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Abstract

The Euclidean motion group G = S E(n) is a non-commutative and non-compact solvable Lie group which may also be referred to as an affine
group of rigid motions on R” realized as G = R" x SO(n). It is observed that this group is isomorphic to the collection of homogeneous
transformation matrices. This article presents a novel method for calculating the Haar measure of G, and is demonstrated that it is the product of
the Lebesque measure of R? and the normalized measure of SO(2). A thorough description is given of the topology of the Schwartz space of G
(S(G = S E(n))) and how it is produced by a system of semi-norms. For n = 2, the convolution product of functions in SS E(2) realises the Radon
transform of functions in SS E(2). It is demonstrated that this convolution is homogeneous, smooth and satisfies the moment condition. Further
more, spherical analysis on the Gelfand pair (R" % SO(n), SO(n)) is presented, including an explicit determination of spherical function for G,
when n = 2, by the method of separation of variables.
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1. Introduction [4]. Since then, analysis on symmetric spaces has also used
this concept (Gelfand pair). A prototype of Fourier analysis on
R” is spherical analysis on the pair (G, K) [5]. Numerous spe-
cial functions introduced in analysis have been shown to have
tight ties to the idea of linear representations of Lie groups. The
spherical functions are prominent among these functions. Both
the continuous features of Lie groups and the classical Laplace
spherical harmonics are generalized by the theory of spherical
functions. In the current theory of infinite dimensional linear
representation of Lie groups, spherical functions are crucial.
We address spherical functions on the Euclidean motion groups
in this paper. Without providing any proof, Jean Dieudonne
[6] mentioned that the spherical function for SE(2) is a Bessel
function of order zero. The aim to provide a proof of this claim
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Radon transform takes a function defined on R” and trans-
forms it into a function defined on a space of hyperplane of R"
[1, 2]. The use of the Radon transform is evident in tomog-
raphy, which is the process of generating an image from pro-
jection data linked to an object’s Cross Sectional Scan (CST)
[1, 3]. This paper aims at investigating the Radon transform
over S E(n) using harmonic analysis and the method of con-
volution. It is demonstrated that this convolution is smooth,
homogenous and is in the Schwartz space of SE(2).

The study of representations of semi-simple Lie groups is
where the concept of a Gelfand pairs was initially observed
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for the pair (G, K) are spherical Bessel functions.

This research is organized into four sections as follows. Section
two is concerned with preliminaries on the Euclidean motion
group. Under this section, the structure of the Euclidean motion
and Haar measures are carefully presented. Radon transform
on R” and its properties are also discussed, and is extended to
Euclidean motion group. Results concerning properties of Con-
volution on SE(2) are presented in this section. In section four
preliminaries concerning spherical functions on locally com-
pact group, one parameter subgroups and vector fields on SE(2)
are considered. Results concerning spherical functions on G
and the pair (G, K) are also presented in this section.

2. Preliminaries

2.1. The Euclidean motion group

The group S E(n) is realized as the semi-direct product of
R”" with SO(n). That is SE(n) = R" x SO(n). Any member
of § E(n) may be denoted as g = (X, &), where & € S O(n) and
X € R". Forany g; = (x,¢)) and g = (52,&) € SE(n),
multiplication on SE(n) may be defined as [7]:

8182 = (X1 + £10,6162),

and the inverse is defined as
gfl — (—é:t)_c, é:t)

Here & denotes a transpose. Alternatively, S E(n) may also be
identified as a matrix group whose arbitrary element may be
identified as (n + 1) X (n + 1) matrix, given in the form

H(g)=(§, ’1‘) M

where ¢ € SO(n) and 0 = (0,0...,0). It is observed that
H(gNH(g) = H(g1g), H(g™') = H'(g) and g — H(g) is
an isomorphism between S E(n) and H(g). We state this result
formally as a proposition below and present a proof.

2.1.1. Proposition

g — H(g), being a map, is an isomorphism between S E(n)
and the set of transformation matrices, H(g), that are homoge-
neous.

Proof. We restrict the proof of this result to n = 2. Define

the map H : g — H(g) by H(a,A) = ( & X ) We show that

o 1

H is a bijective homomorphism which is also bi-continuous.
(1) Homomorphism of H. Let g1 = (x1,&1) € SE(2) and

82 = (x2,£) € SE(2). We show that H(g182) = H(g1)H(g2).

This follows because,

H(g1g2) = Hl[(x1,€1)(x2, E)] = H(xy + &1x2,&162)
:(5152 x1+§1x2)_(§1 X )( & xz)
o’ 1 Lo o 1

= H(g1)H(g2).

(i1) Injectivity of H. For g; = (x1,&)) and g, = (x2, &), then
H(g1) = H(g,) implies that

(fl X1 )_(fz Xz)
o 1) {0 1}
Therefore, &, = & and x| = x,, hence, g| = g. (iii) Surjectiv-
ity of H. For all g € SE(2), 3y € GL(3,R) such that H(g) = y.
Hence, H is surjective. (iv) Continuity of H and H~!. Since
every transformation map is continuous as well as its inverse, it
therefore means that H and its inverse are continuous since H
is a transformation map. g

We can now give the matrix representation of the element
of SE(2) c GL(3,R) by:

cos¢p —sing x
8((x1,x2),¢) =| sing cos¢p xp |,
0 0 1

where ¢ € [0,27], (a1,a>) € R? [8, 9] and in polar coordinate
as
cos¢p —sing xjcosé
g(x,¢,0) =] sing cos¢ xysinf |,
0 0 1

% = (x1,x) € R% ¢,0 € [0,27]. The group SE(2) is a non
- compact and non- commutative solvable Lie group [8]. It is
also referred to as a group of rigid motions on R” and plays a
significant role in robotic, motion planning as well as dynamics
[10]. M(2) is a three (3) dimensional solvable Lie group with
a connected component containing the identity. It is also called
the Isometry group of R?, represented as I(R).

In what follows, we focus on some aspects of harmonic
analysis on S E(2). In particular, we are concerned with some
properties of convolution of functions on the group.

Before going on, it is pertinent to show explicitly how the
Haar measure on the group S E(2) may be computed. This is
done in what follows.

2.2. Haar measure (Integration) on the Euclidean motion
group
We begin this subsection by defining Radon measure on a
space X that is locally compact and Hausdorff. The following
definition is found in Refs. [11, 12]. Let C.(X) be the space
of function on X that are continuous with compact support. A
Radon measure on X is a function

u:C(X) — R,
such that for every K C X, which is compact, 3 Mg such that

(Ol < Mg |l f lleos Vf € Ce(X).

Here and here after, || . || is the uniform norm on C.(X). The
action of ¢ on a function f € C.(X) denoted by u(f) is the
integration of f and is defined by

u(f) = 10f) = fX Fdu).
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A Radon measure u on X is non- negative if for f € C.(X) with
f(x) =0, we have u(f) > 0.

In order to describe the Haar measures on a locally compact
group, we require the following preparations. Let a € G be
fixed. The left and right actions of a € G are defined by:

L,:=x—ax:G— G,

and
R, =x—xa:G— G,

respectively. Following these the left and right translations of
the function
f:G— C(orR)

, are given by:
of (@) 1= (f o L)) = fla'x),

and

Ja(x) := (f o Ro)(x) = f(xa),

respectively. u is called left and right invariant respectively if
H(af) = p(f) and p(fa) = p(f). If pCaf) = p(f) # 0, p is called
left Haar measure.

For a fixed element a € G, recall that L, is the left transla-
tion by a and R, is the right translation by a. Given g € G, we
set S(g) = |J(Ly)|, where J(L,)| is the Jacobian matrix and |.| is
the absolute value. Similarly, we set D(g) = |J(L,)|. Then the
left and right Haar integrals of G are, respectively, computed by
the formulas:

/(@)

I = —dg,

(f) ¢ S(2) 8
and f(9)
8

1 = —dg.

r(f) - D(g) 8

As given above, an element of § E£(2) may be written as:

cos¢p -—sing a;
g=| sing cos¢ ar |,¢€l0,2n],(ar,a) € R: (2)
0 0 1

For x € SE(2), L,(g) is given as:

cos¢ —sing a X1 X2 X13
L.(g)=]| sing ~cos¢d a Xo1 X2 X23
0 0 1 X31 X322 X33

X11COSP — Xp1 SINP + a1X31  X12COSP — X2 SN + a1X3p  X13COSd — X3 SIn¢h + a1 x33
=| x;18ing+ x2CO8SP + arx3;  X28ind + x22 oS P + arx32  xp3Sing + x3 08P + arxzz |.
31 X32 X33

In order to compute the Jacobian of the left translation L,(g), we
define the entries of matrix L,(g) by the functions Fi, F>, ..., Fg
as follows:

Fi(xij) = x11 cos ¢ — xo1 sin ¢ + a1 x3

Fa(xij) = Xx12c08¢ — X sin¢g + a;x3»
F3()C[j) = X13COS P — X3 SiIl(ﬁ + ajx33

F4(x,-j) = X11 sin¢ + X1 COS @ + arx3;

Fs(x;j) = x128in ¢ + x5 cOS ¢ + arx32
Fe(x;j) = x13 sin¢ + x23 COs ¢ + azx33
Fr(xij) = x31, Fg(xij) = x32, Fo(xij) = X33.
Therefore, the Jacobian is computed using the formula:

OF, OF, OF, OF, OF, OF, OF, OF, OF,

dxy  Oxpp Ox;3 Oxy Oxp Oxp Oxy  Oxp Oxp
ok, 9K, 9F, OF, OF, OF,  0Fy,  0F;  0F;
ax;p Oxpp 0xy3 Oxy1 Oxpp Oxp;z Oxy Oxyp Oxy
[ IF3 IF3 IF3 IF3 OF3 IF3 OF3 dF3
ox ox ox ox; ox ox; ox ox: ox:
oF. GFi 8P, 8K, oFi  GF  GF,  oF, GF,
ox ox ox ox; ox ox; ox ox ox:
J(L,) = oFs  GFs 8 GFs GFs OFs  OFs  9Fs  OFs
x) = Ax1 Ax12 dx13 Axy1 0x2 0x03 0x31 Ox3 0x33
Ok OFs  OFs OFs OFs OFs  OFs  0Fs  0Fg
axy dx12 dx13 0x7) 0x2n 0x23 0x31 Oxz Ox33
0F; 0F; 0F; 0F; 0F; 0F; 0F; 0F; 0F;
(’))C]] 0)(12 (’)X13 0xz1 (3X22 axz3 0X3| 0X32 (9X33
OFy  OFy  OFy  OFy  OFy  OFy  0Fy  OFy  OFg
axy1 dx;p  Oxjz Oxpy 0xpp  Oxp3  Oxz Oxp  Ox33
dFg IFg IF g IFy IFy IFy dFg dFy dFy
axyy dx12 dx13 0x2 0x2 0x23 0x31 0x3) 0x33
cos ¢ 0 0 —sing 0 0 a 0 O
0 cos ¢ 0 0 —sing 0 0 a O
0 0 cos¢ 0 0 -sing 0 0 a
sin ¢ 0 0 cos ¢ 0 0 a 0 0
= 0 sin ¢ 0 0 cos ¢ 0 0 a 0 |,
0 0 sin ¢ 0 0 cosg 0 0 a
0 0 0 0 0 0 1 0 O
0 0 0 0 0 0 0o 1 0
0 0 0 0 0 0 0 0 1

so that S (x) = |J(L,)| = 1. The left Haar integral over S E(2) is
therefore given as:

1), _

se2) S(X) SEQ)

1 27
= 2—f d¢f f(xlyxz)dxldn:f f(x1, x2)dxidx;.
T Jo R2 R2

Here % fozn d¢ is the normalised Haar integral of SO(2) up
to isomorphism with the circle group T. A similar calcula-
tion shows that the right Haar integral on S E(2) is the same
as the left Haar integral. Thus the Lie group S E(2) is unimod-
ular. Henceforth, dg = dus(g) denotes the Haar measure of
G =SEQ2).

We close this subsection with the definition of the Schwartz
space of S E(2). Consider S E(2) realized as R x T where T =
R/2xZ. If we choose a system of coordinates (x, y, §) on G with
x,y € Rand 6 € T, then the Schwartz space of S E(2) may be
defined in the following way.

1.(f) = f(g)dg

2.2.1. Definition (Ref. [10])
A complex-valued C* function f on G = SE(2) is called
rapidly decreasing if for any N € N and @ € N* we have:

Pro(f) = Supgereers | (1 +EPYN (DT F)E,0) |< +oo,

O\ 0\ d\®
=5 ) (Ga)
ox/) \dy/ \96
(@ = (a1, a2,a3);& = (x,y)). The vector space of all rapidly
decreasing functions on G is denoted by S = S(G). Then S

where
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is a Frechet space in the topology given by the family of semi-
norms {Py, : N € Nya € N3}. The space S’(G) of linear
functionals on S (G) that are continuous is called the space of
tempered distribution on G = S E(2).

3. Radon transform of functions on R” and SE(2)

Let X = (x1, x2, ..., X,) be an arbitrary point in R”, f(X) =
f(x1, x2, ..., x,) be a function on R" and dX = dxdx;...dx, be a
measure in R”. Let £ be a unit vector that defines the hyperplane
with the equation

P=¢-X=6x1+&Ex0+ . +Ex,.

The Radon transform of f is defined as
RO = | fXOS(P - ¢ - X)dX.
Rﬂ

We may also denote R{f(X)} by f(P,&). The properties of this
transform on R” as contained in Ref. [2] are:

1. Homogeneity property: This property states that, for ar-
bitrary real number s # 0,

f(sP,s&) =I s f(P&).

If s = -1, f(-P,—&) = f(P,&). This is the symmetric
property.

2. Linearity property: Given f and g as functions and cy, ¢;
as constants, then

Ricif +cog) =c1Rf + c2NRg.

This property allows this transform defined on R" to be
seen as a linear transform.

3. Shifting property: Considering f(X — a), (@ € R"), where
X —aare (x; —ay,x, —as,...,x, —a,). Then

RfX-a)= | fX-a)oP-&-X)dX

R®

= f SNS(P - E.a—EY)dY.
]Rn
dX =dx,.dx;...dx, and dY = dy,.dy,...dy,. If a = —a, we have:

RAX +a)= f(P+&-a,é).

We also give the definition of Radon transform of functions
on SE(2). Let f be a complex valued function on S E(2). Then
the Radon transform of f as may be found in Ref. [8] is defined
as:

fla-e,ATe) = f f(NS(a-e—ATPdr. (3)
R2

The definition of Radon transform on S E(2) given in equation
(3) above may be shown to be the convolution of two functions
on S E(2) as follows. Let

f@=r@E™"h

be a conjugate function. Then the convolution of f; and f; on
G is given by

(fi = f3)(8) = fG fith) fo(g ™" ) dh = fG fi(gh) f(h)dh.
When G = S E(2), we write:

i * )@ A) = f fila+ A AR)f>(r,R) dr dR,

S0(2) JR?

where dr is the Lebesque measure on R? and dR is the Haar
measure on S O(2).

Letting e; = (1,0) € R?, fi(a,A) = 8(a.e;) and fo(r,R) =
f(-r), we have:

(fi * H)a,A) = f f 6(a + Ar) fo(—r)drdR.
50(2) JR?

Let dR be a measure on S O(2) normalized so that the total mea-
sure equals 1. In other words, assume that fS o) dR =1, then

(e sidad) = [ o+ anfinr
By applying the transformation r — —r, we get
(e ety = [ ota=anour= | fosa=andr
= fRz f(Ns(a-er —ATr)dr = f(a- e, ATey).
We present the following result in the theorem below:

3.1. Theorem

Let G = R? x SO(2) and let ®(a,A) be the convolution
product of functions fi, f; € S(G), with f; also a function in
S(G). Then the following properties hold:

(i) @(a,A) satisfies the homogeneity condition
O(ea, aA) =| a | Oa,A), @ > 0.

(i) ®(a,A) is infinitely differentiable with respect to a.
(iii) ®(a,A) € S(G)
(iv) the integral

1= [t ane
R2
contains a polynomial in ¢ of degree (n — 1) of the form

n—1

Pa(t) = (<1 lelrg( Y anlél ).
k=1

Proof
(i) We put

O(a,A) = f f(r)éa.e — rAT)dr.
RZ
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Then,
O(aa, @A) = f f(ré(aa.e — aAT r)dr
RZ
= f f(rdlala.e — ATr)dr
RZ

Using the properties below
8(ax) = a™'6(x) = lal~'6(x), “

we have:

O(aa,aA) = f f(r)a_lé(a.e —ATrdr
RZ

_1 f f(rd(a.e — ATr)dr
a Jr2

= o™ f f(s(a.e — ATrdr = o] f(a.e, ATe).
RZ

Hence,
O(aa, @A) = |a|_1®(a,A).
(i1)
D(a,A) = f f(r)d(a.e — AT .er)dr.
R2
Now
iCD(a,A) = i f f(r)o(a.e — ATer)dr
da da Jge

= f f(r)dria(a.e—ATer).
R2 d(l

Our focus is on “5(a.e — ATer). a = (aj,az) and
_ _ cosf —sinf T
r = (rn,mn), A = ( sind  cos ) and A =
cosf sinf then
—sind cos8 |’

a— ATy = ap | co§6’ sin § r1
ar —sinf cos@ "
_[a ) [ cos Ory + sin 0r,
N\ —sinfr; + cos Or,
_ [ ai —cos@r; —sin6ry
“\ ap +sin6r; — cosr,

= ( ay; —cosfr; —sinfry, ap + sinfry — cos Ory )

e R

Since for X = (x1, x2, X3, ...,
means that

-xn)’ 6(X) = ;L:l 6(xj) It

o0(ay — cosOry — sinbry, ar — sinbry + cosor,)

= 6(a; — cosOry — sinbry)d(a, + sinfr; — cosry).

Therefore,

d—&(al — cosOr; — sinfry)o(ay + sinbry — cos6rs)
a

(iii)

= H(a))d(ay + sinfr; — cosér,)
+ H(ay)é(ay — cosbr| — sinbry),

2
d—é(al — cosOr; — sinfry)é(a, + sinfry — coséry)
a

= H(a1)H(az) + H(a1)H(a2) = 2H(a1)H(az),
3

%6(011 — cosOry — sinfry)d(ay + sinfry — cosbry) = 0
where H denotes the Heaviside’s function. We can con-
clude that fi = f> € C*(G).
Let fi, 2 € S(G). We show that f
means that we have to show that
(@) f1 * 2 € C7(G)
(b) D*(f1 = f>)(g) is bounded. (a) has been proved in prop-
erty (ii) of the result above. Now to prove (b), let us give
the definition of convolution of functions in S(G). Given
f1. > € S(S E(2)), the convolution of f; and f; is defined
as

« f» € S(G). This

i+ A)@) = fG A g)dh.

Therefore,

ID*(f1 + f2)(l = fG D" fi(h) fo(h™" g)dhl.

We note that S E£(2) is unimodular [12], this means

f f(hg)dg = f f(ghydg = f f(g™hdg = f f(g)dg.
G G G G

So, by putting g = hg, we get:
ID*(f1 = 2)()] = | fG D fi(h) fo(h™" (hg)dh
= fG D* fi(h) f2(g)dhl

< fG D% £, (h) fa(g)dh.
‘We know that

D(f1 = f2)(g) = fi * D fa(g).

But
f1xD¥fa(h) = L f (WD*(h™! g)dh.

Therefore

D (fi * )] < f i WID® fu()ldh

fmwm

@ aN
because |D /(&) < gy

constant, we may put Qy = |(1 + ||€]| 2)N| so that

IIEIIZ)’“I

Since ||£]| is a positive real

ID"(fl*fz)(g)lsfGlfn(h)IID"fz(g)ldh
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f Ifi (h)ldh

= —||f1||L1(G),
O

C
h)ldh
II«fIIz)NI On f Lale

L+ IEPDYD (i f)E O] = 1A+ ERNID (i % H)E, )

< Clifllig) < +oo.

On taking supremum, we have

Pon(fixf2) = supger gere(1+IEIP)Y DY (fix /o), O)] < +oo.

(iv) We prove that

1= fRz €1 D€, A)dé

is a polynomial of degree ¢. To this end, we evaluate I us-
ing partial integration formula. To effect this, let U = ||£]|f
and let dV = ®(¢£,A) so that V = fRZ DO, A)dé. There-

fore,
I= UV—f VduU.
RZ
Now
i €M In|éll = dU = ||€]l In||€]|dz.
Now,

1= el fR 0 A - fR fR . Adglell n s
~ il f O A)dé f In [illdr f el D&, AV
R2 R R?

= lelr [ o anie - mielr [ nerocade. S
Integrating equation (5), we obtain
r=tat [ o aae

—lnllfllt(llfll’ fRz <I>(§,z‘\)d§“—1n||é“||tf]Rz II€II’<D(§,A)d§)

= el fR 0 AV - Il n el fR DAY
+(n Vil fR Nl oG, Aydg. ©)
Integrating equation (6), we obtain further

1= Lz D(E, A)dé - i€l lnllflltf]Rz D&, A)de
+ (In]jlly*s

x (it f O(E, AV — Inigle f lelf o, A)de)
R2 R2

= liglr’ Lz D(E, A)dé — i€l lnllflltL2 D&, A)de
+ (In |21l fRz (&, A)da

— (In[|€))*F L; NIl (€, A)dé.

Integrating 7 further, we obtain:
1=t [ o A= le miels | oA
+ gl (an gl fR O Ay — (inligl’s’
(11 [ e, ara - e [ o, arae)
R2 R2

= el [ e anie - el el [ e, e
+ gl an gl fR D& A)de

-l anlily’' el [ o ads

+ n i)' el fR 0 Ade)

We can conclude that the integral / contains a polynomial
in ¢ of degree (n — 1) of the form:

n—1
Py(1) = (—1)"‘1II§II‘ﬁ( > (in ||§||>’<t’<),
k=1
and a non terminating integral of the form:

(=D)"BIn(lIEI" "INV jﬂ;llé“ll’q)(f,f\)df' .

The above result is an extension of the work of Gelfand
and Gindikin [2] obtained for R”. We have extended the
result to the motion group and obtained a unique polyno-
mial in property (iv) which is used mainly in approxima-
tion theory for obtaining numerical solutions.

4. Explicit determination of spherical function for SE(2)

In this section, an explicit derivation of spherical function
for S E(n), when n = 2 is presented. Before then, some prelimi-
naries about one-parameter subgroups, vector fields and spher-
ical functions on G are required. We start with one parameter
subgroups of S E(2) in subsection 4.1 followed by vector fields
in subsection 4.2, spherical functions are discussed in subsec-
tion 4.3.

4.1. One-parameter subgroup of SE(2)

We begin this section by identifying the Lie algebra of
S E(n) denoted by se(n). This Lie algebra is the sub-algebra
of gl(n + 1, R) which may be defined as:

se(n):{X:(g g):QeR”,Peso(n)}.



Edeke & Bassey /J. Nig. Soc. Phys. Sci. 7 (2025) 2355 7

gl(n+1,R) is the Lie algebra of GL(n + 1, R), the general linear
group. It consist of real matrices Z of dimension n + 1 with
the Lie bracket [Z,, 2] = Z1Z, — Z,Z, for Z1,Z; € glln + 1,R)
and so(n), being the Lie algebra of S O(n), is defined as so(n) =
[P e gln+ 1,R)P+ P =0} [13]. se(2) is a three dimensional
Linear with the following as basis elements:

0 -1 0

1 0 O ] .

0 0 O

0 0 1
Xi=10 0 0 |,X;=
0 0 O

These basis elements obey these relations [X;,X;] = 0,
[X5,X3] = X and [X3,X;] = X, and are said to be commu-
tative. They are shown below:

0 00
0 0 1 |,X3=
0 0 0

[X1,X0] = X1 X5 — X0 X
0 0 1 0O 0 0
=0 0 O 0 0 1
0 0 O 0 0 O
0 0 0 0 0 1
-10 0 1 0 0 O
0 0 0 0 0 0
0O 0 O 0O 0 0
={0 0 O0|-10 O O
0 0 O 0 0 O
=0.
[X2, X3] = X0X3 — X3X
00 0)0 -1 0
=0 0 1 1 0 O
0 0 0 0O 0 O
0O -1 0 0 0 0
-1 0 O 0 0 1
0O 0 O 0 0 0
0O 0 0 0 0 -1
=0 0 O0|-10 O O
0O 0 O 0O 0 O
0 0 1
=0 0 O
0O 0 0
= X;.
[X3,X1] = X3X; —X1X3
0 0 0 1
=11 0 0 0 0 0
0O 0 O 0 0 0
0 0 1 0 —1 0
-10 0 O 1 0
0 0 0 0 0
0 0 O 0O 0 0
=10 0 1 0 0 O
0 0 O 0 0 0

S OO
S O O

z[

= X>.

oS = O
—_———

It is now suitable to discuss the one-parameter subgroup of
S E(2). This is important for defining the left or right invari-
ant differential operators on S E(2). Before going on, the one-
parameter subgroup of a (real) Lie group G in general is defined
as follows [14].

4.1.1. Definition

Let G be a linear Lie group. A function{ : R - G is a
one-parameter subgroup of G if
(a) ¢ is continuous
(b) £(0) = I, I is the identity element of G
(©) L(t+ 5) = L(H)(s), for all s,t € R.

There is an important theorem for calculating the one pa-
rameter subgroup of G which we state in theorem 4.1.2 below.

4.1.2. Theorem (Ref. [14])

Let{ : R —» GL(n,R) be a one-parameter subgroup. ¢ is a
C* and {(t) = exp(tB), with B = £’(0). In fact, £ is seen to be
even and real analytic.

Putting + = 1, then {(1) = exp(B) and since the expo-
nential map exp(.) is always defined from the Lie algebra of
G to G itself, it stands to reason that B € gl(n,R). We can
now calculate the one-parameter subgroups of S E(2) using the
formula specified in theorem 4.1.2. For X;, we have

£1(1) = exp(X1)

x> £x3
=I+1X; + TN +T+
Since
0 0 1 0 0 1
X}=10 0 00 0O
0 0O 0 0O
0 0O
=[0 0 0 |[=X],Vn > 2,
0 0O
we have

{1(1‘) =1+tX, =

—_O ~

1 00 0 0 1 1 0
0 1 O [+ 0 0 O (=]01 .
0 0 1 0 0 0 0 0

Similarly, the one-parameter subgroup of S E(2) corresponding
to X5 is

£X: rx3
O =exp(tXy) =1+tX + —+ —— +

][

But

S OO
S O O
S = O
S OO
S O O

S = O
—
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000
=0 0 0 |=X/VYn> 2
000
Therefore,
1 00 0 0 0 1 0
OLBO=1+tX, =10 1 1 [+] 0 0 1 (=] 0 1
00 1 000 00
Finally, £3(f) is obtained as:
2X: rx3
§3(t)_exp(tX3)_I+tX3+—+—+
2! 3|
Now
0 -1 0)(0 -1 0 -1 0 0
X3={1 0 0ofl1 0 O|=f0 -10
o 0o o0J)lo 0 0O 0 0 0
-1 0 0Y)(-1 0 O 0 10
X3=[ 0 -1 0ff 0 -1 0|=[-100
0 0 0oJLO 0 O 0 00
0 1 0)O0 -1 0 1 00
X;=[-1 001 0 O0|=l0 1 0
o ooJlo 0 o0 000
1 0 0)(O0 -1 0 0 -1 0
X;={0 1 0ff1 0 Oof=|1 0 O
000)JLO 0 O 0 0 0
0 -1 0)(0 -1 0 -1 0 0
X=1 0 off1 0 0= 0 -1 0
o o o0J)lo 0 0 0 0 0

Since X§ =
at X5 Therefore

£X: P£x; Xy £Xx;
§3([)—I+IX3+T+T+T ?
100 0 -1 0) (-1 0
=10 1 01|+l 1 O O +5 0 -1
0 0 O 0O 0 O : 0
a0 10
+—' -1 0 O
L0 0 O
1 0 0 5 0O -1 0
01 0 +—' 1 0 O
0 0 O Lo 0 O
1- %+§, 1+ L §+ 0
=l -5+ 5+ -G+ g5+ O
0 0 1

cost
sin ¢

—sint 0
cost 0 1.

E
E

—_— = O
| —

(N

].

2, the exponential series equation (7) terminates
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4.2. Vector fields on SE(2)

An explicit invariant differential operator on SE(2) [15, 16],
which is of interest in what follows, is the Laplace-Beltrami
operator given by:

62
+ —.
Oy

Before going on, we show that (R” x SO(n),S O(n)) is a
Gelfand pair, where G = R"” x S O(n) is the general Euclidean
motion group. For g € G, g = (£, k) withé e R, ke SOQ2) =
K. Product on G may be considered as an action of G on R"
given as:

1 62
r? 06?

10

w2 ,22
8r2+r8r+

g-x=k-x+¢,

where &, x € R"” and k € SO(n). Now, given kj,k, € K and
&1,& € R”, one can define a product in G as (ky, &) (ky, &) =
(ky - &1 + &, k1ko). This shows that (ky, &) = (ki,0)(1,&;) fol-
lowing the product defined above. Let us define a map ¢ as:

¢:G—G,

as
(k1,&1) o (ki,=&1) or ¢(k1,&1) = (ki, =€1).

Then ¢ is an automorphism of G that is involutive and con-
tinuous and ¢(ki,&1) = [(k1,0)(1,&D)] = ki, 001, =) =
(ky,0)(ky, &) (K1, 0). Therefore, ¢(g) € Kg~'K, Vg € G. This
shows that (G, K) is a Gelfand pair. This claim is supported
by Ref. [17]. Let us give an explicit derivation of spherical
function for G = R" x S O(n) as follows.

The Laplace-Beltrami operator on SE(2) [16] is given by:

62+16+1c’)2+62

o2 ror r2ogr oyt

Let the operator act on ¢ = ¢(r, 6,1), then

52 2 2

Oy 1op 10¢ ¢

orr  ror  r2oe? oy

We have the following elleptic partial differential equation
a) . 1dp 1 (924,0 0%
arr " ror r2oe 811/2 a

Let us assume that the above equation has a solution of the form

V2= ®)

Vch =

€))

(10)

@(r,0,¢) = R(NFOYW). (1D

Now,

op OR P &R

Friakd (9)‘1’0#)5 and Frol F (9)‘1’(!//)—

(9290 2

7 = R(l’)‘I’(w) 50 (12)

0% _ o*Y

6_1,02 =R(rFO)— a0
Substituting equation (12) into equation (10), we have:

0* 1 OR
FOrp 2 + S Forw S+ SRo o oE -
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62

Dividing equation (13) by R(r)F(8)¥(¥), we get:

1 a2R(r)+ 1 aR(r)+ 1 aZF(9)+ 1 PPy
R(r) 0r2 R()r or  F@O)r2 06> W) o>
18R L] OR(r) L] FFEO) 1 PV
R(r) or2  R(r or  FOr: 62  PW) 2

(14)

The Left Hand Side of equation (14) depends only on (7, 6)
while the Right Hand Side depends only on . We can equate
each side to a constant, say —m?”. Thus we get:

1 0*¥ 5 1 *Y , Y 5
_ = — —_— = - = l}’
VW) 092 = Yo " T g =W,
15)
and
1 6°R 1 IR 1 0*F )
— = = — = —m. 16
R a7 " Royror ' For o (16)
Multiplying equation (16) by 2, we get:
? R r oR 1 PF 5,
——+ — =-mr
R(r) dr* ~ R(r) or " Fo) ) 6%
so that
2 2
I OR r R o, 1 OF 17
R(r) 0r*  R(r) or F(9) 062

Again equate both sides equation (17) to n?
positive integer:

, h being a fixed

r dzR(r) r dR(r) 22 2
— = 1
Rr) d " Rey ar "N (18)
1 d&*Fo ,
FO) d60 " (19)
‘We can now solve the ODE:

r* d*R(r) r dR(r) 20 2
—_— —_— -n-=0. 20
R d7 "R ar " (20)

Next, we transform this equation into Bessel equation. To do
this, we let mr = x so that g—f = m. Then,

dR(r) _ dR(r)dx _ de(r)
dr — dx dr " dx

d®R(r) _d (dR\ d( dR(r)\  d’R(r)dx
dr? __(Z)_d_r( dx )_ dx® dr
B dzR(x) _ Ld*R(x)
B dx? m=m dx?

Equation (20) becomes

2 d’R R

Multiply equation (21) by R(r) to get

*R(r) R(r)
2 2
dx 2 +mr$

+ (m*r* = nHR(r) =

where mr = x; m%r? = x2, therefore,

dzR(r) N R(r)

2 —
e .XE +( -n)R(r)=0
This may be re-written as:
d*R(r) 1dR(r) n?
+ - +(1 - —=)R(r)=0. 22
2 i g TU- RO (22)

The differential equation (22) is a Bessel differential equation
and it has a solution of the form

Jamr) = T(5 >Zk,r(k+ (5% (23)

=I5 )(ﬁ)glngz(\/ﬂ). (24)

I, is the Bessel function of index v. Different values of A will
give different solutions. In our own case, we are considering
S E(2), that is n = 2. Therefore, equation (24) can be further
simplified to be

0
Ja(mr) = rm(@) I (Vr) (25)
= 1 (V7). O (26)

Expression equation (26) is the desired spherical function for
S E(2), generally referred to as the Bessel function of order
Zero.

A positive definite function [18, 19]

f:G-C
satisfies the following inequality

D i f(g g 20, @7

i,j=1m

for all subsets {g1, ..., gn} € G and all sequences {aj, ..., @y} €
C. The integral analogue of the inequality equation (27) is given
by

fG fG fgr gne(gNe(gdgidgy > 0, (28)

where ¢ ranges over L'(G) or C.(G). If f is a continuous func-
tions, equations (27) and (28) are equivalent.

A spherical function that also satisfies equation (27) is re-
ferred to as positive definite spherical function. Let (G, K) stand
for the set of spherical functions on G and let (G, Kir denotes
the subset of (G, K) that is positive definite. The set (G, K )1
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is isomorphic with R*. A measure 7 on (G, K)A such that for
fe L'(G, K) the plancherel theorem holds, that is

f |f(@)*d(kak) = f
(K\G/K) (G

is referred to as plancherel measure and its support is the full
set (G, K).

A Bochner measure ¢ on G can be decomposed with respect
to mr into the following

|f@Pdn(e),
K)

B

M= Hac + Ha + M (29)

With respect to 7, e, (g and p. are known as absolutely con-
tinuous, discrete part of the singular part of u and the continu-
ous part of the singular part of u respectively. There is a func-
tion h, € L'((G, K), ) such that for all measurable set E, we
have

ﬂac(E)th,udﬂ'-
E

A result concerning spherical functions on G, which are also
positive definite , is presented as follows.

4.2.1. Theorem
Let G = R" x SO(n) and let ¢ be a positive definite
K-bi-invariant function on G that is continuous. Let h, €
L'((G, K), ) be the representation of y,.. ¢ is strictly positive
definite if A, is strictly positive for all ¢ in the support of 7.
Proof Let us assume that there is a set of n elements
g1, 8y in G and cy, ..., ¢, € C such that

n

T eotat(s;' gg) = 0.

p.q=1

Without losing generality, let us assume that elements of G lie in
distinct coset, that is kg,k # kg,k, for p # q. Letting a¢(a‘1) =
a(a) and the notation g, = a,7,, we get

j(‘G,KY jl‘(

Decomposing u, we can conclude that the following integral is
equal to zero

Jo

Since A, > 0 on the support of 7 and the latter equal (G, K ), we
have that

2
drdu(p) = 0.

n
Z Cq@p(aqTy)
q=1

n

D TalagTy)

g=1

2
dthy,(p)dn(y).

n

D atag) =0,

q=1

for all @ in R”. Evaluation of points or functionals on the dual
group R” are linearly independent as a result of the Gelfand-

Raikov theorem, which leads to the contradiction c;
¢, =0. O

10
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5. Conclusion

In this work, a unique way of computing the Haar mea-
sure of SE(2) is presented. It is shown in that the Radon trans-
form of functions on SE(2) is obtained as the convolution of
functions in the Schwartz space of SE(2). A major result con-
cerning some properties of convolution of functions in SE(2)
is proved. The explicit determination of spherical functions for
SE(2) is presented. It is shown that this spherical function is the
Bessel function of order zero, obtained by solving the Laplace-
Beltrami operator of SE(2) radially by the method of separation
of variable. One open problem encountered in this research is
the extension of Paley-Wienner theorem on R” to SE(2). It is
our interest to use the theorem to solve this problem.

Data availability

We do not have any research data outside the submitted
manuscript file.
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