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Abstract

This paper introduces the concept of graded Jgr-2-absorbing primary submodules, a new intermediate structure in graded module theory. Moti-
vated by the need to extend and unify classical notions such as graded prime and graded primary submodules, the study develops a comprehensive
framework describing their defining characteristics and relationships. Through a sequence of rigorous theorems and illustrative examples, we
establish fundamental properties, equivalence conditions, and inclusion relations that clarify the behavior of these submodules within graded
modules. The findings show that graded Jgr-2-absorbing primary submodules generalize several known structures while maintaining distinctive
algebraic flexibility. Moreover, the results concerning graded homomorphisms and multiplication modules demonstrate the robustness of the
concept and its potential applications in graded algebra. Overall, this work deepens the theoretical understanding of graded algebraic systems and
provides a foundation for further research in module and ring theory.
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1. Introduction and preliminaries

Graded algebraic structures, particularly graded modules
and their submodules, have gained significant attention due to
their ability to generalize classical algebraic concepts and pro-
vide insight into symmetry and modularity within algebraic sys-
tems. The study of graded prime submodules has been an im-
portant area of exploration, with extensive work done by re-
searchers such as Atani and others [1–10]. A proper graded sub-
module N of a graded A-module D is said to be a graded prime
submodule if whenever ag ∈ h(A) and dλ ∈ h(D) with agdλ ∈ N,
then either dλ ∈ N or ag ∈ (N :R D) = {a ∈ A : aD ⊆ N}.

∗Corresponding author: Tel.: 00962-78-598-3953.
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Building on this foundation, in Ref. [10] the notion of graded
primary submodules was introduced, extending the concept of
graded primes. A proper graded submodule K of a graded A-
module D is said to be a graded primary submodule if whenever
ag ∈ h(A) and dλ ∈ h(D) with agdλ ∈ K, then either dλ ∈ K or
ag ∈ Gr((K :R D)). The notion of a graded 2-absorbing sub-
module, which extends the idea of a graded prime submodule,
was first introduced by Al-Zoubi and Abu-Dawwas [4] and fur-
ther investigated in Refs. [3, 7, 11]. A proper graded submodule
W of D is called a graded 2-absorbing submodule of D, if when-
ever ag, bh ∈ h(A) and dα ∈ h(D) with agbhdα ∈ W, then either
agbh ∈ (W :A D) or agdα ∈ W or bhdα ∈ W. In this context,
the concept of graded Jgr-2-absorbing primary submodules was
developed to provide a refined perspective. These submodules
satisfy a modified absorption property, offering greater flexibil-
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ity in analyzing the product elements of graded modules.
Through new definitions, theorems, and illustrative

examples, this paper investigates the properties of graded
Jgr-2-absorbing primary submodules, expanding upon prior
research and offering deeper insight into their structural roles
within graded modules. By establishing equivalence condi-
tions, inclusion relationships, and construction methods, the
paper enriches the theoretical landscape of graded algebra. The
inclusion of concrete examples and proofs ensures a practical
understanding of these submodules, thus advancing the field
of graded algebra and its applications in ring theory, module
theory, and beyond. This work assumes that G is a group with
identity element e, A is a commutative G-graded ring with
identity, and D is a unitary graded A-module. The overarching
goal of this paper is to refine and extend the theoretical
framework of graded algebraic structures, thereby advancing
the study of algebraic systems with graded components.

We begin by revisiting some foundational concepts about
graded rings and modules, which will be used later. For a more
detailed discussion on these topics, please refer to Refs. [12,
13].

Consider a group G with an identity element e. A G-graded
ring is a ring A that can be expressed as a direct sum of abelian
groups:

A =
⊕
g∈G

Ag,

such that AgAh ⊆ Agh for all g, h ∈ G. The non-zero elements
of Ah are called homogeneous elements of degree h, and the set
of all homogeneous elements is denoted as h(A), where

h(A) =
⋃
h∈G

Ah.

Any element t ∈ A can be uniquely expressed as a sum
∑

g∈G tg,
where tg is the homogeneous component of t in Ag.

An ideal W in A is called a graded ideal if it can also be
decomposed as:

W =
⊕
g∈G

(W ∩ Ag) :=
⊕
g∈G

Wg.

For further details, see Ref. [13].
Now, let A be a G-graded ring and D an A-module. D is

referred to as a G-graded A-module if it can be written as a
direct sum of additive subgroups:

D =
⊕
g∈G

Dg,

and it satisfies AgDh ⊆ Dgh for all g, h ∈ G. Any element of
D that belongs to

⋃
g∈G Dg = h(D) is called a homogeneous

element.
If A is a G-graded ring and D is a graded A-module, a sub-

module K of D is considered a graded submodule if it can be
expressed as:

K =
⊕
g∈G

(K ∩ Dg) :=
⊕
g∈G

Kg.

Here, Kg is referred to as the g-component of K.
Recently, various generalizations and applications of alge-

braic and graph-theoretical concepts have been studied in dif-
ferent frameworks [9].

2. Results

Definition 2.1. Let W = ⊕g∈GWg be a proper graded submodule
of D and g ∈ G.

(i) We say that Wg is a g-Jgr-2-absorbing primary (or sim-
ply, g-Jgr-2A-primary) submodule of the Ae-module Dg if
Wg , Dg; and whenever aebedg ∈ Wg where ae, be ∈ Ae

and dg ∈ Dg, then either aedg ∈ GrDg (Wg) + Jgr(Dg) or
bedg ∈ GrDg (Wg) + Jgr(Dg) or aebeDg ⊆ Wg + Jgr(Dg).

(ii) We say that W is a graded Jgr-2-absorbing primary (or
simply gr-Jgr-2A-primary) submodule if W , D; and
whenever agbhdα ∈ W where ag, bh ∈ h(A) and dα ∈ h(D),
then either agdα ∈ GrD(W) + Jgr(D) or bhdα ∈ GrD(W) +
Jgr(D) or agbhD ⊆ W + Jgr(D).

Definition 2.2. A proper graded ideal I of A is called a graded
Jgr-2-absorbing primary (or simply gr-Jgr-2A-primary) ideal
of A if I behaves like a gr-Jgr-2A-primary submodule when
viewed as a part of the graded A-module A.

A proper graded submodule W of D is called a graded 2-
absorbing (or simply, gr-2A) submodule of D, if whenever
ag, bh ∈ h(A) and dα ∈ h(D) with agbhdα ∈ W, then either
agbh ∈ (W :A D) or agdα ∈ W or bhdα ∈ W [4].

It’s clear that every gr-2A submodule is also a gr-Jgr-2A-
primary submodule. However, the example below demonstrates
that the reverse is not always true.

Example 2.3. Let’s start with the group G = Z2 (the integers
modulo 2) and the ring A = Z (the integers). The ring A is
given a grading by G, where A0 = Z and A1 = 0. Next, consider
the ring D = Z16 (integers modulo 16). We treat D as a graded
A-module. Under this grading, D0 = Z16 and D1 = 0. Now,
look at the graded submodule W = ⟨8̄⟩. This submodule W is
not a gr-2A submodule of D. Why not? Because even though
the product 2 · 2 · 2̄ is in W, neither 2 · 2̄ is in W, nor is 2 · 2 in
(⟨8̄⟩ :Z Z16) = 8Z. However, it’s easy to verify that W satisfies
the conditions to be a gr-Jgr-2A-primary submodule of D.

A proper graded submodule W of D is called a gr-prime
submodule of D, if whenever ag ∈ h(A) and dh ∈ h(D) with
agdh ∈ W, then either ag ∈ (W :A D) or dh ∈ W [10].

It’s clear that every gr-prime submodule is also a gr-
Jgr-2A-primary submodule. However, the next example
demonstrates that the reverse is not always true.

Example 2.4. Let G = Z2 (the group with two elements) and
A = Z (the integers). Here, A is structured as a G-graded ring
where the component A0 = Z and the component A1 = 0. Now,
consider D = Z8 (integers modulo 8). This D is a graded mod-
ule over A, with D0 = Z8 and D1 = 0. Let us focus on a graded
submodule W = ⟨4̄⟩, which is generated by the element 4̄. This
submodule W is not a gr-prime submodule of D. The reason is
that 2 · 2̄ ∈ ⟨4̄⟩, but neither 2̄ ∈ ⟨4̄⟩ nor 2 ∈ (⟨4̄⟩ :Z Z8) = 4Z.
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However, straightforward calculations demonstrate that W is a
gr-Jgr-2A-primary submodule of D.

A proper graded submodule W of D is called a gr-primary
submodule of D, if whenever ag ∈ h(A) and dh ∈ h(D) with
agdh ∈ W, then either ak

g ∈ (W :A D) for some k ∈ Z+ or dh ∈ W
[10].

It’s clear that every gr-primary submodule is also a gr-
Jgr-2A-primary submodule. However, the following example
demonstrates that the reverse is not necessarily true.

Example 2.5. Let G = Z2 (the integers modulo 2), and let
A = Z (the integers). In this case, A is a ring graded by G, where
the component of A corresponding to 0 ∈ G is A0 = Z, and the
component corresponding to 1 ∈ G is A1 = 0. Next, let D = Z6
(the integers modulo 6). Here, D is a graded module over A,
where the component of D corresponding to 0 ∈ G is D0 = Z6,
and the component corresponding to 1 ∈ G is D1 = 0. Now,
consider the graded submodule W = ⟨0̄⟩. The submodule W is
not a gr-primary submodule of D because the product 3·2̄ ∈ ⟨0̄⟩,
but neither 2̄ ∈ ⟨0̄⟩ nor is 3k ∈ (⟨0̄⟩ : Z6) = 0 for any positive
integer k. However, through straightforward calculations, it can
be shown that W is a gr-Jgr-2A-primary submodule of D.

The following theorems provide different ways to describe
gr-Jgr-2A-primary submodules.

Theorem 2.6. Let W be a proper graded submodule of D. Then
the following statements are equivalent:

(i) W is a gr-Jgr-2A-primary submodule of D.
(ii) If ag, bh ∈ h(A) with agbh < (W + Jgr(D) :A D), then (W :D

agbh) ⊆ (GrD(W) + Jgr(D) :D ag) ∪ (GrD(W) + Jgr(D) :D

bh).

Proof. (i) ⇒ (ii) Let ag, bh ∈ h(A) such that agbh < (W +
Jgr(D) :A D) and dα ∈ (W :D agbh) ∩ h(D). Hence, agbhdα ∈ W
and then agdα ∈ GrD(W) + Jgr(D) or bhdα ∈ GrD(W) + Jgr(D).
So, dα ∈ (GrD(W) + Jgr(D) :D ag) or dα ∈ (GrD(W) + Jgr(D) :D

bh) which yields dα ∈ (GrD(W) + Jgr(D) :D ag) ∪ (GrD(W) +
Jgr(D) :D bh). Thus, (W :D agbh) ⊆ (GrD(W) + Jgr(D) :D ag) ∪
(GrD(W) + Jgr(D) :D bh).

(ii)⇒ (i) Let ag, bh ∈ h(A) and dα ∈ h(D) with agbhdα ∈ W
and agbh < (W + Jgr(D) :A D). Hence, dα ∈ (W :D agbh) and
then dα ∈ (GrD(W) + Jgr(D) :D ag) ∪ (GrD(W) + Jgr(D) :D bh).
Thus, agdα ∈ GrD(W) + Jgr(D) or bhdα ∈ GrD(W) + Jgr(D).
Therefore, W is a gr-Jgr-2A-primary submodule of D.

Theorem 2.7. Let W and L = ⊕g∈GLg be two graded sub-
modules of D. If W is a gr-Jgr-2A-primary submodule of D,
then for each ag, bh ∈ h(A) and α ∈ G with agbhLα ⊆ W and
agbh < (W + Jgr(D) :A D), either agLα ⊆ GrD(W) + Jgr(D) or
bhLα ⊆ GrD(W) + Jgr(D).

Proof. Let W be a gr-Jgr-2A-primary submodule of
D. Let ag, bh ∈ h(A) and α ∈ G with agbhLα ⊆ W
and agbh < (W + Jgr(D) :A D). Assume that neither
agLα ⊆ GrD(W) + Jgr(D) nor bhLα ⊆ GrD(W) + Jgr(D),
which follows that there exist l1α , l2α ∈ Lα with
agl1α < GrD(W) + Jgr(D) and bhl2α < GrD(W) + Jgr(D). Now,

we have agbhl1α ∈ W which yields that bhl1α ∈ GrD(W)+ Jgr(D)
as agl1α < GrD(W) + Jgr(D) and agbh < (W + Jgr(D) :A D).
Also, since agbh < (W + Jgr(D) :A D), bhl2α < GrD(W) + Jgr(D)
and agbhl2α ∈ W, agl2α ∈ GrD(W) + Jgr(D). Let
l1α + l2α ∈ Lα. Now, agbh(l1α + l2α ) ∈ W so we get either
ag(l1α+l2α ) ∈ GrD(W)+Jgr(D) or bh(l1α+l2α ) ∈ GrD(W)+Jgr(D)
as W is a gr-Jgr-2A-primary submodule of D and
agbh < (W + Jgr(D) :A D). If ag(l1α + l2α ) = agl1α + agl2α ∈
GrD(W) + Jgr(D), then agl1α ∈ GrD(W) + Jgr(D) since
agl2α ∈ GrD(W) + Jgr(D), a contradiction. Similarly, if
bh(l1α + l2α ) = bhl1α + bhl2α ∈ GrD(W) + Jgr(D), then
bhl2α ∈ GrD(W) + Jgr(D) since bhl1α ∈ GrD(W) + Jgr(D),
a contradiction. Thus, either agLα ⊆ GrD(W) + Jgr(D) or
bhLα ⊆ GrD(W) + Jgr(D).

Theorem 2.8. Let W be a proper graded submodule of D and
let I = ⊕g∈GIg and J = ⊕g∈G Jg be two graded ideals of A and
L = ⊕g∈GLg a graded submodule of D. Then the following are
equivalent:

(i) W is a gr-Jgr-2A-primary submodule of D.
(ii) If g, h, α ∈ G with IgJhLα ⊆ W, then either IgJh ⊆

(W + Jgr(D) :A D) or IgLα ⊆ GrD(W) + Jgr(D) or
JhLα ⊆ GrD(W) + Jgr(D).

Proof. (i) ⇒ (ii) Suppose that W is a gr-Jgr-2A-primary sub-
module of D. Let g, h, α ∈ G such that IgJhLα ⊆ W and
IgJh ⊈ (W + Jgr(D) :A D). We need to prove that either
IgLα ⊆ GrD(W) + Jgr(D) or JhLα ⊆ GrD(W) + Jgr(D). So,
Assume that neither IgLα ⊆ GrD(W) + Jgr(D) nor JhLα ⊆
GrD(W) + Jgr(D). Then there exist i1g ∈ Ig and j1h ∈ Jh with
i1g Lα ⊈ GrD(W) + Jgr(D) and j1h Lα ⊈ GrD(W) + Jgr(D). But
i1g j1h Lα ⊆ W, so by Theorem 2.7, we get i1g j1h ∈ (W+ Jgr(D) :A

D) as i1g Lα ⊈ GrD(W) + Jgr(D), j1h Lα ⊈ GrD(W) + Jgr(D)
and W is a gr-Jgr-2A-primary submodule of D. Since IgJh ⊈
(W + Jgr(D) :A D), there exist i2g ∈ Ig and j2h ∈ Jh such
that i2g j2h < (W + Jgr(D) :A D). But i2g j2h Lα ⊆ W, so either
i2g Lα ⊆ GrD(W) + Jgr(D) or j2h Lα ⊆ GrD(W) + Jgr(D). Then
we have three cases.

Case 1: Assume that i2g Lα ⊆ GrD(W)+ Jgr(D) and j2h Lα ⊈
GrD(W)+Jgr(D). Since i1g j2h Lα ⊆ W, i1g j2h ∈ (W+Jgr(D) :A D)
by Theorem 2.7. Now, i1g Lα ⊈ GrD(W) + Jgr(D) and i2g Lα ⊆
GrD(W) + Jgr(D) follow that (i1g + i2g )Lα ⊈ GrD(W) + Jgr(D)
where (i1g + i2g ) ∈ Ig. Then (i1g + i2g ) j2h Lα ⊆ W implies that
(i1g + i2g ) j2h = (i1g j2h + i2g j2h ) ∈ (W + Jgr(D) :A D). But i1g j2h ∈

(W+Jgr(D) :A D), so i2g j2h ∈ (W+Jgr(D) :A D), a contradiction.
Case 2 : Assume that i2g Lα ⊈ GrD(W)+ Jgr(D) and j2h Lα ⊆

GrD(W) + Jgr(D). Similar to case 1 we get a contradiction.
Case 3: Assume that i2g Lα ⊆ GrD(W) + Jgr(D) and j2h Lα ⊆

GrD(W) + Jgr(D). Since i1g Lα ⊈ GrD(W) + Jgr(D) and i2g Lα ⊆
GrD(W)+ Jgr(D), (i1g + i2g )Lα ⊈ GrD(W)+ Jgr(D) where (i1g +

i2g ) ∈ Ig. Now, (i1g + i2g ) j1h Lα ⊆ W follows that (i1g + i2g ) j1h =

(i1g j1h + i2g j1h ) ∈ (W + Jgr(D) :A D) and then i2g j1h ∈ (W +
Jgr(D) :A D) as i1g j1h ∈ (W + Jgr(D) :A D). Similarly, since
j1h Lα ⊈ GrD(W)+ Jgr(D) and j2h Lα ⊆ GrD(W)+ Jgr(D), ( j1h +

j2h )Lα ⊈ GrD(W)+ Jgr(D) where ( j1h + j2h ) ∈ Jh. Now, i1g ( j1h +

j2h )Lα ∈ W yields that i1g ( j1h + j2h ) = (i1g j1h + i1g j2h ) ∈ (W +
Jgr(D) :A D) and then i1g j2h ∈ (W + Jgr(D) :A D) as i1g j1h ∈
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(W + Jgr(D) :A D). Hence, since (i1g + i2g )( j1h + j2h )Lα ∈ W,
(i1g + i2g )( j1h + j2h ) = i1g j1h + i1g j2h + i2g j1h + i2g j2h ∈ (W +
Jgr(D) :A D). but i1g j1h , i1g j2h , i2g j1h ∈ (W + Jgr(D) :A D), so
i2g j2h ∈ (W + Jgr(D) :A D), a contradiction. Therefore, either
IgLα ⊆ GrD(W) + Jgr(D) or JhLα ⊆ GrD(W) + Jgr(D).

(ii) ⇒ (i) Assume that (ii) holds. Let a, b ∈ h(A) and
d ∈ h(D) with abd ⊆ W. Let I and J be ideals of A generated
by a and b, respectively. That is I = aA and J = bA. So,
I = ⊕g∈GaAg and J = ⊕g∈GbAg. Also, let L be a graded
submodule of D generated by d so L = Ad.Moreover, for each
g ∈ G, Ig = aAg, Jg = bAg and Lg = Agd. Now, by our assump-
tion IeJeLe ⊆ W. So, we obtain either IeLe ⊆ Gr(W) + Jgr(D)
or JeLe ⊆ Gr(W) + Jgr(D) or IeJe ⊆ (W + Jgr(D) :A D).
Thus, either ad ∈ Gr(W) + Jgr(D) or bd ∈ Gr(W) + Jgr(D) or
ab ∈ (W + Jgr(D) :A D). Therefore, W is a gr-Jgr-2A-primary
submodule of D.

Theorem 2.9. Let W be a proper graded submodule of
D. If GrD(W) is a gr-prime submodule of D, then W is a
gr-Jgr-2A-primary submodule of D.

Proof. Let ag, bh ∈ h(A) and dα ∈ h(D) such that agbhdα ∈ W
and bhdα < GrD(W) + Jgr(D). Now, since W ⊆ GrD(W),
agbhdα ∈ GrD(W). So, as GrD(W) is a graded prime submodule
of D, we get agD ⊆ GrD(W) ⊆ GrD(W) + Jgr(D) and then
agdα ∈ GrD(W) + Jgr(D). Thus, W is a gr-Jgr-2A-primary
submodule of D.

Theorem 2.10. Let W and K be two proper graded submodules
of D with W ⊊ K, Jgr(D) ⊆ K and Jgr(D) ∩ K = Jgr(K).
If W is a gr-Jgr-2A-primary submodule of D, then W is a
gr-Jgr-2A-primary submodule of K.

Proof. Let ag, bh ∈ h(A) and kα ∈ K ∩ h(D) with agbhkα ∈ W.
Then we get either agkα ∈ GrD(W)+Jgr(D) or bhkα ∈ GrD(W)+
Jgr(D) or agbhD ⊆ W+ Jgr(D). Hence, either agkα ∈ (GrD(W)+
Jgr(D)) ∩ K or bhkα ∈ (GrD(W) + Jgr(D)) ∩ K or agbhK ⊆
agbhD ⊆ (W + Jgr(D)) ∩ K. Now, by the modular law we have
(GrD(W) + Jgr(D)) ∩ K = (GrD(W) ∩ K) + (Jgr(D) ∩ K) =
GrK(W) + Jgr(K) and (W + Jgr(D)) ∩ K = (W ∩ K) + (Jgr(D) ∩
K) = W + Jgr(K). So, either agkα ∈ GrK(W) + Jgr(K) or bhkα ∈
GrK(W) + Jgr(K) or agbhK ⊆ W + Jgr(K). Thus, W is a gr-Jgr-
2A-primary submodule of K.

In simpler terms, a graded multiplication module D is a
type of module where, for every graded submodule L of D,
there is a corresponding graded ideal I in A such that L = ID. If
L is a graded submodule of a graded multiplication module D,
then it can be written as L = (L :A D)D, where (L :A D) is the
graded ideal associated with L. Now, let’s consider two graded
submodules L and K of the graded multiplication module D,
where L = I1D and K = I2D, for some graded ideals I1 and
I2 of A. The product of L and K, denoted LK, is defined as
LK = I1I2D where I1I2 is the product of the two graded ideals,
[8].

Theorem 2.11. Let W be a proper graded submodule of D.
Let g ∈ G with Dg is a multiplication Ae-module. If W is
a gr-Jgr-2A-primary submodule of D, then for any graded
submodules K1 = ⊕h∈GK1h , K2 = ⊕h∈GK2h , K3 = ⊕h∈GK3h of D
with K1g K2g K3g ⊆ W, then either K1g K3g ⊆ GrD(W) + Jgr(D) or
K2g K3g ⊆ GrD(W) + Jgr(D) or K1g K2g D ⊆ W + Jgr(D).

Proof. Assume that W is a gr-Jgr-2A-primary submodule of D.
Let g ∈ G such that K1g K2g K3g ⊆ W and K1g K2g D ⊈ W+Jgr(D).
Now, since Dg is a multiplication Ae-module, K1g = (K1g :Ae

Dg)Dg and K2g = (K1g :Ae Dg)Dg. Thus, (K1g :Ae Dg)(K2g :Ae

Dg)K3g ⊆ W and (K1g :Ae Dg)(K2g :Ae Dg)D ⊈ W+Jgr(D).Now,
by Theorem 2.8 we get either (K1g :Ae Dg)K3g ⊆ GrD(W) +
Jgr(D) or (K2g :Ae Dg)K3g ⊆ GrD(W) + Jgr(D). Thus, either
K1g K3g ⊆ GrD(W) + Jgr(D) or K2g K3g ⊆ GrD(W) + Jgr(D).

Let A be a G-graded ring and let D and D′ be two graded
modules over A, each graded by G. Suppose there exists a map
𭟋 : D → D′ that preserves the module structure (i.e., a homo-
morphism). We define 𭟋 to be a graded homomorphism if it
maps each component Dg of D, corresponding to a particular
element g ∈ G, into the component D′g of D′. In other words,
for each g ∈ G, 𭟋(Dg) ⊆ D′g, ensuring that 𭟋 respects the grad-
ing [13].

Recall that a proper graded submodule W of a graded
A-module D is said to be a gr-small submodule of D (for short
W <<g D) if for every proper graded submodule K of D, we
have W + K , D [5].

Theorem 2.12. Let A be a G-graded ring and D,D′ be two
graded A-modules. Let 𭟋 : D → D′ be a graded epimorphism
with ker(𭟋) <<g D. If W′ is a gr-Jgr-2A-primary submod-
ule of D′, then 𭟋−1(W ′) is a gr-Jgr-2A-primary submodule of D.

Proof. It is easy to see that 𭟋−1(W ′) is a proper
graded submodule of D. Now, let ag, bh ∈ h(A) and
dα ∈ h(D) such that agbhdα ∈ 𭟋−1(W ′). This follows that
agbh𭟋(dα) ∈ W ′. Hence, either ag𭟋(dα) ∈ GrD′ (W ′) + Jgr(D′)
or bh𭟋(dα) ∈ GrD′ (W ′)+Jgr(D′) or agbhD′ ⊆ W ′+Jgr(D′) as W ′

is a gr-Jgr-2A-primary submodule of D′. Now, by [6, Theorem
2.12] and [2, Lemma 5.3], we get 𭟋(Jgr(D)) = Jgr(D′)
and GrD′ (W ′) = GrD(𭟋−1(W ′)). So, either agdα ∈

GrD(𭟋−1(W ′)) + Jgr(D) or bhdα ∈ GrD(𭟋−1(W ′)) + Jgr(D) or
agbhD ⊆ 𭟋−1(W ′) + Jgr(D). Therefore, 𭟋−1(W ′) is a graded
Jgr-primary-2-absorbing submodule of D.

Theorem 2.13. Let A be a G-graded ring, D and D′ be two
graded A-modules. Let 𭟋 : D→ D′ be a graded epimorphism.
If W is a gr-Jgr-2A-primary submodule of D with kea(𭟋) ⊆ W,
then 𭟋(W) is a gr-Jgr-2A-primary submodule of D′.

Proof. By [2, Lemma 4.8], 𭟋(W) is a proper graded sub-
module of D′. Now, let agbhd′α ∈ 𭟋(W) where ag, bh ∈ h(A)
and d′α ∈ h(D′). As 𭟋 is a graded epimorphism there
exists dα ∈ h(D) with 𭟋(dα) = d′α. So, agbh𭟋(dα) ∈ 𭟋(W)
and then agbh𭟋(dα) = 𭟋(nλ) for some nλ ∈ W ∩ h(D).
Hence, agbhdα − nλ ∈ kea(𭟋) ⊆ W and this follows that
agbhdα ∈ W. Thus, we get either agdα ∈ GrD(W) + Jgr(D)
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or bhdα ∈ GrD(W) + Jgr(D) or agbhD ⊆ W + Jgr(D). But
by [6, Theorem 2.12] and [2, Lemma 5.3], we conclude
that 𭟋(GrD(W)) + 𭟋(Jgr(D)) ⊆ GrD′ (𭟋(W)) + Jgr(D′).
Hence, either ag𭟋(dα) = agd′α ∈ GrD(𭟋(W)) + Jgr(D′)
or bh𭟋(dα) = bhd′α ∈ GrD(𭟋(W)) + Jgr(D′) or
agbhD′ ⊆ 𭟋(W) + Jgr(D′). Therefore, 𭟋(W) is a gr-Jgr-
2A-primary submodule of D′.

Theorem 2.14. Let D be a graded multiplication A-module and
W = ⊕h∈GWh a proper graded submodule of D. Let g ∈ G with
Dg is a multiplication Ae -module and Jgr(Ae)Dg = Jgr(Dg).
Then the following statements are equivalent.

(i) Wg is a g–Jgr-2A-primary submodule of Dg.

(ii) (Wg :Ae Dg) is a g–Jgr-2A-primary ideal of Ae.

Proof. (i) ⇒ (ii) Let ae, be ∈ Ae and J = ⊕h∈G Jh be a graded
ideal of A such that aebeJe ⊆ (Wg :Ae Dg) and aebe < ((Wg :Ae

Dg) + Jgr(Ae) :Ae Ae) = (Wg :Ae Dg) + Jgr(Ae). This yields that
aebeDg ⊈ (Wg :Ae Dg)Dg + Jgr(Ae)Dg = Wg + Jgr(Dg) and then
aebe < (Wg + Jgr(Dg) :Ae Dg). Now, aebeJe ⊆ (Wg :Ae Dg) fol-
lows that aebeJeDg ⊆ Wg and then by Theorem 2.7 we get either
aeJeDg ⊆ GrDg (Wg)+ Jgr(Dg) or beJeDg ⊆ GrDg (Wg)+ Jgr(Dg)
as Wg is a g-Jgr-2A-primary submodule of Dg. Hence, by [10,
Theorem 9], we have either aeJeDg ⊆ Gr((Wg :Ae Dg))Dg +

Jgr(Ae)Dg or beJeDg ⊆ Gr((Wg :Ae Dg))Dg + Jgr(Ae)Dg. Thus,
either aeJe ⊆ Gr((Wg :Ae Dg)) + Jgr(Ae) or beJe ⊆ Gr((Wg :Ae

Dg)) + Jgr(Ae). Therefore, (Wg :Ae Dg) is a g-Jgr-2A-primary
ideal of Ae.

(ii) ⇒ (i) Let ae, be ∈ Ae and K = ⊕h∈GKh be a graded sub-
module of D with aebeKg ⊆ Wg and aebe < (Wg + Jgr(Dg) :Ae

Dg). This follows that aebeDg ⊈ Wg + Jgr(Dg) = (Wg :Ae

Dg)Dg + Jgr(Ae)Dg and then aebe < (Wg :Ae Dg) + Jgr(Ae) =
((Wg :Ae Dg)+ Jgr(Ae) :Ae Ae). Now, since Dg is a multiplication
Ae-module, there exists an ideal Ie of Ae such that Kg = IeDg.
Hence, aebeIeDg = aebeKg ⊆ Wg which yields that aebeIe ⊆

(Wg :Ae Dg). Thus, either aeIe ⊆ Gr((Wg :Ae Dg)) + Jgr(Ag)
or beIe ⊆ Gr((Wg :Ae Dg)) + Jgr(Ae). Then either aeIeDg ⊆

Gr((Wg :Ae Dg))Dg + Jgr(Ae)Dg or beIeDg ⊆ Gr((Wg :Ae

Dg))Dg + Jgr(Ae)Dg and then aeKg ⊆ GrDg (Wg) + Jgr(Dg) or
beKg ⊆ GrDg (Wg)+ Jgr(Dg) by [10, Theorem 9]. Therefore, Wg

is a g-Jgr-2A-primary submodule of Dg.

3. Conclusion

The theorems presented in this study provide a comprehen-
sive framework for understanding graded Jgr-2-absorbing pri-
mary submodules. Key results demonstrate their equivalence to
specific conditions involving graded ideals, submodules, and
algebraic operations, highlighting their structural uniqueness
compared to other submodules like gr-prime and gr-primary
submodules. Additionally, theorems establish the behavior of
these submodules under graded homomorphisms and in graded
multiplication modules, further solidifying their role in graded
algebra. These findings underscore the flexibility and depth of

graded Jgr-2-absorbing primary submodules, contributing sig-
nificantly to the theoretical advancement of graded module the-
ory. Although our study is mainly theoretical, the concept of
graded Jgr-2-absorbing primary submodules may serve as a
useful tool in further investigations. For example, these sub-
modules could play a role in the structural study of graded rings
and modules, in particular when analyzing decomposition the-
orems or extending results about graded prime and graded pri-
mary submodules. They may also provide insights into homo-
logical aspects of graded modules and inspire applications in
related areas of commutative algebra.
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