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Abstract

An inversely quadratic Yukawa potential is an exponential-type potential that has received little attention only in the bound state to the best
of our understanding. This study obtained the solution of the Schrödinger equation for an inversely quadratic Yukawa potential via parametric
Nikiforov-Uvarov method and supersymmetric approach. Some thermodynamic properties (vibrational enthalpy, vibrational Gibbs free energy
and vibrational entropy) for the Inversely quadratic Yukawa potential are examined. The study is also applied to shannon entropy as the theoretic
quantity. The results obtained showed that the energy eigenvalue for the potential goes in the opposite direction with the quantum state and the
screening parameter. The Shannon entropy obtained as a function of the potential strength only obeyed the Heinsenberg principle at the ground
state and excited states. In both cases, the also satisfied Bialynick-Birula, Mycielski inequality. It is noted that the thermal properties studied as a
function of the temperature, even though the studied potential is not a molecular potential, the results followed the trend of the molecular potential.
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1. Introduction

The early quantum mechanics developed the study of bound
states through energy levels. This has greatly involved re-
searchers from different areas of sciences, especially in the field
of physical sciences. At first, the study focuses on the analytic
solutions for a few potential systems such as the harmonic os-
cillator and the Coulomb potential. Due to much interest in
the area, different approximate approaches were developed to
tackle the solutions of other potentials whose analytic solutions

∗Corresponding author: Tel.: +234-815-825-7734.
Email address: adedewe.olorunfemi@Imu.edu.ng (O. A. Adedewe)

are difficult especially those potential models with centrifugal
barriers. These different methods have different approaches to
any given potential model but reproduce an equivalent result in
terms of the wave functions and the energy eigenvalue numeri-
cally. One of such important potential is the inversely quadratic
Yukawa potential model. The inversely quadratic Yukawa po-
tential model has three parts. This comprises of the constant
term, the exponential part, and the centrifugal barrier that serves
as the denominator. The inversely quadratic Yukawa potential
is a mathematical expression written in the form [1, 2]:

V(r) =
V0e−2αr

r2 . (1)
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The parameters in the potential are define as follows; V0 is
the potential strength, that determines the range of the potential,
r is the internuclear separation, and α is the screening parame-
ter. This potential finds applications in nuclear physics, atomic
physics and condensed matter physics. The inversely quadratic
Yukawa potential has not been adequately reported in the liter-
ature, this calls the attentions of the present study. Motivated
by the applications of thermodynamic properties and Shannon
entropy in science and engineering, the present study wants to
examine the applicability of the inversely quadratic Yukawa po-
tential for the thermodynamic properties and Shannon entropy.
In this study, the energy eigenvalue equation and its correspond-
ing wave function for the non-relativistic domain will be ob-
tained using the popular parametric Nikiforov-Uvarov method
(PNUM).

The energy equation will also be obtained using supersym-
metric approach (SUSY). The details will not be given in the
main text to avoid repetitions of terms but will be found in the
appendix. The reason for the two methods is to compare the re-
sult to determine the accuracy of the energy equation. The ob-
tained wave function and the energy level will be use to study
Shannon entropy and thermodynamic properties respectively.
Shannon entropy is a theoretic quantity that determines the un-
certainty in a random variable as it measures the content of an
information produced [3–10]. Shannon entropy finds applica-
tions in the information theory as well as computer science. In
quantum mechanics, where potential models are involved the
study of theoretic quantities, Shannon entropy is studied with a
physical structure in the position space and momentum space,
respectively, as

S (ρ) = −4π
∫ ∞

0
ρ(r) log ρ(r)dr, (2)

S (γ) = −4π
∫ ∞

0
γ(p) log γ(p)dp. (3)

The terms ρ(r) and γ(p) are the probability densities for po-
sition space and momentum space respectively.The probabil-
ity densities are obtained from the wave functions. It has been
shown that the accuracy of equation (2) and equation (3) for
any potential can easily be verify by Bialynick-Birula, Myciel-
ski inequality. The Bialynick-Birula, Mycielski inequality is of
the form:

S (ρ) + S (γ) ≥ 1 + log π. (4)

S (ρ) is the Shannon entropy for the position space and S (γ)
is the Shannon entropy in the momentum space. The physical
meaning of equation (4) is that the sum of the Shannon entropy
in the position space and the momentum space cannot be less
than one plus the log of π for one dimensional system (the left-
hand side cannot be less than the right-hand side). To ascertain
the satisfactory condition of equation (4), one must compute
numerical results for equation (2) and equation (3) as will be
presented in this study.

2. Methodology

The energy equation and the wave function will explic-
itly be obtained by using parametric Nikiforov-Uvarov method.
Without detail analysis, the energy equation of the same poten-
tial will be given by the method of supersymmetric approach.
The parametric Nikifforov-Uvarov method is given by Tezcan
and Sever[11, 12]. According to these authors, the standard
equation is given as:

ψ′′(s) +
(x1 − x2s)
s(1 − x3s)

ψ′(s) (5)

+
1

s2(1 − x3s)2

[
−p0s2 + p1s − p2

]
ψ(s) = 0.

Using equation (5), the authors gave the condition for en-
ergy equation and its corresponding wave function as:

x2n − (2n + 1)x5 + [2x8 + n(n − 1)] x3 + x7 (6)

+ (2n + 1)
√

x9 +
√

x8

[
2
√

x9 + x3(2n + 1)
]
= 0,

Ψ(s) = Nnlsx12 (1 − x3s)−x12−
x13
x3 P

(
x10−1, x11

x3
−x10−1

)
n (1 − 2x3s) (7)

The values of the parametric constants in equations (6) and
(7) are obtained as follows:

x1 = x2 = x3 = 1, x4 = 0.5(1 − x1), x5 = 0.5(x2 − 2x3),

x6 = x2
5 + p0, x7 = 2x4x5 − p1,

x8 = x2
4 + p2, x9 = x3(x7 + x3x8) + x6,

x10 = x1 + 2x4 + 2
√

x8, x11 = x2 − 2x5 + 2
(√

x9 + x3
√

x8

)
,

x12 = x4 +
√

x8, x13 = x5 −
(√

x9 + x3
√

x8

)
. (8)

3. Inversely quadratic Yukawa

To obtain the solutions of the radial Schrödinger equa-
tion with an inversely quadratic Yukawa potential, we write a
Schrödinger equation with a radial potential V(r) as [13–15]:[

−
ℏ2

2m
d2

dr2 − Enℓ + V(r) +
ℏ2

2m
ℓ(ℓ + 1)

r2

]
Rnℓ(r) = 0, (9)

where V(r) is the inversely quadratic Yukawa potential, Enℓ is
the energy in the non-relativistic domain, m is the particle mass,
ℏ is the reduced Planck’s constant,ℓ is the angular momentum
quantum number, n is the quantum number and Rnℓ(r) is the
wave function. The centrifugal term in equation (1) and equa-
tion (9) can be approximated using the formula:

1
r2 =

4α2e−2αr

(1 − e−2αr)2 . (10)

The approximation scheme in equation (10) is valid for α << 1.
Substituting equation (1) and equation (10) into equation (9)
and consider the transformation of the form s = e−2αr, we have
a new equation of the form of equation (5):[

d2

ds2 +
1 − s

s(1 − s)
d
ds

2



Onate et al. / J. Nig. Soc. Phys. Sci. 6 (2024) 2134 3

+

(
m(Enℓ+4V0)

2α2ℏ2

)
s2 −

(
mEnℓ
α2ℏ2 + ℓ(ℓ + 1)

)
s + mEnℓ

2α2ℏ2

s2(1 − s)2

 Rnℓ(s) = 0.

(11)

Comparing equation (11) with equation (5), the parametric
constants in equation (8) become:

x1 = x2 = x3 = 1, x4 = 0, x5 = −
1
2
,

x6 =
1
4
−

mEnℓ

2α2ℏ2 −
2mV0

ℏ2

x7 =
mEnℓ

α2ℏ2 + ℓ(ℓ + 1), x8 = −
mEnℓ

2α2ℏ2 ,

x9 = ℓ(ℓ + 1) +
1
4
−

2mV0

ℏ2 , x10 = 1 + 2

√
−

mEnℓ

2α2ℏ2

x11 = 2 + 2

√
−

mEnℓ

2α2ℏ2 +

√
(1 + 2ℓ)2 −

8mV0

ℏ2 ,

x12 =

√
−

mEnℓ

2α2ℏ2 ,

x13 = −
1
2
−

1
2

√
(1 + 2ℓ)2 −

8mV0

ℏ2 −

√
−

mEnℓ

2α2ℏ2 . (12)

Plugging equation (12) into equation (6) and equation (7),
respectively, we have the energy level and its corresponding
wave function as:

Epm
n,ℓ =

−
2α2ℏ2

m

n(n + 1) + ℓ(ℓ + 1) + 1
2 + (n + 1

2 )
√

(1 + 2ℓ)2 −
8mV0
ℏ2

1 + 2n +
√

(1 + 2ℓ)2 −
8mV0
ℏ2


2

,

(13)

Rn,ℓ(s) = NS
√
−

mEnℓ
2α2ℏ2 (1 − s)

1
2+

1
2

√
(1+2ℓ)2−

8mV0
ℏ2

× P

[√
−

mEnℓ
2α2ℏ2 ,

√
(1+2ℓ)2−

8mV0
ℏ2

]
n (1 − 2s). (14)

To ascertain the accuracy of the energy equation in equa-
tion (13), the solution of the same potential is obtained using
supersymmetry

Epm
n,ℓ = −

α2ℏ2

2m


2mV0
ℏ2 +

(
n + 1

2 +
1
2

√
(1 + 2ℓ)2 −

8mV0
ℏ2

)2

n + 1
2 +

1
2

√
(1 + 2ℓ)2 −

8mV0
ℏ2


2

.

(15)

The details of the calculation of equation (15) is presented
in the appendix. To compute the Shannon entropy, the wave
function in equation (14) is normalized using A MATHEMAT-
ICA software program.The components of the normalized wave
function at different quantum states are given below:

R0,ℓ(s) =

√
αΓ[2(λ1 + λ2 + 1)]

Γ(2λ1)Γ(2λ1)Γ(2λ2 + 2)
S

√
−

mEnℓ
2α2ℏ2 ×

(1 − s)
1
2+

1
2

√
(1+2ℓ)2−

8mV0
ℏ2 P

[√
−

mEnℓ
2α2ℏ2 ,

√
(1+2ℓ)2−

8mV0
ℏ2

]
n (1 − 2s),

(16)

R1,ℓ(s) =


√

2αλ1(2λ1 + 2λ2 + 3)Γ[2(λ1 + λ2 + 1)]
(3 + 2λ2)Γ(2λ1 + 2)Γ(2λ2 + 2)

×
S

√
−

mEnℓ
2α2ℏ2 (1 − s)

1
2+

1
2

√
(1+2ℓ)2−

8mV0
ℏ2 ×

P

[√
−

mEnℓ
2α2ℏ2 ,

√
(1+2ℓ)2−

8mV0
ℏ2

]
n (1 − 2s) (17)

R2,ℓ(s) =


√

4αλ1(2λ1 + 2λ2 + 5)Γ[2(λ1 + λ2 + 3)]
(5 + 2λ2)Γ(2λ1 + 3)Γ(2λ2 + 3)

×
S

√
−

mEnℓ
2α2ℏ2 (1 − s)

1
2+

1
2

√
(1+2ℓ)2−

8mV0
ℏ2 ×

P

[√
−

mEnℓ
2α2ℏ2 ,

√
(1+2ℓ)2−

8mV0
ℏ2

]
n (1 − 2s). (18)

3.1. Thermodynamic properties
This section deals with the computation of some thermody-

namic properties such as vibrational enthalpy, Gibbs free en-
ergy and entropy. The computation of these properties strongly
depends on the vibrational partition function. To calculate the
vibrational partition function, we re-write the energy equation
in equation (15) as:

Enℓ(s) = −
α2ℏ2

2m

(
θ0

n
− (n + δ)

)2

, (19)

where we have defined the following for simplicity

θ0 =
2mV0

ℏ2 , δ =

1
2
+

1
2

√
(1 + 2ℓ)2 −

8mV0

ℏ2

2

. (20)

The the vibrational partition function for the energy level
Enℓ with physical potential is written as [16–25]:

Z =
nmax∑
n=0

e−βEnℓ , (21)

where β = 1
KβT , Kβ is the Boltzmann constant and T is the

absolute temperature. The term nmax is the maximum quantum
state obtained from the solution of dEnℓ

dn = 0. Using Poisson
summation, equation (21) can be written in the form:

Z =
nmax∑
n=0

e−βEnℓ =

nmax∑
n=0

f (n) =
1
2

[
f (0) − f (nmax + 1)

]
+

∫ nmax+1

0
f (y) dy, (22)

where f (n) = eθ
(
θ0

n+δ−n−δ
)2

, θ2 =
βα2ℏ2

2m and nmax =
√
θ0 + δ.

Plugging equation (19) into equation (22), we have

Z =
1
2

[
eαℏθθ

2
1 − eαℏθθ

2
2 +

√
π (er f i(θθ1) − er f i(θθ2))

θ

]
, (23)

3
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Table 1: Energy of the inversely quadratic Yukawa potential from PNUM method and SUSY method for various state as a function
of the screening parameter with (m = ℏ = 1).

State α V0 = 1.5, Epm
n,ℓ V0 = 1.5, E sm

n,ℓ V0 = 2.5, Epm
n,ℓ V0 = 2.5, E sm

n,ℓ
2p 0.05 -0.0012500 -0.0012500 -0.0006944 -0.0006944

0.15 -0.0112500 -0.0112500 -0.0062500 -0.0062500
0.25 -0.0312500 -0.0312500 -0.0173611 -0.0173611

3p 0.05 -0.0112500 -0.0012500 -0.0112500 -0.0112500
0.15 -0.1012500 -0.1012500 -0.1012500 -0.1012500
0.25 -0.2812500 -0.2812500 -0.2812500 -0.2812500

3d 0.05 -0.0162500 -0.0162500 -0.0277090 -0.0182253
0.15 -0.1462500 -0.1462500 -0.2493808 -0.1640278
0.25 -0.4062500 -0.4062500 -0.6927245 -0.4556327

4p 0.05 -0.0156378 -0.0156378 -0.0182253 -0.0256269
0.15 -0.1407398 -0.1407398 -0.1640278 -0.2306425
0.25 -0.3909439 -0.3909439 -0.4556327 -0.6406735

4d 0.05 -0.0221667 -0.0221667 -0.0256269 -0.0256269
0.15 -0.1995006 -0.1995006 -0.2306425 -0.2306425
0.25 -0.5541683 -0.5541683 -0.6406735 -0.6406735

4f 0.05 -0.0240738 -0.0240738 -0.0283067 -0.0283067
0.15 -0.2166638 -0.2166638 -0.2547601 -0.2547601
0.25 -0.6018439 -0.6018439 -0.7076671 -0.7076671

Table 2: Computation for the uncertainty relation S (ρ)+S (γ) ≥
1 + log π as a function of the potential strength at the ground
state with (m = ℏ = 1, α = 0.2, and ℓ = 0).

V0 S(ρ) S (γ) S (ρ) + S (γ)
0.01 59.7713 -22.9178 36.8536
0.02 59.2309 -22.6164 36.6145
0.03 58.6597 -22.3001 36.3596
0.04 58.0525 -21.9664 36.0861
0.05 57.4025 -21.6120 35.7905
0.06 56.7009 -21.2327 35.4682
0.07 55.9349 -20.8224 35.1125
0.08 55.0856 -20.3720 34.7136
0.09 54.1228 -19.8672 34.2557
0.10 52.9923 -19.2820 33.7103

Table 3: Computation for the uncertainty relation S (ρ)+S (γ) ≥
1 + log π as a function of the screening parameter at the ground
state with (m = ℏ = 1, V0 = −0.2, and ℓ = 0).

α S(ρ) S (γ) S (ρ) + S (γ)
0.01 47169.20 -71.5345 47097.6
0.02 10627.40 -61.3486 10566.1
0.03 4420.470 -55.3902 4365.07
0.04 2365.650 -51.1627 2314.48
0.05 1454.010 -47.8835 1406.13
0.06 975.688 -45.2043 930.484
0.07 695.685 -42.9390 652.746
0.08 518.609 -40.9768 477.632
0.09 399.990 -39.2459 360.744
0.10 316.910 -37.6976 279.212

Table 4: Computation for the uncertainty relation S (ρ)+S (γ) ≥
1 + log π as a function of the screening parameter at the first
excited state with (m = ℏ = 1, V0 = −0.2, and ℓ = 0).

α S(ρ) S (γ) S (ρ) + S (γ)
0.01 27482.8 -43.1157 27439.7
0.02 6085.37 -34.4936 6050.88
0.03 2500.44 -29.4500 2470.99
0.04 1325.01 -25.8715 1299.14
0.05 807.556 -23.0959 784.46
0.06 537.851 -20.8280 517.023
0.07 380.898 -18.9105 361.988
0.08 282.170 -17.2495 264.92
0.09 216.359 -15.7844 200.575
0.10 170.476 -14.4738 156.002

where we have made the following transformation to obtained
equation (23) above

θ1 =
θ0 − δ

2

δ
, θ2 =

θ0 − (nmax + 1 + δ)2

(nmax + 1 + δ)
. (24)

3.2. Vibrational enthalpy (Hv)
The vibrational enthalpy is given by:

Hv = RT 2
(
∂

∂T
lnZ

)
=

Θ0RT 2 + Θ1RT 2 + Θ2RT 2

eαℏθθ
2
1

2 − eαℏθθ
2
2

2 +
√
π(er f i(θθ1)−er f i(θθ2))

2θ

.

(25)

3.3. Vibrational Gibbs free energy (Gv)
The vibrational Gibbs free energy is given by

Gv = −RT ln Z =
4
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Table 5: Computation for the uncertainty relation S (ρ)+S (γ) ≥
1 + log π as a function of the screening parameter at the second
excited state with (m = ℏ = 1, V0 = −0.2, and ℓ = 0).

α S(ρ) S (γ) S (ρ) + S (γ)
0.01 23705.4 -42.5877 2366.90
0.02 5204.31 -33.3635 5170.95
0.03 2125.3 -27.9677 2097.34
0.04 1120.56 -24.1393 1096.42
0.05 679.969 -21.1698 658.799
0.06 451.098 -18.7435 432.354
0.07 318.310 -16.6921 301.618
0.08 235.013 -14.9151 220.097
0.09 179.630 -13.3477 166.282
0.10 141.110 -11.9456 129.164

Table 6: Computation of vibrational enthalpy (JMol−1K−1),
Gibbs free energy(JMol−1K−1), and entropy (JMol−1K−1),
with (m = ℓ = ℏ = 1, V0 = 2, R = 8.31446JMol−1K−1, and
α = 0.25) as a function of temperature

T H −G S
100 423.4262683 2571.207395 29.98630609
200 839.7276665 5743.153705 32.91440684
300 1255.704638 9111.968879 34.55891173
400 1671.563775 12614.53764 35.75526869
500 2087.371906 16254.18773 36.68311926
600 2503.153570 19937.54615 37.44117568
700 2918.913234 23738.53963 38.08207550
800 3334.664349 27543.11291 38.67937166
900 3750.404032 31463.81012 39.12690463

1000 4166.136431 35400.91769 39.56492493

− RT ln
eαℏθθ

2
1

2
−

eαℏθθ
2
2

2
+

√
π (er f i(θθ1) − er f i(θθ2))

2θ


(26)

3.4. Vibrational enthropy (S v)
The vibrational entropy is given by

S v = R ln Z + RT
(
∂

∂T
lnZ

)
= R ln

eαℏθθ
2
1

2
−

eαℏθθ
2
2

2
+

√
π (er f i(θθ1) − er f i(θθ2))

2θ

 + Hv

T
.

(27)

4. Discussion

The comparative of the energy eigenvalue of the inversely
quadratic Yukawa potential from PNUM and SUSY as a func-
tion of the screening parameter for various states with two val-
ues of the potential strength are presented in Table 1. The
essence of this table is to test the accuracy of the energy equa-
tion. The energy from PNUM is given in equation (13) while
the energy from SUSY is given in equation (15). The results

Table 7: Computation of vibrational enthalpy (JMol−1K−1),
Gibbs free energy(JMol−1K−1), and entropy (JMol−1K−1), with
(m = ℓ = ℏ = 1, V0 = 2, R = 8.31446JMol−1K−1, and
T = 500K), as a function of the screening parameter.

α H −G S
0.5 2110.267247 13347.70080 30.91593619
1.5 2212.249858 8603.087528 21.63067478
2.5 1984.436099 6382.143396 16.78039394
3.5 1344.257611 5263.754858 13.21602496
4.5 885.2891146 4690.735238 11.21699192
5.5 1024.410818 4355.348694 10.75951902
6.5 1741.590440 3894.863342 11.27290756
7.5 3235.440468 3214.514258 12.89990946
8.5 5790.081022 2122.365386 15.61919559
9.5 10717.00589 429.2341956 22.15933013

Table 8: Computation of vibrational enthalpy,(JMol−1K−1),
Gibbs free energy(JMol−1K−1), and entropy (JMol−1K−1), with
(m = ℓ = ℏ = 1, α = 0.25, R = 8.31446JMol−1K−1, and
T = 500K), as a function of the potential strength.

V0 H −G S
5 -1520.089822 7118.650061 17.21039174

10 -722.1248949 6142.296830 13.728840218
15 120.5879918 6217.726156 12.13186401
20 1023.718885 6756.765215 11.46609509
25 2005.842767 7578.130088 11.14457213
30 3026.796524 8633.357447 11.21312509
35 4073.416666 9781.742465 11.42001802
40 5273.526590 11091.84695 11.74306044
45 6539.050687 12571.51523 12.06494150
50 7792.441709 14056.38031 12.54057090

of the two methods are exactly the same for all states. This
confirmed that the two energy equations are correct.

The eigenvalue reduces in magnitude as both n and α as
well as ℓ respectively increases. The energies with V0 = 1.5 are
higher than the energies obtained with V0 = 2.5 for 2p state.
For the 3p state, the energies obtained with the two values of
V0 are the same. For 3d, 4p, 4d and 4f states, the energies ob-
tained with V0 = 2.5 are higher than the energies obtained with
V0 = 1.5 The results of Shannon entropy for position space,
momentum space and their sum as a function of the potential
strength V0 at the ground state are presented in Table 2. At dif-
ferent values of V0 , the position space and momentum space
Shannon entropy vary inversely with each other, showing as-
sociability of the diffused density distribution of the momen-
tum space with the localized density distribution of the posi-
tion space. The results also revealed that the momentum space
Shannon entropy are completely bounded with squeezing effect
at all values of V0 .

The results satisfied the Bialynick-Birula, Mycielski (BBM)
inequality given in equation (4) with a lower bound of 33.7103.
However, for excited states, the uncertainty principle and BBM
inequality are not satisfied. In Table 3, Table 4 and Table 5, re-
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spectively, the numerical values for Shannon entropy as a func-
tion of the screening α parameter for n = 0 , n = 1 and n = 2
are presented. The behaviours observed in Table 2 are also ob-
served in Tables 3, 4 and 5. The variation of the Shannon en-
tropy for both the position space and momentum space against
α for all the ground state and the excited states obeyed the BBM
inequality with the lower bound above 1 + logπ.

However, it is noticed that the higher the quantum state, the
lower the Shannon entropy in position space but the higher the
Shannon entropy in momentum space. The Shannon entropy
for the momentum space is purely negative with both the poten-
tial strength and the screening parameter. The numerical values
for the vibrational enthalpy, Gibbs free energy and entropy are
obtained using equations (25), (26) and (27), respectively. The
numerical values as a function of T, α and V0 are presented in
Tables 6, 7 and 8, respectively. In Table 6, the enthalpy and en-
tropy respectively increase positively as the temperature rises
but the Gibbs free energy increases negatively. This is the exact
trends obtained for molecular potential when the predicted re-
sults are compared with the experimental values[26, 27]. How-
ever, in Tables 7 and 8, where the thermodynamic properties
are examined as a function of the screening parameter and the
potential strength, the trends differ.

The variation of the enthalpy and entropy as a function of
α, is not in one direction but that of the Gibbs free energy in-
creases with increase in α. A critical observation shows that
the vibrational Gibbs free energy tends towards positive as α
increases significantly. In Table 8 there is no constant variation
in all the thermodynamic properties.However, the Gibbs free
energy is positive for all values of V0.

5. Conclusion

The solutions for inversely quadratic Yukawa potential are
obtained via two traditional approaches. The two approaches
reproduced agreeable numerical values for the energy of the in-
teracting potential. The energy of the potential is fully bounded
and reduces with increase in most of the parameters. The re-
sults of Shannon entropy for both the configuration space and
momentum space as a function of the screening parameter sat-
isfied the Bialynick-Birula, Mycielski inequality for all quan-
tum states, however, the results of Shannon entropy for both the
configuration space and momentum space as a function of the
potential strength only satisfied the theBialynick-Birula, My-
cielski inequality at the ground state. This shows that as the
quantum number increases, the sum of the Shannon entropies
reduces beyond 1+ logπ.The thermodynamic properties studied
as a function of temperature followed the trends of the molecu-
lar potential studied and compared with experimental data even
though the potential here is not a molecular potential [26, 27].
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Appendix A

Solutions of the Schrödinger equation with inversely quadratic Yukawa potential using supersymmetric quantum mechanics
approch. The radial Schrödinger equation is given by:[

−
ℏ2

2m
d2

dr2 − Enℓ + V(r) +
ℏ2

2m
ℓ(ℓ + 1)

r2

]
Rnℓ(r) = 0. A1

The interacting potential and the approximation scheme, respectively, are given by:

V(r) =
V0e−2αr

r
, A2

1
r2 =

4α2e−2αr

(1 − e−2αr)2 . A3

Substituting equation (A2) and equation (A3) into equation (A1), gives a new equation of the form

d2Rn,ℓ(r)
dr2 =

(
4ℓ(ℓ + 1)α2 −

8mV0α
2

ℏ2

)
e−2αr

(1 − e−2αr)2 +

8mV0α
2e−2αr

ℏ2

1 − e−2αr −
2mEn,ℓ

ℏ2

 Rn,ℓ(r) A4

To proceed from equation (A4), we write the ground state wave function for the system as

R0,ℓ(r) = e−
∫

W(r)dr, A5

where W(r) is the superpotential function. Substituting equation(A5) into equation(A4) after some mathematical simplifications
gives

W2(r) −
dW(r)

dr
=

(
4ℓ(ℓ + 1)α2 −

8mV0α
2

ℏ2

)
e−2αr

(1 − e−2αr)2

+

8mV0α
2−2mEn,ℓ(1−e−2αr)

ℏ2

1 − e−2αr . A6

Using the method and formalism of supersymmetric approach, the solution to equation (A6) is the superpotential function. Consid-
ering the interracting potential and Riccatic equation (A6), we proposed a superpotential function as:

λ0 +
λ1e−2αr

1 − e−2αr , A7

where λ0 and λ1 are superpotential constants. Substituting equation (A7) into equation (A6), after a series of mathematical manip-
ulations and simplifications, the two superpotential constants in equation(15) are obtained as follow:

λ2
0 =
−2mEn,ℓ

ℏ2 , A8

λ1 = α

1 ± √
(2ℓ + 1)2 −

8mv0

ℏ2

 , A9

λ0 =

4µV0α
2

ℏ2 + λ2
1

λ1
. A10

Using equation (A7), the supersymmetric family potentials can conveniently be constructed as:

V+(r) = W2(r) +
dW(r)

dr
= λ2

0 +
λ1(2λ0 − λ1)e−2αr

1 − e−αr

+
λ1(λ1 − 2α)e−αr

(1 − e−αr)2 , A11
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V−(r) = W2(r) −
dW(r)

dr
= λ2

0 +
λ1(2λ0 − λ1)e−2αr

1 − e−αr

+
λ1(λ1 + 2α)e−αr

(1 − e−αr)2 . A12

The family potentials satisfied the invariant condition via mapping of the form λ1 → λ1 + 2α. Where λ1 = a0. This implies that
a1 = f (a0) = a0 + 2α, where a1 is new set of parameters uniquely determined from a0 an old set of parameters. Since a1 = a0 + 2α,
it follows that a2 = a0 + 4α, a3 = a0 + 6α, a4 = a0 + 8α, and subsequently , an = a0 + 2αn. However, the family potentials are
related by the formula:

V+(a0, r) = V−(a0, r) + R(a1), A13

which is a residual term that is completely independent of the variable r. Equation (A13) can be written in a recurrence relation of
the form:

R(a1) =

 4mV0α
2

ℏ2 + a2
0

a0


2

−

 4mV0α
2

ℏ2 + a2
1

a1


2

A14

R(a2) =

 4mV0α
2

ℏ2 + a2
1

a1


2

−

 4mV0α
2

ℏ2 + a2
2

a2


2

, A15

R(an) =

 4mV0α
2

ℏ2 + a2
n−1

an−1


2

−

 4mV0α
2

ℏ2 + a2
n

an


2

, A16

The complete energy level for inversely quadratic Yukawa potential can be obtain following:

En,ℓ =

n∑
k=1

= R(a1) + R(a2) + R(a3) + − − − − +R(an), A17

which gives the real energy as:

Epm
n,ℓ = −

α2ℏ2

2m


2mV0
ℏ2 +

(
n + 1

2 +
1
2

√
(1 + 2ℓ)2 −

8mV0
ℏ2

)2

n + 1
2 +

1
2

√
(1 + 2ℓ)2 −

8mV0
ℏ2


2

. A18
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