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Abstract

Typhoid fever is a fatal infectious disease that is endemic in most parts of the world, accounting for millions of cases and thousands of deaths from

the disease annually. Despite several mathematical models for control of the disease, typhoid fever remains a threat, especially in Africa, South

and Southeast Asia, South America and the Indian subcontinent, necessitating the need to propose an optimal control strategy for the transmission

dynamics of typhoid fever. Thus, this research formulates an optimal control model for the transmission dynamics of typhoid fever by including a

medically hygienic compartment in the model. To reduce the spread of the disease, the study incorporates environmental sanitation with personal

hygiene practices and medical treatment as control strategies to examine their combined impact on typhoid fever prevention and control. The

necessary conditions for the existence of the optimal solution to the formulated optimal control problem were derived based on Pontryagin’s

Maximum Principle. The resulting optimality system was then solved numerically using the fourth-order Runge-Kutta-based scheme. Also,

the finding simulation demonstrated the effectiveness of the proposed control strategies in preventing the spread of the disease. In addition, an

efficiency analysis was carried out to determine which combinations of the control strategies would be most effective in controlling the alarming

spread of the disease. The findings from our study indicate that a combination of environmental sanitation with personal hygiene and treatment

was the most efficient in controlling the spread of typhoid fever.
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1. Introduction

Typhoid fever (TF) is an enteric fever and endemic disease

caused by enterica Salmonella serovar Typhi [1–3]. TF is fatal

in the poorest and most vulnerable countries of Africa, Asia,

and Latin America [2–4]. The disease is a threat among pop-
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ulations lacking typhoid-specific immunity with high transmis-

sion rates and detrimental impacts on both health and socioe-

conomic situations [4]. More often, TF is caused by poverty-

stricken conditions and continues to be one of the most preva-

lent bloodstream infections and fevers [4]. TF symptoms, par-

ticularly in its early stages, can closely resemble the symptoms

of malaria, which can result in a great misdiagnosis and ineffec-

tive treatment [5]. These symptoms include headache, nausea,

high fever, loss of appetite, weight loss, constipation, diarrhoea,

abdominal and general body pain, dry cough, and itching or
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rashes, while severe cases of TF can result in death in human

[6, 7]. There are over 145,000 typhoid-related deaths annually,

and more than 16 million cases are recorded [2, 7] with an es-

timated incubation period of ten to fourteen days [8]. Children

are most susceptible to TF infection [9].

Globally, TF increases morbidity and death rates, especially

in low- and middle-income countries [8, 10]. Moreover, the

disease is commonly found in the Continents of Africa, South

Asia and some regions of Oceania ([4, 11]. Almost all sub-

Saharan Africa have high incidence rates except Southern and

North Africa, especially in Central and Western Africa [12].

The incidence of TF is influenced by socio-demographic char-

acteristics, including age and gender, while humans are still the

exclusive source of these bacteria [9, 12, 13]. TF infections

are spread through direct transmission from humans to humans

and indirect transmission of the environment to humans, mak-

ing it spread similar to that of cholera [2, 8]. TF is caused

by drinking contaminated water, ingestion of water polluted by

the excrement of an acutely infected, recovering or chronically

asymptomatic carrier as well as previous contacts with chronic

carriers as well as consumption of raw fruits and vegetables

fertilized with human waste without proper washing, living in

poverty and poor hygiene [5, 12]. During the rainy season, en-

vironmental problems such as open sewages, poisonous water

bodies, and low-lying areas can also cause TF [11].

Many African centres still need to rely on clinical diag-

nosis and serodiagnosis utilizing the Wilda test due to a lack

of resources and affordability [12]. Also, it is simple and re-

quires essential equipment and low competence. Nevertheless,

research concerning this test has shown alarming patterns about

the apparent increase in TF infections in Nigerian and other

African healthcare facilities [12, 14, 15]. Antibiotics treat TF

[7, 12, 16]. Furthermore, the commercially available vaccines

for TF prevention are the injectable Vi polysaccharide vaccine

(ViCPS or Vi) based on the purified Vi antigen with efficacy of

55% for children aged two years and above, the live oral atten-

uated Ty21a vaccine in capsule form with efficacy of 51% for

individuals five years of age and older. Equally, an injectable

typhoid conjugate vaccine (TCV) is the most widely recom-

mended of the three vaccines due to its increased immunolog-

ical properties and ability to be administered to individuals of

all ages [7, 12, 17, 18]. The disadvantage of using the vaccines

is the short lifetime of immunity produced by typhoid vaccina-

tions, which reduces within the first three years of use.

TF can be prevented in the infected populations by treat-

ment and public health initiatives such as giving away free wa-

ter chlorination products, educating residents about water treat-

ment, and setting up secure alternate water sources [12]. In

summary, improved drinking water sources, poverty alleviation

programs, proper hygiene and sanitation, being medically con-

scious, and safe food should be the cornerstones of long-term

TF prevention measures [5, 12]. In addition, frequent check-

ups, considerate care, drinking lots of water, and maintaining

a healthy diet [19, 20] are ways to stay healthy with minimal

health challenges. Before treatment, the death rate from TF in-

fection cases ranged between 10% to 20%; however, with early

treatment, the rate dropped below 1% [8].

Numerous researchers have developed mathematical mod-

els to analyze infectious disease dynamics while incorporating

different control techniques. For instance, Idisi et al. [21]

formulated a new mathematical model for Monkeypox, a vi-

ral disease affecting animals, which can occasionally be trans-

mitted to humans. The model reveals the impact of intense

awareness on controlling and mitigating the disease. The model

concludes that consistency and continuous awareness programs

are needed to increase public health measures and reduce new

cases. Similarly, Abidemi and Peter [22] present a nonlinear

mathematical model of dengue dynamics incorporating asymp-

tomatic, isolation, and vigilant compartments. According to the

study, the burden of dengue disease can be considerably de-

creased by lowering vigilant persons and raising isolation rates

for symptomatic and asymptomatic infected people. Likewise,

Peter et al. [23] presents an epidemic model of COVID-19

based on an eight-dimensional system of ordinary differential

equations. It analyzes the control reproduction number and its

equilibrium stability. They found that the most influential pa-

rameters are effective transmission rate, first vaccine dose rate,

second dose vaccination rate, and recovery rate due to the sec-

ond dose. The study concludes that adhering to preventive

measures significantly reduces the spread of the disease, with

increased first and second-dose vaccination rates reducing the

disease burden.

Sangotola et al. [24] developed a five-compartment model

to comprehend the dynamics of tuberculosis in communities.

When the basic reproduction number is less than one, it shows

a locally asymptotic disease-free equilibrium point; when it is

more significant than one, it reveals an endemic equilibrium.

Control measures were evaluated using numerical simulations

and sensitivity analysis. Their research determines the optimal

ways to control tuberculosis infection, emphasizing early treat-

ment and prevention strategies, and shows that both were effec-

tive. Equally, a mathematical model was presented by Ajao et

al. [25] to study transmission dynamics and control of HIV in-

fection. The study shows a disease-free equilibrium is globally

asymptotically stable when the basic reproduction number is

less than unity, and a unique endemic equilibrium exists when

the basic reproduction number exceeds unity. Numerical sim-

ulations validate the results. Treatment fraction significantly

influences latently-infected individuals and AIDS class. Sim-

ilarly, Duru et al. [26] formulated a new model for the co-

infection of malaria and Zika virus diseases, incorporating vac-

cination, treatment, and vector control using sterile-insect tech-

nology. The study reveals that reducing reproduction numbers

is not enough to eradicate co-infection, and the two diseases

positively impact each other’s spread. Effective treatment, vac-

cination rates, and vector control using sterile-insect techniques

significantly help control individual diseases and co-infection.

The study concludes that effectively controlling malaria and

Zika virus requires measures to prevent their spread in both

human and mosquito populations. While Yunus and Olayi-

wola [27] used fractional-order mathematical modelling to as-

sess COVID-19 vaccination efficacy in Nigeria. Results show

that an integer order strategy is most effective in controlling

the spread of the virus. The findings highlight the importance
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of fractional calculus in vaccine implementation and call for

global efforts to maximize vaccination for public health. A de-

terministic vaccine model for studying the effects of vaccina-

tion and treatment on human Monkeypox in sub-Saharan Africa

was developed by Bolaji et al. [28]. The study revealed two

equilibria: locally asymptotically stable disease-free equilib-

rium (DFE) and locally asymptotically stable endemic equilib-

rium (endemic equilibrium). Numerical simulations show that

increased vaccination rates reduce the prevalence of the deadly

disease, while missed vaccinations cause severe disease. More

extraordinary efforts towards vaccination can significantly re-

duce the loss of more people to the virus.

In the same way, several mathematical models have been

developed to explain the dynamics of the typhoid disease epi-

demic. For example, Nyaberi and Musaili [7] developed a

mathematical model of typhoid transmission and examined how

treatment affects the dynamics of the disease. Findings from the

model numerical simulations demonstrate that effective treat-

ment is sufficient to eradicate typhoid disease. Also Irena and

Gakkhar [29] developed a mathematical model that predicts the

best control measures for two different strains of typhoid. It

considers carriers, symptomatic persons, and bacteria in the en-

vironment. The study suggests that the most effective control

strategy in reducing asymptomatic carriers to near zero, is sani-

tation/proper hygiene along with optimal treatment. Kailan and

Seidu [6] developed a mathematical model to study the trans-

mission dynamics of TF. The model reproduction number R0

was derived using the next-generation matrix approach, while

the model equilibria and stability were established based on

Routh-Hurwitz criteria. Treatment and booster vaccination was

employed as a control intervention. The findings reveal that

booster vaccination might not be beneficial in endemic areas.

In addition, Tijani et al. [2] examines the impact of limited an-

tibiotic efficacy on typhoid fever transmission. It uses a deter-

ministic model to analyze the transmission mode and sensitivity

analysis. The study identifies sanitation and hygiene practices

as the most influential single control, followed by strategy 6 (a

combination of sanitation and hygiene practices, an awareness

campaign, and the potency of antibiotics administered to ty-

phoid patients) for double control and strategy 6 and screening

control for triple controls. The overall cost-effectiveness analy-

sis suggests that sanitation and hygiene practices and awareness

campaigns are the most cost-effective strategies for eradicating

typhoid infection and preventing susceptible populations from

contracting the bacteria.

No model for optimal control of TF has been suggested that

incorporates treatment and medically hygienic compartments

at the population level, as well as the use of environmental san-

itation with personal hygiene practices and treatment efforts,

as control methods. Consequently, this study aims to examine

how people becoming medically vigilant and hygienic can help

curtail TF spread and the impacts of deplored environmental

sanitation and treatment efforts.

The remaining portions of the article are structured as fol-

lows: Section 2 presents the formulation and description of the

relevant optimal control model. In Section 3, the model optimal

control analysis is presented. Numerical simulation was done

in Section 4 to demonstrate the analytical results and examine

the effect of model parameters on model output behaviour. Ul-

timately, Section 5 presents the primary findings derived from

the research.

2. Formulation of optimal control problem

Considering the non-optimal control deterministic model of

the TF model studied by Lawal et al. [5], we propose an optimal

control TF model which captures treatment and medically hy-

gienic compartments at the population level. Specifically, sus-

ceptible humans S (t), exposed humans E(t), infected humans

with symptoms I(t), T (t) denotes individuals undergoing treat-

ment for TF infection, R(t) for recovered persons, and M(t) for

medically vigilant and hygienic humans. The variable Bc(t) de-

scribes the population of bacteria in the environment. Conse-

quently, the total human population is given by

N(t) = S (t) + E(t) + I(t) + T (t) + R(t) + M(t). (1)

To develop the optimal possible control model for TF dynamics,

we further consider the following two time-dependent control

variables:

(i) 0 ≤ u1(t) ≤ 1 is a control variable for environmental san-

itation and personal hygiene practices, which accounts

for the efforts deplored to ensure environmental sanita-

tion and personal hygiene practices which will guarantee

clean area devoid of bacteria that could contaminate the

water and food supply. Hence, the incidence function be-

comes

βS (Bc + ηI) = (1 − u1(t))βS (Bc + ηI).

This control increases the likely bacterial decay rate. So,

the bacterial decay rate is modified as

µ1 = µ1 + a1u1(t),

where a1 represents the increased bacterial mortality rate

resulting from chemical intervention.

(ii) The second control variable 0 ≤ u2(t) ≤ 1 indicates the

treatment efforts, which include all ancillary actions like

the patient’s care (transporting patients in ambulances

and isolating infected patients in hospitals) and the de-

livery of appropriate treatment. We expect each patient’s

treatment to be effective and last a different amount of

time (based on their immune system’s response). Thus,

we consider the constant treatment rate of symptomatic

infectious individuals, denoted as γ, as u2(t). Also, the

recovery rates of symptomatic infectious and treated in-

dividuals are modified based on the treatment such that

σ1 = σ1 + a2u2(t), σ2 = σ2 + a2u2(t),

where a2 is the proportion of patients in class who receive

effective treatment, I. Following the ideas in Abboubakar
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Table 1: Description of the model’s variables.

Variable Description

S Population of susceptible person

E Population of exposed person

I Population of symptomatic infected person

T Population of treated (including drug complaint and non-drug complaint) person

R Population of recovered person

M Population of medically vigilant and hygienic person

Bc Concentration of bacteria in the environment

N Total population of person

and Racke [30], we consider that treatment enables a re-

duction in the death caused by the disease in those with

clinical symptoms. Thus,

δ1 = (1 − a2u2(t))δ1, δ2 = (1 − a2u2(t))δ2.

It also allows for reducing the excretion of bacteria in

symptomatic infectious individuals. So,

ρ = (1 − a2u2(t))ρ.

With the above description and assumptions, the optimal con-

trol model for TF dynamics is obtained as:

dS

dt
= (1 − ϕ)Λ + εR − (1 − u1(t))βS (Bc + ηI) − µS ,

dE

dt
= (1 − u1(t))βS (Bc + ηI) − (α + µ)E,

dI

dt
= αE + ξT − (u2(t) + σ1 + a2u2(t) + µ

+ (1 − a2u2(t))δ1)I,

dT

dt
= u2(t)I − (ξ + σ2 + a2u2(t) + µ + (1 − a2u2(t))δ2)T,

dR

dt
= (σ1 + a2u2(t))I + (1 − φ)(σ2 + a2u2(t))T

− (θ + ε + µ)R,

dM

dt
= ϕΛ + φ(σ2 + a2u2(t))T + θR − µM,

dBc

dt
= (1 − a2u2(t))ρI − (µ1 + a1u1(t))Bc, (2)

with initial conditions:

S (0) = S 0, E(0) = E0, I(0) = I0,T (0) = T0,

R(0) = R0,M(0) = M0, Bc(0) = B0c.
(3)

Our primary objective is to minimize the number of symp-

tomatic infectious human sub-populations and the size of bac-

teria in the community as well as the costs associated with the

implementation of environmental sanitation and personal hy-

giene control (u1(t)), and treatment control (u2(t)). The poten-

tial impact of this research on public health is significant. We

aim to maximize the size of medically vigilant and hygienic hu-

man sub-population. Thus, we consider the objective (or cost)

functional defined as

J(u1, u2) =

∫ t f

0

(

A1I − A2M + A3Bc +
1

2
B1u2

1

+
1

2
B2u2

2

)

dt,

(4)

subject to the state system in equation (2), where A1, A2, and

A3 represent the positive weight constraints for symptomatic

infectious human, medically hygienic individuals and bacteria

population and B1, B2 stands for the positive weight constants

for the optimal control variables, u1 and u2. the optimal control

intervention is implemented over the interval [0, t f ] where the

final time interval is denoted by t f . The double control func-

tions characterize the non-linearity of the control intervention.

As a result, the nonlinear terms 1
2

B1u2
1

and 1
2

B2u2
2

are used to

represent the cost function associated with environmental san-

itation and personal hygiene, and treatment control strategies.

Determining a control pair u∗ = (u∗
1
, u∗

2
) which satisfies

J(u∗) = min{J(u1, u2) : (u1, u2) ∈ U}, (5)

is subject to the model dynamics, where U is a non-empty Les-

besgue’s measurable set for the controls 0 ≤ u1(t) ≤ 1 and

0 ≤ u2(t) ≤ 1 with t ∈ [0, t f ].

Tables 1 and 2 provide the details of the state variables and

parameters employed in model in equation (2), respectively.

3. Analysis of the optimal control model

To find the optimal TF control measures (environmental

sanitation with personal hygiene and treatments), the optimal

control problem for model (equation (2)) is formulated by tak-

ing into account the two time-dependent control variables u1(t)

and u2(t). With respect to the state variables S , E, I,T,R,M

and Bc, we take into consideration the control variables u(t) =

[u1(t), u2(t)] for the optimal control problem of the given system

which is derived from Pontryagin’s maximum principle [31].

The Hamiltonian is given as:

H = A1I − A2M + A3Bc +
1

2
B1u2

1(t) +
1

2
B2u2

2

+ λ1

{

(1 − ϕ)Λ + ϵR − (1 − u1)βS (Bc + ηI) − µS

}

+ λ2

{

(1 − u1)βS (Bc + ηI) − (α + µ)E

}

4
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Table 2: Description of the model’s parameters.

Parameter Description

α Growth rate from exposed state to infectious state

η Relative transmissibility of symptomatic humans

Λ Recruitment rate for human population

µ Natural death rate in humans

1 − ϕ Proportion of susceptible humans recruitment rate

µ1 Decay rate of bacteria from the environment

ε Per capita rate of immunity loss

φ Progression rate of drug-compliant humans to vigilant class

σ1 Recovery rate of symptomatic humans

ξ Relapse rate for non-drug compliant humans

σ2 Recovery rate of drug compliant humans

ρ Bacteria shedding rate from symptomatic humans

a1 Additional mortality rate of bacteria induced by the chemical intervention

δ2 Disease-induced death in non-drug compliant individuals

a2 Proportion of effective treatment for symptomatic infectious individuals

ϕ Proportion of the medically vigilant humans recruitment rate

δ1 Disease-induced death in symptomatic infectious individuals

β Effective transmission rate in human

+ λ3

{

αE + ξT − (u2 + σ1 + a2u2 + µ + (1 − a2u2)δ1)I

}

+ λ4

{

u2I − (ξ + σ2 + a2u2 + µ + (1 − a2u2)δ2)T

}

+ λ5

{

(σ1 + a2u2)I + (1 − φ)(σ2 + a2u2)T

− (θ + ϵ + µ)R

}

+ λ6

{

ϕΛ + φ(σ2 + a2u2)T + θR − µM

}

+ λ7

{

(1 − a2u2)ρI − (µ1 + a1u1)Bc

}

, (6)

where λ1, λ2, λ3, λ4, λ5, λ6, λ7 are the co-state variables. A

pointwise Hamiltonian H must be minimized with respect to

u1(t) and u2(t) for equation (2) to become a problem satisfying

the necessary conditions that an optimal control must satisfy

based on Pontryagin’s Maximum Principle [32].

Theorem 3.1. The optimal controls u∗
1

and u∗
2

and solutions

S (t), E(t), I(t),T (t),R(t),M(t) and Bc(t) of the corresponding

state system in equation (2), then there exists adjoint variables

λ1, λ2, λ3, λ4, λ5, λ6, and λ7 satisfying

dλ1

dt
= −
∂H

∂S
,

dλ2

dt
= −
∂H

∂E
,

dλ3

dt
= −
∂H

∂I
,

dλ4

dt
= −
∂H

∂T
,

dλ5

dt
= −
∂H

∂R
,

dλ6

dt
= −
∂H

∂M
,

dλ7

dt
= −
∂H

∂Bc

.

Then,

dλ1

dt
= λ1µ + (λ1 − λ2)(1 − µ1)β(Bc + ηI),

dλ2

dt
= λ2(α + µ) − λ3α,

dλ3

dt
= −A1 + (λ1 − λ2)(1 − u1)βηS + λ3[u2 + σ1

+ a2u2 + µ + (1 − a2u2)δ1] − λ4u2

− λ5(σ1 + a2u2) − λ7(1 − a2u2)ρ

dλ4

dt
= −

{

λ3ξ + λ4[ξ + σ2 + a2u2 + µ

+ (1 − a2u2)δ2] − λ5(1 − φ)(σ2 + a2u2)

− λ6φ(σ2 + a2u2)

}

,

dλ5

dt
= −λ1ϵ + λ5(θ + ϵ + µ) − λ6θ,

dλ6

dt
= A2 + λ6µ,

dλ7

dt
= −A3 + (λ1 − λ2)(1 − u1)βS + λ7(µ1 + a1u1),

(7)

together with transversality conditions

λ1(t f ) = 0, λ2(t f ) = 0, λ3(t f ) = 0, λ4(t f ) = 0,

λ5(t f ) = 0, λ6(t f ) = 0, λ7(t f ) = 0.
(8)

Applying the optimality conditions and imposing bounds on the

controls yield

u∗1 = max

{

0,min

{

1,
(λ2 − λ1)βS (Bc + ηI) + λ7a1Bc

B1

}}

,

u∗2 = max

{

0,min

{

1,
G

B2

}}

,

(9)

5
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where G = λ3(1+ a2 − a2δ1)I +λ4(a2 − a2δ2)T +λ7a2ρI −λ4I −

λ5a2I − λ5(1 − φ)a2T − λ6φa2T .

Proof. To find the control variables u1 and u2, there is a need

to solve the given optimality conditions by taking the partial

derivative of the Hamiltonian in equation (6) with respect to

each of the state variables, S ,V, E, I,T,R,M, Bc, the adjoint sys-

tem of equations (7) is obtained, such that.
dλ1

dt
= −∂H
∂S

, dλ2

dt
= −∂H
∂V

, dλ3

dt
= −∂H
∂E

, dλ4

dt
= −∂H

∂I
, dλ5

dt
= −∂H
∂T

,
dλ6

dt
= −∂H
∂R

, dλ7

dt
= −∂H
∂M

, dλ8

dt
= −∂H
∂Bc

. Additionally, with transver-

sality conditions in equation (8) and solving the partial differen-

tial equation ∂H
∂ui
= 0, i = 1, 2 to determine the optimal control

characterization in equation (9) of the two control variables as

∂H

∂u1

= 0, for u∗1

and
∂H

∂u2

= 0, for u∗2.

Differentiating system in equation (6) with respect to ui, 0 <

ui ≤ 1, where i = 1, 2, to obtain

∂H

∂u1

= −B1u1 + (λ2 − λ1)βS (Bc + ηI) + λ7a1Bc = 0,

implying that

B1u1 = (λ2 − λ1)βS (Bc + ηI) + λ7a1Bc.

Therefore,

u∗1 =
(λ2 − λ1)βS (Bc + ηI) + λ7a1Bc

B1

,

u∗2 =

λ3(1 + a2 − a2δ1)I + λ4(a2 − a2δ2)T + λ7a2ρI

− λ4I − λ5a2I − λ5(1 − φ)a2T − λ6φa2T

B2

. (10)

Therefore, by standard control arguments imposing the

bounds on the controls yields

u∗1 = min

{

0,max

(

1,
(λ2 − λ1)βS (Bc + ηI) + λ7a1Bc

B1

)}

,

u∗2 = min

{

0,max

(

1,
G

B2

)}

. (11)

This ends the proof.

4. Numerical simulation, results and efficiency analysis

4.1. Numerical simulation

Numerical methods are employed to investigate the impact

of control strategies on the number of TF cases within a com-

munity. We solve the optimality system using a fourth-order

forward–backwards Runge–Kutta iterative strategy. Using the

initial conditions at t = 0, the transversality conditions in equa-

tion (8), the characterization of the optimal control in equation

(9), together with the state system in equation (2) and adjoint

system in equation (6) that make up the optimality system, the

Table 3: Model parameter values.

Parameter Baseline value Source

a2 0.7 [30]

γ 0.002 [34]

ϕ 0.15 Assumed

ε 0.000904 [30]

µ 1
20348.75

Estimated from [35]

η 0.00001 Assumed

α 0.03 [30]

β 0.00000001 Assumed

δ1 0.2 [36]

ξ 0.000009 Assumed

δ2 0.001 [34]

µ1 0.4 [34]

σ2 0.1 [34]

φ 0.005 Assumed

σ1 0.75 [36]

ρ 0.50 [36]

a1 0.3 [30]

Λ 10726.44506419313 Estimated from [35]

optimal control solution is obtained. Optimality system de-

tails numerical procedure can be found in Lenhart and Work-

man [33]. This section uses numerical simulations to exam-

ine the dynamical behaviour of the TF model in equation (2)

using the same parameter values as Lawal et al. [5]. We as-

sume N(0) = S (0) + E(0) + I(0) + T (0) + R(0) + M(0) such

that S (0) = N(0) − (E(0) + I(0) + T (0) + R(0) + M(0)). Thus,

S (0) = 87, 307, 900. In addition, the numeric values of the

weight constants that appear in the objective functional in equa-

tion (4) are taken as A1 = 0.1, A2 = 0.3, A3 = 0.5, B1 = 15 and

B2 = 25. It is important to mention that these weight values are

basically theoretical (as they are not related to any real data) for

the implementation of the optimal control strategies examined

in this paper.

The optimality system is implemented under three differ-

ent control combination strategies involving the use of at least

any of the two time-dependent control functions considered in

this paper. These strategies are defined as follows: Strategy 1

(S1) is the use of environmental sanitation and personal hygiene

practices only (u1), strategy 2 (S2) is the treatment control only

(u2), while strategy 3 (S3), combines environmental sanitation

and proper personal hygiene practices with treatment (u1, u2).

5. Results

5.1. Implementing environmental sanitation and personal hy-

giene (u1) as control (strategy 1)

Figure 1 illustrates using environmental sanitation as a con-

trol measure to stop the spread of typhoid infection within the

human population. Setting u2 = 0 to demonstrate how well

environmental sanitation with personal hygiene as a control re-

duces the spread of the disease i.e applying u1 , 0 to limit the

transmission by optimizing the objective functional (J). Figure

6
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1a depicts how the susceptible human population peaks initially

and then declines throughout the 69 days, rising from the 70-

day to the 100-day mark due to control measures being put in

place, which raises the susceptible population.

Figure 1b demonstrates that the exposed population in-

creased until day 7, peaked on day 10, and then significantly

decreased over the 100 days. However, when compared to the

scenario without control, Figures 1c show a substantial decline

in the infected population, which is a promising sign of the ef-

fectiveness of control measures. Figure 1d reveals that when no

control is used, the incidence of new infections rises. However,

when environmental sanitation with personal hygiene was im-

plemented as control, the number of new TF cases decreased

starting at day 65 and continuing for up to 100 days. This un-

derscores the significant role of environmental sanitation as a

control technique in lowering the spread of disease in the en-

vironment, as seen in Figure 1e. As a result, environmental

sanitation plays a pivotal role in preventing the spread of dis-

ease within the population, empowering us with an effective

tool for disease control. Figure 1f depicts the control profile,

which indicates that u1 should remain at zero for 69 days before

rapidly increasing to one (1) and maintained for the remainder

of the simulation period before declining to zero at the 100-day

mark. This finding provides epidemiological insight into how

to reduce the prevalence of TF in the general population. This

can be achieved by supporting susceptible persons in adhering

to strict environmental sanitation with personal hygiene regula-

tions. One practical example of a control tactic is the govern-

ment’s periodic enforcement of environmental sanitation laws

on the populace.

5.2. Implementing treatment (u2) as control (strategy 2)

Our research, as depicted in Figure 2, is a significant step

in disease control. By applying the treatment u2 to infected

individuals and minimizing the objective functional J, we ef-

fectively eliminate the other control, u1, setting it to zero, i.e.,

u1 = 0, u2 , 0. Figures 2a show a significant increase in the

susceptible population, while Figures 2b -2c depict a steady de-

crease in the number of exposed and infected individuals. This

is a clear indication of the drug’s efficacy in treating the in-

fected, a stark contrast to the scenario without control.

Comparably, a population with a steadily dropping disease

incidence is shown in Figure 2d, which shows a dramatic de-

cline that starts on day 20 of the simulation and lasts 100 days.

Similarly, Figure 2e shows the decline in the bacterial popula-

tion, illustrating how treating infectious people lowers the risk

of the diseases spreading into the environment.

Conversely, in Figure 2f, the control profile shows how

treatment control started at the lowest possible level and grad-

ually rose to the upper bound of 1 between days 3 and 5, after

which it dropped to the lower bound and remained there for

the remaining 22 days of the simulation. After that, there was

a rapid increase to the maximum bound, which was sustained,

and at t = 100 days, the infection rapidly decreased from the

upper to the lower bound.

These findings underscore the crucial role of the audience in

implementing effective disease control measures. The implica-

tion is clear: employing the treatment rate as a control measure

is a powerful tool in preventing the spread of TF in the popula-

tion.

5.3. Combination of environmental sanitation with personal

hygiene and treatment (u1) and (u2) as control (strategy

3)

To maximize the objective functional J, the environmental

sanitation control (u1) and the infected individual’s treatment

(u2) demonstrate the efficacy of the two controls at the same

time, as shown in Figure 3. Figures 3a through 3e show the

results of applying the two (2) controls simultaneously. At the

same time, Figure 3a illustrates how the number of susceptible

people is rising rapidly due to improved environmental sani-

tation, personal hygiene, and treatment, leading to an increase

in the population of susceptible individuals. Figure 3b demon-

strates a significant decrease in the exposed human population,

which peaked at the start of the simulation and continued to di-

minish throughout the rest of the period. Similarly, Figure 3c

shows a progressive decrease in the number of symptomatic in-

fectious humans compared to the absence of control. The most

striking result, however, is the impact of the two controls on the

number of new cases of infection. When no control was ap-

plied, the number of new cases peaked initially and increased

rapidly. However, with the concurrent application of the two

controls, this number drastically decreased, starting to decline

on the seventh day of the control intervention. Between days

20 and 100, there was a notable decrease in the number of new

cases of TF, as shown in Figure 3d. Comparably, as Figure

3e illustrates, the simultaneous application of the two controls

also reduces environmental bacterial transmission. Between the

30 and 100 days after the control interventions were put into

place, the bacterial population saw a significant decline from

its peak and was almost nonexistent. In contrast, the control

profile depicted in Figure 3f demonstrates the incidence of TF

infection rises on the fifth day, necessitating the application of

control; it then falls on the seventh day and remains stable un-

til the twenty-first day at which point it peaks and requires the

application of control intervention, leading to a sharp decline in

the infection rate.

5.4. Efficiency analysis

In this subsection, efficiency indices of the three different

control combination strategies are calculated to identify the

most efficient intervention that can be implemented to avert the

highest infections in the population. Thus, according to Olaniyi

et al. [37] and Yusuf and Abidemi [38], the efficiency index

(EI) is defined mathematically as

EI =
Total infection averted by the control intervention

Total infection without any control intervention
× 100.

According to Table 4, Strategy 1 has the lowest Efficiency

Index of 0.745333, Strategy 2 has the highest Efficiency Index

of 40.60931, and Strategy 3 is next with the Efficiency Index of

40.46399. It’s crucial to act on these findings, as the most effec-

tive method to stop typhoid disease from spreading throughout

the community is by using strategy 2.
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Figure 1: Simulation depicting the dynamics of TF model in equation (2) with profile for optimal environmental sanitation only.

6. Discussion

Based on the proposed compartmental optimal control

model for the transmission dynamics of TF with the inclusion

of a medically hygienic class, our study estimated the cases of

TF infection averted in Nigeria following the introduction of

environmental sanitation with personal hygiene and treatment

through efficiency analysis. Considering three scenarios for

optimal control implemented: environmental sanitation with

personal hygiene only, treatment only and a combination of
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(f) Control profiles.

Figure 2: Dynamics of the states variables of model in equation (2) for TF with profile for optimal treatment only.

environmental sanitation with personal hygiene and treatment

strategies, this study demonstrates a significant drop in the pop-

ulation that is infectious and exposed, as well as a drop in the

number of new cases of TF. These findings are encouraging in-

dicators of the efficacy of environmental sanitation with per-

sonal hygiene used as a control.

Furthermore, this study predicts that treating infected in-

dividuals will considerably reduce TF cases and deaths in the
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(f) Control profiles.

Figure 3: Simulation showing the dynamics of TF the states variables of model in equation (2) with profile for optimal combination of environ-

mental sanitation with personal hygiene and treatment only.

human population. However, introducing the optimal combi-

nation of environmental sanitation with personal hygiene and

treatment substantially reduced TF incidence in the human pop-

ulation. Our results are consistent with those reported in a mod-

elling study examining control strategies impact on TF trans-

mission (see Refs. [2, 6, 7, 29]). Our analysis reveals that
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Table 4: Efficiency indices of S1, S2 and S3.

Strategy Total infection averted EI

S1 1.284769 × 107 0.745333

S3 6.974983 × 108 40.46399

S2 7.000033 × 108 40.60931

over 12 million cases of TF were averted with the optimal im-

plementation of environmental sanitation and personal hygiene

only. However, this strategy was found to be the least effective

of all the three strategies under consideration. This result aligns

with the work of Irena and Gakkhar [29], which also suggests

that sanitation (proper hygiene) was the least effective strategy

in reducing the TF burden in the community. In another study,

Tijani et al. [2] examined the impact of sanitation and hygiene

practices and awareness as a single control and identified san-

itation with hygiene practices combined with awareness cam-

paigns as the most influential single control and cost-effective

strategy.

Additionally, optimal treatment only reduces the TF con-

siderably by averting over 700 million cases of TF (see Table

4). This aligns with the works of previous researchers on math-

ematical analysis of optimal control strategies of TF, such as

Nyaberi1 and Musaili [7] and Kailan and Seidu [6], which re-

vealed that treatment was the most effective in reducing the dis-

ease incidence and the number of infectious individuals in the

population.

7. Conclusion

This study formulated the transmission dynamics of TF dis-

ease as an optimal control problem by incorporating two control

strategies that will help curtail the transmission of the disease

in the population. Analysis of the optimal control strategy was

done using Pontryagin’s maximum principle to determine the

effectiveness of the two (2) controls: environmental sanitation

with personal hygiene u1 and treatment of infected individu-

als u2 as well as the impact of a potential combination of these

two controls. The optimal environmental sanitation with per-

sonal hygiene was combined with additional control variables

to create three distinct strategies that significantly decreased TF

cases. It was observed that implementing the control(s), indi-

vidually or concurrently, will remarkably reduce disease trans-

mission in the population after some time compared to the case

without optimal control strategies. Similarly, the optimal con-

trol problem was also analyzed, and the Pontryagin maximum

principle was used to derive the optimal control characteriza-

tion. In addition, numerical simulation and efficiency analy-

sis were carried out to determine the strategies that prevent the

most significant number of TF cases. Consequently, the find-

ings indicated that strategy 3 (combination of environmental

sanitation with personal hygiene and treatment) is the most ef-

ficient in controlling the spread of TF in the community. In

contrast, strategy 1 (control with environmental sanitation and

personal hygiene) is the least efficient control. As a result, it is

recommended that any control approach must consider a com-

bination of environmental sanitation and personal hygiene with

timely treatment of the individuals who exhibit typhoid disease

symptoms be used to avert the continuous spread of the disease

if resources like decent toilets, portable water, a clean environ-

ment, medical facilities, and money for medications are easily

accessible.
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