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Abstract

In this work, a model for the coinfection of malaria and zika virus disease is studied. The model incorporates various control measures against
the spread of malaria and zika virus disease such as vaccination, treatment and biological control of mosquitoes using sterile insect technique.
The existence and uniqueness of solutions to the model were first shown. Thereafter, the model is shown to be well-posed epidemiologically by
showing that all solutions to the system are positive and bounded. Then, the solution of the model is obtained using the homotopy perturbation
method which is a semi-analytical method. The solutions obtained are shown to be comparable with those obtained from Runge-Kutta method of
order 4. Furthermore, the performance of the controls in comparison to each other when applied seperately and when combined were shown. The
results showed that combining the three controls performed better than the rest. Hence, efforts should be made to incorporate controls that affect
both humans and the vectors for effective control of malaria, zika virus disease and their coinfection.
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1. Introduction These numerical methods have been developed to handle prob-
lems such as differential equations, partial differential equa-
tions, boundary value problems, integral equations, nonlinear
equations, etc. Some of the numerical methods include Ado-
mian Decomposition Method (ADM), Homotopy Pertubation
Method (HPM), Homotopy Analysis Method (HAM), Variation
Iteration Method (VIM), Taylor series method, etc. [4—6].

Ref. [7] used homotopy perturbation method, adomian de-
composition method and homotopy analysis method to solve
the Generalized Zakharov Equations and compare the results
obtained from each solution showing their similarities and dif-
fereneces. Ref. [8] compared the suitability of Adomian
decomposition method and homotopy perturbation method in

The study of nonlinear differential problems has been of
great importance in all areas of physical sciences and engi-
neering [1]. Obtaining solutions to these nonlinear problems
is important computationally but complicated and tedious us-
ing analytical or numerical approaches [2]. Several methods
have been developed to find the exact, approximate, and nu-
merical solution of nonlinear differential problems [3]. Many
problems of applied sciences in real life rely mostly on numeri-
cal methods to obtain an approximate solution of the problems.
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solving some nonlinear differential equations. Their work
showed that both performed very well and in the problems con-
sidered, the results obtained were similar. Ref. [9] combined
homotopy perturbation method and Laplace transformation to
solve some linear and nonlinear singular initial value problems
of Lane-Emden type equations. They used several examples to
show the accuracy of the methods. Ref. [10] employed homo-
topy perturbation method to find the approximate solutions of
a Dengue fever model and also compared the results with the
numerical simulation results obtained. Some of the works re-
viewed in literatures showed that the choice of an approximate
method to use depends on the nature of the nonlinear problem
involved. Therefore, we will adopt the HPM to solve the model
given in Ref. [11] because of its advantage over some of the
other traditional methods. Also, it will be more friendly to
handle the complex nature of the model being analyzed in this
work.

2. Mathematical model

The mathematical model for the coinfection has twenty-
two (22) compartments consisting of the human and mosquito
populations. The human population has sixteen (16) compart-
ments which are Susceptible humans S, Vaccinated humans
for malaria S,, Unvaccinated humans for malaria S,,, Ex-
posed humans to malaria Ej,, Exposed humans to zika Ej,,
coinfected humans with both diseases E,,,, Infectious humans
with malaria Iy, symptomatic infectious humans with zika
I);s, asymptomatic infectious humans with zika I;,.4, coinfec-
tious humans with both diseases 1,,,;, Infectious humans under-
going treatment for malaria 7,7, Infectious humans undergoing
treatment for zika /.7, coinfectious humans undergoing treat-
ment for both diseases I,,;7, Infectious humans not undergoing
treatment for malaria /,,y, coinfectious humans not undergo-
ing treatment for both disease I,y and Recovered humans Rj,.
While the mosquito population has six (6) compartments which
are Susceptible Anopheles mosquitoes S ,,,, Exposed Anophe-
les mosquitoes E,,,, Infectious Anopheles Mosquitoes /,,,,, Sus-
ceptible Aedes mosquitoes S ,,, Exposed Aedes mosquitoes E,
and Infectious Aedes mosquitoes I,. The transmission dynam-
ics of the system as well as the assumptions leading to the
model formulation has been explained in details by Ref. [11].
Also, the description of parameters, review of related and sig-
nificant literatures which serves as foundations for proposing
the model, basic quantitative and qualitative analyses were also
sufficiently provided in Ref. [11]. Hence, the focus in this work
is to obtain a semi-analytical solution of the system and per-
form further simulations to gain more insight into the dynamics
of the control measures proposed. Thus, the model for the sys-
tem according to Ref. [11] is given to be;
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d_;l = plSh - Qlﬂllmvshu - a’ZTIllzvshu - TIShu
s,

dr = pZSh - alﬁZSOImvShv - aanlzvshv - TlShv

Susceptible humans

L " " L s L
02 025 03 0.35 04 0.45 05
Time (years)

" L "
0 0.05 041 0.15

Figure 1. Susceptible humans.
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Figure 2. Unvaccinated humans.

v

= ax(Malizs + M31nea + Nadizr + N5 hunz + Nelnmer + 17 hunzv)S o

dt

-+ )k,
dr,,
d_; = V2Ezv - /'tzlzv,

where S4(0) = S9,8,,(0) = S9.51(0) = S, Ewm(0)

Egms Ehz(o) = El(:z’ Emz(O) = E?,,Z» Iim(0) = I;(,)m» Imz(o)
LIt 0) = 1) o Ly (0) = 1) s (0) = I ¢, I (0)
II’(I)ZA’ IhzT(O) = II?zT’ Isz(O) = Ir(thT’Isz(O) = IPﬂZU’Rh(O)
RS um(0) =80, Em(0) = ES,, () = 19,8 ,(0) = 9,
E.0) = E?v and 7,,(0) = I?V are the initial conditions of the
system with the total human and mosquito populations given
by

No=S,+Snu+Snw+Ewn+En+ Epz + Ly + L + Ly
+ Lios + Inoa + Ly + L + Lyor + sy + Ry,
Nopw =S+ Eny + Ly
Ny=S,+E,+1,.

3. Existence and uniqueness of solutions

To show the existence and uniqueness of the solutions to our
models, we employ the Banach fixed point theorem which is a
special kind of the Lipschitz continuity. Hence, we first state
both conceepts before adopting them.

Theorem 3.1 Banach fixed point theorem. Let Q be a complete
metric space and let f : Q — Q be a contraction, that is, 3
c € (0, 1) such that for all z;,z, € Q, then

d(f(z1), f(z2)) < cd(z1,22). 2

Then, f has a unique fixed point in Q. That is, there exists a
unique z* € Q such that

f@)=2". (€)
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Figure 3. Vaccinated humans.
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Figure 4. Infectious humans with malaria.
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Figure 5. Symptomatic humans with zika.

Lemma 3.1 Lipschitz Continuity. A function f(t, z) is said to be
Lipschitz continuous in z if there exist a constant K > 0 such
that

lf(t,21) = f(t, 22)I< Kz — 22l “
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Figure 6. Asymptomatic humans with zika.
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Figure 8. Recovered humans.

Here, K is called a Lipschitz constant and f is said to be K-
Lipschitz Vz;,2, € Q.

One of the properties of Lipschitz functions is that every
Lipschitz function is absolutely continuous and therefore is dif-
ferentiable almost everywhere. Also, a function that is differen-
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Figure 9. Infectious Anopheles mosquitoes.
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Figure 10. Infectious Aedes mosquitoes.

tiable everywhere is Lipschitz continuous if the first derivative
is bounded. The existence and uniqueness can be established
by either showing that each differential equations in the system
is Lipschitz continuous and that the Lipschitz constant satisfy
the Banach conditions for existence and uniqueness. In some
works, existence and uniqueness was established by showing
that the differential equations are continuously differentiable
everywhere in R [12].
The co-infection model, (1) can be expressed as

Z'(n = f(Z@),

where Z(1) = (S 1, S hus S s Ems Enzs Enzs Ins it s Inmu s Inzs
Ith, IhzT, Ihmzv Ihsz, Ihsz, Rh» vav Emva Imv» Szvv Ezvv Izv)

Let ||.|| be the maximum norm in Q € R?? taking to be the
banach domain for continuous functions where

1Z@l= Y Il

Let [ISpll< ki, ISpllS ko, ISwlIS k3, |EmllS ks, [|ER ]IS
ks, IEmn IS koo MnnllS k7, WM IS ks WpmullS ko, s 1<
k10, nzall< ks Wner IS ko, HamI< ki3, e IS kigs Hpmzul1<
kis, IRWIS ki, ISl ki, IEwlS ks, Ml k1o, 1S olI<
koo, |EANS kot WIS koo, IMsi7lI< ko3, [|Zs 7]l kg and O <

Z(ty) = Zo, )
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m; < 1for(i=1,2,3,...,22).
From equation (1) and as was demonstrated in Ref. [13], we
will have that for any Sj; and S, € Q, then

1f @ Sn) = f@Sll= (AR + OR;, — (o1 + p2 + T1)S 1) — (A, + OR,,
=1+ 2+ TDSI=MlGe1 + o2 + 7)1 = Sl
< (o1 +p2 + TS h = Siall< millS 1 = Swall.

The Lipschitz continuity in S, is established with m; as the

Lipschitz constant. Similarly, we can establish the Lipschitz
continuity in some of the other state variables as follows;

LS ) = f@& S m)ll= 116018 1 = (@1B1dmy + a2 Ly + T1)S 1)
= (©1Sh = (@Bl + @21 Ly + T1)S o)l
= 1Bl + @2mily + TS pt = S )l
< (@ Billlwll+axni i+ TOIS i = S el
< (a1Bikio + @anikan + TOIS jut = S mell< m2llS it = S el

1 S ) = f(& Smll= 28 1 — (@12 @ly + @ami Ly + T1)S 1)
= (28 = (@12 @ly + a2 Ly + TS )l
= (@12 @l + @anilyy + TS w1 — Sm2)ll
< (@Bl ll+am LI+ OIS i1 = S mall
< (@1BaPkig + aanikay + TOIS w1 — Small< m3lIS w1 — Swall,

L Enmt) — £t Enn)lI= (@181 DnyS h + @1 B2 @LiyS iy + 1 limu
+ $2lev — 2Ly Epnt — (61 + T1)Epm1) — (@181 LS
+ @182 Pl S hy + P1lmy + P2limzy — 21 Ly Epa
= 01 + TDEm)II= laam Ly + 61 + T1)(Epmt — Epm2) |
< (el l1+61 + TONEm — Epmal|

< (@amikay + 01 + TOIEm — EpmllS mallEpm — Epmzll,

If (s Ena) = £, Ex)ll= I @2m Ly (S hu + Sw) — @1l Ena
= (Ot + x2)02 + T En) — (@2 Ly (S + S i)
—a1B1lwEn2 — (X1 + x2)02 + T En)ll= @1 Silm
+ (1 + x2)02 + T(Ent — En)lI< (@1fikio
+ (x1 + x2)02 + TOE: — Eppll< msl|Enzy — Enzall,

@ Enmz) = @ Enm2)lI= (@181 Ly Enz + @21 Ly Epm
= (03 + 71)Emna) — (@11 Ly Enz + @2 Ly Ej
= (03 + T)Em2)lI= 163 + T1)(Epmzt — Epn2)Ml
< (63 + TONEmmz1 — Ewmall< msl|Epy — Ep2l-

Following the same procedure, other Lipschitz conditions can
be established as

1 Dm1) = S D)l < M|y = T2l
W Thmr1) = @ D2l < sy — T2l
@ Tmu1) = FE w2l < Moyt — Inmwal

I, Tnes1) — & Dnes )Nl < maolllies 1 — Desall,

1F (s Lnzar) = £ Dea)ll < murllizar = Inzaz |l
W@, D) = f @ Der2)ll < maglliery — Dol
L Thmz1) = @ D)l < M3l Tzt = Time2)l
W@, Dmzr1) = F( Dumer2)Il < myalllpmry = T2l
1 Timzvr) = @ D)l < syt = Tw2 |l
1F(t Rin) — £ (8, Rp)ll < miglIRp1 — Rial
(S mn) = FE S mdll < migllS it = S pmall
1t Ennt) = f@& Em)ll < mugllEpvt — Epall
FCts L) = f@ L)l < MLt = Lol
L@ S 1) = @S 22l < moollS 1 = S 2l
L@ Ean) = f& Eqll < magllEq — Eqoll
f(E L) = @ L)l < maalllyy — Lol

where my = p1 + p2 + 71, My = a1f1kio + aanikn + 71,
m3 = 1B, ®@kig + aonikyn + 11, My = aonikyn + 61 + 14,
ms = a1B1kig + (x1 + x2)02 + 71, mg =63 + 74,

m; = aymkio+ T+ T+ € + 6, mg=y +7T+7T2,
my = @1+ 71+ 72, myp=aifikig + 71+ 73+ ¢+ wi,
miy = a1fikio + T1 + T3 + w3, M2 =T+ T3+ wa,

mi3 =T1+T4+01+02, Mg =Y2+7T1+7T4, M5 = ¢2+T] + 7o,
mig =71+ 0, mig=vi+ fy, Mo =y, M1 =Vy+ U,

my7 = a1(Bsks +Baks +Bsko +Beki3 +Brk14 +Bskis) + K1kaz + fhim,
mao = az(2kio+13k11 +naki2+nski3 +nekig +1m7k1s) +Kkokog Tz,

myy = U, are the Lipschitz constants.

Thus, the Lipschitz continuity in the state variables have been
established with the m;.s, i = 1,2,3,...,22 as the Lipschitz
constants.

To establish that Banach fixed point theorem is satisfied, we
need to show that the ms, i = 1,2,3,...,22 satisfy 0 < m; < 1.
my, me, mg, My, Miz, M3, M4, Mis, Mig, Mig, M9, Moy, and moy <
1 since the terms appearing there represents fractional outflow
from each compartment which must be less than one. The other
m;s contain some k s which are the bounds of the infectious
classes. To see the nature of these ks, we show that these
infectious classes are bounded. For example,

dl,, dl,,
— =wnE, —ul, = -
dt 2Ly — Mzdzy dt

Integrating the resulting differential equation by use of integrat-
ing factor method gives the result

+udy = rEy,

L,(H= [Vz f(EZVe”ft)dt +c|e™, 6)

Since E,, is a function of time, ¢ and the solution usually in-
volves exponential terms, the result of (6) will always contain
an exponential term. Hence, as t — oo, I, — 0. Hence,
A< koo = 0 as t — oo.

Similarly,

L, (1) = [Vl f(Emveﬂmr)dt +c e—,uml’ @)

and ,,, — 0 ast — oo. All the infectious classes tend to zero
as t — oo. This shows that each of the infectious classes are
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Figure 11. Infectious humans with malaria.
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Figure 12. Symptomatic infectious humans with zika.

bounded likewise as I,,, and I,. Hence, we can represent them
as |lmll< k7 = 0, [t lI< ks = O, 1lmmullI< ko = 0, Lzs lI< k1o =
0, pzall< ki1 = 0, [nrll< ki = 0, pmelI< k13 = O, et lI<
kia = 0, lmeull< kis = 0, [ ll< kig = O, [l ll< ka2 = 0.
Substituting these values into the m,_s gives

m=1<1, my=1<1, my=061+1 <1, m5=()(1+
X2)52+T1 < 1, m; = T1+7T+€1+6 < 1, mio = T]+T3+lﬁ+a)1 <
Ilmyp=n1+13+w3 <1, my = Uy < 1, my =u; < 1.
Hence, all the m;s have satisfied the condition that 0 < m; < 1
and by Banach fixed point theorem, the solutions to the system
(1) exist and is unique.

3.1. Positivity of solutions and invariant region

Theorem 3.2. Let the initial data set for the model be
0 ¢0 @0 0 FO FO 70 70 70 0 0
Sh’Shu’Shv’Ehm’Ehz’EmZ’Ihm’ImZ’IhmT’I;l)mU’Ith’Ing’IhzT’IgzzT’
LRSS, ED. 10,89, ES, which are all nonnegative at

my? my? “my? v
t = 0. Then, the solution S,(t),S n,(£),S n(t), Epm(t), En (1),
Emz(t)a Ihm(t)’ Imz(t)a IhmT(t)’ Ith(t)7 Ith (t)7 Ith(t)’ IhZT(t)7 Isz(t)7
Isz(t)a Rh(t), va(t), Emv(t)a Imv(t), Szv(t)’ Ezv([)’ Izv(t) of the
system (1) given initial conditions, will remain positive for all
t>0.
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Figure 13. Asymptomatic infectious humans with zika.
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Proof. From (1), we have the following

ds
d_th > —(p1+p2+7)Sh

AP
dt

v

_(a'l.Bllmv + 0'277111\/ + Tl)Shu-

25
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das,
d—;’ > ~(@1B1@lu + @ani Ly + TS hy (8)

— > —u,l,.
dr — Hele

Integrating the system (8) gives
S1(t) = SO Jertmrmnir 5 g,
S () > S2 e*f(mﬁl1mv+trzl7|1;v+71)dt >0,

Sp(t) > nge* J@Brelm+arm Ly+rydr o 0,

Ly(t) > 1% =t 5 0,

Thus, the solution to the system remains positive Yz > 0.
Furthermore, the total human and mosquito populations sat-
isfy the differential equations

dN;
d_th = Ay = 71Ny = T2o(pm + Dnr + Timvr)
- TS(Ith + Ith + IhzT) - T4(Imz + Isz + Isz)
< Ah - TlNh~
dN,,
dr = Amv - /Jmlmw (9)
Ny
dl - v Mzlzys

respectively. Integrating (9) and solving as ¢ — oo gives;

A Amv
O<thS— O<]vaS

v =

tively. Hence, all the solutions of the system are posmve and
bounded in the region Q = Q; X Q, X Q3 and proves that the
region, Q is positively invariant with respect to the flow gen-
erated by (9). Thus, the coinfection model (1) is biologically
well-posed and defined since all the state variables remain non-
negative for all r > 0 [14]. The basic mathematical analysis of
the system (1) such as obtaining the coinfection-free equilib-
rium, coinfection reproduction number, stability and sensitivity
analyses have been fully discussed in the previous work, see

[11].

4. Homotopy perturbation method

The homotopy perturbation method (HPM) was introduced
by Jihuan HE in 1998 according to Ref. [15]. HPM is a com-
bination of the traditional perturbation method and homotopy
and is based on finding the approximate solution of a nonlin-
ear differential equation as an infinite series in the independent
variable, say . The method has been widely used in mathe-
matical modelling of infectious diseases in finding approximate
solutions to the associated models [15—17]. In applying HPM,
consider s nonlinear differential equation of the form;

Aw) - f(1) =0,t € Q, (10)

with boundary conditions

where A is the general nonlinear differential operator, B is the

boundary operator, f(¢) is a known analytical function and Q is
the domain. The differential operator can be split into two part;
the linear part, L and the nonlinear part, N such that Equation
(10) can be rewritten as

Lu)+ Nu) - f() =0,t € Q. (11

A homotopy, v(t, p) : QX [0, 1] — R constructed by homotopy
technique satisfies

H(v, p) = (1 = p)IL(v) = L(uo)] + p[A(v) - f()] = 12)

where p € [0, 1] is the embedding parameter and uy is an initial
approximate solution satisfying the boundary conditions. The
homotopy equation can be rewritten as

P)L(uo) + pIN() = f(1)] = 0. 13)

From (13), we have that using the boundary points of p € [0, 1],
then

H(v,p) = L(v) = (1 -

H(v,0) = L(u) — L(up) =0
H®,1) = A®W) - f(@©).

The solution to (13) can be represented as a Maclaurin’s series
in p as

v=vy+pv) + pzvz + p3V3 + ..., (14)

such that as p — 1, we get the approximate analytical solu-
tion to the system (1). The traditional homotopy perturbation
method will be used to obtain the approximate solutions of the
co-infection model.

To obtain the approximate solution for our co-infection
model by HPM, we make use of two-term approximation for
each class and write the solution to (1) in the form:;

Su@®) =S+ pS} +p*SE, Su(t)=S0 +pS). +p°S:,
St =84 +pS;, +p*Sr Eu(t) = E) + pE,
Ey(t) = E), + pE,_+ p’Ej,,

+p Ehm’

hm
Ep: (1) = ;,m + PE;,W + szhm >
Lin(®) = Iy, + plyy, + DL Dt = Ly + plir + L
L (0) = Iy + Pl + P Loy Ties (1) = I + plyg + Pl
Ina(®) = IQJ, + PI;, At lehm’ Dy () = hJ‘ +plir + leﬁzr’
L () = /um + plllm@ +p’l hmz’ Ly () = Ihsz + plhrmT + leimzr
Dz () = Ihmd, +plhy + P lowys Ru(t) = R) + pR) + p*R;,
Sul) = Sp, + pS,,,v +P7Shs EmlD) = Ep,
Lu(t) = I, Ly Sa(t) =50, + pSL, + p7S,
E, (1) = E?v +pEL + p’ESZ, L,(t)=1 + pI}, + p’I%.

+pE! 4+ pE?

my?

Il ,tD

and construct the homotopy for the system (1) as follows

s

dr
ds hu
dr
ds hv

dt
dEp,
Cdr

= p(Ay + ORy — (o1 + p2 +T1)S))

= p(o1Sy — (@Bl + @l + 718 W)

= p(o2Sh — (1Bl ® + aam I, + 7S )

= p(alﬁllmvslm + aIﬁZIqu)Shv + ¢11th + ¢ZIsz
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—anilyEpn — (01 + T1)Epm)

dE,,
2 = P LS+ S) = il Epe = (Ot +x2)02 + 7))
dEp.
= @Bl Ere + @I Ey = 63 + 70)Enc)
dl,,
7 = p(61E1un - aanlzvlhm - (Tl +T+ € + EZ)Ihm)
dl m
— = el = O+ T T2 )
dl,
% = p(&lym — (¢1 + 71 + 7)) ny)
dljs
ar PO 1En; — arBilidnes — (11 + 73 + Y + w1)s)
dIhZA
7 PGax2En; — a1l dnea — (71 + 73 + W3)1120)
dl,.
= PWhes — (014 T3+ w)ler) (15)
dlhmz
o plafil(Inzs + Inza) + @i Lyl + 63 Epn;
— (T + T4+ 01+ 0) ).
Al
% = p(o 1z = (T1 + T4 + Y2 mzr)
dI'l"lZ
% = p(o2dym; = (T1 + T4 + 02 pzv)
dR;,
ar = pilir + Vol + Wils + a2l + W3lpa — (11 + O)R))
dS’nV
o PNy — @1 (Baliyn + Badiumt + Bs Dy + Belnmz + Brlimr
+ﬁ8111sz) - (Kl MSIT + /vlm)va)
dE,,,
dr = p(a1Bslim + Badpmr + Bslimu + Bolnmz + Brlnmer
+ BSIhsz)S mv (Vl + /Jm)Emv)
dl,,
- = Emv - mImv
dr p(vi M )
ds.,
e PNy — @a(Malis + 31nea + Nadier + Nslime + Nolymer
+ 777Ihsz) - (K2ZSIT + ,uZ)Szv)
dE.,
d_ = p(/lzszv - (V2 + “Z)EZV)
t
dl,,
— = E’V - "I"v s
dr PO E, — 1)

where the coefficients p, p! and p? are to be determined. If
we substitute the two terms approximate solutions of (1) into
(15), neglecting terms that will yield powers more than order
2, since we are using two-term approximation, we will have
the following by taking a=p1+py+7,B =0 +7,B =
T +7T+€ + 62,B3 =Y + 71 +T2,B4 = ¢1 + 7 +T2,BS =
63 +T1,B6 =T +9,B7 =V +,um,D1 = ()(1 +)(2)(52 +T1,D2 =
T+ + Y +w,Dys=711+13+w3, Dy =71+ 73+ wr,Ds5 =
T1+T4+01+07,Dg = T1+T4+)/2,D7 = T1+T4+¢2,Dg = Vy+Ug,

ds?® ds'! ds?

d—th + pd—lh + pzd—th = p(Ay +ORY — ;8% + p*(6R} — a,S})
ds®  dsl . as?,

d: + d_zh +p d: = p(iS), - eI, S}, — aom IS,
- Tlsgu) + pz(pIS}: - alﬁllr(zwsllm - alﬁ11,11VS2u

0 ¢l 1¢0 1
- aznllzvshu - aznllzvshu - Tlslm)

as?,
dt

dE?

as!  .ds?
7’1\) + pzd_th‘ = p(p152 - alﬁzq)[r(;vsgv - ‘1'277112v52v
=118 + P18, — i@, S, — i @1},

- aZ’]llg‘rSIlw - aZUIIzlvsgv - TlS/lw)

dE} dE?

+p

hm hm
a P T P g plail), Sy, + i fo®I) Sy + dily,,
+ ol — 2 LBy, = BiE,,) + P Bil),S
+ alﬂllzzwsgu + a'lﬁz(blr?wsilw + a'lﬁzq)lrlnvsgv + ¢11P1LmU
+ ¢2llllsz - azr]llnglllm - a2n|lzlvE2m - B|Elim)
dE)  dE}. dE;,
P el PZT = plaom 3,8}, + aom 13,8}, = (@B 1y,

+DDEY) + pXaam IS}, + aom ILSS, + aom I0,S ),

v

+aomlIlS}, — api ), Ej. — a\pil,, Ep. — D\E),).

dE° dE} dE?
hmz hmz 2 hmz 0 10 0 10
+ + = I E, + I E
dt P dt )4 dt p(alﬂl mv~hz @) v ~hm
- BsE,,.) + pX(@ B0, E). + a1, E) + aom I E,
+ aZUII;vEgm - B5Efltmz)
dr dl! dr
Pt P = POE,, — (om I + B,
+ pz((lellzm - aznllgvlllnm - aznllzlvll(zm - leillm)
ar.. - di,. L dp
dhtT +p ;tT +p2 ;tT =p(611l?m_B3Ii?mT)+p2(Elllim _B311'lm1T)
dII?mU dII{mU 2 dI/%mU 0 2 1
i +p dt +p dr P(E212m = Bulj,) + p*(ely, — Baljyyy)
ar di} ar
hzS hzS hzS
T TP TP g OB Dl il )
+ p2(62)(1 Elllz - DzIIizS - a/lﬁlll(‘:lvllizs - alﬁllr{nvlgzs)
o Pt P’ o P6202Ey, = Dslyy = anfily,1y,)
+ PPO2Ej, = Dsliy — aBily iy — 1Bl 1)
., dil, dP
Z Z 2~ "hT 0 0 2 1 1
d,t +p dlt +p d; = pWlys = Dady ) + p~ (Wl .5 — Dalyr)
dr dl! dar
hmz, hmz 2 " "hmz 0 70 0 50
dlm +p dlzm +p dl‘n = p((tlﬁllmvlhzs + (tlﬁllmvlth
+ a0y, + 6:E),. — DsI, ) + pr(@ By, I + @Bl I
+ar il L+ il I+ B0, + il I,
+ 63E}lzmz - D5111mz)
dr dl dar
ZZZT * Z:LT o :;:ZT = p(a—llgmz - Dﬁlﬁsz)
+ pz(o—lllimz - D6Illzsz)
dr _dr dr
Z;RU +p Z:ZU + ? Z’;U = p(o-Zlgm: - D7Il(1)sz)
+ pz(o—zliltmz - D7I}11)717U)
dR® dR! dRr?
d—[h + Pd—th + Pzd—th = POy + Voljr + 01l + 2Dy
+ w3[1?zA - B6R2) + pz(yllPl;mT + YZIPlezT + wl[PltzS + wzllizT
+wsl}, — BeR})
s,  ds!, ~ ,ds2
UL L. Y = p(Ap — 1810 SO — a1 B S0
dt p dt p dt p( m 1ﬁ3 hm* mv 1ﬁ4 hmT* mv
- alﬁSIgmUSr?w - a/]ﬁ612sz9m' - a]ﬁ712szSl?w - a]ﬁsll(l)mZUSST\?

= (ki Mg + ,Um)Sgw) - pz(alﬂ3ll(1)msrlnv + a1ﬁ3ll'ltms?nv
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+ alﬁ411(1)mTSr1nv + @1 BaliyrS iy + 1B IS p + A1 Bs LS
+ 1Bl S iy + 0 B6 LS o + 01,37 Dot + 1B LS,
+ alﬁslhm Uva + a’1,38 S my — (KiMs T +/Jm)Sym)
0 1 2

dj;nv + Pdd;nv + PZ di = p(alﬂzl,?m my T alﬁztl/?mTS(,:w
+ @1Bs thSnn + a1l oS oy T @B, h;m st
+a1Bsly,.uSm — B1EN,) + p*(aiBsl), S ), + aiBsl;, S,
+a Bl St vl S0 +anBsI, S )
+ alﬁS thSmL + Q]ﬁ() hm-va + alﬁﬁlimzsfm
+ 1B 1rS m + @By S, + 1B S
+aiPslyy.yS e, — B1E),)

my

dIr(})'lv dIrlnv 2 dlrzn

7 + p? p dlv = p(le?nv - /lmlionv) + pz(yl Er]nv - /JmIl]nv)
s’ ds!, ,ds?
o P Pzd—[ = p(Ao = 2l S?, — oy, SS,

- aln41hzTSzv - aZnilhszZL 0277612111 TS(”)» - C“V27771I(z)szS(z)v

— (K Zsir + 1)S0) — Pl S ), + aaml) s S?,
+ azfl'glgAs + 027731;, AS + a277412,TS + azmlhergv
+ aa1s hsz a7t a2n5lhm S vt 02’761/ SA_v + aﬂlﬁlPlezTS?v

hmzT

+ 027]71;1,,, SZV + 02777I;,mzy v~ K Zsr + ,Uz)Szlv)
dEj, ~ dE}, ,dE}
o TP tP g < plaama Iy SO, + aamsl) S,
+ a2ﬁ41,?zTS?v + s hsz ot &27761,?,,,275?‘, + (1'27771,,,,, US
- DSEY) + pP(aamalygS ), + aamly SO, + aans ), S,
+ aZTISI}izAS?L + a2n41,? Szlv + azn41}lzTS2V + aznslhszZL
+ a'znsl,:m, o+ 61277612,,, S lv + aznﬁl,imer g, + amﬂ?mwS Zlv
+a2n7lhszS - DyEL)
0 1 2
d;j’ + d;f +p? d; = pE, = ply) + pPPOnEL = pel,).

By comparing coefficients on the right-hand side (RHS) and
left-hand side (LHS), we have that for p°

ds’ ds® ds®, dE? dEY.
— =0, —* =0, =0, = =0, - =0,
dt dt dt dt dt
0 0
dEh)m =0 dlgm — dlng -0 dII(l)mU -0 dIth =0
Tdt O dr Toodr Todr Toodr ’
dIl(l)zA -0 dI;t)?T =0 dIl(l)m" =0 dlgm T =0 dlgm" -0
dt Toodr Coodr Toodr Todt ’
dR) as’ dE? ar das®,
h — 0, my _ , mvo_ 0’ myv_ 0, v O,
dt Tdr dt dt dt
ary | an,
dt ~ 7 dt

Solving the resulting equations for p® by direct integration
gives

Sp(0) =87, Su(0) =58, Sw0) = sg‘,

Ehm(o)

)1)71

Ej(0) = E;’,, Epn(0) = Epyy Lin(0) = 10 =, Ly (0) = I -,
Ith(O) th’ Ith(O) = IOZS, Ih:A(O) = I}(l)zA’ IhzT(O) = Il?zT’
Limz(0) = ,m, L (0) = 12,,“,, Lm0 = 1)1, Rh(O) =R,

m1 (0) m» K WIV(O) mt k4
E,(0)=E, L,(0)=1.

Ln(0) = I, S ,(0) = §7,,

For p!, we have

ds!
7 = Ah +0R2 —ang,
ds!
7’1” = plS2 - allgllr(zwsgu - aznllgvsgu - T]Sﬁu,
s}
7’” = p2S2 - alﬁzq)lr?lvsgv - aanlgvS;:v - T1S2v,
dE}
Thm = a/]ﬂlll(r)wsgu + Q’]ﬁz(I)I Sgt + ¢] mmu t ¢2 hmzU>
—a’zﬂ]lg,Eh B E2m’
dE!.

hz 0 ¢0 0
dt = a2nllzvshu + azrlllgvshv a.,B] my h7 - DlEhz’

dEi]tmz 0 0
dt = alﬂlll(:wEhz + LVzT]]] Ehm B5Ehm ’
dlifm dIiimT 0 0
5 "OE b — (@2 I, + B, 5 = €l = Bslyr
di! dr!
th 0 0 hzS 0
dt = Ezlhm - B4IhmT’ d—; = 62X1Ehz D2 hzS alﬁl my 7S’
di! dl!
h7 0 0 hzT 0 0
el = 0aEy. — D3Iy, — an il I d; = Ylyg = Dal g,
dllimg 0
dt = a’lﬂllm hzS + a’lﬂl A + (YzT]]I hm + 63 hmz>
- DSIi?mz
ar dr!
m. 0 hmzU 0 0
dlz - all/zm D6Ihm T dt = O-zlhmz - D7Ihsz’
de!t 0 0 0 0 0 0
7 = 711/1mT + 72111sz + wllth + wzlhzT + w31th - (Tl + Q)Rh’
dSrlm 0 0 0
dl = A = alﬁ3 hm my alﬁ“IhmTva - a/]:BSII(l)mUva’
+ alﬁsliz)rmsnn + (Y]ﬁ7[2szSZV + alﬁsll?szSI?w
— (ki Msir + Hm)S?,w,
dE}!n 0 0 0 0
dl = 01183 hm my T allB4IhmTva + alﬁSIthva’
+ alﬁ(’ thSmV + a1ﬁ7 hanSnw + alﬁg hm&U my (Vl + :um)Emv’
dlriu 0 0
dt = VlEmv - ﬂmlmv’
dSZl.V 0 0 0 0 0 0
dt =Ay - QZUZIhszgV - (127731thSzv - ‘12774lhzTSzv’
- 02n5lhsz v a2n612szS?v - a2n712szS(Z)v
= (KZsir + 1)S ?w
dEzlv 0
= S+ sl S, + Bl SG,
+ anns hm~S + a2n610717TS~v + a2n7lhszS(z)\ (va + ﬂz)Egvs
dr, 0
dr = V2E /.141
For p?, we have
ds?
d—th =60R) - a,S),
dS%lu 1 0 1 1 0 10 1
7 = plSh - alﬂllmvshu - alﬁl[mvshu — @ zvShu
- Q’QT]II Shu TIS/IIM’
dSZV

=028, — @@l S, — @I, S, — oo IS,

dt
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- ILS) - 7S}, Making use of the parameter values in Table 1, and the as-
dE? sumed initial conditions S = 500, S, = 320,5,, = 19, E},, =
# = aipil,, S, + OB, S, + fr®L, S, + @@L, S, 48, En; = 30, Epne = 20, lyn = 35, Inmu = 8, Iyt = 21, s =

20[h7A=4OIlT=15]h =151h U=3Ih7T=9Rh=
1 1 0 1 1 -0 1 s Shz. s thz s fhmz s fhmz s fhmz >

+ ¢11th + ¢21hsz - Ckzlhlsz‘hm - Q'ZUIIszhm - DlEhm’ 20’ va : 500’ EmV. = 60’ Imv = 505 SZV. = 500, EZV = 25’ IZV =
dE;, _ [ 11 g0 [ 11g0 10, solving the various systems of ordinary differential equa-

ar S et @S g+ Q2T S gy + @2 S tions generated for p, p'andp? to obtain the values of the state

— B E), — Bl ES. — DE), variables, the solutions to the system (1) by HPM allowing
JE? p = 1 now becomes

hmz _ 0 1 1 0 0 ol 100 _ 1
dr = a'lﬁl(lmthz + Imthz) + aZ’]l([szhm + Iszhm) BSEhmz’ Sy = Sg + pS}l + pzsi =500 —-414.728t + 19297392‘2
dry, Sp(t) = SO, + pSL, + p*S2, = 320 + 107.0992¢ — 143.73067
d = 0By~ oIl ~ 1L, = By, =S PSP S
i e St =S +pS; +p*S% =19+ 139.9203¢ — 58.94047
— i =l = Bl —C = @l = By, Epa(t) = EY, + pEL + p*E2, = 48 +214.9582¢ + 34.65837
dl | 1 o D Ep(t) = E. + pE). + p*E2 =30 — 23.5836t + 10.12057
= =6 1E,, - Dol — I 1 ¢ — L1 ¢, :
dr 2X1 hz 24p,s alﬁ| mv*hzS alﬁ| mv*hzS Ehmz(l) — Egmz + PE;I,mZ + szzmZ =20+ 18.7764f + 89226t2
dar _ 10 1 212 _ g _ 2
dhl:A = 62}y, — Dally, — aiBilo 0, — an Bl 00, Ln(®) =10 + pI! + p*I2, = 35— 2859711 + 22.4152¢
AP L (8) = 10, + pli o + P2 - = 21 + 16.44241 — 10.9234¢
hzT
< = Wlis = Dalyr, L@ = 1S + pIb o + P12 = 8 +9.80711 — 5.07187
dr: o o o Y Lis() = 1) + plg + p*Ir.¢ =20 — 32.3023¢ + 26.1163#
—= = Ihs+ L)+ L+ I, ' ;
dt a1pi :v ies ta1Bily, :zS d]ﬂ: molhea + @Bl La(t) = ISZA + pI/le + pZIZZA =40 — 29.60861 + 10.00207>
1 1 1

+raBily s + @fily by + 63E,,, = Dsl,, Lir(t) = Iy + pliy + pPI7y = 15 + 14.49441 — 14.93917

2 ? _ 0 | 2 _ 2
Z:J = ol - Dl Z;U = ool — Dol By = I, + pl,,. + p°1,,. = 15+ 27.3212t - 31.3151¢
IR Liner (O = I,y + pLiy o + L7, = 8 +9.7948¢ + 9.28877

h
— = Yilyy + Valhor + 01l + ol + w3l , — BeR), L@ = 1)+ pLhy + P21y = 3+ 2.3979¢ + 233824
ds?, Ry(t) = R + pR, + p°R;, = 20 + 16.0347¢ — 0.3653¢

= _alﬁ31l?msll11v - alﬁ311'1:m59nv - alﬁ“ll?mTSrlnv i) ' 1 22 >

dt S =80 +pSL 4+ p*S2 =500 — 62,494.68¢ + 3,911,918.167¢

_ 1 0 _ 0 1 _ 1 0

@Bl me = 85l S my = OBl e Ep(t) = EO, + pE! + p*E2, = 60 + 57.3241 — 4,267.7745¢
0 1 1 0 1
- allgﬁlhmzsmv - alﬁﬁ]hmzsmv - a/lﬁ71;1)m2Tva L,,(t) = I,(:w + p[,lm, + pzlsw =50 + 3.32¢ + 2.7739¢
_ 1 0 _ 0 1 1 0
@Bl S me = OB LS e = OBl S.(t) = 5% + pS + p252 = 500 - 62,7131 + 3,938,997.2417
~ | : :
(s M = pn)S E.(t) = E, + pE, + p*E2, = 25 +279.611 - 314.21827°
dE?
d:w = allﬁiglgmsjnv + alﬁ:;I]imS(r)nv + allﬁ412mTSrlnv + Qlﬂ“II:mTS?nv IZV([) = I?v + plzlv + pzlzzv =10+ 1.944r + 139265[2

+ a,lﬁSIl?mUSrlnv + Qlﬂ5lhlmUS9nv + a'lﬁﬁli?mzszlnv + Qlﬁﬁlhlmzsgm

+ @B LSy + OB Ly Sy + B8l 5. Numerical simulation

+a II,SO—V+,,,E1, . . .

i BslimetS e = 01 fi)E 5.1. Comparison of HPM and RK — 4 for the co-infection model
ﬁ =vE!, — I, In this section, the numerical simulation of the semi-
4s? analytical solutions by HPM is presented and discussed. The
d_t‘ = aapl) o S) + SO, + Iy, S L+ @I, S?, results are shown in Figures 1 -10.

ool g0 o gl P In Figures 1 and 2, we could see that the solutions obtained

+ @iy /(;r o @il zvct)2775 hinz E) Q275 e 2 . from homotopy perturbation method is similar to that obtained

1 1 1 1

+ @06y S o + N6y S o + M yyS oy + 2 S from Runge-Kutta method of order 4. We could see that both

— (kaZsyr + u)S L, trajectories started and progressed alike but slightly seperated
dE> at a point.
d_tw = auplis Sy, + @l So, + @msly S 1y + eSS, The same scenario is seen in Figures 3 and 4 which com-

a0y S) + aanll SO, + aansI, S+ ansI), SO, pgred the solutloqs of the vaccinated and 1nfect.10us humans

with malaria obtained by HPM to the ones obtained by RK-
+agnell S+ amell SO + o) S! . : : :
26 hmzrD 2y ™ F2A6 Sz 2w 2T iz 2 4. In Figures 5 and 7, the symptomatic humans with zika and

+ @17l S o = (V2 + )EL, coinfectious humans with both diseases did not appear much

dr, . X similar as the trajectories differ after few steps. However, the
ra LR L trajectories for the asymptomatic humans with zika and recov-

ered humans obtained by HPM appeared much similar to the
10
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Table 1. Parameters, values and sources.

Parameters Values Sources  Parameters Values Sources
Ay, 50 Assumed B3 0.0044 [19, 20]
Ny 100 Assumed Ba 0.0022 Assumed
Ay 100 Assumed Bs 0.0044 [19, 20]
) 0.0125 [11] Be 0.0022 Assumed
0 0.0146 [18] B7 0.0044 Assumed
o1 0.65 [11] Bs 0.0022 Assumed
02 0.28 [11] w1 0.1429 [21]
Y1 0.25 [18] wy 0.1667 [22]
V2 0.111 [11] w3 0.118 [23]
T3 0.0003 [11] X1 0.31 Assumed
Ty 0.0006454 [11] X2 0.62 Assumed
b1 0.13 Assumed ay 0.4 [18]
@ 0.1 Assumed Bi 0.034 [24]

¢ 0.1 Assumed T 0.00004 [17]
B> 0.013 [25] T 0.00032338 [25]

m 0.0009 [22] m 0.07 [22]

73 0.07 [22] in 0.05 Assumed
s 0.03 Assuned M6 0.02 Assumed
7 0.03 Assumed W 0.85 [15]

€1 0.62 [11] & 0.31 Assumed
o 0.72 [11] o) 0.18 [11]
K1 0.25 [11] K> 0.25 [11]

Vi 0.1 [11, 18] o1 0.0833 [11]
\2) 0.1 [12] [ 0.125 [15]
Mg r 500 Assumed 03 0.0833 [11]
Zir 500 Assumed Mo 0.0556 [22]

u; 0.0556 [22]

solutions obtained by RK—4 as shown in Figures 6 and 8 re-
spectively.

Figures 9 and 10 show the trajectories of the solutions by
HPM against RK—4. We coulc see that though the direction is
the same but they are not close. A further study will require ob-
taining solutions by other semi-analytic methods and compar-
ing with these ones to ascertain which method is most suitable
for the system studied. The performance of the HPM may not
entirely conform to the RK-4 since only two term approxima-
tions were used.

5.2. Convergence and stability of solutions

The behaviour of the solutions obtained from homotopy
perturbation method is further investigated by comparing the
solutions with that obtained from Runge-Kutta method of or-
der 4. The HPM is a semi-analytical method while RK-4 is a
purely numerical method. Hence, it is a good reference function
to help investigate the convergence and stability of the solutios
by HPM since the exact solutions cannot be obtained. First, we
observe that the solutions by HPM for each state variable is ei-
ther monotonically increasing or decreasing just as the ones ob-
tained by RK-4 shown in Table 2. This shows that the solutions
are either increasing or decreasing to a point. The convergence
of the solutions by RK-4 will suggest the convergence of the
solutions by HPM since both are following similar numerical
pattern.

11

To check the stability of the solutions obtained, we simply
see if there is a perturbation effect on the solutions by varying
the initial guess. If the solutions converges to the same point
irrespective of the initial guess, then the solution is considered
to be stable. The effect of changes in the initial values of some
state variables are shown in Figures 11-15. The Figures showed
that irrespective of the initial values of the state variables, the
solutions obtained by Homotopy perturbation method will con-
verge to the same point with time. This shows that the solutions
are not affected by changes in the starting point of the solutions
hence, suggesting that the solutions are stable and converge.

5.3. Effects of the Controls in the System

In this section, we investigate the effects of the various con-
trols employed in the system on the populations studied. The
effects of the individual controls as well as when they are com-
bined are analyzed. The simulation is shown in Figures 16-57.

5.3.1. Effects of treatment only

The effect of employing treatment only is shown in Figures
16-21. In these Figures, the populations of the infectious hu-
mans with malaria only (Figure 16), symptomatic humans with
zika virus disease (Figure 17) and coinfectious humans with
both diseases (Figure 18) all reduced with treatment as com-
pared to when there was no treatment.
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Table 2. Comparison of Solutions for r = 0,0.1,0.2,0.3,0.4,0.5.

Sh Shu Slw Ehm Ehz Ehmz Ihm IhmT [th Ith Ith
HPM 500.00 320.00 19.0000  48.0000  30.0000 20.0000 35.0000 21.0000  8.0000  20.0000 40.0000
RK-4 500.00 320.00 19.0000  48.0000  30.0000 20.0000 35.0000 21.0000  8.0000  20.0000 40.0000
HPM  460.4569 329.2726 32.4026  69.8424  27.7428 21.9669 323644 225350 8.9300 17.0309 37.1392
RK-4 460.3985 329.0055 324261 69.8106 27.7284 21.7991 32.3572 22.5404  8.9325 17.0176  37.1374
HPM 4247734 335.6706 44.6264 92.3780  25.6881 24.1122 30.1772 23.8515 9.7585 14.5842 34.4784
RK-4 4243162 3349033 447878  92.1023  25.6225 23.4482 30.1249 23.8937 9.7779 14.4813 34.4640
HPM 3929493 339.1940 55.6715 115.6067 23.8357 26.4359 28.4382 249496 10.4857 12.6598 32.0176
RK-4 3914405 338.1106 56.1796 114.6721 23.6714 249575 28.2696 25.0886 10.5495 12.3248 31.9691
HPM 3649846 339.8428 65.5377 139.5286 22.1858 28.9381 27.1476 25.8292 11.1114 11.2577 29.7569
RK-4 361.4868 339.0015 66.6875 137.3428 21.8647 26.3366 26.7593 26.1511 11.2594 10.4917 29.6422
HPM  340.8794 337.6170 74.2251 164.1437 20.7383 31.6189 26.3053 26.4903 11.6356 10.3779 27.6962
RK-4  334.1955 3379108 76.3899 159.9602 20.1926 27.5944 25.5634 27.1047 119185 89336 27.4734
IhzT 1, hmz, I, hmzT 1 hmzU Rh S my Emv Imv Szv Ezv 1 zv
HPM  15.0000 15.0000  8.0000  3.0000 20.0000 500.00 60.0000 50.0000 500.00 25.0000  10.0000
RK-4 15.0000 15.0000  8.0000  3.0000 20.0000 500.00 60.0000 50.0000 500.00 25.0000  10.0000
HPM 16.3000 17.4190 10.0723 3.2632 21.5998 33369.7137 23.0547 50.3597 33618.8424 49.8188  10.3337
RK-4 16.3080 17.5947  9.0817  3.2627 21.5890 0.8006 59.5792 50.3210 0.7979 26.8634 10.2125
HPM 173013 19.2116 10.3305 3.5731 23.1923 14447.78 -99.2461 50.7750 14551.76 68.3532  10.9458
RK-4 173622 19.6407 10.3170 3.5643 23.1724 0.7988 58.6626 50.6315 0.7963 26.4905 10.4219
HPM 18.0038 20.3780 11.7744 3.9298 24.7775 33382.42 -306.9025  51.2457 33619.64 80.6034  11.8366
RK-4 182017 21.2185 11.6679 3.8951 24.7514 0.7986 57.7673 50.9313 0.7962 26.1218  10.6265
HPM  18.4075 209181 13.4041 4.3333 26.3554 60140.90 -599.9143  51.7718 60565.50 86.5691  13.0058
RK-4 18.8595 223974 13.1020 4.2473 26.3273 0.7987 56.8861 51.2206 0.7964 25.7573  10.8262
HPM 18.5124 20.8318 15.2196 4.7835 27.9260 94723.22 -978.2816  52.3534 95389.37 86.2505 14.4536
RK-4 193639 23.2380 14.5921 4.6138 27.9013 0.7991 56.0187 51.4995 0.7971 25.3969 11.0213
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Figure 16. Infectious humans with malaria.

This shows that employing treatment of infectious persons
is critical in the control of infectious diseases. As the infec-
tious classes are treated, the population of recovered humans
increases as shown in Figure 19. The increase is because
treatment increases the rate of recovery and reduces the time
spent in the infectious class. In Figures 20 and 21, we also
saw that treatment helped to reduce the number of infectious
mosquitoes. As more people are treated, the rate of recovery
increases thereby reducing the population of infectious humans
that can infect the mosquitoes. In this case, the infectious hu-
man population was mostly affected by the measure than the in-

12

Figure 17. Symptomatic humans with zika.

fectious mosquito population because the measure was directly
applied to human population.

5.3.2. Effects of vaccination only

The effect of vaccination is shown in Figures 22-27. In
these Figures, vaccination was seen to reduce the population of
susceptible humans as shown in Figure 22.

This is because vaccination protects more humans from
malaria thus reducing the susceptible population of humans.
The population of humans infectious with malaria and coinfec-
tious humans also reduced as more people are protected from
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Figure 20. Infectious Anopheles mosquitoes.
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Figure 23. Infectious humans with malaria.
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mosquitoes were affected slightly as seen in Figure 26
while that of infectious Aedes mosquitoes (Figure 27) were not
affected just like that of the symptomatic infectious humans
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Figure 24. Symptomatic humans with zika.
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Figure 25. Coinfectious humans.
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Figure 26. Infectious Anopheles mosquitoes.

5.3.3. Effects of SIT only

The effects of employing only sterile insect technique are
shown in Figures 28-33. In these Figures, all the infectious
classes were reduced under the application of SIT. Also, the
susceptible mosquito populations were reduced. The applica-
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Figure 27. Infectious Aedes mosquitoes.
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Figure 28. Susceptible Anopheles mosquitoes.

450 - wyith SIT

(5] £
i} =]
=] =

w
=1
=]
~

- - [}
=] o =1
=] =] =]

-

/

—

—
il e T T p—

o

0 10 20 30 40 50 60 70 80 90
Time

Figure 29. Susceptible Aedes mosquitoes.

100

tion of SIT causes the female mosquitoes in the wild to lay
eggs that do not hatch thus reducing the number of suscepti-
ble mosquitoes with time.
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Figure 30. Infectious humans with malaria.
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Figure 31. Coinfectious humans.
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Figure 32. Infectious Anopheles mosquitoes.

5.3.4. Effects of treatment and vaccination only

The effects of treatment and vaccination in the system are
shown in Figures 34-39. In these Figures, vaccination and
treatment were seen to reduce the population of susceptible hu-
mans as shown in Figure 34.
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Figure 33. Infectious Aedes mosquitoes.
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Figure 34. Susceptible humans.
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Figure 35. Infectious humans with malaria.

Also, the infectious and coinfectious human populations
were reduced significantly but the mosquito population reduced
slightly. The slight reduction in the mosquito population was
because the control measures employed here were not directly
on the mosquito population hence does not affect the population
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Figure 37. Coinfectious humans.
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Figure 38. Infectious Anopheles mosquitoes.

of the susceptible mosquitoes.

5.3.5. Effects of treatment and SIT only
The effects of treatment and SIT are shown in Figures 40—
45. Employing treatment and sterile insect technique as a con-
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Figure 39. Infectious Aedes mosquitoes.
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Figure 40. Susceptible humans.

trol measure reduce both the infectious and coinfectious pop-
ulation significantly as well as the susceptible mosquito popu-
lations. The reduction of the susceptible mosquitoes causes a
consequential reduction in the infectious mosquito population
thus reducing the infectious human population as the number of
mosquitoes that can infect humans are reduced. This strategy
produced a better result than applying any of the controls indi-
vidually showing that the diseases are best fought by applying
measures that affects both the human and mosquito populations
simultaneously.

5.3.6. Effects of vaccination and SIT only

The effects of vaccination and SIT are shown in Figures 46—
51. In these Figures, vaccination and SIT were seen to reduce
the population of susceptible humans as shown in Figure 46. It
also reduced the populations of the infectious and coinfectious
humans greatly as seen in other cases. The population of the
infectious mosquitoes were also reduced in this case showing
that SIT and vaccination offers significant option in reducing
the infectious human populations.
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Figure 41. Infectious humans with malaria.
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Figure 42. Symptomatic humans with zika.
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Figure 43. Coinfectious humans.

5.3.7. Effects of treatment, SIT and vaccination only

Figures 52-57 show the effect of employing the three con-
trols which are treatment, vaccination and use of SIT to control
the vectors. The simulation also showed that the combination of
these three control measures performed relatively better when
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Figure 45. Infectious Aedes mosquitoes.
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compared to using only one or two control measures.

In this case, combining the three controls ensured that the
three different populations had a measure employed to help re-
duce the spread of the diseases. This will ensure rapid and
efficient control of the diseases. Hence, we suggest that the
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Figure 47. Infectious humans with malaria.
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Figure 48. Symptomatic humans with zika.
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Figure 49. Coinfectious humans.

three controls should be incorporated simultaneously in the
fight against malaria and zika virus disease.

The analyses performed in this work has shown the impor-
tance of vaccination against infectious diseases such as malaria.
It was shown that in the presence of vaccination in all cases

18

1200
— - - =
- -
« 1000 ~ == =yithout control 1
a — -y inath
2 7 with vaccination and SIT
§ 800 ’
g ’
8 ’
@
£ 600 i
g /
<<
3 400 / i
[=]
g /
£ /
200 i
1
L
—.—.—-—v————\——q-_

0 10 20 30 40 50 60 70 80 90 100
Time

Figure 50. Infectious Anopheles mosquitoes.
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Figure 51. Infectious Aedes mosquitoes.
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Figure 52. Susceptible humans.

where it was employed in the simulation, the population of in-
fectious and coinfectious humans reduced drastically. The re-
duction is because the number of humans susceptible to the dis-
ease was reduced significantly by vaccination. This underlines
the importance of vaccination and the need for health practition-
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Figure 53. Infectious humans with malaria.

== =yithout control
ww=yith SIT, treatment and vaccination

Symptomatic humans with zika
2

30 40 50

Time

60 70 80 90 100

Figure 54. Symptomatic humans with zika.
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Figure 55. Coinfectious humans.

ers to keep encouraging people to embrace vaccination. Efforts
should be made to ensure that every barrier against vaccination
such as religious and ethnic sentiments as well as some con-
spiracy theories are overcome. Also, people should be educated
that refusing to be vaccinated does not only put them at risk but
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Figure 56. Infectious Anopheles mosquitoes.
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Figure 57. Infectious Aedes mosquitoes.

those around them thereby causing a global health burden. The
importance of treatment was equally shown in this work. Treat-
ment of infectious humans helped significantly to improve the
rate of recovery and reduce the time infectious humans spent
being sick. This ensures that there are few infectious humans
who can infect the mosquitoes and renew the cycle of the spread
of the diseases. Thus refusing to be treated when sick is not an
option that should be entertained. Moreover, as proposed in
Ref. [11], using sterile insect technique as a control measure
against the continuous growth of mosquitoes was shown to be
highly successful. The focus of the simulation done in Ref. [11]
was to obtain what proportion of SIT mosquitoes that should be
interacting with a given number of female mosquitoes in the
wild for effective control. Here, the focus is to know how the
various controls performed relative to one another and show
the importance of incorporating them together rather than using
each seperately.

6. Conclusion

In this paper, we looked at the coinfection model proposed
in Ref. [11] and provided more insight into the study. The
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model incorporated vaccination and treatment as control mea-
sures against the spread of malaria, zika virus disease and their
coinfection. It also proposes using sterile insect technique to
control the population of the mosquitoes. The existence and
uniqueness of solutions to the system were first established.
Thereafter, the system was shown to be well-posed epidemio-
logically by showing that the solutions to the system are always
positive and bounded. Then, the approximate solutions to the
system were obtained using homotopy perturbation technique
which is a semi-analytical method. Furthermore, numerical
simulations were performed to show the effects of the various
controlled adopted in the work. The performance of each con-
trol when adopted singly and when combined were all shown.
The result showed that combining the three controls performed
better than when they are adopted individually or combined one
with each other. This shows that if malaria and zika virus will
be effectively controlled, then efforts should not only be fo-
cused on humans nor mosquitoes seperately but simultaneously
on both humans and mosquitoes. In future studies, the optimal
control of the system and associated cost effectiveness analysis
can be researched. Also, investigation into the dynamics of the
enddemic equilibrium and bifurcation analysis can also be car-
ried out. The performance of different incidence functions can
also be employed and compared to the results obtained here.
Furthermore, different controls such as physical and chemical
procedures can also be incorporated into the system to see if
better results will be obtained.

Acknowledgment

The authors appreciate the reviewers for their painstaking
efforts in reviewing and making suggestions to improve the
quality of this paper. The corresponding author, Emmanuel
Chidiebere Duru acknowledges the Ph.D sponsorship received
from Tetfund Nigeria in carrying out this research and also
Michael Okpara University of Agriculture, Umudike for the
study leave to undertake this research programme.

Data availability

No additional research data were used beyond the content
presented in the submitted manuscript.

References

[1] R. Singh & A. Kumar, “A comparative study of homotopy perturbation
method with differential transformation method to solve a reaction diffu-
sion equation”, Indian Journal of Science and Technology 10 (2017) 1.
https://doi.org/10.17485/ijst/2017/v10i30/115495.

S. Abuasad, A. Yildirim, I. Hashi, S. A. Abdulkarim & J. F. Gémez-
Aguilar, “Fractional multi-step differential transformed method for ap-
proximating a fractional stochastic SIS epidemic model with imperfect
vaccination”, International Journal of Environmental and Public Health
16 (2019) 973. https://doi.org/10.3390/ijerph 16060973.

H. A. Alkresheh & A. I. Ismail, “Multi-step fractional differential trans-
form method for the solution of fractional order stiff systems”, Ain Shams
Engineering Journal 12 (2021) 4223. https://doi.org/10.1016/j.asej.2017.
03.017.

[2]

(3]

20

20

[4] M. Ghoreishi, A. I. B. Ismail & A. K. Alomari, “Application of the
homotopy analysis method for solving a model for HIV infection of
CD4+ T-cells”, Mathematical and Computer Modelling 54 (2011) 3007.
https://doi.org/10.1016/j.mcm.2011.07.029.

S. O. Akindeinde, “A new multistage technique for approximate ana-
lytical solution of nonlinear differential equations”, Heliyon 6 (2020) 1.
https://doi.org/10.1016/j.heliyon.2020.e05188.

C. L. Ejikeme, M. O. Oyesanya, D. F. Agbebaku & M. B. Okofu, “Dis-
cussing a solution to nonlinear Duffing oscillator with fractional deriva-
tives using homotopy analysis method (HAM)”, Book Chapter, Book
Publisher International 6 (2021) 57. https://doi.org/10.9734/bpi/tpmcs/v6/
3966D.

H. A. Zedan & E. E. Adrous, “The application of the homotopy per-
turbation method and the homotopy analysis method to the generalized
Zakharov equations”, Hindawi Publishing Corporation Abstract and Ap-
plied Analysis 2012 (2012) 1. https://doi.org/10.1155/2012/561252.

E. Babolian, A. R. Vahidi & Z. Azimzadeh, “Comparison between Ado-
mian’s decomposition method and the homotopy perturbation method for
solving nonlinear differential equations”, Journal of Applied Sciences 12
(2012) 793. https://doi.org/10.3923/jas.2012.793.797.

H. Aminikhah, “Solutions of the singular IVPs of Lane-Emden type
equations by combining Laplace transformation and perturbation tech-
nique”, Nonlinear Engineering 7 (2018) 273. https://doi.org/10.1515/
nleng-2017-0086.

S. Rekha, P. Balaganesan & J. Renuka, “Homotopy perturbation method
for mathematical modelling of dengue fever”, Journal of Physics: Con-
ference Series 1724 (2021) 1. https://doi.org/10.1088/1742-6596/1724/1/
012056.

E. C.Duru, G. C. E. Mbah, M. C. Anyanwu & T. N. Nnamani, “Modelling
the co-infection of malaria and zika virus disease”, Journal of Nigerian
Society for Physical Sciences 6 (2024) 1. https://doi.org/10.46481/jnsps.
2024.1938.

M. C. Anyanwu & G. C. E. Mbah, “Stability analysis of a mathe-
matical model for the use of Wolbachia to stop the spread of Zika
virus disease”, Biometrical Letters 58 (2021) 41. https://doi.org/10.2478/
bile-2021-0003.

S. I. Ouaziz & M. E. Khomssi, “Mathematical approaches to control-
ling COVID-19: Optimal control and financial benefits”, Mathemati-
cal Modelling and Numerical Simulation with Applications 4 (2024) 1.
https://doi.org/10.53391/mmnsa.1373093.

B. Bolaji, U. B. Odionyenma, B. I. Omede, P. B. Ojih & A. A. Ibrahim,
“Modelling the transmission dynamics of Omicron variant of COVID-19
in densely populated city of Lagos in Nigeria”, Journal of the Nigerian So-
ciety of Physical Sciences 5 (2023) 1055. https://doi.org/10.46481/jnsps.
2023.1055.

M. C. Anyanwu, G. C. E. Mbah & E. C. Duru, “On mathematical model
for Zika virus disease control with Wolbachia-infected mosquitoes”, Aba-
cus Mathematics Science Series 47 (2020) 35. https://www.man-nigeria.
org.ng/ABA-SCI-2020-4-1.

G. Adamu, M. Bawa, M. Jiya & U. D. Chado, “A mathematical model for
the dynamics of Zika virus disease via homotopy perturbation method”,
Journal of Applied Science and Environmental Management 21 (2017)
615. https://doi.org/10.4314/jasem.v21i4.1.

E. Bonyah & K. O. Okosun, “Mathematical modeling of Zika virus”,
Asian Pacific Journal of Tropical Disease 6 (2016) 673. https://doi.org

10.1016/S2222-1808(16)61108-8.

S.I. Onah, O. C. Collins, C. Okoye & G. C. E. Mbah, “Dynamics and con-
trol measures for malaria using a mathematical epidemiological model”,
Electronic Journal of Mathematical Analysis and Applications 7 (2019)
65. https://fcag-egypt.com/Journals/EIMAA/.

F. Fatmawati, F. F. Herdicho, W. Windarto, W. Chukwu & H. Tasman,
“An optimal control of malaria transmission model with mosquito sea-
sonal factor”, Results in Physics 25 (2021) 1. https://doi.org/10.1016/].
rinp.2021.104238.

O. C. Collins & K. J. Dufty, “A mathematical model for the dynamics and
control of malaria in Nigeria”, Infectious Disease Modelling 7 (2022)
728. https://doi.org/10.1016/j.idm.2022.10.005.

P. Andayani, L. R. Sari, A. Suryanto & I. Darti, “Numerical study for
Zika virus transmission with Beddington-Deangelis incidence rate”, Far
East Journal of Mathematical Sciences (FIMS) 111 (2019) 145. http://dx.
doi.org/10.17654/MS111010145.

[3]

(6]

(71

[8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]


https://doi.org/10.17485/ijst/2017/v10i30/115495
https://doi.org/10.3390/ijerph16060973
https://doi.org/10.1016/j.asej.2017.03.017
https://doi.org/10.1016/j.asej.2017.03.017
https://doi.org/10.1016/j.mcm.2011.07.029
https://doi.org/10.1016/j.heliyon.2020.e05188
https://doi.org/10.9734/bpi/tpmcs/v6/3966D
https://doi.org/10.9734/bpi/tpmcs/v6/3966D
https://doi.org/10.1155/2012/561252
https://doi.org/10.3923/jas.2012.793.797
https://doi.org/10.1515/nleng-2017-0086
https://doi.org/10.1515/nleng-2017-0086
https://doi.org/10.1088/1742-6596/1724/1/012056
https://doi.org/10.1088/1742-6596/1724/1/012056
https://doi.org/10.46481/jnsps.2024.1938
https://doi.org/10.46481/jnsps.2024.1938
https://doi.org/10.2478/bile-2021-0003
https://doi.org/10.2478/bile-2021-0003
https://doi.org/10.53391/mmnsa.1373093
https://doi.org/10.46481/jnsps.2023.1055
https://doi.org/10.46481/jnsps.2023.1055
https://www.man-nigeria.org.ng/ABA-SCI-2020-4-1
https://www.man-nigeria.org.ng/ABA-SCI-2020-4-1
https://doi.org/10.4314/jasem.v21i4.1
https://doi.org/10.1016/S2222-1808(16)61108-8
https://doi.org/10.1016/S2222-1808(16)61108-8
https://fcag-egypt.com/Journals/EJMAA/
https://doi.org/10.1016/j.rinp.2021.104238
https://doi.org/10.1016/j.rinp.2021.104238
https://doi.org/10.1016/j.idm.2022.10.005
http://dx.doi.org/10.17654/MS111010145
http://dx.doi.org/10.17654/MS111010145

[22]

(23]

[24]

Duru et al. / J. Nig. Soc. Phys. Sci. 7 (2025) 2436

J. Lamwong & P. Pongsumpun, “Age structural model of Zika virus”,
International Journal of Modelling and Optimization 8 (2018) 17. https:
//doi.org/10.7763/1IJIMO.2018.V8.618.

E. Dantas, M. Tosin & A. Cunha, Jr, “Calibration of a SEIR epidemic
model to describe Zika virus outbreak in Brazil”, Applied Mathemat-
ics and Computation 338 (2018) 249. https://hal.archives-ouvertes.fr/
hal-01456776v2.

J. Amaoh-Mensah, I. K. Dontwi & E. Bonyah, “Stability analysis of

21

[25]

21

Zika—malaria co-infection model for malaria endemic region”, Journal
of Advances in Mathematics and Computer Science 26 (2018) 1. https:
//doi.org/10.9734/JAMCS/2018/37229.

A. Nwankwo and D. Okuonghae, “Mathematical assessment of the im-
pact of different microclimate conditions on malaria transmission dy-
namics”, Mathematical Biosciences and Engineering 16 (2019) 1414.
https://doi.org/10.3934/mbe.2019069.


https://doi.org/10.7763/IJMO.2018.V8.618
https://doi.org/10.7763/IJMO.2018.V8.618
https://hal.archives-ouvertes.fr/hal-01456776v2
https://hal.archives-ouvertes.fr/hal-01456776v2
https://doi.org/10.9734/JAMCS/2018/37229
https://doi.org/10.9734/JAMCS/2018/37229
https://doi.org/10.3934/mbe.2019069

