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Abstract

The Dai–Yuan method is an important iterative scheme for solving unconstrained optimization problems, but it often requires exact or Wolfe-type
line searches to satisfy descent or sufficient descent conditions. It may also perform poorly due to the jamming phenomenon. This paper presents
a modified three-term Dai–Yuan method for solving constrained systems of nonlinear monotone equations. The search direction of the proposed
method includes a nonnegative parameter whose value is determined through singular-value analysis of the iteration matrix. The method also
incorporates a restart mechanism that ensures global convergence regardless of the line-search procedure used. Theoretical analysis establishes
the global convergence and convergence rate of the proposed scheme under suitable assumptions. Numerical experiments on constrained nonlinear
equations and sparse signal reconstruction demonstrate the efficiency of the method compared with related algorithms.
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1. Introduction

This paper is dedicated to constrained system of nonlin-
ear equations and its application in sparse signal reconstruc-
tion. Generally, the constrained systems of nonlinear equations
is formulated as

F(x̄) = 0, x̄ ∈ C ⊆ Rn, (1)

∗Corresponding author Tel. No.: +234-803-614-3352
Email address: abubakars.halilu@slu.edu.ng (A. S. Halilu )

in which C is a nonempty, closed convex set and F : Rn → Rn

is a continuous and monotone mapping. This implies that F
satisfies the inequality

(F(x) − F(y))T (x − y) ≥ 0, ∀x, y ∈ C. (2)

Some applications of equation (1) are found in the general equi-
librium problems [1, 2] as well as in compressed sensing [1–
3], where sparse signals are reconstructed and images are de-
blurred. Since the focus of this work is on large-scale prob-
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lems in the form of equation (1), we require an iterative method
that avoids computing and storing matrices at each iteration.
Recent developments have shown that the conjugate gradient
(CG) method, which requires less memory to implement, is the
method that fits the bill. Primarily, CG method is used to solve
the large-scale optimization problem

min
x∈Rn

f (x), (3)

in which f : Rn → R is a smooth function with gradient at xk

given as ∇ f (xk) = g(xk). Starting with a guess x0 ∈ Rn, the
formula for generating the method’s iterates is given by

xk+1 = xk + sk, sk = ϑkdk, k = 0, 1, ..., (4)

where xk represents the kth iterate, ϑk > 0 is a step-size often
obtained using a line search procedure along the method’s di-
rection dk which is defined by

d0 = −g0, dk+1 = −gk+1 + βkdk, k ≥ 0. (5)

In equation (5), gk+1 = g(xk+1) and βk is the CG (update) param-
eter that is crucial in the method’s implementation. For different
CG methods with different choices of βk, see the comprehensive
survey in [4, 5]. The earlier or classical βk parameters are de-
fined as follows:

βFR
k =

∥gk+1∥
2

∥gk∥
2 [6], βCD

k =
∥gk+1∥

2

−dT
k gk

[7], βDY
k =

∥gk+1∥
2

dT
k (gk+1 − gk)

[8],

(6)

βHS
k =

gT
k+1(gk+1 − gk)

dT
k (gk+1 − gk)

[9],

βPRP
k =

gT
k+1(gk+1 − gk)
∥gk∥

2 [10, 11],

βLS
k =

gT
k+1(gk+1 − gk)

–dT
k gk

[12].

(7)

where ∥.∥ is the ℓ2–norm and gk = g(xk). For global conver-
gence of a CG method that is implemented via equation (4) and
equation (5), it is expected to satisfy the inequality

dT
k+1gk+1 ≤ −ϑ∥gk+1∥

2, ϑ > 0. (8)

As with the other methods in equation (6), the DY scheme with
βDY

k suffers from the jamming phenomenon, where small steps
are taken without much progress to the minimum of f in equa-
tion (8). Also, as with other methods in equation (6) and the
other group of the classical CG methods in [9–12], the DY
scheme does not automatically satisfy equation (8). To address
these shortcomings, modified variants of the DY method for
solving equation (3) have emerged in recent years. Andrei [13]
proposed a scaled DY-type method for the problem in equation
(3) with sufficient descent and conjugacy conditions. Andrei
[14] also proposed a hybrid method for equation (3), where the
update parameter is obtained as a convex combination of the HS
and DY parameters. Based on ideas by Li and Fukushima [15],
Wei et al. [16], and Zhang et al. [17], two DY-type algorithms

were presented by Zhang [18] for solving equation (3). One of
the methods converges globally for nonconvex functions, while
the second method exhibits the good performance properties it
inherits from the HS method. For other DY-type algorithms, see
[19–26] and the references therein.

Owing to the useful properties of CG methods, researchers
dealing with high-dimensional problems have proposed CG-
type methods for solving the constrained problem in equation
(1), where the direction is defined as

d0 = −F0, dk+1 = −Fk+1 + βkdk, Fk+1 = F(xk+1), k = 0, 1...,

where βk corresponds to a modified version of any of the clas-
sical ones in equation (6) and equation (7).

Recently, some DY-type methods for solving problem
(1) have been developed. These include the method by Liu
and Li [27], where the algorithm was obtained by combining
the classical DY parameter [8], the spectral gradient method
[28] and the method proposed in [29]. The authors also
proved convergence of the method without the differentiability
assumption. Also, in [30], Liu and Li combined the method
in [31] with the DY method [32] to present a spectral DY-type
method for the problem in equation (1). Motivated by the
work in Refs. [27, 32], Liu and Feng [33] presented a DY-type
method for solving problem (1). The method’s derivative-free
structure makes it ideal for nonsmooth problems. By employ-
ing the Lipschitz continuity assumption, the authors proved
global convergence of the new method. Inspired by the work
in Ref. [33], Sani et al. [34] proposed a DY-type algorithm for
solving equation (1), where the method’s search direction was
obtained as a convex combination of the unmodified DY and
CD parameters. Only recently, Alhobaiti et al. [35] proposed
two scaled DY-type algorithms for solving equation (1), where
two different approaches were applied to compute the scaling
parameter. The authors also showed that both methods satisfy
the inequality in equation (8). The reader can explore Refs.
[1–3, 36–45] for other works in the literature, and also view
the recent works in [46–48] to have a broader comprehension
of the underlined concept outside the literature discussed above.

We outline the objectives of the work as follows:

• To construct a DY-type algorithm for solving the con-
strained problem in equation (1) and add to the few that
already exist in the literature.

• To present a method with the vital property for analyzing
the convergence of CG-type methods for the constrained
problem in equation (1).

• To analyze global convergence and convergence rate of
the new method.

• To analyze numerical performance of the method in solv-
ing problem (1).

• To describe the method’s application in sparse signal re-
covery.
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The paper is structured as follows: Motivation and details of
the method are given in the following section. Analysis of its
convergence and rate of convergence are given in Section 3.
Results of some numerical experiments as well as application
of the method are presented in Section 4. Conclusions are given
in Section 5.

2. Motivation and algorithm of the method

As known theoretically, the vital property expressed in
equation (8) holds for all the classical CG methods when f in
equation (3) is convex quadratic and ϑk in equation (4) is com-
puted exactly. In actual computations, however, where inexact
line searches are used, equation (8) does not hold in general for
these methods. For example, by substituting the HS parameter
in equation (5) and multiplying through by gT

k+1, we obtain

dT
k+1gk+1 = −∥gk+1∥

2 + βHS
k gT

k+1dk. (9)

Clearly, equation (9) satisfies equation (8) if βHS
k ≥ 0 and

gT
k+1dk ≤ 0. On the other hand, if βHS

k ≥ 0 and gT
k+1dk > 0 the

condition may not hold as the quantity βHS
k gT

k+1dk may become
larger than −∥gk+1∥

2. To remedy this defect of the HS method,
Dong et al. [49] made some modifications to the method that
not only satisfies equation (8), but also inherits the nice at-
tributes of the method. The authors proposed the following
modified HS search direction:

dD
k+1 =

−λk+1gk+1 + β
D
k dk, gT

k+1dk > 0, k ≥ 0;
−gk+1 + β

HS
k dk, gT

k+1dk ≤ 0, k ≥ 0, otherwise.
(10)

In equation (10), λk+1 is given by

λk+1 = 1 +
gT

k+1dk

dT
k yk

·
gT

k+1yk

∥gk+1∥
2 , β

D
k = max{βDHS

k , ηk},

where
ηk =

−1
∥dk∥min{η, ∥gk∥}

,

and

βDHS
k =

1 − gT
k dk

dT
k yk

 βHS
k − t

∥yk∥
2gT

k+1dk

dT
k yk

, t > 0.

Motivated by this approach, Aminifard and Babaie-Kafaki
[50] made an almost similar modification to the classical PRP
method, which is also a method with the same built-in mecha-
nism as the HS method but also fails to satisfy the condition in
equation (8) when inexact line searches are employed in general
as demonstrated in the case of the HS method. The search direc-
tion put forward by the authors in Ref. [50] for which equation
(8) holds, while retaining nice attributes of the unmodified PRP
method is defined as follows:

d0 = −g0,

dM
k+1 =

−λk+1gk+1 + β
MPRP
k dk, if gT

k+1dk > 0, k ≥ 0,
−gk+1 + β

PRP
k dk, if gT

k+1dk ≤ 0, k ≥ 0.

(11)

where

λk+1 = 1 +
gT

k+1dk

∥gk+1∥
2 β

PRP
k ,

and

βMPRP
k =

1 − gT
k+1sk

∥gk∥
2

 βPRP
k − t

∥yk∥
2gT

k+1sk

∥gk∥
4 , t ≥ 0.

Inspired by equation (10), equation (11), and the classical DY
method, we propose the following DY-type search direction:

d0 = −F0, dk+1 =


−Fk+1 + β

DY1
k dk, FT

k+1dk > 0, k ≥ 0;
−Fk+1 + β

DY2
k dk, FT

k+1dk ≤ 0, k ≥ 0,
otherwise,

(12)
in which

βDY1
k = Γkβ

DY2
k − tk

∥Fk+1∥
2FT

k+1dk

(dT
k wk)2

, k = 0, 1, ..., (13)

βDY2
k =

∥Fk+1∥
2

dT
k wk

, (14)

with tk being a nonnegative parameter which is to be determined
and

wk = yk + r
∥Fk+1∥sk

∥sk∥
, yk = F(ψk) − F(xk), r > 1, (15)

and
ψk = xk + ϑkdk.

From equation (15) and monotonicity of F, we obtain

dT
k wk =

sT
k yk

ϑk
+

r
ϑk

∥Fk+1∥

∥sk∥
∥sk∥

2 ≥
r
ϑk
∥Fk+1∥∥sk∥ > 0.

Consequently, we get

sT
k wk = sT

k yk + r∥Fk+1∥∥sk∥ ≥ r∥Fk+1∥∥sk∥ > 0. (16)

To find suitable approximations for tk, we conduct singular
value analysis of the matrix associated with the first case of
the directions in equation (12), where FT

k+1dk > 0. Observe that
the direction in the first case of equation (12) can be written as

dk+1 = −Mk+1Fk+1, k = 0, 1, ...,

in which Mk+1 is known as the matrix associated with the first
case of the search direction in equation (12) and is given as

Mk+1 = I − Γk
dkFT

k+1

dT
k wk

+ tk
∥Fk+1∥

2dkdT
k

(dT
k wk)2

.

Now, from the first case in equation (12), FT
k+1dk > 0. So, we

have that Fk+1 and dk are nonzero vectors. Hence, there exists
mutually orthonormal vectors {τi

k}
n−2
i=1 ⊂ V

⊥ satisfying

FT
k+1τ

i
k = dT

k τ
i
k = 0, i = 1, ..., n − 2,

3
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which ultimately yields

Mk+1τ
i
k = MT

k+1τ
i
k = τ

i
k, i = 1, ..., n − 2.

Hence, Mk+1 contains n − 2 singular values with multiplicity
1 each. Let σ+k and σ−k represent the two singular values left.
Considering that the matrix Mk+1 represents a rank-two update,
its determinant can be computed by employing the algebra for-
mula in [51], i.e.,

det(I + b1bT
2 + b3bT

4 ) = (1 + bT
1 b2)(1 + bT

3 b4) − (bT
1 b4)(bT

2 b3),

and setting b1 =
−Γkdk
dT

k wk
, b2 = Fk+1, b3 = tk

∥Fk+1∥
2dk

(dT
k wk)2 , b4 = dk,

we get

det(Mk+1) = 1 + tk
∥Fk+1∥

2∥dk∥
2

(dT
k wk)2

−
ΓkFT

k+1dk

dT
k wk

, (17)

which is clearly greater than zero for tk ≥ Γk. Now by employ-
ing the property of Frobenius norm, we have

∥Mk+1∥
2
F = tr(MT

k+1Mk+1)

= n −
2ΓkdT

k Fk+1

dT
k wk

+
2tk∥Fk+1∥

2∥dk∥
2

(dT
k wk)2

−
2Γktk∥Fk+1∥

2∥dk∥
2FT

k+1dk

(dT
k wk)3

+
Γ2

k∥Fk+1∥
2∥dk∥

2

(dT
k wk)2

+ t2
k
∥Fk+1∥

4∥dk∥
4

(dT
k wk)4

= 1 + · · · + 1︸      ︷︷      ︸
(n-2) times

+(σ+k )2 + (σ−k )2.

Consequently, we obtain

(σ+k )2 + (σ−k )2 = 2 −
2ΓkdT

k Fk+1

dT
k wk

+
2tk∥Fk+1∥

2∥dk∥
2

(dT
k wk)2

−
2Γktk∥Fk+1∥

2∥dk∥
2FT

k+1dk

(dT
k wk)3

+
Γ2

k∥Fk+1∥
2∥dk∥

2

(dT
k wk)2

+ t2
k
∥Fk+1∥

4∥dk∥
4

(dT
k wk)4

.

(18)

By employing equation (17) and equation (18), and setting

χk =
∥Fk+1∥

2∥dk∥
2

(dT
k wk)2

, ϖk =
FT

k+1dk

dT
k wk

with some algebraic simplifications, σ+k and σ−k are obtained as

σ±k =
1
2

√
(tkχk − Γkϖk + 2)2 + Γ2

kχk − Γ
2
kϖ

2
k

±

√
(tkχk − Γkϖk)2 + Γ2

kχk − Γ
2
kϖ

2
k ,

(19)

which after some algebraic simplifications satisfies the inequal-
ity 0 < σ−k ≤ 1 ≤ σ+k .

It has been stated in Ref. [52] that a matrix condition num-
ber is a vital factor in sensitivity analysis of numerical compu-
tations of the matrix. Let Q be an arbitrary nonsingular matrix.
The condition number associated with Q is given as

κ(Q) = ∥Q∥∥Q−1∥. (20)

It was equally noted in Ref. [52] that the larger κ(Q) gets, the
closer or more likely is Q to being ill-conditioned. The matrix
Q is said to be well-conditioned if κ(Q) is not too large. The
most preferred condition number is 1. Also, note that the value
of κ(Q) is dependent on the type of norm used to compute it.
Apart from equation (20), the condition number can also be
obtained by employing the smallest σn and largest σ1 singular
values of the matrix Q, namely

κ2(Q) =
σ1

σn
. (21)

The condition number defined in equation (21) is known as the
spectral condition number. Now, considering equation (19) and
equation (21), we see that as the distance between σ+k and σ−k
increases, the larger the value of κ2(Q) gets. So, to obtain a
suitable value for the parameter tk which will improve the nu-
merical stability of the proposed method, we obtain it as the
solution of the minimization problem

min
t

(σ+k − σ
−
k ), (22)

so that σ−k is made as close as possible to σ+k , and ensuring that
κ2(Mk+1) gets as close to 1 as possible. By conducting some
algebraic simplifications and setting Γk =

FT
k+1dk

dT
k wk

we obtain

tk =
(FT

k+1dk)2

∥Fk+1∥
2∥dk∥

2 , (23)

as the minimizer of equation (22), which we take as the optimal
value of tk. In order to ensure that tk ≥ Γk as required by equa-
tion (17), we present the revised form inside a scale-adjusted
constraint container:

t∗k =


tk, if tk ≥

FT
k+1dk

dT
k wk

,

∥Fk+1∥∥dk∥

dT
k wk

, if tk <
FT

k+1dk

dT
k wk

.

(24)

Lemma 1. Given that C is as defined in equation (1), then the
projection operator PC[x] is defined as

PC(x) = arg min{∥x − y∥ : y ∈ C}, ∀x ∈ Rn.

Also, PC[·] is nonexpansive, namely, it satisfies the inequality

∥PC(x) − PC(y)∥ ≤ ∥x − y∥, ∀x, y ∈ Rn.

Also,
∥PC(x) − y∥ ≤ ∥x − y∥, ∀y ∈ C. (25)

We describe the algorithm as follows:

Algorithm 1
Data: Set ϵ > 0, x0 ∈ C, β ∈ (0, 1), ζ ∈ (0, 1), δ ∈ (0, 1),
0 < ϕ < 2, r > 1.
Initialization: Set k = 0 and d0 = −F0.
Step 1: Compute F(xk) and test if ∥F(xk)∥ ≤ ϵ. If yes, stop,
otherwise move to Step 2.

4
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Step 2: Determine ψk = xk + ϑkdk, where ϑk = ζβ
mk , and mk is

the smallest nonnegative integer satisfying

−F(xk + ϑkdk)T dk ≥ δϑk∥F(ψk)∥∥dk∥
2. (26)

Step 3: If ψk ∈ C and ∥F(ψk)∥ ≤ ϵ, end the process, else obtain

xk+1 = PC
[
xk − ϕζkF(ψk)

]
, where (27)

ζk =
F(ψk)T (xk − ψk)
∥F(ψk)∥2

. (28)

Step 4: Determine dk+1 by equation (12) with equations (13),
(14), (15), and (24).
Step 5: Set k = k + 1 and move back to Step 1.

3. Convergence results

Assumption 1. The solution set, say C of equation (1) is not
empty, namely there exists x̄ ∈ C such that F(x̄) = 0.

Assumption 2. Given x, y ∈ C, there exists a positive constant
L such that

∥F(x) − F(y)∥ ≤ L∥x − y∥. (29)

Lemma 2. The search directions determined in Step 4 by Al-
gorithm 1 satisfy the inequality

dT
k+1Fk+1 ≤ −γ∥Fk+1∥

2, γ =

(
1 −

1
r2

)
, (30)

and the trust region property(
1 −

1
r2

)
∥Fk+1∥ ≤ ∥dk+1∥

≤ max
{
1,

(
1 +

2
r2

)
,

(
1 +

1
r2 +

1
r3

)
,(

1 +
1
r

) }
∥Fk+1∥.

(31)

Proof. Notice from equation (12) that for k = 0, dT
0 F0 =

−FT
0 (F0) = −∥F0∥

2. Next, we prove the result for k = 1, 2, . . . ,
in the following manner:

Case (1). FT
k+1dk > 0, t∗k = tk and Γk =

FT
k+1dk

dT
k wk

. Multiply-
ing through equation (12) by Fk+1 and applying the Cauchy-

Schwarz inequality, we have

dT
k+1Fk+1 = − ∥Fk+1∥

2

+ Γk
∥Fk+1∥

2FT
k+1dk

dT
k wk

− t∗k
∥Fk+1∥

2(FT
k+1dk)2

(dT
k wk)2

= − ∥Fk+1∥
2 +
∥Fk+1∥

2(FT
k+1dk)2

(dT
k wk)2

−
∥Fk+1∥

2(FT
k+1dk)4

∥Fk+1∥
2∥dk∥

2(dT
k wk)2

= − ∥Fk+1∥
2 +
∥Fk+1∥

2(FT
k+1dk)2

(dT
k wk)2

−
(FT

k+1dk)4

∥dk∥
2(dT

k wk)2

≤ − ∥Fk+1∥
2 +
∥Fk+1∥

2(FT
k+1dk)2

(dT
k wk)2

≤ − ∥Fk+1∥
2 +

∥Fk+1∥
4∥dk∥

2

r2∥Fk+1∥
2∥dk∥

2

= − ∥Fk+1∥
2 +
∥Fk+1∥

2

r2

= −

(
1 −

1
r2

)
∥Fk+1∥

2.

For FT
k+1dk > 0, with t∗k =

∥Fk+1∥∥dk∥

dT
k wk

and Γk =
FT

k+1dk

dT
k wk

, we have:

dT
k+1Fk+1 = − ∥Fk+1∥

2

+
∥Fk+1∥

2(FT
k+1dk)2

(dT
k wk)2

−
∥Fk+1∥

3∥dk∥(FT
k+1dk)2

(dT
k wk)3

≤ − ∥Fk+1∥
2 +
∥Fk+1∥

2(FT
k+1dk)2

(dT
k wk)2

≤ − ∥Fk+1∥
2 +

∥Fk+1∥
4∥dk∥

2

r2∥Fk+1∥
2∥dk∥

2

= − ∥Fk+1∥
2 +
∥Fk+1∥

2

r2

= −

(
1 −

1
r2

)
∥Fk+1∥

2.

Case (2). FT
k+1dk ≤ 0. Since ∥Fk+1∥

2 and dT
k wk are both greater

than zero, taking the inner product of the direction in the second

5
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case with Fk+1 yields

dT
k+1Fk+1 = −∥Fk+1∥

2 +
∥Fk+1∥

2FT
k+1dk

dT
k wk

≤ −∥Fk+1∥
2.

Setting γ = 1 − 1
r2 , which is min

{
1, 1 − 1

r2

}
, we established the

inequality in equation (30).

Next, from equation (30) and applying the Cauchy-Schwarz in-
equality, the first part of equation (31) holds. Now, from equa-
tion (12), d0 = −F0, which implies that ∥d0∥ = ∥F0∥ for k = 0.
For k = 1, 2, . . . , we proceed as follows:

Suppose t∗k = tk, then from equation (23) and equation (24), we
have

|t∗k | =
(FT

k+1dk)2

∥Fk+1∥
2∥dk∥

2 ≤
∥Fk+1∥

2∥dk∥
2

∥Fk+1∥
2∥dk∥

2 = 1. (32)

If t∗k =
∥Fk+1∥∥dk∥

dT
k wk

, then by equation (24), we obtain

|t∗k | =
∥Fk+1∥∥dk∥

dT
k wk

≤
∥Fk+1∥∥dk∥

r∥Fk+1∥∥dk∥
=

1
r
. (33)

So, if FT
k+1dk > 0, employing equation (12), equation (16), and

equation (32), yields

∥dk+1∥ = ∥ − Fk+1 + Γk
∥Fk+1∥

2

sT
k wk

sk − t∗k
∥Fk+1∥

2FT
k+1sk

(sT
k wk)2

sk∥

≤ ∥Fk+1∥ +
∥Fk+1∥

3∥sk∥
2

(sT
k wk)2

+ |t∗k |
∥Fk+1∥

3∥sk∥
2

(sT
k wk)2

≤ ∥Fk+1∥ +
∥Fk+1∥

3∥sk∥
2

r2∥Fk+1∥
2∥sk∥

2 +
∥Fk+1∥

3∥sk∥
2

r2∥Fk+1∥
2∥sk∥

2

≤ ∥Fk+1∥ +
∥Fk+1∥

r2 +
∥Fk+1∥

r2

≤

(
1 +

1
r2 +

1
r2

)
∥Fk+1∥

≤

(
1 +

2
r2

)
∥Fk+1∥.

(34)

Also, if FT
k+1dk > 0, utilizing equation (12), equation (16),

equation (33), and the Cauchy-Schwarz inequality, we get

∥dk+1∥ = ∥ − Fk+1 + Γk
∥Fk+1∥

2

sT
k wk

sk − t∗k
∥Fk+1∥

2FT
k+1sk

(sT
k wk)2

sk∥

≤ ∥Fk+1∥ +
∥Fk+1∥

3∥sk∥
2

(sT
k wk)2

+ |t∗k |
∥Fk+1∥

3∥sk∥
2

(sT
k wk)2

≤ ∥Fk+1∥ +
∥Fk+1∥

3∥sk∥
2

r2∥Fk+1∥
2∥sk∥

2 +
∥Fk+1∥

3∥sk∥
2

r3∥Fk+1∥
2∥sk∥

2

= ∥Fk+1∥ +
∥Fk+1∥

r2 +
∥Fk+1∥

r3

=

(
1 +

1
r2 +

1
r3

)
∥Fk+1∥.

(35)

Now, if FT
k+1dk ≤ 0. From equation (12) and equation (16), we

have

∥dk+1∥ = ∥ − Fk+1 +
∥Fk+1∥

2

sT
k wk

sk∥

≤ ∥Fk+1∥ +
∥Fk+1∥

2∥sk∥

r∥Fk+1∥∥sk∥

= ∥Fk+1∥ +
∥Fk+1∥

r

=

(
1 +

1
r

)
∥Fk+1∥.

(36)

Considering all the cases analyzed in equations (34), (35), and
(36), and noting that r > 1, we obtain that

∥dk+1∥ ≤ max
{

1,
(
1 +

2
r2

)
,

(
1 +

1
r2 +

1
r3

)
,

(
1 +

1
r

)}
∥Fk+1∥

(37)
which establishes the second inequality in equation (31).

Lemma 3. Given that equation (29) holds with x̄ being a so-
lution of equation (1) in C. Then, for ϕ ∈ (0, 2), the sequence
{∥xk − x̄∥} is convergent and

∥xk+1 − x̄∥2 ≤ ∥xk − x̄∥2 − ϕ(2 − ϕ)δ2∥xk − ψk∥
4,

holds with {xk} and {ψk} bounded.

Proof. From equation (26) and the definition of ψk, we have

(xk − ψk)T F(ψk) ≥ δ∥F(ψk)∥∥xk − ψk∥
2. (38)

By equation (2) and for all x̄ ∈ C, we have

(xk − x̄)T F(ψk) = (xk − ψk)T F(ψk) + (ψk − x̄)T F(ψk)

≥ (xk − ψk)T F(ψk) + (ψk − x̄)T F(x̄)

= (xk − ψk)T F(ψk).

(39)

From equation (25), equation (27), equation (28), equation (38),
and equation (39), we have

∥xk+1 − x̄∥2 = ∥PC[xk − ϕζkF(ψk)] − x̄∥2

≤ ∥xk − ϕζkF(ψk) − x̄∥2

= ∥(xk − x̄) − ϕζkF(ψk)∥2

= ∥xk − x̄∥2 − 2ϕζkF(ψk)T (xk − x̄) + ϕ2ζ2
k ∥F(ψk)∥2

≤ ∥xk − x̄∥2 − 2ϕζkF(ψk)T (xk − ψk) + ϕ2ζ2
k ∥F(ψk)∥2

= ∥xk − x̄∥2 − ϕ(2 − ϕ)
(F(ψk)T (xk − ψk))2

∥F(ψk)∥2

≤ ∥xk − x̄∥2 − ϕ(2 − ϕ)
δ2∥F(ψk)∥2∥xk − ψk∥

4

∥F(ψk)∥2

= ∥xk − x̄∥2 − ϕ(2 − ϕ)δ2∥xk − ψk∥
4.

(40)

Hence, the sequence {∥xk − x̄∥} is decreasing, bounded and
shows that {xk} is also bounded. Now, by applying equation
(29) and the fact that ∥xk+1 − x̄∥ ≤ ∥xk − x̄∥, ∀k ≥ 0, we have

∥F(xk)∥ = ∥F(xk) − F(x̄)∥ ≤ L∥xk − x̄∥ ≤ L∥x0 − x̄∥. (41)
6
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Setting L∥x0 − x̄∥ = κ, shows that {Fk} is bounded. Combining
this result with equation (37) shows that there exists M > 0 for
which

∥dk∥ ≤ max
{

1,
(
1 +

2
r2

)
,

(
1 +

1
r2 +

1
r3

)
,

(
1 +

1
r

)}
∥Fk∥

≤ max
{

1,
(
1 +

2
r2

)
,

(
1 +

1
r2 +

1
r3

)
,

(
1 +

1
r

)}
M.

Setting max
{
1,

(
1 + 2

r2

)
,
(
1 + 1

r2 +
1
r3

)
,
(
1 + 1

r

)}
M = M shows

that the sequence of directions {dk} is bounded. Also, from the
inequality (38) and the Cauchy-Schwarz inequality, we have

δ∥F(ψk)∥∥xk − ψk∥
2 ≤ (xk − ψk)T F(ψk)
≤ ∥F(ψk)∥∥xk − ψk∥,

which further yields

δ∥xk − ψk∥ ≤ 1,

implying that {ψk} is bounded. Therefore, by continuity of F,
there exists a constant m such that

∥F(ψk)∥ ≤ m. (42)

Lemma 4. Let {xk} be generated by Algorithm 1. Then

lim
k→∞

ϑk∥dk∥ = 0. (43)

Proof. From equation (40) and the fact that both {xk} and {ψk}

are bounded, we obtain

ϕ(2 − ϕ)δ2
∞∑

k=0

∥xk − ψk∥
4 ≤

∞∑
k=0

(∥xk − x̄∥2 − ∥xk+1 − x̄∥2) < ∞,

which indicates that

lim
k→∞
∥xk − ψk∥ = lim

k→∞
ϑk∥dk∥ = 0.

In the following Lemma, we prove that the line search pro-
cedure defined in equation (26) is well-defined with a uniform
lower bound for the sequence of step-sizes {ϑk}.

Lemma 5. (1) Let {dk} and {xk} be determined by Algorithm 1.
If F is continuous on Rn, then, there exists mk ≥ 0 satisfying
equation (26).

(2) Given that Assumption 2 holds with {xk} and {ψk} being gen-
erated sequences by Algorithm 1. Then

ϑk ≥ min
{
ζ,

β
(
1− 1

r2

)
(L+δm)

(
max

{
1,
(
1+ 2

r2

)
,
(
1+ 1

r2 +
1

r3

)
,(1+ 1

r )
})2

}
.

(44)

Proof. The first part has been proven in Ref. [41] and is left out
here.
For (2), considering equation (26), if ϑk = ζ, the inequality (26)
holds, else ϑk = β

−1ϑk does not satisfy equation (26), i.e.,

−F(ψk)T dk < δϑk∥F(ψk)∥∥dk∥
2.

Now, by equation (29), we have(
1 −

1
r2

)
∥Fk∥

2 ≤ −FT
k dk = (F(ψk) − Fk)T dk − F(ψk)T dk

≤ ϑk(L + δ∥F(ψk)∥)∥dk∥
2

≤ β−1ϑk(L + δm)∥dk∥
2.

Consequently, we get

ϑk ≥
β
(
1 − 1

r2

)
∥Fk∥

2

(L + δm)∥dk∥
2

≥
β
(
1 − 1

r2

)
∥Fk∥

2

(L + δm)
(
max

{
1,

(
1 + 2

r2

)
,
(
1 + 1

r2 +
1
r3

)
,
(
1 + 1

r

)})2
∥Fk∥

2

=
β
(
1 − 1

r2

)
(L + δm)

(
max

{
1,

(
1 + 2

r2

)
,
(
1 + 1

r2 +
1
r3

)
,
(
1 + 1

r

)})2

to establish the proof of equation (44).

Theorem 1. The sequence {xk} generated by Algorithm 1 con-
verges globally to the solution of equation (1).

Proof. The proof involves two cases.

1st case: Suppose that

lim inf
k→∞

∥Fk∥ = 0. (45)

Then, from boundedness of {xk} and continuity of F, some clus-
ter points x̂ exists for which F(x̂) = 0. In addition, the conver-
gence of {∥xk − x̂∥} implies that {xk} converges to x̂.

2nd case: lim infk→∞ ∥Fk∥ > 0. This indicates the existence of a
constant µ > 0 such that

∥Fk∥ ≥ µ. (46)

Also, from the first inequality in equation (31), we have

∥dk∥ ≥

(
1 −

1
r2

)
∥Fk∥ ≥

(
1 −

1
r2

)
µ.

Combining this with equation (43) yields

lim
k→∞

ϑk = 0. (47)

Now, the boundedness of {xk} and {dk} shows that there exists
subsequences {xki } and {dki } such that

lim
i→∞,i∈K

xki = x̂, lim
i→∞,i∈K

dki = d̂,

7
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whereK is an infinite indexing set. Furthermore, from equation
(30), we get

−F(xki )
T dki ≥

(
1 −

1
r2

)
∥F(xki )∥

2, ∀i ∈ K . (48)

Letting i → ∞ in equation (48), with the continuity of F and
equation (46), yields

−F(x̂)T d̂ ≥
(
1 −

1
r2

)
∥F(x̂)∥2 >

(
1 −

1
r2

)
µ2 > 0. (49)

Also, we have seen that if ϑk , ζ in equation (26), then ϑk =

β−1ϑk will not satisfy equation (26), i.e.,

−F(xki + β
−1ϑki dki )

T dki < ϑβ
−1ϑki [∥F(xki + β

−1ϑki dki )∥]∥dki∥
2

≤ ϑβ−1ϑki m∥dki∥
2. (50)

Taking limit as i → ∞, with i ∈ K in equation (50), equation
(47) and continuity of F, we obtain

−F(x̂)T d̂ ≤ 0,

which contradicts equation (49). So, it is established that
lim infk→∞ ∥Fk∥ = 0.

We now prove that the sequences {xk} and {ψk} converge to the
same solution point of equation (1). Based on the boundedness
of {xk}, continuity of F, closedness of C, and equation (45), it
can be shown that

lim
i→∞

xki = x̂ ∈ C with lim
k→∞

F(xk) = F(x̂) = 0,

which indicates that x̂ ∈ C. If we set x̄ = x̂ in the sequence
{∥xk − x̄∥}, then we have that

lim
k→∞
∥xk − x̂∥ = lim

i→∞
∥xki − x̂∥ = 0.

This proves that {xk} converges to x̂ ∈ C. Combining this result
with equation (43) shows that {ψk} also converges to x̂ ∈ C,
which concludes the proof.

3.1. Rate of convergence
In this subsection, we prove the R-linear rate of convergence

of Algorithm 1. Since {xk} converges to solution of (1), it can
be stated that xk → x̄ as k → ∞ where x̄ ∈ C. To proceed, the
following assumption is required:

Assumption 3 Let x̄ ∈ C, σ ∈ (0, 1), and α > 0 exists such that

σdist(x,C) ≤ ∥F(x)∥2, ∀x ∈ Nα(x̄), (51)

where Nα(x̄) represents the neighbourhood of x̄ defined by

Nα(x̄) := {x ∈ Rn : ∥x − x̄∥ ≤ α},

with dist(x,C) being the distance from x to C.

Theorem 2. Suppose that Assumptions 1 − 3 hold and the se-
quence {xk} is generated by Algorithm 1. Then the sequence
{dist(xk,C)} converges Q-linearly to 0, implying {xk} is R-
linearly convergent to x̄.

Proof. : We first define x̄k := arg min{∥xk − x∥ : x ∈ C} as the
nearest solution to xk, i.e,

∥xk − x̄k∥ = dist(xk,C). (52)

Setting χ = ϕ(2 − ϕ)δ2 and employing (30), (40), (51) with
x̄k ∈ C, we have

dist(xk+1,C)2 = ∥xk+1 − x̄k∥
2

≤ dist(xk,C)2 − χ∥ϑkdk∥
4

≤ dist(xk,C)2 − χγ4ϑ4∥F(xk)∥4

≤ dist(uk,C)2 − χσ2γ4ϑ4(xk,C)2

= (1 − χσ2γ4ϑ4)dist(xk,C)2,

(53)

which indicates that {dist(xk,C)} converges Q-linearly to 0, im-
plying {xk} is R-linearly convergent to x̄, since χ, σ, γ, and ϑ
are in the interval (0, 1).

4. Results of computational experiments and discussions

This section is used to analyze and verify the numerical ef-
fectiveness of Algorithm 1 (labelled MDYA). To that end, the
section is divided into two subsections, where experiments are
conducted for equation (1) and signal recovery in compressed
sensing. In both experiments, the programs were written in
MATLAB and executed on a PC with a (2.30 GHz CPU, 4 GB
RAM) configuration.

4.1. Experiment 1: Constrained nonlinear equations

In the first experiment, the MDYA method is tested with the
methods in [53] (labelled HHSLS), [54] (labelled T2DFP), and
[55] (labelled PBDFP), respectively. The parameter values for
the HHSLS, T2DFP, and PBDFP methods were set as applied
by the respective authors. For the MDYA method, the param-
eters are β = 0.5, δ = 0.001, ϕ = 1.97, and r = 5.5. The
iterations terminate when ∥F(xk)∥ ≤ 10−10 or ∥F(zk)∥ ≤ 10−10

or when 1000 iterations are exceeded.
Results of the first experiments are displayed in Tables 1, 2,

and 3, where the labels "N", "Pdim", "Isp", "Nit", "Fval", and
"Ptime(s)" represent test example number, dimension of test
example, initial starting point, number of iterations, function
evaluations, and processing time, respectively. Also, "∥F(xk)∥"
denotes the residual recorded at the approximate solution.

The following test examples with dimensions 1000, 10000,
and 50000 were employed:

Example 1. [56]
Fi(x) = 2xi − sin |xi|, i = 1, 2, . . . , n,
where C = Rn

+.

Example 2. [3].
F1(x) = x1 − e

(
cos x1+x2

n+1

)
,

Fi(x) = xi − e
(
cos xi−1+xi+xi+1

n+1

)
, i = 2, 3, . . . , n − 1,

Fn(x) = xn − e
(
cos xn−1+xn

n+1

)
,

where C = Rn
+.

8
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Figure 1: Iterations performance profile for MDYA, HHSLS,
T2DFP, and PBDFP methods.

Example 3. Modification of Problem 1 in [57]
F1(x) = esin x1 − 1,
Fi(x) = esin xi + xi − 1, i = 2, . . . , n,
where C = Rn

+.

Example 4. Modification of Problem 2 in [56]
Fi(x) = 3xi − sin (xi), i = 1, 2, . . . , n,
where C = Rn

+.

Example 5. [58]
F1(x) = 2x1 + sin x1 − 1,
Fi(x) = 2xi−1 + 2xi + 2 sin xi − 1,
Fn(x) = 2xn + sin xn − 1, i = 2, . . . , n − 1,
where C = Rn

+.

Example 6. Modification of test example 2 in [58]
F1(x) = x1 − e

(
cos x1+x2

2

)
,

Fi(x) = xi − e
(
cos xi−1+xi+xi+1

i

)
, i = 2, 3, . . . , n − 1,

Fn(x) = xn − e
(
cos xn−1+xn

n

)
,

where C = Rn
+.

Initial guesses used are listed as follows:
x1

0 =
(
1, 1

2 , . . . ,
1
n

)T
, x2

0 =
(

1
2 ,

3
2 , . . . ,−

[(−1)n−2]
2

)T
, x3

0 =(
1, 3, . . . ,−−2[(−1)n−2]

2

)T
,

x4
0 =

(
n−1

n , n−2
n , . . . , 0

)T
, x5

0 =
(

1
4 ,

3
4 , . . . ,

−[(−1)n−2]
4

)T
, x6

0 =

rand(n, 1), i.e., random numbers between 0 and 1.
In order to give a pictorial view of the results, Figures 1, 2,

and 3 were plotted using the idea by Dolan and Moré’s [59]. It
can be seen from all the three figures presented that the MDYA
method is the most successful of the four methods. This is
backed by the fact that the top curve in all the three figures
represents that of the MDYA method, indicating the former
solved more of the test examples with lowest values of the
three performance metrics than the latter. Going by the above
analysis, we conclude that the MDYA method is effective and
suitable for solving the constrained system of equations in (1).
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Figure 2: Function evaluations performance profile for MDYA,
HHSLS, T2DFP, and PBDFP methods.
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Figure 3: Processing time performance profile for MDYA, HH-
SLS, T2DFP, and PBDFP methods.

4.2. Experiment 2: Sparse signal reconstruction
A concept associated with compressive sensing (CS) that

has been trending over the past decade is sparse signal recov-
ery or reconstruction (see [3, 60, 61] and other references). It
involves the reconstruction of certain signals from fewer sam-
plings or measurements. This is mainly achieved by finding
sparse solutions to the under-determined linear system of equa-
tionsMx = h via the ℓ1 − ℓ2 norm minimization problem:

min
x

1
2
∥Mx − h∥22 +ϖ∥x∥1, (54)

where ϖ ≥ 0 is a parameter, x ∈ Rn, h ∈ Rk is an observed
value, M ∈ Rk×n (k ≪ n) is a linear mapping, and ∥x∥1 and
∥x∥2 are the ℓ1 and ℓ2 norms, respectively. It is quite clear that
equation (54) is an unconstrained optimization problem.

Several of iterative methods exist for solving equation (54)
(see [62–64]). According to Figueiredo et al. [65], equation
(54) can be expressed as a convex quadratic problem, where
x ∈ Rn is split into two parts as:

x = u − w, u ≥ 0, w ≥ 0, u,w ∈ Rn. (55)
9
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Table 1: Results of test examples 1-2 for MDYA, HHSLS, T2DFP and PBDFP methods.

N Pdim MDYA HHSLS T2DFP PBDFP

Isp Nit Fval Ptime(s) ∥F(xk)∥ Nit Fval Ptime(s) ∥F(xk)∥ Nit Fval Ptime(s) ∥F(xk)∥ Nit Fval Ptime(s) ∥F(xk)∥

1 1000 x1 1 3 0.0100 0 3 5 0.0167 0 1 2 0.1246 0 10 13 0.1839 9.23E-11
1000 x2 1 3 0.0864 0 22 34 0.0180 5.81E-11 1 2 0.0109 0 13 17 0.0153 6.09E-12
1000 x3 17 36 0.0198 3.09E-11 2 5 0.0055 0 21 72 0.0278 0 13 21 0.0091 8.70E-11
1000 x4 1 3 0.0033 0 23 36 0.0191 9.15E-11 1 2 0.0049 0 11 14 0.007 2.05E-11
1000 x5 1 3 0.0068 0 2 4 0.0040 0 1 2 0.0055 0 11 13 0.0121 5.82E-11
1000 x6 1 3 0.1843 0 23 36 0.0196 8.49E-11 1 2 0.0063 0 11 14 0.0104 2.15E-11

10000 x1 1 3 0.4807 0 3 5 0.0201 0 1 2 0.0101 0 10 13 0.0443 9.23E-11
10000 x2 1 3 0.0110 0 24 37 0.0830 3.21E-11 1 2 0.0103 0 13 17 0.0691 1.93E-11
10000 x3 17 36 0.0971 9.78E-11 2 5 0.0175 0 19 81 0.1470 0 14 22 0.0753 1.56E-11
10000 x4 1 3 0.0117 0 25 39 0.0989 5.11E-11 1 2 0.0109 0 11 14 0.0555 6.51E-11
10000 x5 1 3 0.0125 0 2 4 0.0144 0 1 2 0.0094 0 12 14 0.0524 1.04E-11
10000 x6 1 3 0.0101 0 25 39 0.1019 5.22E-11 1 2 0.0121 0 11 14 0.0563 6.48E-11
50000 x1 1 3 0.0672 0 3 5 0.0534 0 1 2 0.0245 0 10 13 0.1778 9.23E-11
50000 x2 1 3 0.0329 0 24 37 0.4200 7.19E-11 1 2 0.0273 0 13 17 0.2364 4.3E-11
50000 x3 16 34 0.4610 4.51E-11 2 5 0.0482 0 15 61 0.5167 0 14 22 0.2848 3.48E-11
50000 x4 1 3 0.0339 0 27 42 0.4133 2.03E-11 1 2 0.0274 0 12 15 0.2433 8.24E-12
50000 x5 1 3 0.0360 0 2 4 0.0407 0 1 2 0.0307 0 12 14 0.2298 2.33E-11
50000 x6 1 3 0.0331 0 27 42 0.4575 2.02E-11 1 2 0.0304 0 12 15 0.2636 8.19E-12

2 1000 x1 7 15 0.1861 4.74E-12 18 25 0.0278 9.32E-11 31 181 0.0623 5.52E-11 10 12 0.0144 5.11E-11
1000 x2 7 15 0.0118 3.13E-12 20 27 0.0238 8.21E-11 15 85 0.0425 4.61E-11 10 12 0.0139 3.37E-11
1000 x3 6 14 0.0133 9.93E-15 23 32 0.0206 6.89E-11 18 98 0.0375 5.65E-11 10 12 0.0145 2.32E-11
1000 x4 7 15 0.0111 3.91E-12 18 25 0.0193 4.72E-11 34 196 0.0712 6.40E-11 10 12 0.0152 4.22E-11
1000 x5 7 15 0.0115 3.89E-12 25 34 0.0270 7.85E-11 24 146 0.0559 8.02E-11 10 12 0.0102 4.21E-11
1000 x6 7 15 0.0191 3.92E-12 20 28 0.0225 8.71E-11 29 184 0.0641 7.18E-11 10 12 0.0137 4.23E-11

10000 x1 6 14 0.0587 0 18 24 0.1031 2.06E-11 12 63 0.2003 1.94E-11 11 13 0.0739 9.18E-12
10000 x2 6 14 0.0755 0 18 24 0.1201 5.10E-11 17 99 0.2855 9.01E-11 11 13 0.0826 6.05E-12
10000 x3 6 14 0.0640 0 17 23 0.1048 5.11E-11 19 113 0.3734 2.63E-11 10 12 0.0596 7.35E-11
10000 x4 6 14 0.0642 0 19 26 0.1223 4.44E-11 14 75 0.2244 9.79E-11 11 13 0.0819 7.56E-12
10000 x5 6 14 0.0840 0 21 29 0.1267 2.75E-11 15 91 0.2845 7.41E-11 11 13 0.0787 7.53E-12
10000 x6 6 14 0.0615 0 20 28 0.1202 4.71E-11 16 93 0.2733 7.02E-11 11 13 0.0668 7.56E-12
50000 x1 6 14 0.3334 0 17 22 0.5003 4.77E-11 15 76 1.0440 1.16E-11 11 13 0.3766 2.05E-11
50000 x2 6 14 0.3109 0 21 29 0.5845 6.42E-11 10 53 0.7367 5.20E-11 11 13 0.3403 1.35E-11
50000 x3 4 10 0.1904 7.02E-14 17 22 0.4704 3.01E-11 12 63 0.9211 2.75E-11 11 13 0.3463 9.35E-12
50000 x4 6 14 0.2789 0 21 28 0.5399 3.92E-11 14 77 1.0823 2.11E-11 11 13 0.338 1.69E-11
50000 x5 6 14 0.2973 0 20 26 0.5701 9.60E-11 20 113 1.5497 9.40E-11 11 13 0.3442 1.69E-11
50000 x6 6 14 0.3010 0 16 20 0.4383 2.85E-11 14 77 1.1200 3.63E-11 11 13 0.3332 1.69E-11
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Figure 4: In descending order: the original signal, measure-
ment, and recovered signals by MDYA, MFRM, and ILR meth-
ods.

Let ui = (xi)+ and wi = (−xi)+ for all i = 1, 2, . . . , n, where

(·)+ is a positive operator given as (·)+ = max{0, ·}. Using the
standard definition of the ℓ1-norm, we have ∥x∥1 = AT

n u + AT
n w,

where An = (1, 1, . . . , 1)T ∈ Rn. Based on this, equation (54) is
reformulated as:

min
u,w

1
2
∥M(u − w) − h∥22 +ϖAT

n u +ϖAT
n w, u,w ≥ 0.

Following the framework in Ref. [65], this problem can be
rewritten as:

min
ψ

1
2
ψT Gψ +CTψ, ψ ≥ 0, (56)

in which

ψ =

(
u
w

)
, C = ϖA2n +

(
−h0
h0

)
,

h0 =M
T h, G =

(
MTM −MTM

−MTM MTM

)
.

Here, G is positive semidefinite. Therefore, equation (56) is a
convex quadratic programming problem, which is equivalent to
finding the zero of the map:

F(ψ) = min{ψ,Gψ +C} = 0,
10
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Table 2: Results of test examples 3-4 for MDYA, HHSLS, T2DFP and PBDFP methods.

N Pdim MDYA HHSLS T2DFP PBDFP

Isp Nit Fval Ptime(s) ∥F(xk)∥ Nit Fval Ptime(s) ∥F(xk)∥ Nit Fval Ptime(s) ∥F(xk)∥ Nit Fval Ptime(s) ∥F(xk)∥

3 1000 x1 11 31 0.7439 7.89E-11 18 41 0.0234 3.21E-11 22 115 0.0411 0 58 76 0.0341 9.03E-11
1000 x2 12 32 0.0144 3.34E-11 19 44 0.0156 1.69E-11 11 48 0.0189 0 47 71 0.0311 7.91E-11
1000 x3 15 39 0.0218 3.54E-11 20 45 0.0201 9.56E-11 22 107 0.0306 0 70 93 0.0489 9.07E-11
1000 x4 1 4 0.0049 0 23 52 0.0225 1.26E-11 3 7 0.0085 0 50 62 0.0305 5.32E-11
1000 x5 1 4 0.0050 0 17 36 0.0190 1.63E-11 3 7 0.0074 0 51 70 0.0348 7.67E-11
1000 x6 5 14 0.0076 8.56E-12 22 49 0.0247 6.43E-11 3 7 0.0051 0 44 66 0.0312 4.71E-11

10000 x1 11 31 0.0756 7.90E-11 18 41 0.0866 3.10E-11 13 57 0.1213 0 66 87 0.2725 6.37E-11
10000 x2 12 30 0.0805 9.96E-11 18 44 0.0883 8.35E-11 16 70 0.1723 0 44 62 0.2059 8.34E-12
10000 x3 15 40 0.1461 7.58E-11 18 41 0.0840 9.92E-11 20 104 0.2288 0 52 77 0.2410 9.97E-11
10000 x4 1 4 0.0148 0 22 50 0.0921 3.94E-11 4 9 0.0319 0 54 71 0.2674 6.15E-11
10000 x5 1 4 0.0150 0 22 49 0.1115 4.34E-11 4 9 0.0321 0 56 73 0.2501 7.57E-11
10000 x6 8 21 0.0609 5.44E-11 21 48 0.1041 9.12E-11 4 9 0.0322 0 59 82 0.2553 6.67E-11
50000 x1 11 31 0.3657 7.90E-11 18 41 0.3405 3.09E-11 11 43 0.4606 0 59 77 1.1486 7.54E-11
50000 x2 12 35 0.4108 8.98E-11 21 49 0.4707 8.64E-11 5 11 0.1759 0 36 51 0.7250 9.85E-11
50000 x3 15 41 0.5432 7.11E-11 18 43 0.4079 8.41E-11 20 101 0.9320 0 57 82 1.1145 7.19E-11
50000 x4 1 4 0.0437 0 25 56 0.4960 2.01E-11 8 29 0.3049 0 51 75 1.0124 8.15E-11
50000 x5 1 4 0.0505 0 19 42 0.4343 3.36E-11 28 165 1.3269 7.66E-11 58 83 1.2350 7.17E-11
50000 x6 7 18 0.2521 6.85E-11 25 56 0.4802 2.82E-11 13 66 0.6295 0 52 67 1.1678 9.96E-11

4 1000 x1 1 4 0.1040 0 16 37 0.0136 4.45E-11 2 5 0.0059 0 8 17 0.0116 9.65E-11
1000 x2 1 4 0.0043 0 17 39 0.0111 2.79E-11 3 7 0.0052 0 11 20 0.0130 6.8E-12
1000 x3 1 4 0.0048 0 16 39 0.0192 4.63E-11 1 3 0.0037 0 11 23 0.0128 1.22E-11
1000 x4 1 4 0.0054 0 25 58 0.0256 7.60E-11 3 7 0.0052 0 9 18 0.0103 3.72E-11
1000 x5 1 4 0.0039 0 17 39 0.0200 3.79E-11 3 7 0.0073 0 10 18 0.0079 1.45E-11
1000 x6 1 4 0.0057 0 21 47 0.0164 9.79E-11 3 7 0.0059 0 9 18 0.0089 3.79E-11

10000 x1 1 4 0.0128 0 16 37 0.0641 4.42E-11 2 5 0.0145 0 8 17 0.0439 9.65E-11
10000 x2 1 4 0.0162 0 17 39 0.0699 8.82E-11 4 9 0.0300 0 11 20 0.0519 2.15E-11
10000 x3 1 4 0.0145 0 17 39 0.0857 4.97E-11 1 3 0.0125 0 11 23 0.0576 3.86E-11
10000 x4 1 4 0.0125 0 31 66 0.1271 9.26E-11 4 9 0.0319 0 10 19 0.0562 3.44E-12
10000 x5 1 4 0.0156 0 18 41 0.0796 1.39E-11 4 9 0.0301 0 10 18 0.0554 4.58E-11
10000 x6 1 4 0.0131 0 29 63 0.1193 2.73E-11 4 9 0.0326 0 10 19 0.0688 3.43E-12
50000 x1 1 4 0.0408 0 16 37 0.2849 4.41E-11 2 5 0.0616 0 8 17 0.1887 9.65E-11
50000 x2 1 4 0.0414 0 17 41 0.3419 7.61E-11 5 11 0.1190 0 11 20 0.2420 4.81E-11
50000 x3 1 4 0.0496 0 17 41 0.3504 3.49E-11 1 3 0.0395 0 11 23 0.2780 8.62E-11
50000 x4 1 4 0.0397 0 31 69 0.5657 8.87E-11 5 11 0.1533 0 10 19 0.2301 7.69E-12
50000 x5 1 4 0.0445 0 18 41 0.3301 3.12E-11 5 11 0.1110 0 11 19 0.2379 2.98E-12
50000 x6 1 4 0.0402 0 26 58 0.4831 3.99E-11 5 11 0.1258 0 10 19 0.2413 7.62E-12

where the function F is vector-valued, monotone, and Lips-
chitz continuous. Thus, according to Ref. [64, 66], the MDYA
scheme can be applied effectively to solve it.

To further verify the practical efficacy of the MDYA
method, we compare it against the methods presented in Ref.
[67] (labelled MFRM) and Ref. [68] (labelled ILR) to recon-
struct a sparse signal of length n from k observations. In this
experiment, the mean squared error (MSE) relative to the orig-
inal signal x̃, defined as:

MS E =
1
n
∥x̃ − x̄∥2,

is employed to measure the quality of the reconstruction, where
x̄ stands for the restored signal.

The signal size is initially set to n = 211 with a sparsity level
of 26 (meaning it contains 64 randomly distributed nonzero el-
ements). The number of measurements is taken as k = 29 con-
taminated with Gaussian noise ξ ∼ N(0k, σ

2Ik), where 0k is the
zero vector, Ik is the k×k identity matrix, and the noise variance
is set to σ2 = 10−4. The measurement vector h is given by:

h =Mx̃ + ξ.

We utilize f (x) = 1
2 ∥Mx − h∥22 + ϖ∥x∥1 as our merit function.

The experiment is initialized with x0 =M
T h and is terminated

when the relative change satisfies:

∥ fk+1 − fk∥
∥ fk∥

< 10−5,

where fk represents the objective function value at iteration k.
The experiment was repeated ten times, and the compar-

ative numerical results are reported in Table 4. From these
results, it is clear that on average, the MDYA method outper-
formed both the MFRM and ILR algorithms. Furthermore, Fig-
ure 4 displays the original signal, measurement, and recovered
signals for each algorithm. The visual plots demonstrate that all
three methods can reconstruct the signal almost exactly, though
MDYA consistently requires the shortest computational time,
fewer iterations, and yields lower MSE values.

Additionally, Figure 5 presents four distinct graphs illus-
trating the convergence behavior of the algorithms across MSE,
objective function values (ObjFun), number of iterations (Nit),
and processing time (Ptime (s)). The figures reveal that the
rate of descent for both MSE and the objective function val-
ues achieved by MDYA is faster than that of MFRM and ILR.
This confirms that MDYA requires less computational overhead
to reconstruct the original signal under identical conditions.

As noted in Ref. [69], reducing the required number of mea-
surements without degrading performance remains a vital ob-

11
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Table 3: Results of test examples 5-6 for MDYA, HHSLS, T2DFP and PBDFP methods.

N Pdim MDYA HHSLS T2DFP PBDFP

Isp Nit Fval Ptime(s) ∥F(xk)∥ Nit Fval Ptime(s) ∥F(xk)∥ Nit Fval Ptime(s) ∥F(xk)∥ Nit Fval Ptime(s) ∥F(xk)∥

5 1000 x1 28 116 0.0756 9.88E-11 35 139 0.0472 7.95E-11 42 284 0.0676 9.97E-11 154 236 0.1220 4.77E-11
1000 x2 29 120 0.0422 5.89E-11 25 103 0.0318 8.17E-11 58 366 0.1065 7.61E-11 174 247 0.1436 8.84E-11
1000 x3 29 120 0.0512 3.24E-11 45 172 0.0400 9.66E-11 52 333 0.1035 9.25E-11 138 229 0.1010 7.59E-11
1000 x4 30 125 0.0643 5.06E-11 25 99 0.0259 9.15E-11 51 368 0.1227 7.82E-11 120 206 0.1031 9.30E-11
1000 x5 28 116 0.0422 5.28E-11 25 102 0.0316 8.10E-11 50 310 0.0933 6.45E-11 141 225 0.0982 8.54E-11
1000 x6 30 125 0.1393 6.92E-11 44 171 0.0386 8.33E-11 51 327 0.0931 8.22E-11 145 230 0.1233 5.84E-11
10000 x1 29 120 0.3051 4.52E-11 26 106 0.1970 9.86E-11 47 283 1.3221 7.64E-11 137 221 0.7728 4.16E-11
10000 x2 28 116 0.3545 6.09E-11 26 106 0.2206 8.07E-11 47 296 0.6521 7.03E-11 151 242 0.8268 8.33E-11
10000 x3 30 125 0.3359 7.74E-11 47 180 0.3123 6.89E-11 51 337 0.7298 7.42E-11 149 239 0.7909 9.84E-11
10000 x4 31 128 0.3267 3.70E-11 34 134 0.2540 8.12E-11 45 300 0.6122 9.72E-11 130 213 0.7354 7.95E-11
10000 x5 28 116 0.3069 6.54E-11 29 116 0.2122 5.55E-11 52 344 0.6848 8.59E-11 137 228 0.8259 9.92E-11
10000 x6 32 133 0.3913 4.75E-11 46 179 0.3146 7.11E-11 54 335 0.7226 5.22E-11 148 237 0.7832 9.73E-11
50000 x1 31 129 1.4230 3.84E-11 37 143 1.0537 9.53E-11 48 352 3.1313 8.30E-11 170 246 4.0945 5.89E-11
50000 x2 29 120 1.3433 9.36E-11 27 109 0.8017 9.95E-11 62 367 3.5172 7.57E-11 148 238 3.5738 9.51E-11
50000 x3 30 123 1.3700 8.97E-11 49 185 1.3946 9.97E-11 51 308 2.9978 7.55E-11 165 273 4.0138 9.98E-11
50000 x4 31 128 1.3755 7.23E-11 31 123 0.9340 9.98E-11 45 287 2.7270 9.77E-11 148 228 3.5087 6.44E-11
50000 x5 24 96 1.0521 6.09E-11 43 163 1.2482 9.61E-11 66 437 4.0610 9.50E-11 146 232 3.5339 7.31E-11
50000 x6 32 133 1.4735 9.33E-11 51 194 1.3847 7.13E-11 59 359 3.3977 6.41E-11 153 240 3.5864 8.43E-11

6 1000 x1 12 25 0.1138 4.82E-11 23 40 0.0333 2.90E-11 56 273 0.1224 9.10E-11 47 55 0.0401 9.98E-11
1000 x2 13 27 0.0306 6.60E-11 21 38 0.0319 5.08E-11 49 266 0.0889 8.92E-11 41 46 0.0452 8.57E-11
1000 x3 11 25 0.0217 4.71E-11 23 38 0.0241 4.92E-11 32 190 0.0655 6.42E-11 38 45 0.0342 7.93E-11
1000 x4 12 26 0.0195 9.79E-11 24 42 0.0262 9.99E-11 23 137 0.0564 7.65E-11 45 54 0.0395 4.19E-11
1000 x5 13 29 0.0263 3.55E-11 22 37 0.0265 2.59E-11 94 592 0.2007 6.33E-11 35 39 0.0340 5.19E-11
1000 x6 14 31 0.0267 5.47E-11 21 37 0.0254 2.62E-11 25 134 0.0469 6.12E-11 41 46 0.0527 8.82E-11
10000 x1 12 27 0.1174 6.65E-11 20 35 0.1175 7.01E-11 34 183 0.4952 8.71E-11 36 42 0.2148 5.45E-11
10000 x2 12 24 0.0996 6.21E-11 26 45 0.1746 8.06E-11 31 188 0.4852 3.66E-11 42 47 0.2762 9.22E-11
10000 x3 9 20 0.0820 9.87E-11 22 38 0.1498 3.21E-11 22 122 0.3327 8.90E-11 40 47 0.3001 8.37E-11
10000 x4 13 29 0.1198 6.97E-11 23 39 0.1377 4.80E-11 34 185 0.4871 8.85E-11 44 50 0.2477 8.27E-11
10000 x5 14 29 0.1258 7.54E-12 22 37 0.1402 6.57E-11 53 306 0.8175 8.19E-11 41 47 0.2441 9.02E-11
10000 x6 13 27 0.1197 3.32E-11 21 37 0.1319 1.71E-11 35 200 0.5895 1.76E-11 44 51 0.3206 8.40E-11
50000 x1 13 29 0.5559 3.80E-11 23 40 0.6586 7.73E-11 38 204 2.7017 7.03E-11 47 55 1.3483 9.37E-11
50000 x2 12 25 0.4927 9.59E-11 23 40 0.6420 8.02E-11 55 345 4.2239 4.03E-11 34 48 1.0881 1.72E-11
50000 x3 16 35 0.6961 6.21E-11 23 39 0.5945 5.39E-11 38 233 2.8637 3.59E-11 41 48 1.1472 7.88E-11
50000 x4 14 28 0.5600 2.15E-11 23 41 0.6515 9.94E-11 106 660 8.2994 9.21E-11 39 49 1.1350 7.74E-11
50000 x5 13 27 0.5158 1.36E-11 24 43 0.6761 4.62E-11 89 547 6.7536 5.04E-11 45 51 1.2665 7.07E-11
50000 x6 13 29 0.5451 6.23E-11 25 43 0.7032 9.21E-11 52 288 4.1197 7.11E-11 35 42 0.9937 9.18E-11

Table 4: Signal recovery results with sparsity level 64 and ten noise samples for MDYA, MFRM, and ILR methods.

MDYA MFRM ILR

Exp. No MSE Nit ObjFE Ptime(s) MSE Nit ObjFE Ptime(s) MSE Nit ObjFE Ptime(s)

1 5.177e-06 109 1.430e-01 1.14 5.286e-06 287 1.430e-01 3.36 6.517e-06 134 1.430e-01 1.30
2 4.240e-06 100 1.395e-01 0.97 1.591e-05 246 1.401e-01 2.16 5.424e-06 142 1.395e-01 1.42
3 1.153e-05 136 1.871e-01 1.83 1.228e-05 345 1.868e-01 3.20 1.541e-05 146 1.868e-01 1.50
4 6.039e-06 124 1.638e-01 1.22 6.039e-06 312 1.639e-01 3.31 7.495e-06 132 1.638e-01 1.25
5 1.007e-05 77 1.389e-01 0.81 1.060e-05 298 1.387e-01 2.86 1.288e-05 131 1.387e-01 1.75
6 1.148e-05 131 2.035e-01 1.48 1.168e-05 321 2.035e-01 3.59 1.427e-05 137 2.034e-01 1.44
7 7.623e-06 108 1.502e-01 1.05 7.674e-06 331 1.502e-01 3.30 9.651e-06 138 1.502e-01 1.28
8 1.230e-05 102 1.341e-01 1.11 5.192e-06 283 1.337e-01 2.55 6.450e-06 114 1.337e-01 1.13
9 1.222e-05 126 1.988e-01 1.47 1.125e-05 327 1.989e-01 3.36 1.373e-05 139 1.989e-01 1.59

10 1.099e-05 134 2.000e-01 1.38 1.138e-05 309 1.998e-01 2.75 1.431e-05 126 1.998e-01 1.58

Average 9.066e-06 114.7 1.658e-01 1.246 9.729e-06 305.9 1.658e-01 3.044 1.061e-05 133.9 1.658e-01 1.424

jective in CS. To evaluate this aspect, we test the three methods
under different sparsity levels and CS ratios defined by λ = k

n .
Table 5 is divided into sub-tables (a) and (b) to track these dis-
tinct scenarios. Table 5(a) evaluates CS ratios λ = 0.5, 0.25, and
0.125 with corresponding sparsity levels of 32 and 64 (shown in
parentheses). Table 5(b) reports the performance across vary-
ing noise variances and sparsity levels. The optimal numerical
results (underlined) in both sub-tables confirm that the MDYA
algorithm recovers sparse signals more efficiently while reliably
preserving reconstruction quality.

12
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Figure 5: Comparison of the numerical results for MDYA, MFRM and ILR methods.

Table 5: Signal recovery results for MDYA, MFRM, and ILR under different compressed-sensing ratios, noise levels, and sparsity
levels.

(a) Signal recovery results of MDYA, MFRM, and ILR with sparsity level 32(64) under different CS ratios

MDYA MFRM ILR

CS ratio MSE ObjFun Nit Ptime MSE ObjFun Nit Ptime MSE ObjFun Nit Ptime

0.50 1.301e-06 1.560e-01 27 1.66 1.427e-06 1.556e-01 57 3.70 1.455e-06 1.556e-01 58 3.42
(2.086e-06) (2.611e-01) (49) (3.69) (2.144e-06) (2.610e-01) (95) (6.55) (2.142e-06) (2.610e-01) (63) (4.44)

0.25 1.360e-06 6.600e-02 81 2.63 1.368e-06 6.600e-02 169 5.67 1.660e-06 6.599e-02 89 2.95
(3.152e-06) (1.685e-01) (101) (4.11) (9.591e-06) (1.692e-01) (187) (6.27) (3.931e-06) (1.684e-01) (111) (3.64)

0.125 1.194e-06 3.268e-02 110 2.59 1.227e-06 3.268e-02 463 9.02 1.487e-06 3.268e-02 221 4.61
(6.610e-06) (9.832e-02) (146) (3.52) (5.162e-06) (9.844e-02) (671) (13.48) (6.843e-06) (9.845e-02) (310) (6.45)

(b) Signal recovery results for MDYA, MFRM, and ILR under different noises and sparsity levels 32(64)

MDYA MFRM ILR

σ2 MSE ObjFun Nit Ptime MSE ObjFun Nit Ptime MSE ObjFun Nit Ptime

10−4 7.504e-05 5.445e-02 161 3.97 7.666e-05 5.457e-02 850 18.72 7.609e-05 5.460e-02 254 7.08
(1.765e-04) (1.298e-01) (114) (2.63) (1.756e-04) (1.298e-01) (1250) (23.73) (1.722e-04) (1.299e-01) (326) (6.42)

10−6 2.179e-06 4.183e-02 136 3.08 2.201e-06 4.182e-02 409 8.16 2.649e-06 4.182e-02 237 4.89
(1.053e-05) (7.473e-02) (154) (3.64) (3.705e-06) (3.705e-06) (770) (14.75) (5.528e-06) (7.473e-02) (360) (7.39)

10−8 1.716e-06 4.836e-02 154 3.63 1.938e-06 4.834e-02 488 9.52 2.327e-06 4.834e-02 241 5.00
(7.392e-06) (7.067e-02) (190) (3.89) (2.998e-06) (7.070e-02) (918) (18.11) (4.446e-06) (7.071e-02) (433) (10.06)
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5. Conclusion

In this paper, another DY-type method is proposed for solv-
ing constrained systems of nonlinear monotone equations as
well as signal reconstruction. By conducting singular-value-
analysis of the iteration matrix associated with a proposed DY-
type direction, as well as performing a restart when certain con-
ditions are not satisfied, the proposed method addresses the ma-
jor shortcomings of the classical DY method. Applying some
mild assumptions, global convergence of the new method was
proven. Some Numerical tests conducted on the new scheme
and three others proved that the proposed scheme is effective.
Lastly, the scheme was used to reconstruct noisy signals.
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