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Abstract

In this work, we explored the concept of an improved welfare package for military personnel in Nigeria. This proposed package aims to address
traditional needs while also meeting modern demands, such as mental health support. We recognise the critical importance of security jobs
and the prompt payment of special operation allowances, as these factors provide military personnel with a sense of reassurance and stability.
Key elements of the welfare package include upgrading qualified lower ranks to officer status, ensuring timely payment of death benefits to the
families of military personnel who have died in active service, procuring standard and adequate weapons, and promoting equal treatment of all
military personnel without bias. Poor welfare packages contribute significantly to dissatisfaction among Nigerian military personnel, which can
hinder productivity and lead to unethical behaviour. Conversely, enhancing the welfare package can substantially boost productivity and reduce
dissatisfaction. We formulated a deterministic military model to assess the impact of improved welfare on the productivity of Nigerian military
personnel and to prevent dissatisfaction and misconduct. The model computes the disgruntlement reproduction number, R,,, which is used to
demonstrate the local and global stability of both disgruntled and non-disgruntled equilibrium states. To further analyze the model, we conducted
a global sensitivity analysis using Latin Hypercube Sampling (LHS) and the Partial Rank Correlation coefficient on R, and military populations to
identify the most sensitive parameters affecting military dynamics. Based on the results of this analysis, we extended the model by introducing a
standard improved welfare package to control the most sensitive parameter. Numerical simulations showed that if an improved welfare package is
intentionally implemented and maintained, dissatisfaction and misconduct among military personnel will drastically decrease, while productivity
will significantly increase.
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1. Introduction

*Corresponding author Tel. No.: +234-813-120-2994. The Nigerian Armed Forces (Nigerian Military) comprise
Email address: kazeemtijani1987@yahoo.com (Kazeem A. Tijani ) the Army, the Navy, and the Air Force. It is noteworthy to men-
tion that at the point of independence, Nigeria inherited from
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the British colonial administration a military force made up of
the Army and the Navy until 1964 when the Air Force joined
the Forces [1]. According to Ref. [2], the specific roles of the
Nigerian Armed Forces are as follows:

e To defend Nigeria from external aggression;

¢ To maintain its territorial integrity and secure its borders
from violation by land, sea, and air;

o To suppress insurrection and act in aid of civil authorities
to restore order when called upon to do so by the Presi-
dent prescribed by an Act of the National Assembly;

e To perform such other functions as may be prescribed by
an act of the National Assembly.

As of 2022, the strength of the Nigerian Military is about
223,000, which is inadequate compared to the numerous se-
curity challenges confronting the Nation [3]. In line with the
proclamation of the Nigeria Constitution on the roles of the
Armed Forces of Nigeria (AFN) [2], it could be adjudged that
personnel of the Nigeria Armed Forces are among the most vul-
nerable sub-population in the nation because of the hazards or
dangers associated with the profession and the rapid and dy-
namic increase in the security challenges in Nigeria as a na-
tion. This centres on the fact that Nigeria’s military is involved
in counter-terrorism, insurgency, kidnapping, cattle rustling,
banditry, farmers and herders clashes, secessionism, and sep-
aratism operations across all the regions of the country; these
operations above have resulted in the loss of lives, permanent
disabilities and other forms of hardship to the operatives of the
Nigerian Armed Forces [4]. By extension, these have caused
suffering to their families on several occasions when their duly
entitlements are not accessible [5]. Therefore, for every insur-
gency and other security challenge that threatens the peace and
security of a nation, there is always a motivating force behind
its persistence. On the other hand, for every successful military
counterinsurgency or counter-operation, there is always a moti-
vating force propelling the strategies adopted and the goals ac-
complished. This motivating force in the context of this study
is what has been termed the welfare of the Nigerian military
personnel. Welfare in this context is the capacity of a group’s
members to maintain belief in an institution or goal, particu-
larly in the face of opposition or hardship. It is a state of mind
that either encourages or impedes action. The greatest combat
commanders have always understood that improved welfare re-
flects their troops’ mental, moral, and physical condition. These
conditions, in turn, directly relate to the troops’ courage, confi-
dence, discipline, not to compromise or be disgruntled, enthu-
siasm, and willingness to endure the sacrifices and hardships of
military duty [6].

The welfare package in this work includes consistency in
promotion as at when due, prompt payment of special oper-
ations allowances, upgrading of qualified other ranks to offi-
cer cadre, a special reward system for the extraordinary perfor-
mance of military personnel, prompt payment of death benefits
to the families of military personnel that died in active service,
effective and efficient medical services, proper and adequate

feeding of military personnel at the front-line, procurement of
standard and sufficient weapons for the military personnel es-
pecially for those on the battlefields, fair rotation or transfer of
military personnel without lobbying, equal treatment of mili-
tary personnel without sentiment among others.

Notably, corruption can impede the welfare of the military
personnel and, by extension, their productivity, especially by
the higher authorities within the system. For instance, Ref. [10]
stated that one reason why the respected Nigerian military has
not won the war against bandits/terrorists in Nigeria is the cor-
ruption of the endemic species in the highest echelon of the
federal ministry of defence and other different segments of the
military. Kleptocratic and selfish military Generals have been
fingered, indicted, and constitutionally punished for ground-
breaking crimes of corruption and crude theft of resources that
are meant for the purchase of vital military weapons to de-
feat terrorists. The said corruption is also responsible for the
purchase of substandard weapons by Nigerian military leaders,
thereby exposing the military personnel at the battle front-line
to the dangers of being consistently overpowered and killed by
terrorists. The danger of allowing this corruption in the mili-
tary is that the institution of the military or the Nigerian Armed
Forces will be hindered from actualizing their mandate of pro-
tecting the territorial integrity of Nigeria [10].

Also, Ref. [13] mentioned that a group was accusing Nige-
rian military officers of corruption and further explained that
during the 2023 elections, funds made available for the welfare
of soldiers were siphoned by the Army headquarters, adding
that those monies were shared with their commanders. Al-
though the front-line military personnel on the battlefield might
have taken an oath to serve the nation with all their strength
and defend her unity, it is, however, obligatory for the govern-
ment and military leaders to ensure that their safety and wel-
fare are given adequate attention [14], hence, the reason why
the impact of welfare is being considered as a motivating factor
in the Nigerian Armed Force in this study. The term Welfare
Package (WP) is defined as a planned, coordinated arrange-
ment towards improving the social conditions of personnel in
the Armed forces, which, in return, makes military personnel
deliver their services optimally [6-8]. This is the essence of
mathematical modelling of the impact of welfare on Nigerian
military personnel. Mathematical modelling has also been de-
fined as a detailed process of representing real-world phenom-
ena in terms of mathematical equations and extracting helpful
information for understanding and prediction from them [15].

Several authors have employed mathematical modelling in
different subject areas of life, such as behaviour [16], racism
[17], xenophobia [18], and smoking [19]. While Oigo &
Jacko [16] used mathematical modelling to analyse mathemat-
ical anxiety behaviour concerning mathematics performance in
Kenya, Kotola & Teklu [17] employed mathematical modelling
to analyse racism and corruption as mind infections that affect
the public and government sectors. Also, Gweryina et al. [18]
formulated mathematical modelling to analyse policies essen-
tial for the coexistence of foreigners and xenophobes, while
Alkhudhari et al. [19] used mathematical modelling to demon-
strate the dynamics of smoking.
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Ref. [4] discussed the importance of enhancing Nigerian
Army welfare to improve personnel motivation, and by exten-
sion, this is also applicable to the Nigerian military in general.
Ref. [6] also worked on the morale of Nigeria’s military, which
further explained that the welfare of the military has to be im-
proved for effective performance. Ref. [8] also considered the
role of employee welfare in improving work productivity in
service companies in their work. Wokoma and Obasi [9] also
worked on the welfare package in an organization and how it
enhances employees’ job satisfaction. Moreover, Poi [11] re-
searched on the same subject with a case study on Rivers State,
Nigeria. So is Ref. [12] on a case study of an industry. In ad-
dition, Ampong [40] researched on the impact of welfare pack-
ages on employees and how highly motivated employees con-
tribute value to the organization by effectively accomplishing
their goals and objectives. These studies were not done with
the concept of mathematical modelling. Hence, to the best of
our knowledge, no one has developed and analysed a mathe-
matical model on the impact of welfare on Nigerian military
personnel.

Consequently, our proposed model is formulated with the
concept of the S EIR model to analyse the dynamics and im-
pact of improved welfare on the Nigerian military population,
using a deterministic compartmental model of the form, Po-
tential military Population, S ,,,(¢), Susceptible military popu-
lation, T,,,(#), Disgruntled military population or military pop-
ulation at compromising state, D,,,(¢) and Productive military
population, P,,,(t). Therefore, in this proposed model, we aim
to assess and explore the dynamics of dissatisfaction among
military personnel, particularly concerning improving welfare.
Specifically, our objective is to investigate how inadequate wel-
fare packages can negatively impact the productivity of Nige-
rian military personnel, potentially leading to compromises in
their performance. Conversely, we will also examine how en-
hancements in welfare can boost their productivity.

The structure of this study is organized as follows: In Sec-
tion 2, we will describe and formulate a compartmental math-
ematical model that examines the impact of welfare on Nige-
rian military personnel. Section 3 focuses on model analysis,
which includes assessing the model’s invariant region, ensur-
ing the positivity of the system solutions, identifying equilib-
rium points, computing the Disgruntled Military Reproduction
Number, R,,, and conducting stability analysis. In Section 4,
we present the global sensitivity of the basic model. Section 5
includes numerical simulations and a discussion of the results.
Finally, Section 6 provides conclusions and recommendations.

2. Model description and formulation

In this section, we formulate a deterministic military model
that explores the influence of welfare on military personnel.
Given the large population of military members and the dis-
content expressed by some, we have opted for a determinis-
tic modelling approach. The following assumptions have been
considered:

3

o All recruitment into the military population must be be-
tween the ages 18 to 30 for both commissioned and non-
commissioned officers [21, 22].

e Recruitment into the military population is of choice
(voluntarily) and not compulsory [21, 22].

e Natural death rate and military work-related death rate
are the only ways military personnel exit the military
population.

Therefore, the total human population, N(¢) at any time ¢, is
divided into sub-populations: Potential military Population,
S np(t), Susceptible military population liable to productivity or
disgruntlement, T,,,(¢), Disgruntled military population or mil-
itary population at compromising state, D,,,(t) and Productive
military population, P,,,(#). The total human population at any
given time, ¢ is given by

N@) =Sup+Twp + Dypp + Ppyp.

The potential military population is generated via recruitment
at the rate A. It decreases when they are recruited into the total
military population at the rate y, and by the natural death rate y,
which is assumed for all the sub-populations. The Susceptible
military population 7, is generated by recruiting the potential
military population at the rate y. This military population de-
creases due to the proportion o~ of the military population that
progresses to the productive military population at the rate w,
the military work-related death rate for military personnel §;
and the natural death rate y. The disgruntled military popula-
tion D,,, is formed by the proportion (1 — o) of the total mili-
tary population that compromises at the rate 8. It decreases by
the progress rate due to welfare (improved welfare) to the pro-
ductive military population at the rate 7, military work-related
death rate 9,, and also by the natural death rate 4. Meanwhile,
the productive military population Py, is generated via propor-
tion (o) of the Susceptible military population (7,,) due to wel-
fare, w, and the improved welfare of the Disgruntled military
population (D,,,) at the rate 7. This population, P,,,, decreases
due to the military work-related death rate 3 and by the natural
death rate u.

Based on the simplified military population diagram in Fig-
ure 1, we formulated the following system of nonlinear differ-
ential equations for the military population. Below is the model
flow diagram. The mathematical equations obtained from the
diagram above are as follows:

ds mp
=A—-(y+uwS .,

ur oy + WS mp
dT,

d’:p = ’ySmp - (1 - O-)ﬁTmpop - O'G)Tmp - (/J + 5I)Tmp’
aD,,
7” = (1 = )BT wpDmp — TDpp — (1t + 62) Dy,
dPﬂI
TP =owTyp + 1Dy, — (U + 03)Ppyp, (D

with non-negative initial conditions, §,,,(0), T,,,(0), D,,,(0),
P,.;(0). The model parameters are assumed to be non-negative
except for human recruitment, which is strictly positive.



Tijani et al. /J. Nig. Soc. Phys. Sci. 7 (2025) 2844 4

Table 1: Description and parameter values of the model.

Parameter Description Unit Value Source
A Recruitment rate w 600 Assumed
B Influence rate for military population at comprising state year™ 0.001 Assumed
b% Progress rate from potential military population to susceptible military population year™ 0.728 [23]
o €(0,1) Proportion of military population that progresses from susceptible military population to productive military population Nil 0.345  Assumed
w Progress rate due welfare from susceptible military population to productive military population year™! 0.3 Assumed
T Progress rate due welfare from disgruntled military population to productive military population year™ 0.25 Assumed
u Natural death rate for all humans year™ 0.0179 [24]
51 Military work-related death rate for military personnel in T,,, year™! 0.06278  Assumed
5 Military work-related death rate for military personnel in D,,, year™ 0.05621  Assumed
853 Military work-related death rate for military personnel in P,,, year™ 0.06278  Assumed
Table 2: State variables of the model.
Parameter Interpretation Unit
S mp(t) Potential military population at time, ¢ Human population
T,p(t) Susceptible military population liable to productivity or disgruntlement at time, ¢ Military Human population
Dy, (1) Disgruntled military population or military population at compromising state at time, ¢ ~Military Human population
P, (D Productive military population at time, ¢ Military Human population
of integrating factor with the initial condition, N(0) = N, gives:
U+ 8) Dy A A
NH<—+ (N - —)e’”. 2
oy u Ju
(1= 0) BTpDiny, . . A .
As t — oo in equation (2), we have N(f) < =. This means
A . . ..
— ;| | 7. that the feasible solutions of the model for the human military
oy D,y population are in the region, Dg.This completes the proof.
e+ 8 ) Ty Theorem 1 shows that the model of system (1) is well posed
T . .. . .
o mathematically. Therefore, it is sufficient to study the dynamics
P of the model (equation) (1) in the region Q = Dy.
> (14 83) Py

Figure 1: Flow diagram of the basic military model.

3. Mathematical analysis of the basic Nigerian military
model

3.1. Invariant region

We show that the model system (equation (1)) has a region
where the model solutions are uniformly bounded as used by
Madubueze et al. [20], Odeh et al. [38], Tijani et al. [39] and
Nelson et al. [44].

Theorem 3.1. All feasible solutions of the model are uni-
formly bounded in a proper subset Q = Dy, where Dy =
{(Sm,,,ijp,Dm,,,Pm,,) e RN < %}, is a subset for the
population.

Proof 3.1. As adopted by [25], the total human population,
N(t)is givenby N = S, + Tnp + Dy, + Py, with initial condi-
tions N(0) = Np such that & = A= N =6, T,y —62Dynp =63 Py
from (1). In the absence of work-related death rate, that is,
01 = 0, = 03 = 0, we have ’%’ < A — uN, which, by the method

3.2.  Positivity of the system solutions

We show that all the state variables in the military system of
equations (1) are non-negative at all time, ¢ > 0, indicating that
the model is significant epidemiologically and mathematically.
Hence, we state and prove the following theorem.

Theorem 3.2. Let Q = {Syup, T, Dup, Py € R}, be solu-
tion set such that §,,,(0) = S,,,0, Tp(0) = Tppo, Dyp(0) =
Dppo and Py, = Pypo are positive, then the elements of the
solution set ( are all positive for # > 0.

Proof 3.2. Using the approach in Ref. [35], we have from the
first equation of the model system (1) that
dsS mp
dt
Integrating (3) with initial conditions S,,,(0) = S0 yields
Smp = Smpoe” Y > 0.

In the same way, the rest of the equations of the model sys-
tem (1) with their initial conditions give:

Tmp > Tmpoe—(o'w+;t+6|)t > O, Dmp > DmpOe_(H_HSZ)Z > O,
Py = Popoe” @00 > 0.

Therefore, the solution set {S mp(®)s Tynp (1), Dip(2), Pmp(t)},
of the system of equations (1) is positive for all # > 0 since their
exponential functions as well as their initial conditions are pos-
itive. This result guarantees the system’s solutions’ positivity
and the solutions’ global existence.

=A- (y + H)Smp = _(7 + /J)Smp- (3)
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3.3. Disgruntled military generation number, R,, and equilib-
rium states
We first derived the gisgruntled-free equilibrium to compute
the Disgruntled military reproduction number, R,,.

3.3.1. Disgruntled-free equilibrium (DFE)

The disgruntled-free equilibrium state is established when
there is no disgruntled or compromised military population in
the military (i.e. D,,, = 0). This occurs when the military pop-
ulation is pleased and contented with their welfare packages.
That is, the disgruntled state variable is zero.

Hence, solving the military system (1) at the equilibrium
state simultaneously when D,,, = 0 gives DFE,

A Ay owlAy
Ey=|s°% 1% D% P° |= ,
0= (S Ty Dy Py | [k] kika kikaks
where
ki =@+u, ko =(cw+pu+dy),a=(1-o0), )
ky = (T+u+02), ka = (1 + 63). Q)

3.3.2. Disgruntled military reproduction number, R,
For the computation R,,, we have from the third equation of
the model system (1) that D,,, < 0, if

dD,,
dt

For D,,, to decrease, it means that, aBT,,, — k3 < 0, giving

% < 1. AtDFE, T, = 2L so that {22 < 1.

So this implies that kaﬁk 7-» is the threshold quantity that de-
termines the poor status of welfare in the military population
which we represent as disgruntled military reproduction num-

ber, R,

= BT ,pDyp — TDyp — (it + 52)Dpyy < 0.

_ aBAy
" kikoks”
The disgruntled military reproduction number, R,,, is a thresh-

old quantity that predicts the extent of the disgruntled or com-
promised personnel in the military.

(6

3.4. Disgruntled-present equilibrium (DPE), E*

The disgruntled-present equilibrium state (DPE) occurs
when there is a presence of the disgruntled military population
in the military population (i.e. D,,, # 0). To obtain the DPE, we

solve the model system (1) at equilibrium state simultaneously,
that is dS'”” =0, dT'”" =0, dDmp =0, dep

=0 and get

TDP

mp> = mp? mp>

B =[5

_ [A k3 Aaﬁ’y — k1k2k3 AaﬁyT + k]kga'(,() - k1k2k3T
- kl’ aﬁ’ aﬁk1k3 aﬁk1k3k4

With R, = £

the disgruntled-present equilibrium will be

kikaks?
represented in terms of R,, as
. A, A \ (R — DA
Smp =7 Tmp y mp = 1—7’ )
ki Rukiky’ R kiks

P, = Ay (kgol;wk+kk2k7'(kRm -1)) @)
mK1K2K3K4
This implies that for the disgruntled-present equilibrium to
be positive, R,, must be greater than one, meaning there will be
persistence of the disgruntled military individuals among the
military personnel.

3.5. Stabilities of the equilibrium states of the model system
3.5.1. Local stability of the disgruntled-free equilibrium State
of the model
We established the local stability of the disgruntled-free
equilibrium state, £y of the model equation (1) in terms of R,,,
by computing the linearized Jacobian matrix J(Ej), that is eval-
uated at DFE.

Theorem 3.3. The disgruntled-free equilibrium, Ej, of the
model equation (1) is locally asymptotically stable if R, < 1;
otherwise, it is unstable.

Proof 3.3. The local stability of the DFE, Ej is proven by
showing that the Jacobian matrix J(E), of the model equation
(1) has negative eigenvalues as used by [26][35]. Jacobian Ma-
trix of the model system (1) at DFE, Ej is given as:

-k 0 0 0
—k apT? 0
IE=| D e o | ©)
mp
0 ow T —ky

The eigenvalues of J(Ey) are —k;, —k,, —k4 and a,BT,?,p -
k3. So, J(Ey) has all negative eigenvalues

:8 mp

LIIBT k3 = k3( - 1) = k3(Rm - 1) < 0,

that is if R,, < 1. Hence, the DFE, E is locally asymptoti-
cally stable if when R,, < 1, otherwise it is unstable whenever
R,, > 1. The implication is that the act of disgruntlement or
compromise in the military population can be reduced to the
barest minimum, provided that R,, < 1, which happens when
their welfare is improved upon.

3.5.2. Local asymptotic stability of disgruntled-present equi-
librium state of the model
We adopt the concept of Ref. [28] to determine the local
stability of the disgruntled present equilibrium state using the
linearization method as in the case of the disgruntled-free equi-
librium state.

Theorem 3.4. If R,, > 1, the disgruntled-present equilibrium
E* is locally asymptotically stable; otherwise, it is unstable.

Proof 3.4. Based on the system (1), we have Jacobian Matrix
at disgruntled-present equilibrium state E*, J(E*) given as:

—k; 0 0 0
y —Aaﬁ]z/l;{iqkzk:; _ k2 —k3 0
J(E®) =
0 Aaﬁy—k1k2k3 0 0
kiks
0 ow T —ky
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Solving the eigenvalues of the Jacobian matrix, J(E™), gives the
solutions of the characteristics equations in terms of R,, in (10)
as

M+ AP + B +CA+D =0, (10)

where

1
A= k3(Rm + —(kl + k4))s
ko

B = kak3(Ry — 1) + ki (kaRyy + k), (11)
C = kikok3s(Ryy, — 1) + koksks (R, — 1) + kikokyR,y,,
D = kikaksksy(Ry — 1).

According to Ref. [29], the characteristic equation (10) has all
negative real part solutions if the coefficients of the characteris-
tic equation are all positive. So from the characteristic Equation
(10), we have A, B,C,D > 0 if R,, > 1. Therefore, the Jacobian
Matrix, J(E*) has negative real eigenvalues if R,, > 1. Thus,
the disgruntled-present equilibrium, E*, is locally asymptoti-
cally stable if R,, > 1. This completes the proof.

3.6. Local bifurcation analysis

In this section, we study bifurcation analysis. Bifurcation
phenomena happen when a small change in the system’s pa-
rameter values causes topological changes in the system’s be-
haviour. Small changes in the parameter values could cause
the exchange of stability of the equilibrium points of dynami-
cal systems. There are different types of bifurcation considered
in the dynamical system, among them are saddle-node bifurca-
tion, transcritical bifurcation, pitchfork bifurcation, Hopf bifur-
cation. In this work, we investigate the following bifurcation of
the model (equation) (1): forward bifurcation, Backward bifur-
cation and Hopf bifurcation.

3.6.1. Hopf bifurcation

Using Theorems 2 and 3 (coefficient criterion for four-
dimensional Hopf bifurcation) of Asada and Yoshida (2003)
[36] for determining the occurrence of Hopf bifurcation, the
model system (1) does not exhibit a hopf bifurcation at endemic
equilibrium, E* when R, > 1 as it fails to satisfy the Hopf bi-
furcation condition that

ABC - A*D-C?=0,
since
k
ABC-AD=C* = 2Ry + ki + k4)[(k§k§(Rm ~ 12k + ka)
2

+ kI3 Ry (R, — 1)(2Kky + k)
+ kikokska (R, — 1) (ks + ki)

+ KkoksRon(ky + k4Rm))

— ki3 ka(Ryy — 1)(ky + kg + Rmkz)]

— kaky(ky + ka)(Ryy — D[ks(ky + ka) + kika(Ry — 1)]
+ kKGR, # 0,

k1+ky+ks+ky

o)y, - D> Where

at the bifurcation parameter S** =
A, B, C, and D are defined in (11).
The implication is that neither equilibrium oscillates, mean-

ing there are no periodic rises or falls of the equilibrium states.

3.6.2. Backward and forward bifurcation

Using the concept of bifurcation analysis as adopted from
[26], we have at R,, = 1 that 8* = (H’;W which is chosen as
bifurcation parameter with ks already defined in equation (5).

At R,, = 1, we have from the Jacobian matrix (9) that three
negative eigenvalues exist and a simple zero eigenvalue. There-
fore, we compute the Jacobian matrix’s left and right eigenval-
ues at R, = 1.

For left eigenvalues, w = (wy, w;, w3, wy), we multiply the
J(Ey) with w and equate to zero, to get:

0
-(1 —o)BT,,,w3 TWWs + oW3
w =10, » W3,
ko ks

, where ws > 0.

Computing the right eigenvalues v = (vi, v2, v3,v4), We trans-
pose the Jacobian matrix, J(Ey) (in equation (9)) and multiply
with v and equate to zero. This yields: v = (0,0, v, 0).

Next, we compute the bifurcation coefficients, a and b by
finding the non-zero second partial derivatives of the model sys-
tem (1) at DFE using the third equation f3 = (1 —0)BT,,,D,, —
k3D, since vi = vo = v4 = 0and v3 # 0.

Denoting x; = Sp, X2 = Tpp, X3 = Dypp, X4 = Ppyp, wWe
have:

& f3(Eo)

(1-o0)8, o (1 - 0BTy,

& f3(Ey) _
a.X26X3

The bifurcation coefficient, a, for a non-zero second partial
derivative is given by:

& f3(Ey) '

a=v3 [W2W3 OxOx
2043

Upon substitution, we have:

vaws(l - )BT,

a =

ko
For the coefficient b, we have:
b= velw & f3(Eo)
N7 om0 |

which substituting yields:
b =vaw3(1 - )Ty, > 0.

Since v.w = 1, it means that vsws = 1. Therefore, we have
a forward bifurcation at R,, = 1 since a < O and b > 0 and
no backward forward exists. This indicates that, regardless of
how many military personnel are initially dissatisfied, their dis-
content can be eliminated if the value of R,, < 1. However, if
R,, > 1, the dissatisfaction will become widespread among mil-
itary personnel, leading to minimal productivity. It is essential
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Figure 2: Forward bifurcation plot for the disgruntled military
population at R,, = 1. The parameter values are from Table 1.

to implement measures such as improved welfare packages to
prevent this situation.

The forward bifurcation is illustrated in Figure 2. With the
forward bifurcation of the model at R,, = 1,, the equilibrium
states of the model system (1) can be globally asymptotically
stable. We, therefore, establish the global stability of the equi-
librium states.

3.7. Global stability of the equilibrium states

In this subsection, the global stability of the equilibrium
states is presented.

3.7.1. Global stability of the disgruntled-free equilibrium state
of the model
We employ the Comparison Theorem by [27] to the model
system (1) to prove the global stability of DFE, E, by stating
the following theorem.

Theorem 3.5. Provided thatR,, < 1 and 6; = 0,6, =0, 83 =
0, the disgruntled-free equilibrium state,

AN Ay _ ocwAy

Ey=|—, 2L
Ok ik koks |

of the model system (1) is globally asymptotically stable, other-
wise it is unstable when the Disgruntled military reproduction
number, R,, > 1 with ki, k;, k3 defined in Equation (5).

Proof 3.5. From the first condition DFE, E, we have the non-
disgruntled compartments given by

B _ A _tys

dt = 19 mp»
dT,,

dt = 7S111p - k2Tmps (12)
APy,

7 = 0wl — kaPpyp,

with [S ., Tinp, Pmp] as the contented and satisfied state com-
partments, and the disgruntled compartment D,,, is zero. Thus,
the Jacobian matrix of system (equation) (12) is given as

-k O 0
Ju = Y —kz 0 .
0 ow -k

The J, matrix has negative eigenvalues, —k, —k, and — ky4; this
shows that the non-disgruntled system (equation) (12) is glob-
ally asymptotically stable at the DFE, E.

For the second condition of the Comparison Theorem,
G(x,y) = Ay — G(x,y). Applying the Comparison theorem
to the Disgruntled compartment of the model, we have A =
apTy,, — k3, G(x,y) = aB(TD, = Typ)Dyp, so that G(x,y) > 0
if T3, = 1% > T,y With G(x,y) > 0, it implies that
G(x,y) < Ay. Here, A = a,BT,(,)lp — k3 = ks(R, — 1) is an M-
matrix (with negative eigenvalue) if R, < 1. This means that
the extended model satisfies the two conditions of the Compar-
ison theorem. Hence, DFE, E is globally asymptotically stable
if R, < 1.

The implication of the theorem is that irrespective of how
many military personnel are initially compromised or disgrun-
tled, provided that the disgruntled military reproduction num-
ber, R, is less than unity, the number of disgruntled military
population will be drastically reduced in the military popula-
tion and thereby increase the number of the productive military
population.

3.7.2. Global stability of the disgruntled-present equilibrium
(DPE) of the model
We state and prove the global stability of DPE using the
Volterra-Lyapunov approach.

Theorem 3.6. The disgruntled-present equilibrium, E*, of the
model of the system of equations (1) is globally asymptotically
stable if R, > 1 in ®.

Proof 3.6. The global stability of the disgruntled present equi-
librium is proved by constructing the Volterra-Lyapunov func-
tion given as:

* 5 S’”P
V([) = Smp _Smp _SmplnST

mp

T,
+ (Tm,, = Tpp = Thpln T’"”)

B
mp

D
+ (Dm,, - D;,, - D;,In DZ’”) .
mp

Taking the derivatives of V(¢) along the solutions of the
model equations (1) gives:

av _ (1 S:np) dSmp +(1 _ lelp) dTmp

dt Spp) dt T,y dt
+ 1—% Dy
D,,) dt
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g+
- (1 - S—’””)(A — (+Y)Smp)

mp

T:zp
1= (¥Smp = aBT1pDunp = k2T
mp

D;,
+ (1 — D—) (aBTmpDp = k3Dip) (13)

mp

Substituting at disgruntled-present equilibrium state, DPE,

A = p+y)S,,s kT, = ¥S ,,—apT,,, D, s

into equation (13) and simplifying yields:

sy oSS,

dt mp Swp Smp (14)
S (3 S:;IP TmP S mp T;;’P)
YO m - T 7 T e o7 )
P Sml’ Tmp Smp TmP

By Arithmetic-Geometric theorem on Equation (14), we have

* *

%
- P - % % ’
S mp Smp Smp Tmp Smp Tmp
dv

which implies that <~ < 0. Hence, the disgruntled-present equi-
librium, DPE, is globally asymptotically stable for R,, > 1 since

dav
& <o.

The global stability of the DFE and DPE implies that with
different initial conditions, the model will always converge to
the disgruntled-free and disgruntled-present equilibrium states
when R,, < | and R,, > 1, respectively.

We further examine the most sensitive parameters of the
model (equation) (1) using the approach of LHS to compute
the PRCC of the parameters.

4. Global sensitivity analysis

Global sensitivity analysis (GSA) is examined in this sub-
section to determine the most sensitive parameters on Ry, T,
D,,, and P,,, as multiple points entry. It determines the be-
haviour and degree of each parameter of the compartments. In
this work, Latin Hypercube Sampling (LHS) sampling-based
method with Partial Rank Correlation Coefficient (PRCC) is
used to analyse GSA by generating 2000 samples from a uni-
form distribution of each parameter range [30-34]. The pa-
rameter values used for the sensitivity analysis are presented in
Table 1. The graphical presentations of PRCCs for the parame-
ters on R,,, the state variables, S .y, Typ, Dimp and P,,, and the
outcome of 2000 sample of parameter sets are shown in Figures
3,4,5,6 and 7.

Figure 3 shows that the military influence rate, (), the
progress rate from disgruntled military population to produc-
tive military population, 7, and the progress rate due to wel-
fare from susceptible military population to productive military
population, w have significant impacts on the disgruntled mili-
tary reproduction number R,,. While, in Figures 5, 6 and 7, the
military influence rate, (8), and the progress rate due to wel-
fare from disgruntled military population to productive military

k3D:1p = aﬂT;pD;p’

PRCC

Figure 3: Partial rank correlation coefficient (PRCCs) for im-
portant parameters of R,,.

mp

N N N
-0.1 0 0.1 0.2 0.3 0.4 0.5
PRCC

Figure 4: Partial rank correlation coefficient(PRCCs) for im-
portant parameters of S ..

population, 7, have significant effects among the military per-
sonnel while other parameters are insignificant based on their
monotonicity, PRCCs< [0.5].

The signs (+ and -) of PRCC indicate the definite qualitative
relationship between the parameters and output of the disgrun-
tled generation number, R, and the state variables, T,,,, Dy,
and P,,,. The parameter with positive PRCC implies that in-
creasing it increases the value of R, Ty, Dyp and Py, At
the same time, the parameters with PRCC negative values indi-
cate that their output decreases whenever their values increase.
Figures 8 and 9 show the impact of 7 and 8 on disgruntled
and productive compartments, respectively. In Figure 8, when-
ever S is increased, it increases the disgruntled military popu-
lation, while the disgruntled military population decreases as T
increases. Also, in Figure 9, the productive military population
increases as T and 3 increase.

For the population, S, in Figure 4, there are no significant
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Figure 5: Partial rank correlation coefficient (PRCCs) for T,,),.

“PRCC

0.8

-0.8

Figure 6: Partial rank correlation coefficient (PRCCs) for D,,,,,.
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Figure 7: Partial rank correlation coefficient (PRCCs) for P,,),.

0
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Figure 9: Frequency plot for 7 and 5 on P,,),.

150

Figure 10: 3D plot for 8 and w on R,,.

parameters affecting it as the PRCCs< |0.5].
Figure 10 shows the effect of 8 and w on R,, as B in-
creases, R, increases, this means that this lead to increase in the
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Figure 11: 3D plot for 8 and 7 on R,,.

Figure 12: 3D plot for w and 7 on R,,.

level of disgruntlement among the military personnel whereas
increase in w implies decrease in R,, by extension, the level
of disgruntlement decreases. Also, Figure 11 shows that as
increases, R,, increases, which means the disgruntlement in-
creases, while as 7 increases, R,, decreases, which implies that
disgruntlement among the military personnel decreases. In ad-
dition, Figure 12 depicts that as both w (welfare) and 7 (wel-
fare) increase, R,, decreases, and this leads to the reduction of
disgruntlement among the military personnel; otherwise, it will
increase the level of disgruntlement among the military person-
nel.

5. Numerical simulations with discussion

The numerical simulations of the systems of equations (1)
are carried out. The simulations are further carried out on the
two compartments D,,, and P,,, of the basic model (equation)
(1) to examine the dynamics of disgruntlement on each com-
partment before and after the application of control, that is,
when the parameter 7 in model (equation) (1) is replaced with
7(1 + u) and without 7(1 + u). This is to compare, investigate
the impact, the efficiency, and effectiveness of the control (1+u)

10

10

and without control (1 + «) on the system (1). The fourth-order
Runge-Kutta method is used for the simulations. The param-
eter values used for the simulations are presented in Table 2,
while the initial conditions are as follows: §,,,(0) = 233,856,
T,p(0) = 21,338, D,p(0) = 1, P,y (0) = 342,

Using the global sensitivity analysis results, the effects of
the most significant parameter on the populations of D,,, and
P, are implemented to show their importance on the dynamics
of military welfare.

The solutions to the dynamic military population model are
illustrated in Figure 13, which includes Figures 13a, 13b, 13c,
and 13d. Figure 13 displays the recruitment trends within the
military population, as well as the effects of disgruntlement and
welfare on this group. It shows that the potential military popu-
lation, denoted as S ,,,, eligible to join the Armed Forces, con-
tinues to decline as individuals transition into the susceptible
military population, 7T,,,. This trend stabilizes at a minimum
after approximately eight years.

Figure 13a illustrates the recruitment of potential military
personnel into the military population, showing a gradual de-
cline that approaches a minimum by year ten. In contrast,
Figure 13b depicts the dynamics of the total military popu-
lation, highlighting shifts toward either dissatisfaction or in-
creased productivity due to improved welfare. Notably, there
is a significant drop to a minimal level around year two.

Figure 13c portrays the trends of disgruntled military per-
sonnel over ten years. At first, the number of disgruntled per-
sonnel is relatively low. However, after approximately one and
a half years, the disgruntled population increases, peaking at
around 130,000 before declining to about 25,000 by the tenth
year. This gradual decline is likely linked to improved welfare
measures. Finally, Figure 13d illustrates the dynamics of the
productive military population, which starts to increase around
the same time, reaching a peak of 115,000 by year ten, also
attributed to improved welfare.

5.1. The effect of varying the parameter values on the military
welfare dynamics

Figures 14 and 15 shows the effect of varying the param-
eters 3, w, T on the disgruntled military population, D,,, and
productive military population, P,,,, respectively.

Figure 14 comprises three sub-figures: Figure 14a, Figure
14b, and Figure 14c. These figures illustrate the varying ef-
fects of the influence rate 3, the welfare improvement w, and
the progress rate due to welfare 7 on the disgruntled military
population, D,,,, as depicted in Figure 14a, Figure 14b, and
Figure 14c, respectively.

Figure 14a demonstrates that the influence rate 8 has a min-
imal significant impact on the disgruntled military population
D,,,,. Although there is a slight effect of 8 on this group around
one and a half years in, it peaks at approximately 130,000 by
year three before gradually declining to about 25,000 by year
ten. This trend indicates that disgruntled military personnel are
mainly influenced early on.

Figure 14b shows the varying effect of w on the disgrun-
tled military population. It similarly impacts the population, al-
though the improved welfare represented by w does not directly
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Figure 13: Simulations showing solutions of the model (equation) (1).

benefit the servicemen. Figure 14c reveals the significant role
of the progress rate due to welfare 7 in reducing the number of
disgruntled military personnel. As 7 increases, the population
of disgruntled military personnel decreases, approaching zero
around year ten when 7 = 0.7. This suggests that to eliminate
discontented military personnel, it is essential to introduce en-
hanced welfare programs. This finding validate the conclusions
of previous studies [4, 6-9, 11, 40—43] regarding the impact of
improved welfare.

Figure 15 illustrates the varying effects of 8, w, and 7 on
the productive military population P,,,. Figure 15a shows that
regardless of the influence rate 3, the productive military pop-
ulation P, continues to increase as military personnel receive
improved welfare. This indicates that they cannot be easily in-
fluenced to become disgruntled. Similarly, Figure 15b demon-
strates that as the progress rate of welfare w increases, moving
individuals from the susceptible military population to the pro-
ductive military population, P,,, also rises, irrespective of the
specific value of w. Lastly, Figure 15c illustrates the significant
impact of 7 on reducing the number of disgruntled military per-
sonnel while simultaneously increasing the productive military

11

population. Therefore, as 7 increases, the productive military
population also grows. This suggests that in order to eliminate
disgruntlement among military personnel and enhance overall
productivity, it is essential to strengthen and sustain improved
welfare initiatives. These results are consistent with the find-
ings of Refs. [4, 6-9, 11, 40, 42] regarding the effects of im-
proved welfare.

5.2. The impact of implementing control measure on the mili-
tary welfare dynamics

The basic model for the military population in system
(equation) (1) is extended by introducing constant control
called the standard improved welfare package control, u, based
on the result of the basic model simulations, and T been the
most significant parameter on the disgruntled military genera-
tion number R, and by extension, on each of the sub-military
populations, Tp, Dp, Pyp. This is done by replacing the pa-
rameter 7 in model (equation) (1) with 7(1 + u). The effect of
the control is displayed in Figure 16.

Figure 16 illustrates the dynamics of the disgruntled mili-
tary population. The Figure 16a depicts the impact of control-
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Figure 14: Simulations showing the effects of varying the pa-
rameters 3, w, T on the dynamics of disgruntled military popu-
lation D,,, subpopulation.

ling measures on the disgruntled military population, denoted
as D,,,. With the implementation of the standard improved wel-
fare package, referred to as u, the disgruntled military popula-
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Figure 15: Simulations showing the effects of varying the pa-
rameters 3, w, T on the dynamics of productive military popu-
lation P,,, subpopulation.

tion Dy, begins to increase around one year and two months,
peaking at approximately 8 x 10* at around two years and two
months. After this peak, it gradually decreases to nearly zero
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Figure 16: Simulations showing the impact of control on the
disgruntled military compartment,D,,, and productive military
compartment, P,,, dynamics.

over ten years. In contrast, without the control measures, D,,,
also starts to rise at about one year and two months, reaching
a peak of approximately 14 x 10*. This figure then declines
gradually, bottoming out at about 2.5 x 10* around year ten.

The Figure 16b illustrates the effects of the improved wel-
fare package control u on the productive military population,
P,,,. The implementation of this package increases the produc-
tive military population to a maximum level of around 16 x 10*
at approximately year five. At the same time, it drops to a min-
imum of about 1.3 x 10* at around year three.

These findings underscore the importance of the standard
improved welfare package in alleviating discontent among mil-
itary personnel and its potential to enhance productivity within
the military ranks. This aligns with the findings of [4, 6—
8, 11, 12, 40, 43] regarding the importance of welfare.
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6. Conclusion

In this paper, we investigated the impact of welfare on the
Nigerian military population and the influence of disgruntle-
ment among military personnel by developing a deterministic
mathematical model. We derived the disgruntled military re-
production number, denoted as R,,. Additionally, we analyzed
the model’s disgruntled-free equilibrium (DFE) and disgruntled
present equilibrium (DPE). We conducted a local stability anal-
ysis of the model, implementing three bifurcation analyses: for-
ward bifurcation, backward bifurcation, and Hopf bifurcation.
We also established the global stability of the system and per-
formed a global sensitivity analysis. The global sensitivity anal-
ysis revealed that the influence rate (5), the progress rate from
the disgruntled military population to a productive military pop-
ulation (7), and the progress rate due to welfare that transitions
members of the susceptible military population from potential
disgruntlement to productivity (w) have significant impacts on
the disgruntled military reproduction number R,, and the level
of disgruntlement among the military population.

Subsequently, these findings were used to formulate a con-
trol model that incorporates a constant control parameter, re-
ferred to as the standard improved welfare package control (u),
applied to the most significant parameter, 7, of the basic model.
We conducted numerical simulations to examine the impact of
these control measures. The results indicate that:

e to minimize the level of discontent and compromise
among military operatives, it is essential to implement
an improved welfare package.

e to enhance productivity among military personnel, a sus-
tained welfare package must be maintained. This aligns
with previous findings.

To enhance the productivity of military personnel and pre-
vent dissatisfaction and compromises among the military oper-
atives, standard improved welfare packages must be established
within military formations by the appropriate authorities. This
principle applies to all armed forces as well. The positive im-
pact of improved welfare on worker productivity aligns with the
statement made by the current President of Nigeria: “A happy
worker is a productive worker, and society depends on the pro-
ductivity of happy workers” [37]. This study acknowledges cer-
tain limitations, such as the need to address factors like absence
without leave (AWOL), voluntary and compulsory retirement,
government instability, and external crises as means of exiting
the military population. Future research will explore these fac-
tors.

Data availability
All the Data (parameter values) used in this work have been

cited appropriately in Table 1.
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