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Abstract

This study aims to investigate the differential cross-section (DCS) in a non-monochromatic laser-assisted thermal environment. Building on
existing research, which primarily explores electron dynamics and ionization processes without considering thermal effects, this work seeks to
bridge this research gap by examining the DCS under non-monochromatic laser fields in a thermal environment. The methodology involves
utilizing a vector potential derived by Milosvic to represent non-monochromatic laser fields and applying a semi-classical approximation with
the help of Volkov solutions. The S-matrix is then obtained to study the DCS. The developed model was computed to analyze the nature of the
DCS. The results indicate that the DCS for photon absorption is higher than for emission due to atomic oscillation/excitation. This causes atom
expansion upon absorption and a decrease in field strength during emission. Furthermore, the DCS behavior varies with the phase of the non-
monochromatic wave and polarization, with distinct patterns observed for absorption and emission scenarios. The DCS with energy at different
rates of absorption and emission exhibits a damping nature. Additionally, the DCS shows oscillatory behavior with separation distance, displaying
higher values for absorption and varying with laser phase. The findings provide valuable insights into electron-atom interactions under laser fields
in thermal conditions, with implications for quantum thermal machines, photochemistry, proton exchange membrane fuel cells (PEMFC), and
more.
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1. Introduction

Laser control of nuclear motion in molecules is advanc-
ing, with improved laser technology offering pulses with con-
trollable amplitude and phase. This enables coherent control
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yadavkishori70@gmail.com (Kishori Yadav)

scenarios to manipulate photochemical products via superposi-
tions of electronic or nuclear states. Electron control in atoms
has been successful through phase manipulation between two
laser fields, influencing angular distributions of photoelectrons
in ionization processes or directing photocurrents in quantum
wells, which are analogous to molecular systems. Such super-
positions also enable control of ionization and enhance high-
order harmonic generation [1]. Zhang and Nakajima [2] stud-
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ied Coulomb effects on photoionization of hydrogen atoms with
circular and linearly polarized intense laser fields, finding that
Coulomb fields affect ionization dynamics based on photoelec-
tron momentum, particularly in linearly polarized fields. How-
ever, they did not explore DCS or thermal environments for
scattering.

Schnez et al. [3] applied a fully relativistic quantum
electrodynamic approach using Volkov solutions and Dirac-
Volkov propagators to study cross sections for spontaneous
bremsstrahlung emission in circular and linear laser fields,
where classical ponderomotive energies exceed the electron’s
rest mass. Jin et al. [4] found that multiple interference
structures in xenon atom photoelectron momentum distribu-
tions (PMDs) can be manipulated using two-color laser fields,
influenced by forward-scattered electrons due to Coulomb ef-
fects. Adjusting the relative phase of the two colors can enhance
or suppress these structures. Jin et al. [5] investigated nonse-
quential double ionization (NSDI) in IR+XUV fields, noting
that forward collisions dominate when electrons are ejected in
the same direction, while both forward and backward collisions
contribute comparably when ejected oppositely.

Yu et al. [6] used the Coulomb-Volkov distorted-wave ap-
proximation (CVA) to study electron momentum distributions
in orthogonally polarized two-color pulses, finding better agree-
ment with experimental observations compared to strong-field
approximation (SFA) simulations, due to different Coulomb
phase corrections. Richter et al. [7] demonstrated control
over electron momentum distributions from single ionization
of Ar using two orthogonally polarized laser pulses of differ-
ent colors, showing that the visibility of interference fringes
depends on the controllable phase between the pulses. Buică
[8, 9] examined DCS in laser-assisted (e,2e) processes and fast-
electron-impact ionization in hydrogen atoms but did not con-
sider thermal effects. Dhobi et al. [10–12] investigated DCS
in weak laser fields, designed a Volkov wave function to study
thermal electron scattering, and explored DCS with the Volkov-
Thermal Wave Function in Coulomb potential.

After reviewing the literature, it is observed that research
to date has not comprehensively addressed non-monochromatic
laser-assisted scattering in a thermal environment, focusing in-
stead on monochromatic or two- and three-color laser fields
without considering thermal effects on DCS. Existing studies,
such as those by Bandrauk and Chelkowski [1], Zhang and
Nakajima [2], Schnez et al. [3], and Jin et al. [4], primarily
explore electron dynamics and ionization processes but over-
look the thermal environment’s impact. Dhobi et al. [10–
12] have investigated DCS in various contexts but not specifi-
cally within a thermal setting. This work aims to fill this gap
by examining DCS under non-monochromatic laser fields in
a thermal environment, thereby providing novel insights into
electron-atom interactions influenced by laser parameters and
thermal conditions. This research will significantly advance
the understanding of laser-matter interactions, with potential
applications. Specifically, our work on temperature control in
proton exchange membrane fuel cells (PEMFCs) relates to ad-
vances in quantum thermal machines, where managing heat at
the nanoscale is vital for improving device efficiency. By ex-

amining how non-monochromatic radiation affects heat dissi-
pation, our research can inform the development of more effi-
cient quantum devices, such as quantum refrigerators and heat
engines.

2. Materials and method

To study the DCS for thermal electron in non-
monochromatic laser assisted. We consider the vector
potential design by Milosvic as shown in equation (1). The
theory can be easily generalized to a laser field with an arbitrary
vector potential A(t) and, the vector potential of a N-colour
elliptically polarized laser field has the form [13]

A(t) = A0

N∑
n=1

[
an

(
Λ1n cos(nωt + ϕn)

+ Λ2n sin(nωt + ϕn)
)]
, (1)

where an, nω, and ϕn are the relative amplitude (with a being
the ratio of field strength) [14], frequency, and phase (phase
ϕ = 0, π/4, π/2, 3π/4, and π) of the nth vector potential com-
ponent. The polarization of the nth component is defined by
the vectors Λ1n = ê1 cos ζn and Λ2n = ê2 sin ζn. For ζn = 0,
the nth component is linearly polarized, while for ζn = π/4, the
polarization is circular. A0 is the equal field amplitude [15],
a = E0

ω
, where E0is the magnitude of the electric field, and

I = 1
2 cϵ0E2

0 ⇒ E0 =
(

2I
cϵ0

)1/2
. The most notable gauges in

strong-field physics beyond the dipole approximation are the
Lorentz-gauge and the Coulomb gauge [16].The wave function
of an electron in laser field is expressed in equation (2) is also
known as Volkov wave function;

X(r, t) =
1

(2π)3/2 exp
{

i
p
ℏ
·

(
r +

e
m

∫
A(t) dt

)
− i

E
ℏ

t − i
e2

2mℏ

∫
A2(t) dt

}
. (2)

Substituting value of A(t) from equation (1) in equation (2)
and solving for thermal case using superposition theorem. The
the obtained equation (3) is the wave function of laser assist
electron in thermal environment for elliptical polarized,

XE(r, t) =
1

(2π)3/2 exp {ip · r

+

N∑
n=1

(
ianα0p sin(nωt + ϕn − γ)

n

)
−iEt}

−ke∇TeT exp(iωeTt), (3)

where α0 = eA0/mω and tan γ =⇒ tan θ tan ζn and γ =⇒
tan−1(tan θ tan ζn). Also, the last term of equation (2) is ne-
glected because it tends to zero when operated with its com-
plex conjugate. Similarly, for non-monochromatic linear polar-
ization, the Volkov wave function for a thermal electron [12]
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(Λ1n = ê1 cos ζn and Λ2n = ê2 sin ζn = 0) is obtained from
equation (1) and equation (2), for cos ζn = 1, we get:

XL(r, t) =
1

(2π)3/2 exp
{

ip · r

+ ip · α0

N∑
n=1

an

n
sin(nωt + ϕn)

− iEt − i
α0

4

N∑
n=1

an

n

(
nωt +

sin(2nωt + 2ϕn)
2

) }
− ke∇TeT exp(iωeTt). (4)

For Non-monochromatic elliptical and circular polarized in
thermal environment transition matrix using Kroll and Watson
approximation using equation (5) shown below

S = δ f i −

∫
⟨X f |V(r)|Xi⟩, (5)

where Xi and X f represent the initial and final wave functions of
a non-monochromatic wave. By substituting the value of XEC

from equation (3) into equation (5) and solving, we obtain the
following expression for V(r) = 4ζ(3)/3πβ3r2 − 4ζ(5)/5πβ5r4

[17]. The thermal potential is then given by:

TE
f i = Jl

 N∑
n=1

anα0q cos θ
n

 exp il(ϕn − γ) f (1)
Born

− ke

(
∇TeiT + ∇Te f T

) δ(ωe f T − ωeiT )
δ(Ee f T − EeiT + nlω)

. (6)

Equation (6) represents the transition matrix used to calculate
the DCS for non-monochromatic elliptical waves. The first
term involves a Bessel function Jl, with a sum over quantum
states n and phase factors exp[il(ϕn − γ)], combined with the
Born approximation f (1)

Born. This allows for a simplified, ana-
lytic treatment of scattering processes under weak interactions.
The second term includes ∇T and Dirac delta functions that
enforce energy and frequency conservation, enabling the anal-
ysis of thermal effects on energy transitions. Together, these
components model quantum transitions with thermal depen-
dence while ensuring adherence to conservation laws, which is
crucial for understanding temperature-dependent processes in
fields such as spectroscopy, materials science, and energy sys-
tems. The Born factor is given by equation (7):

f (1)
Born = −

4π
q

[
−

4ζ(3)
3πβ3

( exp(iqr)
(
−iq3r3 + 3q2 + 6iqr − 6

)
q4

+
exp(−iqr)

(
iq3r3 + 3q2 − 6iqr − 6

)
q4

)

−
4ζ(5)
5πβ5

( exp(−iqr)
(
iq5r5 + 5q4r4 − 20iq3r3

)
q6

+
exp(−iqr)

(
−60q2r2 + 120iqr + 120

)
q6

+
exp(iqr)

(
−iq5r5 + 5q4r4 + 20iq3r3

)
q6

−
exp(iqr)

(
60q2r2 + 120iqr − 120

)
q6

)]
. (7)

Equation (7) accounts for the various contributions to the Born
factor, incorporating terms involving exp(iqr) and exp(−iqr),
along with their associated coefficients.

For the absorption and emission of a photon from the non-
monochromatic laser field, the DCS is given by:1 ∓ lω

p2
i

1/2

=
p f

pi(
dσ
dΩ

)
E
=

1 ∓ lω
p2

i

1/2 (
TE

f i

)2
. (8)

Equation (8) represents the DCS for photon absorption and

emission. The term
(
1 ∓ lω

p2
i

)1/2
serves as a modification fac-

tor that depends on the initial momentum pi, the photon’s fre-
quency ω, and l, which represents the number of absorbed or
emitted photons. The factor

(
TE

f i

)2
is the transition matrix ele-

ment for the electric field case.
Additionally, for the non-monochromatic circular polariza-

tion case, we have γ =⇒ tan−1(tan θ tan ζn). Taking tan ζn = 1,
we obtain γ =⇒ tan−1(tan θ). Thus, the DCS becomes:(

dσ
dΩ

)
c
=

1 ∓ lω
p2

i

1/2 (
TC

f i

)2
. (9)

Equation (9) represents the general form but specifically applies
to non-monochromatic circular polarization, with TC

f i being the
corresponding transition matrix element. A similar DCS for
non-monochromatic linear polarization is obtained, as shown
in equation (10).(

dσ
dΩ

)
L
=

1 ∓ lω
p2

i

1/2 (
TL

f i

)2
, (10)

where,

TL
f i = Jl

1
n

N∑
n=1

anα0q cos θ

 exp(ilϕn) f (1)
Born

− ke

(
∇TeiT + ∇Te f T

) δ
(
ωe f T − ωeiT

)
δ
(
Ee f T − EeiT + nlω

) . (11)

The theoretical model developed in this work is validated
through experiments conducted on a single PEMFC, where the
exothermic reaction creates a thermal environment. In this envi-
ronment, the generated electrons, protons, and hydrogen atoms
around the PEMFC electrode contribute to current and voltage
generation. The thermal environment consists of a mixture of
different wavelengths, resulting from the collisions of electrons,
protons, and hydrogen atoms, particularly in bulk systems or
stacks. This interaction within the thermal environment is cru-
cial for understanding the performance of the PEMFC.

3. Result and discussion

3.1. DCS with non-monochromatic elliptical and circular
The DCS for photon absorption from a non-monochromatic

laser field is higher than for photon emission, as shown in Fig-
ure 1. This is because, when an atom absorbs a photon, it un-
dergoes expansion due to the internal vibrations of its electrons,
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and the atom oscillates, covering a larger area of interaction
with the incident photon. In contrast, during photon emission,
the atom undergoes much smaller expansion and oscillation, re-
sulting in a reduced area of interaction. Additionally, during
photon emission, the field strength of the atom decreases as it
transitions to a lower energy state, causing the incoming elec-
tron’s field to dominate. This leads to a stronger Coulomb in-
teraction between the atom and the projected electron, bringing
them closer together, which results in a lower DCS.

On the other hand, photon absorption increases the field
strength (due to the Coulomb interaction) between the incident
electron and the target atom, leading to greater deflection as
a result of the Coulomb charge interactions between the tar-
get and the projected electron. As a result, the DCS is higher
for photon absorption. This pattern holds true for both pos-
itive and negative ellipticities (π/2 and −π/2). Compared to
monochromatic laser-assisted scattering, where the DCS de-
creases as noted by Buica [18], the non-monochromatic laser-
assisted scattering in this work shows a higher DCS for absorp-
tion due to the complex interactions introduced by the variable
characteristics of the laser field. Figure 1 illustrates the DCS for
photon absorption and emission at various non-monochromatic
laser phases. The DCS for absorption is higher when the laser
phase is π, indicating more superposition between photons and
electrons in the presence of the target. In contrast, at phase
zero, where no superposition occurs, the DCS is lower. Gen-
erally, the DCS increases with the phase of the applied pho-
tons for absorption. In the emission case, the DCS is higher at
phase π, but lower at phase π/4. This suggests that the interac-
tion range for absorption is greater, and the probability of inter-
action between particles is higher at laser phase π/4, whereas
other phases show lower probabilities.

Comparing the DCS for emission and absorption at the
same phase reveals that the DCS for absorption is consistently
higher than for emission. DeHarak et al. [19] studied the effects
of polarization direction on laser-assisted free-free scattering,
finding that the DCS as a function of scattering angle is sym-
metric in nature. Moreover, the DCS for non-monochromatic
elliptical polarization is higher than for non-monochromatic cir-
cular polarization, and the DCS for non-monochromatic circu-
lar polarization is higher than for non-monochromatic linear po-
larization. This is because elliptical polarization covers a larger
area in the x-y plane during travel, increasing the probability of
interaction. Circular polarization covers a smaller area, and lin-
ear polarization covers an even smaller, single-direction area,
resulting in the lowest DCS. Jablonski et al. [20] found that,
for hydrogen atoms, the DCS as a function of scattering angle
follows a sinusoidal wave pattern in the absence of a laser field,
which aligns with the general behavior observed in other stud-
ies.

Figure 2 shows how the DCS decreases with increasing in-
cidence energy of the electron for both the absorption and emis-
sion of a single photon. In Figure 2(a), the absorption scenario
is depicted, while Figure 2(b) shows the emission scenario.
This decrease in DCS is attributed to the Bessel function, a
mathematical function derived from the Volkov wave function,
which represents the effect of the laser field on a free electron.

The Bessel function induces oscillations in the DCS, reflecting
the oscillating component of the electron’s velocity and energy
during the scattering event. This behavior was similarly ob-
served in the absorption of photons [21]. For both emission and
absorption, the DCS is higher at a laser phase of π compared to
phases zero and π/4, with similar trends observed for ellipticity
−π/2. Additionally, while the DCS for non-monochromatic cir-
cular polarization is less than for non-monochromatic elliptical
polarization, it remains higher than for non-monochromatic lin-
ear polarization. The larger interaction area in the x-y plane for
non-monochromatic elliptical polarization results in a higher
probability of interaction, explaining the higher DCS compared
to both non-monochromatic circular and non-monochromatic
linear polarizations.

In the case of photon absorption, the DCS exhibits lower
damping compared to the emission scenario. When an atom
absorbs a photon, the resultant oscillation amplitude is higher
because the atom takes more time to absorb the photon, lead-
ing to a longer interaction time with the incident particle. This
longer duration of oscillation results in less damping. In con-
trast, during photon emission, the atom’s oscillation amplitude
is lower, and the interaction time with the projected particle is
shorter, resulting in higher damping in the emission case.

Figure 3 depicts the DCS as a function of varying separation
distances between the target and the incident electron in a laser
field. The DCS increases as the separation distance increases.
For the absorption case, the DCS is notably higher, whereas for
the emission case, it is lower. When the laser phase is π, the
DCS reaches its peak for absorption, while it is lower for phase
zero. At phase π/4, the DCS appears nearly constant due to
high oscillations of the same frequency but with lower ampli-
tude. In contrast, during emission, the DCS at phase zero shows
oscillations, while at phases π and π/4, it remains constant, as
illustrated in Figures 3(a) and 3(b).

At close separation distances, the DCS becomes nearly con-
stant due to high oscillations with very low consistent ampli-
tude. This suggests that when the target and the incident elec-
tron are very close, the Coulombic force of the target dominates
over the energy of the projected particle. In this regime, the
phase of the laser field has minimal impact, resulting in nearly
equal DCS values across different phases. The high oscillation
at close distances diminishes the influence of phase variations,
leading to a uniform DCS for all phases. This behavior indi-
cates that at small separations, the interaction is dominated by
immediate electron-target dynamics, overshadowing the effects
of the laser field’s phase.

For ellipticity −π/2, the nature of the DCS with separa-
tion distance exhibits distinct characteristics. Specifically, at
a phase of π/4, the DCS is higher than at π/2 in the ellipti-
cal case, which is contrary to the behavior observed in other
cases, except for absorption scenarios. However, in emission
cases, the DCS for ellipticity −π/2 surpasses that of absorption
at π/2. This suggests that ellipticity plays a significant role in
determining the DCS behavior. Therefore, it was important to
study the DCS for all three polarization cases.

The straight line observed in the separation distance graph
represents the superposition of waves, which results in reduced
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Figure 1. DCS with (a) Absorption and (b) Emission with scattering angle for ζn = π/2

Figure 2. DCS with (a) Absorption and (b) Emission with incidence energy for ζn=π/2

Figure 3. DCS with (a) Absorption and (b) Emission with distance separation for ζn=π/2

amplitude and nearly constant DCS values. Additionally, the
range of DCS values, spanning from positive to negative on the
y-axis, was investigated by Ajana et al. [22] in their research
on the second Born approximation in laser-assisted (e, 2e) col-
lisions in hydrogen. In our study, we present both positive and
negative DCS values on the axis, indicating the maximum and

minimum DCS values for the interaction.

3.2. DCS for non-monochromatic linear polarization
The DCS as a function of scattering angle for the non-

monochromatic linear polarization case, shown in Figure 4, ex-
hibits trends similar to those of the non-monochromatic ellip-
tical and non-monochromatic circular polarization cases, albeit

5



Dhobi et al. / J. Nig. Soc. Phys. Sci. 7 (2025) 2345 6

Figure 4. DCS with (a) Absorption and (b) Emission with scattering angle for ζn = 0

Figure 5. DCS with (a) Absorption and (b) Emission with incidence energy for ζn = 0

Figure 6. DCS with (a) Absorption and (b) Emission with separation distance for ζn = 0

with differences in amplitude and the location of their maxima.
In the absorption scenario, the DCS is lower for a phase of zero
compared to phases π/4 and π, following an ascending order.
In contrast, in the emission case, the DCS for a phase of zero
is higher than for phases π/4 and π, following a descending or-
der. This behavior arises from the interplay between absorption

and emission processes, which contribute to superpositions in
the field and result in fluctuations in the DCS as a function of
phase. These variations are influenced by the thermal charac-
teristics of both the electron and the potential.

A comparison of the total double differential cross sec-
tions (TDCSs) for hydrogen ionization by electron impact in
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the presence of non-monochromatic circularly polarized and
non-monochromatic linearly polarized laser fields, as discussed
by Buica [9], reveals a non-constant nature of the DCS for
both non-monochromatic linear and non-monochromatic el-
liptical polarizations. Specifically, the DCS for the non-
monochromatic linear case is higher at certain angles than for
the non-monochromatic circular case, and vice versa at different
angles. This demonstrates the dynamic nature of DCS behavior
under varying polarization conditions.

Figure 5 illustrates the DCS as a function of the incidence
energy of electrons for both photon absorption and emission
scenarios, as shown in Figures 5(a) and 5(b), respectively. The
decrease in DCS with increasing incidence energy is attributed
to the Bessel function, consistent with previous findings on pho-
ton absorption [21]. As observed earlier, the DCS with scatter-
ing angle is higher at a phase of π compared to phases zero
and π/4 for both emission and absorption scenarios. Addition-
ally, the DCS for the linear polarization case is lower compared
to the non-monochromatic circular and elliptical polarization
cases.

In the absorption of photons, the damping of the DCS oc-
curs more slowly, whereas in the emission case, it occurs more
rapidly. This difference arises because when an atom absorbs
a photon, the resultant oscillation of the thermal electron and
atom takes more time, as the system gains energy, leading to
a longer duration of oscillation with less damping. In contrast,
during photon emission, the lower energy associated with os-
cillation results in the atom’s inability to resist damping effec-
tively, leading to faster damping. Thus, the dynamics of energy
exchange between absorption and emission processes signifi-
cantly influence the damping behavior of the DCS.

Figure 6 illustrates the DCS as a function of the separa-
tion distance between the target and the incident electron in a
non-monochromatic linearly polarized laser field. The DCS in-
creases as the separation distance increases, exhibiting a sim-
ilar trend to that observed in the non-monochromatic circu-
lar and elliptical polarization cases. In the absorption sce-
nario, the DCS is higher, while in the emission scenario, it
is lower. Specifically, for absorption, the DCS is higher for
a phase of π, while it is lower for phases zero and π/4, with
increasing oscillations. This behavior is consistent across all
three non-monochromatic polarization cases (elliptical, circu-
lar, and linear). When the separation between the target and the
projected electron is minimal, highly oscillatory behavior with
the same amplitude is observed, resulting in a nearly straight
line. For emission, oscillations are observed at phases zero and
π/4, while for phase π, the DCS remains constant due to high-
frequency oscillations with consistent amplitude. Figure 6(a)
depicts the absorption case for linear polarization, while Figure
6(b) illustrates the emission case.

Laser-assisted thermal processes are used to precisely heat
microparticles, nanoparticles (NPs), and biological tissues [23].
Applications include laser treatment of materials, selective pho-
tothermolysis in medicine (e.g., cancer cell destruction using
nanoparticles), and nanotechnologies involving plasmonic NPs
for light-to-heat conversion [24]. The heating is highly local-
ized and controlled, enabling applications in biomedical proce-

dures, nanomaterial processing, and catalysis [25]. Thus, this
design model has significant potential for thermal management
at the nanoscale in various quantum systems.

4. Conclusion

In conclusion, this study explores the intricate dynam-
ics of electron-atom interactions under the influence of non-
monochromatic laser fields within a thermal environment.
Through a rigorous analysis of the DCS across various scenar-
ios, we have uncovered nuanced behaviors dictated by laser pa-
rameters, polarization, and thermal effects. The influence of
laser phase, polarization direction, and separation distance be-
tween the electron and the target further modulates the DCS
characteristics, revealing distinct patterns for absorption and
emission scenarios. Thermal dynamics play a significant role,
with slower damping observed in absorption due to energy gain
and prolonged oscillations, in contrast to faster damping in
emission. This comprehensive exploration extends beyond pre-
vious monochromatic studies, offering novel insights into laser-
matter interactions that are crucial for quantum control and pho-
tochemistry applications. By addressing this research gap, we
contribute to advancing the understanding of laser-induced pro-
cesses, paving the way for future advancements in manipulating
molecular dynamics and optimizing quantum control strategies.
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