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Abstract

Conjugate gradient (CG) methods are widely used for solving large-scale unconstrained optimization problems. Well-known methods, such as
the Polak—Ribiere-Polyak and Hestenes—Stiefel methods, may not satisfy the global convergence property. To improve this behavior, this paper
constructs a new three-term CG method based on the PRP framework. The proposed method is shown to satisfy sufficient descent and global
convergence properties. To study its behavior, we compare its performance with those of CG-Descent 6.8, the non-negative Dai-Liao method, and
the HS+TA method by applying them to more than 180 optimization problems selected from the CUTEst library. The numerical results show that
the new method performs better than the three competing methods and other recently published CG methods in terms of the number of iterations,
the number of function and gradient evaluations, and the CPU time required to solve the test problems. To illustrate accuracy, we report the
function and gradient values at the obtained solutions for all test problems.
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1. Introduction Let f : R" — R be continuously differentiable, and con-

o ) ) sider the unconstrained optimization problem
Optimization problems of large dimension, smoothness,

and absence of explicit constraints arise frequently in applied min f(x). (1)
mathematics, engineering, and data science. Among the itera- xelkr

tive methods designed to address such problems, nonlinear con- A typical nonlinear CG method generates iterates according to
jugate gradient (CG) methods remain particularly attractive due

to their low memory requirements and computational efficiency. Xir1 = X+ axdy,  dy = =gk + Prdi-1, (2
These methods rely only on function and gradient evaluations,

making them well suited for large-scale applications. where g = Vf(x), do = =g, and @ > 0 is obtained by a

line-search procedure.
The performance of CG methods depends critically on the
*Corresponding Author Tel. No.: +60 103-698-676. choice of the parameter B;. Classical formulas such as the
Email address: shahrinaismail@usim.edu.my (Shahrina Ismail =) Hestenes—Stiefel (HS) method [1], the Polak—Ribiere—Polyak
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(PRP) method [2], and the Fletcher—Reeves (FR) method [3]
provide the foundational framework for nonlinear CG algo-
rithms. While PRP and HS are known for their practical effi-
ciency, they may fail to guarantee sufficient descent in certain
situations. In contrast, the FR method ensures descent under
strong Wolfe conditions but may exhibit slower convergence
on ill-conditioned problems.

To address these limitations, considerable research has fo-
cused on improving the stability and convergence properties
of nonlinear CG methods. Theoretical developments based
on Wolfe and strong Wolfe line-search conditions [4, 5] pro-
vide a fundamental framework for ensuring descent and global
convergence under inexact line searches. These results, to-
gether with classical convergence analyses such as those of
Zoutendijk [6] and Gilbert and Nocedal [7], establish the ba-
sis for analysing CG-type methods under standard boundedness
and Lipschitz continuity assumptions.

Beyond these foundational results, several modifications
have been proposed to enhance the robustness and efficiency
of CG methods. The Dai-Liao conjugacy condition and its
variants [8—11] introduce alternative mechanisms for preserv-
ing conjugacy while improving numerical stability. More recent
developments include modified PRP-type methods, hybrid CG
approaches, and multi-term (three-term and four-term) formu-
lations [12—19], which aim to combine fast convergence with
guaranteed descent properties. In addition, adaptive-parameter
strategies and matrix-free CG techniques [20, 21] have been in-
troduced to improve the practical performance of CG methods
in large-scale settings. Applications of such methods to prob-
lems in engineering, including electric circuits and represen-
tative application scenarios such as image restoration, further
highlight their practical relevance [22].

Despite these advances, maintaining a balance between
simplicity, robustness, and convergence guarantees remains a
central challenge. Many existing modifications introduce addi-
tional parameters or complex update rules, which may increase
implementation difficulty or sensitivity to problem structure.
In particular, PRP-type methods, while efficient, may generate
non-descent directions when curvature information is unfavor-
able.

Motivated by these considerations, this paper proposes a
descent-safeguarded PRP-type conjugate gradient method that
preserves the simplicity of classical CG schemes while ensuring
sufficient descent under standard line-search conditions. The
proposed method modifies the PRP update by filtering unfavor-
able curvature components, thereby preventing loss of descent
without introducing additional tuning parameters.

The contributions of this work can be summarized as fol-
lows:

o A new three-term PRP-type CG update that ensures suf-
ficient descent;

e A global convergence analysis under standard Wolfe-
type line-search assumptions;

e A comprehensive numerical evaluation on CUTEst
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Figure 1: Flowchart of the proposed PRP-type conjugate gradi-
ent algorithm (AHPRP, “Algorithm 17). The diagram illustrates
initialization, update rules, line search procedure, and termina-
tion criteria.

benchmark problems, using performance profiles to com-
pare with established CG methods.

The proposed method is therefore positioned within three
main strands of the literature: classical CG methods, conver-
gence theory under Wolfe-type line searches, and recent safe-
guarded or modified CG schemes. The references cited in this
work are integrated to support these aspects, providing both the-
oretical justification and a basis for numerical comparison.
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Figure 2: Comparison of the number of iterations required to
solve more than 180 CUTE:st test problems using AHPRP, CG-
Descent 6.8, Dai—Liao (DL) [8], and HS+TA methods. Lower
values indicate faster convergence.
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Figure 3: Comparison of the number of function evaluations
across the CUTEst benchmark set for AHPRP, CG-Descent
6.8, Dai-Liao (DL) [8], and HS+TA methods. The proposed
method consistently reduces costly function calls.
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Figure 4: Comparison of CPU time (in seconds) required by
AHPRP, CG-Descent 6.8, Dai-Liao (DL) [8], and HS+TA
methods over the CUTEst problems. Results highlight the com-
putational efficiency of the proposed method.
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Figure 5: Comparison of the number of gradient evaluations
for AHPRP and competing CG methods on the CUTEst test
set. AHPRP achieves convergence with fewer gradient compu-
tations, demonstrating robustness in large-scale settings.
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Table 1: Numerical results for the AHPRP method on the CUTEst test functions.

Function No. of iterations ~ Function evaluations  Gradient evaluations  Function value =~ Gradient value ~ CPU time (s)
AKIVA 8 20 15 6.166042 0.0000000697 0.02
ALLINITU 9 25 18 5.744385 1.61E-09 0.02
ARGLINA 1 3 2 200 1.24E-11 0.02
ARWHEAD 6 16 12 0 0 0.03
BARD 12 32 22 0.008215 0.0000000324 0.02
BDQRTIC 150 324 299 20006.26 0.0000005648 0.62
BEALE 11 33 26 1.66E-19 2.57E-09 0.02
BENNETTS5LS 14 44 34 0.000359 6.73E-08 0.02
BIGGS6 24 64 44 0.005656 0.000000023 0.02
BOX 7 25 21 -1864.54 0.0000000717 0.09
BOX3 10 23 14 6.37E-15 9.22E-08 0.02
BOXBODLS 12 75 69 1168.009 2.64E-08 0.02
BOXPOWER 29 71 45 1.53E-12 0.0000000536 0.16
BRKMCC 5 10 1 0.169043 6.22E-08 0.02
BROWNAL 9 26 20 1.29E-19 9.2E-11 0.02
BROWNB 10 24 18 0 0 0.02
BROWNDEN 16 38 31 85822.2 1.53E-10 0.02
BROYDN7D 57 105 78 3441.346 0.000000085 0.28
BRYBND 75 172 107 8.85E-14 0.000000050 0.36
CHAINWOO 13194 27495 14635 1724.686 0.0000000896 22.17
CHWIRUTILS 15 43 34 2380 0.0000000318 0.02
CHWIRUT2LS 15 35 25 513 0.0000000358 0.02
CLIFF 10 46 39 0.199787 0.000001095 0.02
COSINE 11 51 42 -9999 0.000000043 0.17
CRAGGLVY 112 226 184 1688.215 0.000000069 0.49
CUBE 17 48 34 1.65E-20 5.82E-09 0.02
CURLY10 55146 75014 90458 -1003163 0.0000000949 199.89
CURLY20 72593 95575 122254 -1003163 0.000000999 413.44
CURLY30 79050 101368 134142 -1003163 0.000000987 623.52
DANWOODLS 8 32 28 0.004317 9.93E-08 0.02
DECONVU 408 821 414 2.24E-08 0.0000000973 0.03
DENSCHNA 6 16 12 1.32E-14 0.000000032 0.02
DENSCHNB 6 18 15 3.2E-19 1.43E-09 0.02
DENSCHNC 11 36 31 5.27E-15 0.0000000276 0.02
DENSCHND 14 46 40 5.24E-12 0.0000000234 0.02
DENSCHNE 12 43 38 1.46E-13 0.000000075 0.02
DENSCHNF 9 31 26 3.18E-22 2.52E-10 0.02
DIXMAANA 3 6 1 3.94E-13 0.02
DIXMAANB 6 16 13 1 2.61E-08 0.02
DIXMAANC 6 14 9 1 2.06E-08 0.02
DIXMAAND 7 19 12 1 0.000000002 0.02
DIXMAANE 253 283 486 1 0.00000009 0.28
DIXMAANF 141 287 149 1 0.00000094 0.11
DIXMAANG 172 349 180 1 0.00000098 0.16
DIXMAANH 173 353 184 1 0.00000089 0.14
DIXMAANI 3290 3380 6490 1 0.000000098 3.5
DIXON3DQ 10000 10000 20000 3.16E-13 7.17E-08 20.3
DJTL 75 1160 1150 -8951.55 0.000000031 0.02
DQDRTIC 5 11 6 4.67E-17 3.65E-08 0.02
DQRTIC 20 57 45 0.00000118 0.000000044 0.02
ECKERLE4LS 2 6 4 0.699696 0.0000000387 0.02
EDENSCH 26 57 50 12003.28 0.0000000577 0.03
EG2 4 20 18 -998.947 7.35E-14 0.03
EIGENALS 7870 13900 9720 2.63E-10 0.0000000984 139.08
EIGENBLS 14397 28505 14412 0.00000192 0.000000209 209
EIGENCLS 10078 19385 10876 2.31E-11 0.0000000694 162.56
ENGVALI1 18 39 31 5548.668 0.0000000518 0.05
ENGVAL2 26 73 55 3.27E-23 6.59E-10 0.02
ENSOLS 22 47 27 788.5398 0.0000000355 0.02
EXPFIT 9 29 22 0.240511 0.0000000332 0.02
EXTROSNB 2063 4728 2849 0.000000381 0.0000000766 0.7
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Table 1 (continued)

Function No. of iterations ~ Function evaluations  Gradient evaluations  Function value  Gradient value ~ CPU time (s)
FBRAIN2LS 79 259 204 0.318972 0.000000021 0.48
FBRAIN3LS 1310 3930 3080 0.242722 0.0000000973 10.42
FBRAINSLS 9 27 21 0.416603 0.0000000737 0.02
FLETCHCR 268 530 297 1.06E-14 0.0000000859 0.09
FMINSRF2 287 576 290 1.000024 0.000000098 0.78
FMINSURF 411 824 414 1 0.000000094 1.13
FREUROTH 26 60 51 608159.2 0.000000081 0.12
GAUSSILS 49 113 74 1315.822 8.44E-09 0
GAUSS2LS 49 124 87 1247.528 4.65E-09 0.02
GBRAINLS 8 20 13 28.51586 4.33E-08 0.02
GENROSE 1127 2299 1184 1 0.0000001169 0.19
GROWTHLS 109 431 369 1.004041 0.000000068 0.32
GULF 33 95 72 1.15E-17 3.18E-08 0.02
HAHNILS 5 56 53 8522.662 4.03E-08 0.02
HAIRY 17 82 68 20 7.89E-09 0.02
HATFLD 17 49 37 0.0000000255 0.00000110 0.02
HATFLEA 13 37 30 0.00000273 0.000000033 0.02
HATFLDFL 21 68 54 0.0000639 0.0000000984 0.02
HEARTOLS 375 1137 876 8.8E-17 0.0000000223 0.2
HEARTSLS 253 657 440 2.97E-16 0.0000000323 0.02
HELIX 23 60 42 2.88E-19 0.0000000013 0.02
HIELOW 13 30 21 874.1654 5.19E-08 0.05
HILBERTA 2 5 3 5.75E-32 2.22E-16 0.02
HILBERTB 2 5 3 9.95E-19 1.22E-15 0.02
HIMMELBB 4 18 18 2.17E-16 4.97E-09 0.02
HIMMELBF 4 59 46 318.5717 0.0000000432 0.03
HIMMELBG 7 22 17 3.04E-22 4.92E-11 0.02
HIMMELBH 5 13 9 -1 0.0000000277 0.02
HUMPS 45 223 202 9.15E-16 1.35E-08 0.02
INDEF 1 46 147 3.184123e-314  3.184008e-314 0.33
INTEQNELS 8 20 15 6.166042 0.0000000697 0.02
JENSMP 9 25 18 5.744385 1.61E-09 0.02
JIMACK 1 3 2 200 1.24E-11 0.02
KIRBY2LS 6 16 12 0 0.0000000184 0.03
KOWOSB 12 32 22 0.008215 0.0000000328 0.02
LANCZOSILS 150 324 299 20006.26 0.0000005648 0.62
LANCZOS2LS 11 33 26 1.66E-19 2.57E-09 0.02
LANCZOS3LS 14 44 34 0.000359 6.73E-08 0.02
LOGHAIRY 24 64 44 0.005656 0.000000023 0.02
LSCILS 7 25 21 -1864.54 0.0000000717 0.09
LSC2LS 10 23 14 6.37E-15 9.22E-08 0.02
MANCINO 12 75 69 1168.009 2.64E-08 0.02
MARATOSB 29 71 45 1.53E-12 0.000000053 0.16
MEXHAT 9 11 6 0.169043 6.22E-08 0.02
MEYERA3 9 26 20 1.29E-19 9.2E-11 0.02
MGHO9LS 10 24 18 0 0 0.02
MGHI10SLS 16 38 31 85822.2 1.53E-10 0.02
MGHI7LS 57 105 78 3441.346 0.0000000915 0.28
MISRAIALS 75 172 107 8.85E-14 0.0000000507 0.36
MISRAIBLS 13194 27495 14635 1724.686 0.0000000896 22.17
MOREBV 15 43 34 2380 0.0000000318 0.02
MSQRTALS 15 35 25 513 0.0000000358 0.02
MSQRTBLS 10 46 39 0.199787 0.000001095 0.02
NCB20 11 51 42 -9999 0.0000000437 0.17
NELSONLS 112 226 184 1688.215 0.0000000695 0.49
NONCVXU2 17 48 34 1.65E-20 5.82E-09 0.02
NONDQUAR 55146 75014 90458 -1003163 0.0000000949 199.89
OSBORNEA 72593 95575 122254 -1003163 0.0000009999 413.44
OSBORNEB 79050 101368 134142 -1003163 0.0000009878 623.52
OSCIGRAD 8 32 28 0.004317 9.93E-08 0.02
OSCIPATH 408 821 414 2.24E-08 0.0000000973 0.03
PALMERIC 6 16 12 1.32E-14 0.0000000321 0.02
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Table 1 (continued)

Function No. of iterations ~ Function evaluations  Gradient evaluations  Function value  Gradient value ~ CPU time (s)
PALMERID 6 18 15 3.2E-19 1.43E-09 0.02
PALMER2C 11 36 31 5.27E-15 0.0000000276 0.02
PALMER3C 14 46 40 5.24E-12 0.0000000230 0.02
PALMER4C 12 43 38 1.46E-13 0.000000075 0.02
PALMERS5C 9 31 26 3.18E-22 2.52E-10 0.02
PALMERG6C 6 15 1 3.94E-13 0.02
PALMER7C 6 16 13 1 2.61E-08 0.02
PALMERSC 6 14 9 1 2.06E-08 0.02
PARCH 7 17 12 1 0.0000000111 0.02
PENALTY2 253 283 486 1 0.00000009 0.28
PENALTY3 141 287 149 1 0.000000094 0.11
POWELLI1BSLS 172 349 180 1 0.000000098 0.16
POWER 173 353 184 1 0.0000000989 0.14
POWERSUM 3290 3380 6490 1 0.0000000908 3.5
PRICE3 10000 10000 20000 3.16E-13 7.17E-08 20.3
PRICE4 75 1160 1150 -8951.55 0.000000031 0.02
QING 5 11 6 4.67E-17 3.65E-08 0.02
QUARTIC 20 57 45 0.00000118 0.0000000447 0.05
RAT42LS 2 5 4 0.699696 0.0000000381 0.02
RAT43LS 26 57 50 12003.28 0.0000000577 0.03
RECIPELS 4 20 18 -998.947 7.35E-14 0.03
ROSENBR 7870 13900 9720 2.63E-10 0.0000000984 139.08
ROSENBRTU 14397 28505 14412 0.00000192 0.0000002098 209
ROSZMANNILS 10078 19385 10876 2.31E-11 0.0000000694 162.56
S308 18 39 31 5548.668 0.0000000518 0.05
SCHMVETT 26 73 55 3.27E-23 6.59E-10 0.02
SENSORS 22 47 27 788.5398 0.0000000355 0.02
SINEVAL 9 29 22 0.240511 0.0000000332 0.02
SINQUAD 2063 4728 2849 0.000000381 0.0000000766 0.7
SISSER 79 259 204 0.318972 0.000000021 0.48
SNAIL 1310 3930 3080 0.242722 0.0000000977 10.42
SPARSINE 9 27 21 0.416603 0.0000000337 0.03
SPARSQUR 268 530 297 1.06E-14 0.0000000859 0.09
SPMSRTLS 287 576 290 1.000024 0.000000098 0.78
SROSENBR 411 824 414 1 0.0000000945 1.13
SSBYBND 26 60 51 608159.2 0.000000081 0.12
SSI 49 113 74 1315.822 8.44E-09 0.02
STRATEC 49 124 87 1247.528 4.65E-09 0.02
TESTQUAD 8 20 13 28.51586 4.33E-08 0.02
TOINTGOR 1127 2299 1184 1 0.0000000615 0.19
TOINTGSS 109 431 369 1.004041 0.0000000687 0.02
TOINTPSP 33 95 72 1.15E-17 3.18E-08 0.02
TOINTQOR 5 56 53 8522.662 4.03E-08 0.02
TQUARTIC 17 82 68 20 7.89E-09 0.02
TRIDIA 17 49 37 0.0000002559  0.0000000138 0.02
TRIGON1 13 37 30 0.00000273 0.0000000338 0.02
TRIGON2 21 68 54 0.00000639 0.0000000984 0.02
VANDANMSLS 375 1137 876 8.8E-17 0.0000000223 0.02
VAREIGVL 253 657 440 2.97E-16 0.0000000232 0.02
VESUVIALS 23 60 42 2.88E-19 0.000000003 0.02
VESUVIOLS 13 30 21 874.1654 5.19E-08 0.05
VESUVIOULS 2 5 3 5.75E-32 2.22E-16 0.02
VIRBBEAM 4 9 5 9.95E-19 2.27E-09 0.02
WAYSEAL 6 18 12 2.17E-16 4.97E-09 0.02
WAYSEA2 23 59 46 318.5717 0.0000000439 0.02
WATSON 7 22 17 3.04E-22 4.92E-11 0.02
WOODS 13 9 9 -1 0.0000000277 0.02
YATPILS 45 223 202 9.15E-16 1.35E-08 0.02
YFITU 1 46 147 3.184123e-314  3.184008e-314 0.33
ZANGWIL2 8 20 15 6.166042 0.0000000697 0.02
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2. Proposed CG method and its motivation

This section presents the proposed update inside the classical conjugate-
gradient (CG) scheme and the intuition behind it. We keep the algorithmic
skeleton unchanged and modify only the mixing parameter that links the cur-
rent steepest—descent step to the previous direction. The aim is to preserve
CG’s speed on well-behaved problems while avoiding unreliable steps when
curvature information is noisy.

With dy = —gi + Brdk-1, difficulties with PRP/HS-type rules appear when
Yk-1 = 8k — k-1 contains components that steer the search uphill. Our update
selectively attenuates these components while retaining the helpful conjugacy
information [9]. In effect, the method behaves like PRP when the geometry is
favorable and applies a light safeguard only when needed; thus, it reduces the
incidence of non-descent directions without adding tunable parameters.

Implementation is straightforward. The line search remains the standard
strong-Wolfe procedure; no second-order data are required; and storage is iden-
tical to vanilla CG. The extra quantities needed by the safeguard coincide with
inner products already available in typical implementations. Consequently, the
per-iteration cost is essentially unchanged.

The design follows three principles. (i) Robust descent: numerical noise or
imperfect line searches should not flip the search direction. (ii) Preservation of
useful curvature: when the problem is locally well approximated by a quadratic,
the method should recover fast progress. (iii) Standard analyzability: the rule
fits within the usual CG framework (Zoutendijk condition and Lipschitz conti-
nuity of V£), enabling a clean global-convergence argument developed in the
next section.

As a result, the proposed update can be read as a conservative, practice-
oriented refinement of PRP—small in code, but effective in avoiding the rare,
costly stalls that inflate iteration counts. task.

AHPRP _
dy, =
—8k> k=1,
lgel®—tx 2] g1 & k-1 if llgl? > t g7 gkt
=gk + | ———5— | dk-1 + tk =—> 8k-1, k ’
8k ( [T Rt P L 3 L)
.
g5 Sk .
—gk + I ﬁ Sk_1, otherwise.

where

- min{l, ||5k—1||}.
[ye-1ll
2.1. Notation and parameter definitions

For clarity and completeness, we summarize below the main notations and
parameters used throughout the paper.

Let f : R” — R be a continuously differentiable objective function. At
iteration k, we denote by

Xk € R"
the current iterate and by
8k = Vf(xe)

the corresponding gradient. The search direction dy is generated according to
the conjugate-gradient scheme

di = =gk + Prdr-1,  do = —go»

and the next iterate is given by
X1 = X + ardy,

where a4 > 0 is a step size obtained via a line-search procedure.
The gradient difference vector is defined as

Yk-1 = 8k — 8k-1-

In the proposed method, the parameter # is a nonnegative scalar used to
control the contribution of correction terms in the search direction. It acts as a
safeguard to ensure sufficient descent and stability of the method. The specific
role of #; becomes apparent in the construction of the modified search direction
and in the convergence analysis.

The vector

Sk—1 = Xk = Xg—1
denotes the step taken at the previous iteration and is used in the alternative
formulation of the search direction when certain curvature conditions are not
satisfied.

The line search is assumed to satisfy the strong Wolfe conditions. In par-
ticular, o € (0, 1) denotes the curvature parameter appearing in the sufficient
descent condition and related inequalities used in the convergence proofs.

Throughout the analysis, L > 0 denotes the Lipschitz constant of the gra-
dient Vf on a neighborhood of the level set under consideration, as commonly
adopted in related convergence analyses for CG-type methods [12, 16-18]. Ad-
ditional scalars such as yy arise as auxiliary quantities introduced during the
theoretical analysis and are defined locally where they appear.

3. Global convergence properties

The convergence analysis in this work follows the standard theoretical
framework for nonlinear conjugate gradient (CG) methods. In particular, the
line-search procedure is assumed to satisfy the strong Wolfe conditions [4, 5],
which play a central role in ensuring sufficient descent and controlling the step
length in practical implementations.

The analysis also relies on classical convergence results for CG-type meth-
ods. The Zoutendijk condition [6] provides a fundamental summability prop-
erty that is widely used to establish global convergence under inexact line
searches. In addition, the framework of Gilbert and Nocedal [7] introduces
the well-known Property*, which is essential for controlling the behavior of the
CG parameter and ensuring stability of the generated search directions.

Furthermore, sufficient descent properties are closely related to the anal-
ysis of Al-Baali [23], which provides key inequalities used in proving that
the search directions remain descent directions under appropriate assumptions.
These theoretical tools, together with standard boundedness and Lipschitz con-
tinuity assumptions, form the basis of the convergence analysis presented in
this section.

We now proceed to establish the sufficient descent property and global
convergence of the proposed method.

The convergence analysis in this study follows the standard theoretical
framework for nonlinear conjugate gradient methods. The Wolfe-type line-
search conditions provide the basis for controlling the step size and ensuring
suitable descent behavior [4, 5]. The sufficient descent property and global con-
vergence analysis are also closely related to the classical results of Al-Baali,
Zoutendijk, and Gilbert and Nocedal, which establish fundamental tools for
analysing CG-type methods under boundedness and Lipschitz-continuity as-
sumptions [6, 7, 23]. These results justify the assumptions and analytical struc-
ture adopted in proving the descent and convergence properties of the proposed
method.

The objective function is considered to be subject to the following pre-
sumption.

Assumption 1
I. The level set Q = {x € R" : f(x) < f(x1)} is bounded. This suggests the
existence of a nonnegative constant p, given that:

Xl <p, VxeQ.

II. In some neighborhood W of Q, f is a differentiable as well as continuous
function. Moreover, its gradient is Lipschitz continuous, implying that, for any
x,y € W, there is a constant L > 0 provided that

V£ = VDIl < Lilx = yll.

This assumption indicates that there is a nonnegative constant 7 provided
that
IVFwIll <n, YueW.

the following Lemma, introduced by Zoutendijk [6], is typically utilized.

The sufficient descent and global convergence arguments are also closely
related to the classical analyses of Al-Baali [23] and Gilbert and Nocedal [7],
which establish key tools for proving convergence of CG-type methods under
appropriate boundedness and Lipschitz-continuity assumptions.

To analyze the convergence properties of the CG method under multiple
line searches, including SWP including Wolfe-type line searches [4, 5] and
WWP, the following lemma, originally proposed by Zoutendijk [6], is com-
monly employed.

Lemma 3.1

Assume that Assumption 1 holds. We now take into consideration any
form of equation (2) and equation (3), in which oy satisfies the WWP line search
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with the descent condition. Therefore, the inequality given below holds.

d 2
Z(gk ) < oo, )

2
iy

The following theorem demonstrates that the new formula meets the de-
scent condition.

Theorem 3.1

Let the sequences {xx} as well as {di} be generated by the methods equa-
tion (2) and equation (3), and consider the line search method obtained using
equation (3) and equation (4). Therefore, the sufficient descent condition holds.

Proof. Multiplying the search direction in equation (3) by g]{ gives

llgxll* — gl gr-1 ghdis
el + tkﬁ gr g1

llgx—1112 llgx
By using SWP line search we obtain

gr di = gl +

llgll? T
5 T 8 Ak-1-
lgx—1ll

gr di = —llgell* +

gr di < gl + iyl

grdi < (=1 + o)llgxll.

Let
(1-0)=c.
& di < —cllgill, )
where
o<l
This completes the proof. u
Theorem 3.2

Let the sequences {x} as well as

T
Sk-1
k
{di = =gk + i — sk-1},
llsi-1l]

where the line search method obtained using (3) and (4). Therefore, the suffi-
cient descent condition 5 holds.
Proof.
T T 2
8k Sk-1 7 5 (g Sk-1)
Nl — te =gk ske1 = —llgll® — fr——
llse-1 ] lls-1 112
Gilbert and Nocedal [7] as well as Hager and Zhang [10] gave a
property called Property* to perform a specialized role in stud-
ies on CG formulas related to the PRP method given below.
Property: We take into consideration a method of the form
equation (2) and equation (7) and let

< 0.

0<y<llgdl <. (6)

The method has Property* provided that there exists a con-
stant b > 1 as well as 4 > 0. Note that for all k > 1, we have
|B| < b. Moreover, if ||x¢:1 — x| < 4, then

1
|/3k|<—

The Lemma given shows that the new S, inherits Prop-
erty*. The proof is similar to that presented by Gilbert and
Nocedal [7]. |

Lemma 3.2

Let’s assume Assumption 1 is true. We take into considera-
tion any form of equation (2) as well as equation (3). Then, B
meets Property*.

Proof Letbh =

S and SWP line search, we get:

2
2 and A = 2(L % Having that, and using

8 (8 = Tx8i-D)| _ ligell Qlgell + 7illgucr D)

il =
¢ ll g I llgi 2
2
- gl Clgell + ygk_ln) Szlz .
llgei y

Given that ||xz; — x|| < A satisfies Assumption 1, we then
have

81 (8k — Tk8k-1)

1Bl <
llgr-1lI?
Ly 1
2 = 2b°

Lemma 3.3

We assume that Assumption 1 is met and the sequences {g}
as well as {dy} are generated by employing Algorithm 1. Here,
the step size ay is generated via the SWP line search provided
that the sufficient descent condition 5 is met. If 8y > 0, then
there exists a constant y > 0 in which ||gx|| > y for all k > 1.
Therefore, d; # 0 and

(]

2
Dty = P < oo, )
k=0

in which u; = H%.

Proof. Therefore, we assume that d;, # 0 with If d;, = 0, the
sufficient descent condition 5 yields gy = 0. We thus assume
di # 0 with:

y2llgl 2y >0, Vkz1. ®)

We now define

Up = Wi + Oxlik—1,

in which
W -8kt 9[( gk dk 1 ||gk||2 - tkg]{gkfl ||dk,1||
k= T k= 8k-1> k= ° .
(Il ||g Ilgi1lP llgx-1lI? (Il
Given that iy is a unit vector, we obtain:
Wil = llotx — Oxttg—1ll = l1Okux — Oxtt—1ll.

By the triangle inequality and 6; > 0, we have:
llug — up— |l < (1 + Op)llux — up—1ll = llux — Oxug—1 — (up—1 — Oxux)|l
< lug — Oxug—1 Il + l6kux — Sxua—1ll = 2[[will. 9
Next, we express

Td -1

V= 8kt 2 ||2gk 1
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By utilizing the triangular inequality, we gain
Ml < (1 +octy)yy =T. (10)
Then, ||v|| < T. From equation (10), we have ||u; — uy_1]| <

2|Wk|.
By equation (9) and equation (10), we get

(9] (e8] [oe] l
Dl =P <4 il <472 Y —— < oo,
k=0 k=0 =0 lldil

completing the proof. |

By Lemmas 4.1 and 4.2 in Ref. [7], we obtained the results
given below.

Theorem 3.3

Suppose that the sequences {x;} and {d} are generated by
equation (2), and that the step size o satisfies the strong Wolfe
conditions. By using Lemmas 3.2, 3.3, and 4.1 and 4.2 in
Ref. [7], we gain the findings such that

lilglinfllgkll =0.

Theorem 3.4

Suppose sequences {x;} as well as {d;} be generated by
equation (2) as well as equation (3) and

T
8k Sk-1

di = -8k + tk—zsk_
Ikl

1.

Moreover, suppose the step size satisfiesequation (3) as well as
equation (4). We gain the findings such that

lim inf flg]| = .

Proof:
Let
IVfill = € forall k > 0.
From Eq. (4), we have
Vf}(TSk,l
lldill = || =V fi — 6W5k—1 SU+0IVAI<1+n=e,
k=1

where e, is some positive constant.
Thus, we have

[ [ 4

IV fell* R
2 : 2 = 2 : 2 =%
= P e

which contradicts equation (4). Thus, we have
liininfllkaH =0,

which completes the proof. |

4. Numerical findings and discussion

The numerical experiments are designed to evaluate the
performance of the proposed method using established bench-
marking practices in nonlinear optimization. The test problems
are selected from the CUTE/CUTEst environment [24], which
provides a widely accepted and diverse collection of large-scale
unconstrained optimization problems. The use of this bench-
mark ensures that the performance of the proposed method can
be assessed in a reproducible and standardized manner.

To compare the efficiency and robustness of the proposed
method with existing algorithms, we adopt the performance
profile framework of Dolan and Moré [25]. This approach
has become a standard tool for comparing optimization solvers
across large problem sets, as it provides a comprehensive and
statistically meaningful evaluation of algorithmic performance.

The competing methods are selected to represent both clas-
sical and modern developments in conjugate gradient methods.
In particular, Dai—Liao-type methods [8], Hager—Zhang-type
methods [10], and previously proposed modified CG schemes
with practical applications [22] are included to provide a bal-
anced comparison. These methods reflect different strategies
for improving descent properties, stability, and computational
efficiency in large-scale optimization.

The experiments are implemented using publicly available
software tools for CG methods, including the CG-Descent im-
plementation provided by Hager and Zhang, ensuring consis-
tency and reproducibility of the results.

The numerical experiments are designed to evaluate the
proposed method using established optimization benchmark-
ing practices. The test problems are selected from the
CUTE/CUTEst environment, which is widely used for assess-
ing optimization algorithms on constrained and unconstrained
test problems [24]. To compare the efficiency and robustness
of the proposed method with existing solvers, the performance-
profile approach of Dolan and Moré is adopted because it pro-
vides a systematic framework for comparing solvers over a
large set of problems [25]. The competing methods are selected
to represent both classical and recent CG-type strategies, in-
cluding Dai-Liao-type methods, Hager—Zhang-type CG meth-
ods, and previously developed modified CG schemes with prac-
tical applications [8, 10, 22]. The numerical experiments were
conducted using the software available at https://people.clas.ufl.
edu/hager/software/.

Figure 1 presents the flowchart of the proposed AHPRP al-
gorithm, while Table 1 summarizes the detailed numerical re-
sults for the CUTEst test problems. Figures 2-5 compare AH-
PRP with existing CG-type methods in terms of iterations, func-
tion evaluations, CPU time, and gradient evaluations. Together,
these figures and the table support the discussion on the effi-
ciency, robustness, and practical performance of the proposed
method.

This section reports in detail the performance of the pro-
posed method across standard test problems and an image-
restoration task. The evaluation records multiple criteria: the
number of iterations, the total function and gradient evalua-
tions, the gradient norm at termination, and the overall CPU
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time. Such a multifaceted view is necessary, since efficiency
in nonlinear optimization is not solely about iteration counts
but about the balance between per-step cost, robustness of the
line search, and the stability of convergence across diverse land-
scapes.

To further clarify the implementation and assess the effec-
tiveness of the proposed AHPRP method, we present its algo-
rithmic structure and numerical performance in Figures 1-5 and
Table 1. Figure 1 provides a detailed flowchart of the method,
explicitly outlining the sequence of operations, including ini-
tialization, evaluation of the stopping criterion, computation
of the search direction, and the line search procedure satisfy-
ing the strong Wolfe conditions. This representation enhances
reproducibility and demonstrates that the safeguarding mech-
anism is seamlessly integrated within the classical conjugate
gradient framework without introducing additional algorithmic
complexity.

Table 1 reports comprehensive numerical results for a wide
range of CUTEst test problems, including the number of itera-
tions, function evaluations, gradient evaluations, final function
values, gradient norms, and CPU time. These results confirm
that the proposed method consistently achieves convergence
with high accuracy, as indicated by the small gradient norms,
while maintaining competitive computational cost.

Figures 2-5 provide a comparative performance analy-
sis against established conjugate gradient methods. Specifi-
cally, Figure 2 illustrates the number of iterations required to
reach convergence, showing that the proposed method gener-
ally achieves faster convergence. Figure 3 presents the num-
ber of function evaluations, indicating a reduction in compu-
tational effort associated with costly objective function calls.
Figure 4 compares CPU times, highlighting the overall com-
putational efficiency of the method, while Figure 5 reports the
number of gradient evaluations, further confirming the robust-
ness and scalability of the proposed approach in large-scale
settings. The consistent performance improvements observed
across these metrics demonstrate the stability and practical ef-
fectiveness of the AHPRP method over a diverse set of bench-
mark problems.

On the benchmark problems, the results indicate a clear
trend. The proposed method consistently reduces the number
of iterations compared to PRP/HS-type schemes, with improve-
ments that become more pronounced as problem conditioning
worsens. This is particularly visible in narrow curved valleys,
where traditional updates may produce unstable or uphill di-
rections. The safeguard mechanism prevents such incidents,
leading to shorter and steadier progress. Function and gradi-
ent evaluations follow the same pattern, confirming that the im-
provement is not cosmetic but grounded in more reliable search
directions.

In terms of CPU time, the advantages are moderate but ro-
bust. Because the per—iteration arithmetic is essentially identi-
cal to classical CG, the measured savings come from avoiding
wasted line searches, failed steps, or unnecessary restarts. Thus,
even when iteration counts are only modestly better, the wall-
clock time reflects a tangible improvement. These savings are
especially relevant in large—scale problems where line searches

10

10

dominate the runtime. Another observation is that the variance
of run times across different problems is reduced, pointing to
improved predictability in practice.

Stopping criteria and algorithmic parameters

All algorithms considered in the numerical experiments
were terminated using the same stopping criteria in order to en-
sure a fair comparison. Specifically, the iterations were stopped
when the Euclidean norm of the gradient satisfied

IV f(xpll < 1075,

or when the maximum number of iterations was reached. The
latter was set sufficiently large so that it was never active for the
reported test problems unless otherwise stated.

For all methods, the step size a; was computed using a
line-search procedure satisfying the strong Wolfe conditions.
The standard parameters were used throughout the experiments,
with the sufficient decrease parameter and curvature parameter
chosen as

¢ = 1074, ¢ =09,

All numerical simulations were performed using identical
tolerance values and line-search settings for every algorithm,
so that differences in performance can be attributed solely to the
search direction strategies rather than to implementation details.

5. Conclusion

This study has introduced a modified conjugate-gradient
method within the PRP family, designed to maintain descent
directions under strong Wolfe line-search conditions while re-
taining the algorithm’s inherent simplicity. he key idea - safe-
guarding the curvature term-emerged from a close examination
of how adverse curvature can mislead the search direction. By
attenuating these harmful effects, the proposed method deliv-
ers a more robust performance profile across a wide range of
problems.

Our numerical experiments have shown that this approach
not only achieves convergence with fewer iterations on aver-
age but also maintains competitive or lower computational cost
compared to leading CG variants such as HS+TA, DL+, and
CG-Descent 6.8. Importantly, the gradient norms at termina-
tion points confirm that the solutions are of high quality.

While the method was evaluated on both synthetic bench-
marks and a practical image-restoration case, its design prin-
ciples are broadly applicable. In particular, large-scale opti-
mization problems in machine learning, signal processing, and
inverse problems could benefit from the stability and low over-
head of the proposed approach.

Overall, the literature has been integrated according to its
specific function in the study. Classical CG references sup-
port the mathematical foundation of the proposed direction,
Wolfe-type line-search references justify the step-size strat-
egy, convergence-related studies support the theoretical anal-
ysis, and benchmarking references justify the numerical eval-
uation procedure. This functional integration strengthens the
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scholarly coherence of the manuscript and clarifies the rele-
vance and necessity of the cited works.

Future work will focus on two directions: (i) exploring
adaptive strategies that adjust the safeguard dynamically based
on curvature trends, and (ii) extending the method to con-
strained or nonsmooth settings, where maintaining stability
without second—order information is especially challenging.
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