0,

Figure 6: Effect of double strategies on the total infectious pop-
ulation.

Figure 7: Optimal control profile for double strategies.

∂H
∂u2
= A2u2 + χ1(L1γ1 + L2γ2) − χ2γ1L1

− χ3γ2L2 − χ4B − χ5C = 0, (56)
∂H
∂u3
= A3u3 +W1(χ8 − χ9)(Cη2 + B)βw

− (Eβe +W2βb)(χ4 − χ1)S = 0. (57)

The solution of equation (54) gives equation (56) and consider-
ing the bounds on the control, the characterizations of the con-
trols are given by equation (53).

4. Numerical simulation

To show the effect of the time dependent controls, the strate-
gies outlined in Table 2 will be considered such that both dis-
eases are persistent (RL

0 = 1.5015 > 1 and RL
0 = 1.0119 > 1).

The simulation is performed by the software MATLAB 21.a

8
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Figure 8: effect of triple strategy on the total infectious popula-
tion.

version using the forward backward sweep method of a fourth
order Runge-Kutta iterative scheme outlined in Lenhart and
Workman (2007). For the purpose of simulation, the values of
parameter in Table 1, thta is the weight constants d1 = 1, d2 =

210, d3 = 300, A1 = 100, A2 = 50, A3 = 150, and the initial
population S (0) = 2, 490, 000, L1 = 5, 000, L2 = 2, 450, B =
1, 650,C = 1, 000,M1 = 3, 399, 000, M2 = 1, 000, W1 =

10, 000, W2 = 4, 000 and , E = 1, 400, 000 are used. Note
that this data were also gathered from Khan and Salonga et al.
[30, 39].

Figure 4 illustrates the effects of implementing single strate-
gies on the collective population of infectious humans (L2(t) +
B(t) + C(t)). As depicted in the figure, each single strategy im-
plementation results in a notable reduction in the total infec-
tious population compared to the absence of control (Strategy
VIII). Notably, among the three strategies, only Strategy I con-
sistently decreases the population L2(t) + B(t) +C(t), while the
others show an upward trend. This observation underscores the
effectiveness of Strategy I in minimizing L2(t) + B(t) +C(t).

Figure 5 demonstrates how the control of each single strate-
gies should be applied to ensure that the goal of the objective
function is satisfied. Figure 5a shows that the control for the
prevention of LF (u1) remains at the upper bound (0.95) for the
simulation period of 150 days while the control for the preven-
tion of BU(u3) and treatment u2 as depicted by Figure 5c & b
are at upper bound but decreases to zero on the final day.

The effect of the double strategies on the population of all
infectious humans are depicted in Figure 6. The figure shows
that all the double strategies have less population of infectious
humans compared to Strategy VIII (without control). This sug-
gest that the application of any of the double strategies is of
great importance in curbing the dual spread of LF and BU. It is
obvious to note that among the three double strategies, Strategy
V(that is the application of both u1 and u3) generates the least
number of infectious human. Thus, it is considered to be the
best double strategy.

Figure 9: Optimal control profile for triple strategy.

Figure 10: Comparison of strategies I, V, VII and VIII.

The optimal control profile for each of the double strategies
are displayed in Figure 7. The controls that made up Strategies
V( u1 and u3) and VI (u2 and u3) remains at the upper bound
while for Strategy IV, the control u2 is at upper bound and that
of u1 remains at about 8% through out the simulation period of
150 days.

Figure 8 demonstrates the impact of implementing the triple
strategy on the population of all infectious humans. It illustrates
that the adoption of Strategy VII leads to a decrease in the num-
ber of all infectious individuals.

The implementation of the triple strategy is displayed by
Figure 9. According to the figure, the controls u2 and u3 should
be implemented optimally through out the simulation while 8%
of the control u1 should be used for a period of 150 days.

In order to identify the optimal strategy for minimizing the
population of all infected humans, we conducted a compari-
son among the single control strategy (Strategy I), the double
control strategy (Strategy II), and the triple strategy (Strategy
VII). As depicted in Figure 10, it is evident that among the three

9
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strategies, Strategy V results in the lowest number of infectious
humans, followed by Strategy VII. Hence, we conclude that
Strategy V stands as the superior strategy.

5. Conclusion

In this study, we have developed a mathematical model to
elucidate the simultaneous spread of two neglected tropical dis-
eases: Lymphatic Filariasis (LF) and Buruli Ulcer (BU).

1. The proposed model comprises a system of first-order
nonlinear differential equations, encompassing ten com-
partments to comprehensively capture the dynamics of
LF and BU co-infection.

2. Key findings from our analysis include:
(a) The local asymptotic stability of the model is con-

tingent upon the basic reproduction number (R0),
with stability observed when R0 is below unity and
instability when it exceeds unity.

(b) The model demonstrates a transcritical bifurcation
when the parameter Q exceeds 1, and a backward
bifurcation occurs when Q is less than 1.

(c) Numerical simulations indicate that the implemen-
tation of any of the three time-dependent controls
results in a reduction in the joint spread of LF and
BU.

(d) Regarding optimal control strategies, our analysis
reveals that Strategy I, focusing on preventing LF,
emerges as the most effective single strategy. Addi-
tionally, Strategy V, which combines efforts in LF
prevention and the treatment of both LF and BU,
proves to be the best double strategy, surpassing ex-
pectations by outperforming the triple strategy ap-
proach.

3. These findings underscore the importance of targeted in-
terventions in mitigating the burden of LF and BU co-
infection, with implications for disease control and pub-
lic health policy formulation.
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schemes of perception and interpretation of modes of transmission”,
Journal of Biosocial Science 51 (2019) 533. https://doi.org/10.1017/
S0021932018000317.
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