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Abstract

Let G = R? x S O(2) be the Euclidean motion group, let g be the Lie algebra of G and let 7/(g) be the universal enveloping algebra of g. Then U(g)
is an infinite dimensional, linear associative and non-commutative algebra consisting of invariant differential operators on G. The Dirac measure
on G is represented by 6 , while the convolution product of functions or measures on G is represented by *. Among other notable results, it
is demonstrated that for each u in U(g), there is a distribution E on G such that the convolution equation u = E = §¢ is solved by method of
convolution. Further more, it is established that the (convolution) operator A’ : C;°(G) — C*(G), which is defined as A’ f = f * T"5(¢) extends to
a bounded linear operator on L*(G), for f € C*(G), the space of infinitely differentiable functions on G with compact support. Furthermore, we
demonstrate that the left convolution operator Ly denoted as Ly f = T * f commutes with left translation, for T € D’(G).
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1. Introduction PT = f [3]. This result was independently verified by Mal-
) ) ) grange in 1955 [2, 4]. Hormander [3], in 1958, also proved
A solution of the equation of the form PT' = f, for any dis-  hat a differential operator P admits a temperate solution; a new

tribution f on G, and a solution 7' (which can also be thought proof of Hormander’s result was given in 1970 by Atiya [5].
of as a distribution) of the differential operator P are the pivots Lewy [6], in 1970, showed that P has a different solution when
for the existence of a fundamental solution for differential oper- its coefficients are variables. He showed that for any infinitely
ators with constant or variable coefficients on a locally compact differentiable function f on RR3, there is no such T such that
group. El-Hussein [1]. and Battesti [2], in .1954, proved that the equation —id, + 8, — 2(x + iy)d.T = f is satisfied. A solu-
P with constant coefficient (Zn R™ has a solution (fundamental)  (jon of this equation for compactly supported functions was not
N . . . . ‘ k

on R". A solution 7 € 9" of a differential operator P with  ¢opgidered by Lewy [6]. However, El-Hussein [1] proved that
constant coefficient is referred to as a fundamental solution if  any P on the Heisenberg group H” has a fundamental solution.
He obtained the result by considering the Heisenberg group as

- 2 +1 . . . . . .
*Corresponding author Tel. No: +234-703-014-8511. R Wlth its usual mul.tlphcatlon rather than looking at H” as
Email address: ueedeke@gnail .com (U. E. Edeke ) a matrix group. In particular, he proved that for a function f
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on H" with compact support, there is a distribution 7 on H"
such that the equation id, + 8, + iyd,T = f is satisfied. In this
work, we extend the result of El-Hussein [1], in section 3, to
Euclidean motion group, for n = 2. In section 4, a specified
operator for the subspace made up of equivalent classes of right
K-invariant functions of the H-valued L” - space on G denoted
by LP(G : K,H), 1 < p < oo, and its adjoint A* are obtained.
We begin with some preliminaries, in section 2, concerning the
Euclidean motion group, its Haar measure, Lie algebra, spaces
of test functions on S E(2), their topologies and distributions,
and Fourier transform of functions on the space of rapidly de-
creasing functions on G.

2. Preliminaries

2.1. Euclidean motion group

The group S E(n), which is often referred to as the motion
group or group of rigid motions, is defined as the semi-direct
product of R” with S O(n), that is SE(n) = R" x SO(n). Ele-
ments of § E(n) may be denoted as g = (X, &), where & € S O(n)
and X € R". For any g| = (£1,¢)) and g, = (5,&2) € SE(n),
multiplication on SE(n) may be defined as

8182 = (X1 + &1%,618),
and the inverse is defined as
g = (€58

Here &' denotes a transpose. Alternatively, S E(n) could also
be identified as a matrix group whose arbitrary element may be
identified as (n + 1) X (n + 1) matrix of the form

H(g>=(§, f)

where £ € SO(n) and 0" = (0, 0...,0). The explicit matrix form
of the element of the group S E(n), for n = 2, is given by

cosp —sing x
g((X] B x2)7 ¢) = Sll’l¢ C0S¢ X2 5
0 0 1

where ¢ € [0,27], (a1,a,) € R? [4, 7-11]. SE(2) is a non -
compact and non- commutative solvable Lie group [12, 13]. For
alln > 2, S E(n) is a group of affine maps induced by orthogonal
transformations. It is also referred to as a group of rigid motions

on R" and is applied in robotic, dynamics and motion planning
[9, 14-16].

2.2. Lie algebra of SE(2)
The algebra se(n) is regarded as the Lie algebra of S E(n).
It is the sub-algebra of gi(n + 1, R) which may be written as

se(n)z{xz( g AO4 ):QGR", M € so(n)}.

gl(n + 1,R) is made up of real matrices U of order n + 1 where
the Lie bracket [U, V] on it is defined as [U, V] = UV — VU for

U,V € gl(n + 1,R); so(n) = {U € gin + 1L, RIU + U' = 0} is
the Lie algebra of S O(n); Q is a skew - symmetric matrix; and
M is a vector in R” [17]. Forn = 2, G = R* x SO(2). SO(2)

has the Lie algebra so(2) which is generated by 7' = ( (1) _01 )
0 1

-1 0
Y = (0, 1) as generators. That is to say, the generators of g are
X, Y,T).
SE(2) is a unimodular Solvable Lie group. A mea-
sure(invariant measure)dyug on it is the product of lebesque
measure on R? and the normalized Haar measure of S O(2).

orT = ) g = R? x so(2) with R%, X = (1,0) and

2.3. Spaces of test functions on S E(2), their topologies and dis-
tributions
Here we give a brief description of spaces of distributions
and their respective topologies.

2.4. The space C*(G)

Given a solvable Lie group G endowed with invariant mea-
sure du(g), and g its Lie algebra. Lets denote by m the dimen-
sion of g. Fix {Xy, ..., X;,,} abasis of g. Toeach a = (ay, ...,a,) €
N we put |a| = a1 + ... + @, and associate a differential oper-
ator X“, which is left invariant, on G acting on f € C*(G), the
space C*(G) of infinitely differentiable functions on G, by

(Y | oM

0
Xf(g) =

or ot

The space C*(G) may be given a topology defined by a system
of seminorms specified as

|f|a,m = Sup\a\Sm|Xaf(g)|-

With this topology, C*(G) is metrizable, locally convex and
complete, hence, it is a Frechet space. This Frechet space may
be denoted as &£(G).

f(g exp(tlxl )~~~exP(mem))|r1 =...=t,=0.-

2.5. The space C2(G)
This space C.°(G) is the space of complex-valued C* func-
tion on G with compact support. For any € > 0, put

Be={(£.0) €G]l < ¢}

and

De = D(Bo) = {f € CT(G) : f(£,0) = 0,if ligll > €}.

Then D(B,) is a Frechet space with respect to the family semi
norms defined as

{Poch = 10" flle e ).

D(G) = U, D(By) is topologised as the strict inductive limit
of D(B,). A linear functional on the topological vector space
D(G) that is continuous is known as a distribution on G. Then
D’(G) is the space of distribution on G.

Given a manifold M and a distribution 7', T is said to vanish
on a subset V. .C M, which is open, if T = 0. Let {Ua}ecw
represents the collection of all open sets on which T vanishes
and let U stand for the union of {U,}4e,. M — U, regarded as
the complement of M, is the support of 7. We denote ¢'(G) a
distributions space with compact support.
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2.6. The Schwartz space S(G)

Consider the Euclidean motion group S E(2) realised as R x
T where T = R/2nZ. If we choose a system of coordinates
(x,y,0) on G with x,y € R and 8 € T, then a complex - valued
C® function f on G = § E(2) is called rapidly decreasing if for
any N € N and @ € N? we have

pra(f) = Supger ez | (1 + €15V (D f)(E,6) |< +oo,

o (2 (A (G
ox) \ay) \og) ~’
(@ = (a1,3,23);¢ = (x,¥)). The space of all rapidly de-
creasing functions on G is denoted by & = S(G). Then S is
a Frechet space in the topology given by the family of semi-
norms {Py, : N € N,a € N?}.

The space S’(G) of (continuous) linear functionals on S (G)
is referred to as the space of tempered distributions on G =
S E(2). This space can be topologised by strong dual topology,
which is defined as the topology of uniform convergence on the
bounded subsets of S(G) generated by the seminorms p, (1) =
|u(p)|, where u : S(G) — R and ¢ € S(G). We close this section
by defining the concept of convolution on the space S(G).

Let fi, f» € S(G) or L*(G). The convolution of fiand f; is
defined as

where

(fr = )8 = fG fith) fo(h™' @)dug (h)

= f figh) (™ dpc ().
G
The convolution operation obeys the associativity property

(=)= fx(*h),

whenever all the integrals are absolutely convergent [1, 9, 18—
20].

2.7. Fourier transform for S E(2)

The Fourier transform of the group S E(2) is needed in what
follows, and we need the following preparations.

Let L([0, 27], %), be the space of square integrable func-
tions on T = [0,27] = SO(2). A representation of S E(2) on
L*([0,2n], 42) is given as

UP()@(X) = e PO pATX)

for each g € SE(2), where p € R* and X.Y = x1y; + x2)7.
A :( cos¢p —sing ),AT :( cos¢  sing ), 5o that

sing  cos¢ —sing cos¢

ATX=( cosp  sing )( x| ):( x1c05$ + x25ing )

—sing cos¢ X3 —Xsing + x,cosp

The representation U”)(g) given is unitary and irreducible [9,
21-23].

The following definition of group Fourier transform may be
found in [10, 15, 24, 25].

2.7.1. Definition
The Fourier transform of f € S(G) (or f € L'(G) ) is a map

F(f): RF - B(L*(G)),
defined as

(F (o) = fG F@UT (g™ )du(g). foro >0,
and the inverse is defined as
f(9) = fo THUS fo)ordo,

where g = (¥, ) and du(g) stands for a measure on G. ¥ (f)(c)
may also be denoted by f(o) in what follows.

If f and h are integrable functions on G = S E(2), then
the Fourier transform for G satisfies the following properties
[12, 23] which are required for what follows in section 3.

@ [If @l < 11 fll1, for any o= > 0.
(i) (fi * /o) = pfr.
(iii) (f")(0) = (f(0))", where f*(g) = f(g™").
) s g Lf@Pdu(g) = [ If(@)l30dor, for f € L*(G).

Property (ii) is called the convolution property and property (iv)
is called the Parseval’s equality also known as the Plancherel
formula for S E(2).

3. Convolution equation on SE(2)

Let the spaces C*(G), D(G), D’(G) and £'(G) be as defined
in section 2. Let U(g) be the enveloping algebra g (= se(n)) of
G = R" x SO(n). For f € D(G) (respectively S(G) or &£(G)),
the operator

P, =fuxf
has the range equals ¢'(G). That is,

Py :D(G) 3 [ (Puf)(©) =ux f(g) € £ (G).

The fundamental solution of P, is a distribution E such that
P,E = 6g, where dg is the Dirac distribution on G supported at
{e} ( = the identity of G). The equation

M*E=56,

is called a convolution equation on the group G. Now if u €
S(G), then the operator

P,:S8G)> fe P,f=ux*feS@G),

is a left multiplication map and is continuous. S(G) is a Frechet
(locally convex) algebra, multiplication in S(G) is seen to be
continuous (jointly).

Let E be a topological vector space and T its subspace. T is
said to be barrel if T is absorbing, balanced, closed and convex.
E is called a Montel space if it is locally convex, barrel and
every closed bounded subset of E is compact [21]. A C E is
called be pre-compact (or totally bounded) if a finite set M C E
exists such that A ¢ M + U, where U is a zero neighborhood in
E. An operator T : E — E, which is linear, is said to be pre-
compact if T(V) is precompact, V being a zero neighborhood
of E. S(G) is an example of a Montel space and the operator,
P,:8G)> f P,f =uxf e S(G) is pre-compact. The next
result is required in the proof of theorem 3.3, our main result.
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3.1. Theorem

The Fourier transform of a function f € S(G) satisfies the
following:

i £((0,0),1) = f (@t F()duc(e) = f Fo) i (duc(e).
G G

Proof.

i £((0,0),1) = fG @ F)(@do(s)
= fG fG (it = F)(@U (g Hduc(g)duc(g)
- f f f i) (™ U (5™ Vi (9 (g o (9)
G JG JIG
- f f f WY 0 U (6 Vo ()i (o ().
G JG JIG
Since G = S E(2) is unimodular, we have
fG Fhg)do(g) = fG Flehduc(s)
= f flg Hdus(g)
G
= f f(@)duc(g).
G

Since UY is a representation, it follows that U%(hg)™! =
U’ (g7 'h") = U7 (g " U7 (h™"). Therefore,

fG fG fG u(h™) (™ (hg)U” (™ ()duc (@) (g)

_ f f f W™ f()U (g™ o (8)duc(8)duc(g)
G JG IG

- fG fa fG u(h™) (0 (hg)U” (¢~ YU” (™ dug(9)dpa (@) ()33,

By Fubini’s theorem

f f f u(h™) (R (hg) U (g™ YU (™ Ydpao ()i (9 ()
G JG JIG

= f f F(@U (g Hduc(g)( f u(h™HU” (h™"Ydug(h))
G JG G
= fG Fo) @) (@)duc(g).

The next proposition is also required for the main result in the-
orem 3.3.

3.2. Proposition
Let f,u € S(G), then

(% f) (o) = fo)i)(o).

Proof
@@+ f)(o) = fG @@+ QU7 (¢ duc(g)
- [ [ aorotowu s dusemee)
= [ [ w07 0 v uotometo,
Since S E(2) is unimodular,
[ rthertete = | sshucte)
= fG f(©& Nduc ()

= f f(©®duc(g),
G

U+ () = fG fG uh™) F U hg) (@)U (8™ i () duc(9)
= fG fG u(h™" £ () (@)U (g duc()duc(g).

Since U7 is a representation, then U‘T(g’l) = U%((gh™) =
U (h g™ = U7 (" HUg™), so that

@it * f)(0) = fG fG u(h™ " f(@)(@U (KU (g™ dug(g)duc(g).

By Fubini’s theorem, we have

(it * f)(0) = fG F(@u(g Hduc(g) fG u(h™" (U (h™duc(g)
= fo) @) (o).

The main result of this work is stated and presented in theorem

3.3. Theorem

For every u € U(g), one can find E € D'(G) in such a way
that
u*E = dg,

for 6 being the Dirac measure of G defined at the origin (iden-
tity).

Proof. Let f € S(G) and let E € D'(G) be defined by

fo)
f) = ——W(Pg, £)déd , 1
(E.f) fG fR G M Odeduc(®) (M)

where (P, &) is the Hormander’s function. (P, ¢) is in-
finitely differentiable and has compact support, it is choosen to
be analytic [2, 26, 27] and P is a polynomial of invariant dif-
ferential operators. Equation (1) is referred to as Hormander’s
construction. Now

(u+E, f)=(uxE,f)
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= (E. i+ f).
Using the Hormander’s construction in equation (1) above, we
have
(E.iis ) = f W DDy, pyidyug(s)
G Jrn  (@)(0)
- f PDDG) g p, ragduc(e)
¢Jrn  (W)(0)

B fc R (D(@)V(Pe, £)déduc(g)

= fG fR F (U (Pe, E)déduc(g)
= f((0,0), 1) = (56, ) = (6. ),

o being the measure of G at the identity. We, therefore, have
wx E((x,),) = 66((x,), ),

and by invariance,

(u+ E)(0,0),1) = 66((0,0), D). @

4. Convolution operators on the euclidean motion group

Some convolution operators on the Euclidean motion group
are considered in this section. For G = S E(2) realised as R? x
T, the convolution operators are defined on the space C°(G)
and take values in the space C*°(G). Let H be a Hilbert space
and let G = S E(n) be generated by R" x SO(n). A specified
operator for the subspace made up of equivalent classes of right
K-invariant functions of the H-valued L? - space on G denoted
by LP(G : K,H), 1 < p < o0, and its adjoint A* are obtained.

The following proposition is needed in what follows.

4.1. Proposition [25]

In the event that f is a rapidly decreasing function on G,
then the Fourier transform of f is as follows

(F@)F)(s) = f Ky(o; s, r)F(rydr, (3)

K
forany o > 0and F € L>(K), K = SOQ2) = T, r, s € T, where
Ky(oss,r) = f fE rs™he ™ Ddué). €

RZ

Proof. If F and F’ belong to L*(K) and g = #(¢)r, then g~ =
(=€) = t(=r"'€)r™! and

(Flo)F.F) = fR f FENU 1oy Fo F)dp(@dr
2 JK

- f f f &N D F () F (s)du(€)drds
2 JK JK

= f f f f& rs™)e O ED P (s)du(€)drds
R2 JK JK 5

=f{fo(0'; s,r)F(r)dr}F(s)ds.
k \Jk

Given that F” is arbitrary in L*(K), equation (3) holds for nearly
all s in K. This claim demonstrates f(o) is an integral operator
on L*(K) whose kernel K r is given by section 2.2 iff f € S(G).

4.2. Corollary [25]
As a function of ¢ € @2, the ordinary Fourier transform of
f(&,r) is represented by f(Z,r):

fg.n= f &N Ddu@).
R
Then the kernel K(c; s, r) is given by

Ki(o;s,r) = fGro,rs™h.

It is necessary to review certain definitions, that may be
needed in this research, on locally convex spaces. Let E be
a vector space over the field of complex numbers. Let E be the
union of an increasing sequence of subspaces E,, n = 1,2, ...,
and let each E,, have a Frechet space structure such that the
injection of E, into E,,; is an isomorphism, i.e, the topology
induced by E,;; on E, is is the same as the topology given on
E, initially. Then, we can define the Hausdorft locally convex
space structure on E as follows. Assuming convexity, a sub-
set V of E is a neighbourhood of zero if and only if V N E,
is a neighbourhood of zero in the Frechet space E, for each
n = 1,2,... We state that E is an LF-space or, equivalently, a
countable strict inductive limit of Frechet spaces when we give
it this topology. We may also state that the sequence of Frechet
spaces, {E,}, is a sequence of definitions of E. If every balanced,
convex, bornivorous subset of a locally convex space is a neigh-
bourhood of zero, then the space is said to be bornological. The
spaceC C*(G) is a metrizable, locally convex, complete space;
on the other hand, the space C°(G) is an LF-space. Both spaces
are bornological with respect to their respective topologies.

We can now present the main results of this section. For
the results presented in propositions 3.2 and 3.3 we take G =
SE(n) = R" x §O(n) and K = SO(n). For a Hilbert space H
and for 1 < p < oo, we denote the subspace formed by equiva-
lent classes of right K-invariant functions of the H-valued L’-
space on G by L?(G : K, H).

This space is the H-valued L? on X = G/K, lifted to G. We
are interested in integral operators of the form

Ag(n) = f S (o ey,
X
where S is the kernel
S XXX — L(H,, H>).

Such that
S (g% 8y) = UT(®)S (x, »UF (g7,
for all g € G, with some uniformly bounded representations

UY, US of G on the Hilbert spaces H;, H,. By lifting all func-
tions to G we may define an operator A by

Af(g) = f US (Wk(h™ ' )US (W) f(h)dh, ®)
G
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where k(g) satisfies the identity
k(hgh') = U (Wk(9)U3 ("), (6)

for all h,W € K. If H; = H, = C and U7, US are trivial
representations, then equation (6) only means that k is left and
right invariant (that is, bi-K-invariant) under K. Equation (5) is
called a twisted convolution of f and k denoted by f *; k.

Proposition 4.3 shows LP- boundedness of the operator A
while proposition 4.4 verifies its adjoint.

4.3. Proposition

Let U7, U7 be representations of G on the Hilbert spaces
H;, H> having uniform bounds M;, M, respectively. Let k €
LY(G : K, L(H,, H,)) satisfying equation (6). Then for all 1 <
p < oo, A defined by equation (5) is a continuous linear map
LP(G : K,H;) - LP(G : K,H,) with bound not greater than
M M|kl .

Proof. Let the operator A be fixed by
Af(g) = f U3 (Wk(h™' @)U (h™") f(h)dh.
G

Letting h = gland h™'g = (g))'g = I"'g"'g = I"!, the operator
A becomes,

Af(g) = fG U3 (ghk(I"UY (gl)™" f(ghdl.

By applying the Minkowski inequality,
1

Al = ( fG Afrds)’

< f ( f U5 (DU (e fisDidg) di
G G

< fG ( fG |U§’(g1)|1’dg)’l’( fG |k(r1>|l’dg);)( fG |Ui’(gl>‘1|f’dg);)

< M M fG kg fG |f(gl>|f'dg)’l’dl

< e [ \riords)
G
= M MK

We denote by (, ) the bilinear form concerning # and its
dual H’. This may be a complex bilinear or a Hermitian form,
the result that follows hold in either case. The dual of L?(G :
K, H) contains L”' (G : K, H’), here and hereafter, p’ is the dual
exponent of p, p’ = %1, and coincides with it if H is reflexive.
We present the following result concerning the adjoint of A.

4.4. Proposition
Let A be as in proposition 3.2. Then, for any ¢ € L' (G :
K, H), the adjoint A* of A is given by

A'p(g) = fc U (hy " k(h™" g)" US (W) p(h)dh,

where
k(l) = US(DKHYUT ().

Proof. Forevery f € L?(G : K, 'H),
<f’A*()D> = <Af7 ‘/’)
= fG ( fG U§ (Wk(h™' U ()" f(hydh, ¢(g>>dg

- fG (1. fG U7 K 9) U g1
- f (1. f U (6 g™ Wy US (8 hpl)dg .
G G

By Fubini’s theorem, the result follows thus

Aplg) = fG U7 (@) k(g™ 1y US (9)" elg)ds.

The extension of a convolution operator on G = SE(2) to a
bounded linear operator on L?(G) is presented in the next result.

4.5. Theorem
LetT = %. The operator

A C2(G) - C¥(G),

defined by Bf = f+T"6(t), extends to a bounded linear operator
on L*(G) and is unitary up to a constant multiple.

Proof. The space C°(G) is an LF- space and hence it is
bornological. The range space C*(G) is metrizable. Any map
between a bornological space and a metrizable space is linear
and continuous, therefore A’ is linear and continuous. A con-
tinuous operator transfers bounded sets to bounded sets, that
means A’ is continuous and bounded. Following the inclusion
property, C°(G) € C*(G) C LP(G), it means that the range
of the map stays inside L”(G). The induced topology acquired
by C(G) from C*(G) is weaker than the strict inductive limit
topology of C:°(G), therefore, the map A’ is continuous.

For f € C2(G), (A" f)(g) = (T" f %6,)(8). Now, (f#84)(g) =
f(gh™"). Since R?> x T is abelian, we can write f(gh™') =
f((gh)h™") = f(g). Then for ¢ € T and & € R?,

AhNg) =T"f(g) =T"f(£.€").
For a fixed &, (A’ f)(g) has a compact support in ¢ € T. Let ¥,

denote the Fourier transform of function on T. Then

21

Fr(f) = % Foe-dr, Ae .

0
We compute F.(A’f) as follows.

1 21 )
ﬁ(A/f)=ﬂ ; (A’ f)(@)e ' dt

1 21 ) )
— Z jo‘ Tnf(é‘:’ ell)efl/ltdt
1 L L
— > \[0‘ [(l)nf(g’ elt)e—l/lt + (—i/l)'lf(f, ell)e—l)l dt

21

1 I
= (" + i) | fE eNe M ar.
7
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Following proposition 2.1 and Corollary 2.2, ¥.(A’f) can be
further expressed as

TN = (@ + Cid)) [ Tl o
= (@ + iy s e,
Let us define

S LAR*>xT) > LX(R> % T),

by (SF)E ) = (@' + (=i }F(€, ), then Fo(A'f) = ST,
for f € CZ(G). The inclusion relations CZ°(G) € C*(G) C
L*(G) holds, therefore, A’f € L*(G) and A’f = F'SFf,
where F,7! is the inverse of F, : L*(G) = L*(G). This veri-
fies that A’ can be extended to a constant multiple of a unitary
operator on L*(G).

For the remainder of this section, we consider G = S E(2) =
R? x T. Let T € 9'(G). The continuous linear map

Ly : C(G) > f > T+ f € C°(G)

is called a left convolution map. To every T € 9’(G) one can
associate a convolution map.

The following theorem characterizes the left convolution
map on the Euclidean motion group S E(2).

4.6. Theorem

Let T € D'(G). The convolution map Ly is a continuous
linear map from C°(G) into C*(G) and it commutes with trans-
lations. Conversely, if L : CZ(G) 3 f =T f € C*(G)is a
continuous linear map such that

Lot,=7140L,
for every fixed a € G, there is a unique T € 9’(G) such that
L(f)y=T=xf, YVfeCIG).

Proof. Let T € D'(G) and let a be a fixed element in G, we
denote the left translation of a function f in G by 7,. Then
7.f(g) = f(a~'g). Now, put g’ = b~'g for a fixed b € G. Then

[T+ (@) = (T, (N0 '9)
=(r.s@ b)) = (1. f(a o)
_ (T " f)((ba)‘lg) = [r(T * NI,

which verifies that the map(convolution) commutes with left
translations.

Conversely, suppose that L : C(G) 3> f = T = f € C*(G)
is a continuous linear map commuting with translations. The
map

CI(G) > [ (L)(0,0),1) € C7(G)

defines a continuous linear functional on C7°(G). Hence, there
is a unique T € D’'(G) such that

(Lf)((0,0),1) =T, f),

where f(g) = f(g~"). We have also that

(Lf)((0,0), 1) = (T * £)((0,0), I).

Since L commutes with left translation and for any g € G, we
have

(LF)(g) = [tTa(L)] = [L(1./)1((0,0), 1)
= (T * (1. ))((0,0), 1) = (T, (r.f)(&))
= (T, f(@'g)) = (T * 1, £)(g),

and verifies that L is a convolution map. This completes the
proof.

5. Conclusion
In this work, the range of our convolution operator
P, :=fr—uxf,

has been established to be ¢(G), i.e a distribution space with
compact support. Furthermore, two preliminary results con-
cerning convolution of function, distribution and Fourier trans-
form of functions on the SS E(2) were formulated and proved
as theorems 3.1 and proposition 3.2. Theorem 3.3, which is
the major result for section 3 was stated and proved. This re-
sult is the extension of the work of El-Hussein (see [1]) on the
Heisenberg group to the Euclidean motion group using Hor-
mander construction (see [3]). It is established in theorem 4.3
that the (convolution) operator

A’ C2(G) > C¥(G),

which is defined as A’ f = f*T"d(¢) extends to a bounded linear
operator on L*(G), for f € C®(G). It is further demonstrated
that the left convolution operator Ly denoted as Ly f = T = f
commutes with left translation, for T € D’(G). Lastly, the ad-
joint of a specified operator for the subspace made up of equiv-
alent classes of right K-invariant functions of the H-valued L”
- space on G denoted by LP(G : K, H), 1 < p < oo is obtained
in proposition 4.4 and its L” boundedness is demonstrated in
proposition 4.3.
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