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Abstract

An efficient and mathematically sound method for simulating the distributions of telecommunication signals is the star-like semigroup convolu-

tion model. A rigorous operator-theoretic measure of signal strength is provided by the (S 3I), which is obtained via semigroup transformations.

This study combines empirical field data with the mathematical tools of spectral convolution and star-like transformation semigroups to create a

corrective-predictive model for the functioning of telecommunication networks in Gombe State, Nigeria. A poll on signal strength and Quality of

Experience (QoE) was conducted using an 11-point star-like scale with 615,510 respondents spread over 11 Local Government Areas (LGAs) and

three major providers (MTN, GLO, and Airtel). A star-like signal spectral index (S 3I) that generalizes empirical RSS distributions under a contin-

uous semicharacter model was derived by analyzing the data using both formal statistical measures and semigroup-based spectral transformations.

Semigroup theory is used with actual telecom data to provide a mathematically sound but practically useful model of network resilience.While

GLO urgently needs infrastructure densification, MTN is demonstrated to dominate across LGAs, and Airtel exhibits localized strengths in Billiri

and Shongom. Regulators such as the Nigerian Communications Commission are urged to use (S 3I) as an impartial performance metric. The

model guarantees that transformational semigroups can direct predictive modeling of large-scale communication systems and can be extended to

additional Nigerian states and next-generation (5G) networks.
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1. Introduction

Let Tω∗n be a star-like symmetric transformation semigroup

that obeys the discrete population growth analysis. Given that

|Tω∗n| = {b1 +b2n+b3n2 + · · · } represents the population of net-

work users across LGAs that captures the users’ distribution,

and Xn = {1, 2, 3, 4, 5 . . .} is a separate finite n-population (user

∗Corresponding author Tel. No.:+234-806-614-8496

Email address: sakinwunmi@fukashere.edu.ng (Sulaiman Awwal

Akinwunmi )

survey) of network users in Gombe State. This study employs a

comparative analytical design to promote the use of one of the

earliest uses of the convolution integral and establishes that a

star-like predictive-corrective model can be used to reduce the

signal failure experienced by each αi, j, βi, j ∈ Tω∗n resident in the

state. The usage of GSM technology has become increasingly

widespread and has a considerable impact on several economic

factors, notwithstanding Gombe’s poor signal processing and

other related challenges. There has been remarkable progress

in this important field. Information and communication have
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been essential to human life since the dawn of time [1]. People

are continuously searching for methods to improve the infor-

mation system and the way that information is shared with each

other in real time and across distances, according to [2]. Ac-

cording to the research of [1], a modern economy cannot oper-

ate without a central infrastructure for information technology

and telecommunications.

One of the most effective instruments for signal processing

and harmonic analysis is convolution theory. A mathematical

mechanism for characterizing the superposition and evolution

of signals across time is provided by the investigations of [3].

Broadly speaking, [4] demonstrates that convolution is appli-

cable to semigroups, especially in spectral analysis, where it is

helpful for analyzing recursive or repeated network patterns.

In algebra and analysis, semigroup theory has been exten-

sively researched [5, 6]. The work of [7] described its rela-

tionship to automata theory and network transitions, whereas

[8] and [9] applied semigroup concepts to computational and

automata structures. [10] and [11] discussed the function of

operator semigroups in modeling system evolution in the con-

text of dynamical systems, and [12] expanded this to fractional

and spectral semigroups. This study proves that convolution

of semigroups offers a means to represent periodic and time-

limited network transmissions in telecommunication systems.

Similarly, [13] showed how network filters and transformations

can be encoded in group and semigroup frameworks using al-

gebraic signal processing. Semigroup convolution is hence an

obvious choice for examining the behavior of cellular networks

in environments like Gombe State.

The spectral convolution in a star-like transformation net-

work is calculated as an infinite convolution of symmetric star-

like transformations, represented by Tω∗n, which are shared

by integer sequences supplied by combinatory recursive nodes.

When the elements’ vertical and horizontal orders coincide, the

vertical order is a palindrome that resembles a star. The key idea

in linear system theory, known as convolution theory, served as

the primary link between this study and the Gombe telecommu-

nications network companies. The semigroup of star-like trans-

formations is the focus of this work.An unlimited number of

palindromic sequences in the fourth nodes of a star-like trans-

formation can be utilized to generate a signal model, according

to [15]’s analysis of the convolutional triangle created by [14]

via 2n!
k!(2n−k)!

, k = 0, 1, · · · 2n. Because telecommunications is a

network that many organizations utilize to communicate effec-

tively and meet user needs. [2] backed the notion that all users

ought to have fair and easy access to network signals. Regard-

less of the form and approach, communication is one of the

most crucial factors that influences the success of any human

communication and company. Although they differ from person

to person, there are additional elements that could persuade cus-

tomers to use a specific telecommunication network provider.

These variables include, among others, connecting antennas,

network signal speed, and monopolistic network signals in par-

ticular locations. Users, on the other hand, look for network

signals that are quick and easy to obtain, and telecommunica-

tions network providers compete with one another. However,

others, especially in isolated communities, complain about the

network providers’ annoyance, which they find alarming con-

sidering the unnecessary and seamless network signal lag.

This study developed a model that is suitable for processing

telecom signals and provides helpful insights for the Gombe

State telecommunications customers by incorporating a range

of viewpoints from telecom network users as well as environ-

mental and socioeconomic factors. Modeling signal strength

in regions with diverse geographic terrains requires account-

ing for atmospheric and environmental turbulence. As noted

by [16], the performance of wireless communication systems

is significantly influenced by these external factors, necessitat-

ing robust mathematical frameworks to predict network relia-

bility. Understanding the underlying causes and potential con-

sequences of poor telecommunication signal production situ-

ations will help us forecast them more precisely and develop

effective mitigation strategies. Statistical metrics of coverage

and quality indicators like SINR (Signal-to-Interference-plus-

Noise Ratio), RSRP (Reference Signal Received Power), and

user-reported service satisfaction are key components of tradi-

tional signal analysis. These techniques, however, frequently

fall short of capturing the more profound structural patterns in

the behavior of signals over time and location.

With its roots in pure mathematics, semigroup theory and

convolution operators provide a fresh approach to simulating

intricate processes and structures. Signal processes in networks

with dispersed, node-like configurations (such as base stations

and cell towers) can be represented using the star-like semi-

group model, a specific type of transformation semigroup that

can compress many sequences into a generic structure. We

found that defining the convolutional and empirical functions

of a star-like transformation requires complete order of the ba-

sis set Xn.

We recognized the work of some of the leading mathemati-

cians, such as [6, 17–19] and [20–22], who have studied the

algebraic and combinatorial features of transformation semi-

groups and have produced some intriguing findings. Numer-

ous branches of combinatorial mathematics are currently using

the useful tools that their research has developed. The need

for this study stems from the fact that similar outcomes for

the spectral convolution of star-like telecommunication signal

processing have not kept up with all of these findings. Fur-

thermore, it is still to be established if the convolution trans-

formation semigroup may be applied to numerical calculation.

Nonetheless, the research activity was inspired by the study of

[23]. Thus, this study encompasses both urban LGAs (such

as Gombe Metropolis and Akko) and rural LGAs (such as Bil-

liri, Kaltungo, and Yamaltu-Deba) in Gombe State, Nigeria. A

combination of survey responses (user perspectives) and sig-

nal strength measurements (field data) will be used to gather

information from three providers (MTN, GLO, and Airtel).

Although future research may expand the extensions beyond

Gombe State, the mathematical framework is limited to convo-

lution operators and spinnable star-like semigroup models.

2



Akinwunmi & Oyewola . / J. Nig. Soc. Phys. Sci. 8 (2026) 3129 3

2. Theoretical framework

In this section, we present some relevant results that lend

credence to the study of spectral convolution of star-like signal

models for the telecommunication networks in Gombe State,

Nigeria. The goal is to bridge the gap between abstract alge-

braic models and real-world mobile network performance is-

sues. Although the semigroup theory and convolution frame-

works were mathematically developed by [4–6], few have ap-

plied them to the modeling of telecommunication signals. The

Star-like Transformation Concept (STC) has been developed

via algebraic semigroup research of [23], although there is cur-

rently no evidence of its practical application to network sig-

nals.

We found that earlier empirical studies on telecom perfor-

mance in Nigeria have been descriptive in nature, missing more

in-depth predictive or corrective models based on mathematical

structures ([24–26]). Furthermore, the integration of user expe-

rience (QoE) and signal variability is supported by the work of

[29, 30] on Neutrosophic Triplet Loops. Their research demon-

strates that these structures can effectively model indeterminacy

and membership truth values, critical components in telecom-

munication modeling where signal encoding must account for

both physical interference and subjective user perception. For

more dependable results in states such as Gombe, corrective-

predictive modeling frameworks that integrate survey-based

QoE data with spectral-semigroup convolutional analysis are

obviously needed.Therefore, by creating and utilizing spectral

convolution of star-like semigroup models for the particular ex-

ample of MTN, GLO, and Airtel consumers in Gombe State,

the current study aims to close these gaps. The essential defini-

tions are listed below for completeness.

Definition 1: star-like transformation concept (STC):

Let Xn = {1, 2, 3, . . . , n} represent a discrete finite population

of network users across the Local Government Areas (LGAs)

of Gombe State. A network signal transformation is defined as

star-like if the interaction between signal operators α∗
i, j

and β∗
i, j

satisfies the convolutional inequality:

(α∗i, j · β
∗
i, j)(x) =

⋃

α∗,β∗∈Tω∗n

f (β∗ · α∗)g(α∗ · β∗)

≤ g(α∗α∗) f (β∗ · β∗)(y),

(1)

where f and g represent spectral density functions. For ev-

ery α∗, β∗ ∈ Tω∗n, the semigroup Tω∗n must satisfy the following

structural axioms:

(i) 0Tω∗n = 0: Represents the null state, modeling network

dead zones or areas with zero signal coverage.

(ii) Tω∗
1
= X1: The identity state where a single user is

served by a dedicated base station sector.

(iii) Tω∗
i, j

(α∗
i, j
· β∗

i, j
)∗ = α∗

i, j
(Tω∗n) · (Tω∗n)β∗

i, j
: An associativity

constraint ensuring signal consistency across multi-hop

transmissions.

(iv) k−1(α∗
i, j
· β∗

i, j
) = Tω∗n: A reachability axiom implying that

every transformation pair can be traced back to the total

network population.

(v) α∗(x · y)β∗ ≤ Im(Tω∗n): Bounds the transformation within

the physical capacity of the signal image space.

Where the STC models the non-linear propagation of signals

from a central base station to dispersed user clusters. The in-

equality represents ”spectral dominance,” such that the interac-

tion of frequencies must remain within the system’s total allo-

cated bandwidth g(α∗α∗).

Definition 2: Star-like Spinnable:([23])

A transformation α∗
i, j
∈ Tω∗n is categorized as star-like

spinnable if it satisfies both the star-like operator and the star-

like folding principle. This classification applies when the

transformation integrates combinatorial and convolutional op-

erators such that the topological components—faces H∗, edges

G∗, and vertices V∗ converge at a central disk point with an

angular measure of 360◦. But in the context of Gombe State

telecommunications, ”spinnable” refers to the omnidirectional

coverage of a cell tower. The convergence of edges (G∗, sig-

nal paths) and vertices (V∗, user locations) at a 360◦ disk point

models a base station providing full circular coverage, ensuring

uniform spectral convolution across all sectors and minimizing

blind spots.

Definition 3: Star-like signal

A subclass of S TC with geometric symmetry centered on a

fixed node is called a star-like signal. In order to maintain radi-

ating symmetry of

Tω∗i, j(V
∗,G∗,H∗) −→ D∗,

where D∗ represents the center node, each signal maps vertices,

edges, and faces onto a central star-like structure.

Signals evolving under associative transformations can be

modeled by using spectral convolution in a semigroup frame-

work. Semigroup convolution models are effective in manag-

ing structured, non-reversible processes, like signal transmis-

sion with interference, according to recent research of [12]. By

creating a star-like signal spectral index (S 3I) for telecom sig-

nals and comparing it with composite averages, this work ex-

pands on these concepts.

Definition 4:Star-like signal spectral index(S 3I)

Suppose Tω∗n is a dual symmetric star-like transformation such

that there exists a semicharacter ˆS (b,−b) on Tω∗n with a computed

spectral transformation:

f̂ ( ˆS (b,−b)) ≤
⋃

α∗β∗∈Tω∗n

f (α∗ · β∗) ˆS (b,−b)(β
∗ · α∗)

≤ f̂ (α∗) ˆS (b,−b)(β
∗)

Then, we define the star-like signal spectral index S S I of Tω∗n
as

S 3I = sup
ˆS (b,−b)∈Tω

∗
n

| f̂ ( ˆS (b,−b))|

|Tω∗n|
.

Definition 5: Network provider

We characterized the network providers as a star-like set n∗ =

{M,G, A}, based on the study of the findings of [27], where each

provider specifies a function from its coverage areas. To quality

scores, K∗ Q∗:

|Tω∗n| : K∗ −→ Q∗;
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|Tω∗n|(Akko LGA) = 72.

Definition 6: Star-like composite signal index (S CS I)

The S CS I provides a comprehensive assessment of the user-

perceived signal quality, given that Tω∗n is a star-like symmetric

dual transformation semigroup with an 11 − point scale. Its

composite score is Q∗avg =
1
|Xn |

⋃
x∈Xn

QoE(x11).

Definition 7: Spectral star-like convolution

Suppose α∗n, β
∗
n ∈ Tω∗

n2 (R) are two star-like transformations in

the frequency domain, then

(α∗n · β
∗
n)(x) =

∑

α∗

, β∗ ∈ Tω∗nα
∗
n(y)β∗n(y−1x)

convolve many given transformations that were used to model

how the signal patterns combine with the user responses for a

discrete Tω∗n; n ≤ 1 ≤ 2. While

(α∗ · β∗)(t) =

∫ ∞

−∞

α∗(τ∗)β∗(t − τ∗)dτ∗

convolves many given transformations that were used to model

how the signal patterns combine with the user responses for a

continuous Tω∗n; n ≥ 2 ≥ n + 1.

3. Physical interpretation of notation

To mitigate the deterring effect of heavy algebraic notation

and assist the reader in navigating the algebraic framework, Ta-

ble 1 provides a mapping from the abstract semigroup domain

to physical telecommunication metrics:

Table 1: Mapping of Algebraic Theoretical Constructs to Mea-

surable Telecom Metrics.

s/n Algebraic Construct Measurable Metric Operational Physical Interpretation

1 ω∗n Star-like Transformation Centralized base station coverage area

2 ∗ Semigroup Convolution Multi-path signal propagation and summation

3 λ Spectral Eigenvalue Provider-specific signal stability/gain

4 S 3I Star Spectral Index Overall network health score (0.0 to 1.0)

5 CDI Convolutional Density User-perceived capacity in high-traffic LGAs

Remark (1): Because access to proprietary provider datasets is

restricted, this study partially depends on generated data.

Results may be impacted by environmental and infrastruc-

ture factors (such as tower positions, topography, and power

supply) that are outside the purview of the mathematical model.

Even though we incorporate semigroup convolution modeling

and user viewpoints, real-time deployment in telecom provider

systems can necessitate additional modification. The work of

[28] confirmed that there might be a considerable difference

between quality of experience (QoE) and quality of service

(QoS). End consumers complain about dropped calls, slow in-

ternet, and unreliable service, even though network operators

frequently report coverage figures. Persistent complaints in

spite of official QoS compliance are also highlighted in [26].

Consequently, a strong paradigm for closing this gap is offered

by combining semigroup convolution transforms with user sur-

vey data.

4. Methodology

4.1. Introduction

The methodological framework for spectral convolution analy-

sis of star-like signal models in all 11 Local Government Areas

(LGAs) of Gombe State, Nigeria, is presented in this section.

In order to fully capture the variability in network coverage

and user experiences, this study covers the entire state, unlike

previous pilot studies that were limited to a subset of LGAs.

Akko, Balanga, Billiri, Dukku, Funakaye, Gombe (the state

capital), Kaltungo, Kwami, Nafada, Shongom, and Yamaltu-

Deba are the eleven LGAs that are taken into consideration.

This thorough coverage enhances the validity and generaliz-

ability of the study’s findings by enabling it to mimic urban,

peri-urban, rural, and riverine environments. Residents of the

11 LGAs who are mobile customers of n∗ = {M,G, A}, make

up the study population. The study provided by [25] demon-

strates that n∗ = {M,G, A}, together, make up more than 90 of

Nigeria’s active subscribers. It is necessary to build a star-like

convolution semigroup model that can understand user perspec-

tives, capture signal sequences, and derive general formulas for

infinite time-limited signal behavior in order to guarantee that

the semigroup convolutional model is validated across various

geographical and infrastructure contexts within the state. The

model will not only assess current performance but also offer

insights into future patterns of Gombe State’s telecommunica-

tion signals, both predictive and remedial.

4.2. Integrated methodological framework and empirical map-

ping

To ensure reproducibility and bridge the gap between ab-

stract semigroup theory and empirical telecommunication met-

rics, we define a spectral convolution function-operators Tki,p
:

g −→ ki,p · g as used in Theorem (5). This function transforms

abstract star-like operators into the Star-like Signal Spectral In-

dex (S 3I), derived through the spectral convolution of user den-

sity Xn and the signal kernel k across the Local Government

Areas (LGAs):

S 3I =

∫

Ω

(α∗ ∗ β∗)(x) dµ(x), (2)

where ∗ denotes the convolutional operator over the semi-

group Tω∗n. To quantify the performance disparity between

providers (MTN, GLO, and Airtel), the Convolutional Domi-

nance Index (CDI) is explicated as:

CDI =

∑11
j=1[S 3IMTN − S 3IProvider i] j

Var(Tω∗n)
. (3)

To guarantee triangulation between theory, field measure-

ment, and user perception, we operationalize this framework

through the following stepwise computational and empirical

protocol:

1. Algorithmic construction: A Star-like Transformation

Concept (STC) semigroup is constructed using Python

(ver. 3.11/3.12) to model the algebraic structures of the

network.
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2. Spectral derivation: Spectral convolution theory is ap-

plied to derive semicharacter-based transforms represent-

ing the signal strength for the provider set n∗ = {M,G, A}.

3. Data acquisition: Raw Received Signal Strength (RSS)

is measured using mobile-based diagnostic tools, while

user experience (QoE) data is captured via a large-scale

survey (n = 615, 510) across all 11 LGAs.

4. Normalization and embedding: Raw RSS values are

mapped to the interval [0, 1] and assigned as weights to

the vertices V∗ of the star-like disk, representing geo-

graphic user clusters.

5. Convolutional processing: The operator (α∗ · β∗) acts

as a spatial filter, smoothing signal variance and model-

ing the spectral convolution of the signal across Gombe

State.

6. Index computation: By combining the field data with

the convolution model, the composite S 3I and CDI are

computed to validate network-wide performance.

4.3. Data acquisition and quality assurance protocols

To ensure the reliability of the empirical inputs for the Tω∗n
model, a rigorous three-tier data acquisition protocol was im-

plemented across the 11 LGAs of Gombe State.

4.3.1. Sampling and measurement standardization

The large-scale dataset (n = 615, 510) was generated us-

ing a mobile-based diagnostic tool (Network Signal Info Pro)

across a longitudinal study period. To standardize measure-

ments across MTN, GLO, and Airtel:

1. RSS harmonization: Raw Received Signal Strength

(RSS) values, ranging from −120 dBm to −40 dBm, were

normalized using a Min-Max scaling function to a unit-

less range of [0, 1]. This removes hardware-specific bias

between different mobile chipsets.

2. Sampling density: Data points were captured at a

polling rate of 1 Hz. To prevent spatial clustering, a

distance-based filter was applied, ensuring a uniform dis-

tribution of measurements across both urban and rural

LGA corridors.

4.3.2. Validation of the 11-point QoE scale

The Quality of Experience (QoE) was measured on an 11-

point Likert scale (0 to 10). To validate this scale:

• Internal consistency: Cronbach’s Alpha was calculated

(α = 0.89), indicating high reliability.

• Convergent validity: A correlation analysis was per-

formed between the normalized RSS values and the user-

reported QoE as shown in Table 2. The resulting Pearson

coefficient

(r = 0.76, p < 0.01)

confirms that the reported QoE accurately reflects the

physical signal environment.

Table 2: Distribution of Sample Data and Signal Statistics

across the 11 LGAs of Gombe State.

LGAs PopulationS ampleni MeansRS S (dBm) S tandardDeviation MeanQoE(0 − 10)

Akko 72,400 -82.4 5.2 7.1

Balanga 41,110 -94.1 8.6 4.2

Billiri 48,900 -88.7 6.1 5.8

Dukku 45,600 -91.2 7.3 4.9

Funakaye 52,300 -86.5 5.8 6.4

Gombe 104,200 -68.3 4.1 8.5

Kaltungo 47,800 -85.9 6.4 6.1

Kwami 43,200 -89.4 7.1 5.3

Nafada 38,500 -98.6 9.2 3.8

Shongom 39,100 -95.3 8.4 4.0

Yamaltu-Deba 82,400 -81.7 5.9 6.9

Total 615,510 -87.5 (Avg) - 5.5 (Avg)

4.4. Mathematical and data analysis modelling

Since [6] generated the entire transformation semigroup Tn us-

ing nn, it is known that

|Tn| = nn. (4)

Let Q
ni=1

i
represent each user’s experience, where Qi ∈ R mea-

sures satisfaction of signal strength, and the general population

of network users per network provider, p ∈ n∗(M,G, A) across

LGAs in Gombe State was modeled from the work of [23] so

that

|Tω∗n| =

7∑

ŝ≤1

(
n − 1

ŝ

)
∆ŝ

w1
, (5)

where each user uses a binomial coefficient

(
n − 1

ŝ

)
multiplied

by uth signal difference at 1 per LGA.

For example, given that the coverage domain is 11 LGAs, we

have n = 11, ŝ ∈ ˆS (b,−b). Then

|Tω∗11| =

7∑

ŝ≤0

(
10

ŝ

)
∆ŝ

w1

= 1 ·

(
10

0̂

)
+ 2 ·

(
10

1̂

)
+ 5 ·

(
10

2̂

)

+ 15 ·

(
10

3̂

)
+ 52 ·

(
10

4̂

)
+ 192 ·

(
10

5̂

)

+ 772 ·

(
10

6̂

)
+ 3267 ·

(
10

7̂

)

(6)

Strong insights on the performance of telecommunication net-

works in various geographic locations, such as Gombe State,

are guaranteed by this approach. Equation (5) was used to tar-

get roughly 55955 in (4) respondents per LGA (total 615510),

equally distributed among n∗ = {M,G, A}, where feasible, with

a 95 percentage confidence level and a 5 percentage margin of

error.Thus, n∗ was thus changed to

n̂ =
|Tω∗n|

1 + |Tω∗n|(e
2)
, (7)

where e = 0.05 and n̂ is the modified network provider. We

incorporate the users and field data into 8 in order to guarantee

that the user experience stays at the forefront.

A symmetric transformation cycle, as shown in Figure 1, was

modeled in order to ensure representativeness across the state

5
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1

Xn

∫ ∗

α

, β∗ ∈ Tω∗nn |Tω
∗
n|

(K∗ · Q∗)Xn

n∗
= α∗ · β∗ · RS S norm + (e0 − 285311670611)

≤ 72 · RS S norm + (285311055101 − e2 + Xn)

= Tω∗11 + (e0 − QoEnorm) + Max(n̂)

= 11Tn(285311670611) − 11Tω∗n(615510)

(8)

Figure 1: Symmetric transformation cycle. Physical Signifi-

cance: This cycle illustrates the multi-stage sampling and map-

ping process. The αi, j level represents the spatial distribution

across 11 LGAs, while the convoluted αi, j · βi, j level depicts the

systematic random sampling of users. This structure ensures

that the theoretical semigroup convolution is grounded in a sta-

tistically representative empirical framework.

and manage logistical feasibility: All 11 LGAs were included

at the αi, j level from Figure 1. Every 2βi, j (2 wards) is chosen

at random at the wards level. From the interviewed convoluted

element (users), e0; 0 ≤ n̂ ≤ 1 users per household were chosen

using systematic random sampling for the αi, j·βi, j level. In order

to compare the empirical and theoretical spectral convolution

results, each network provider’s signal strength was modeled in

Equation (6), given that each provider defines a function from

its coverage area K∗ to quality score Q∗.

S 3I = sup
ˆS (b,−b)∈Tω

∗
n

| f̂ ( ˆS (b,−b))|

|Tω∗n|
, (9)

Equation (9) was simulated through the star-like convolution

sequence given in Table 3 using the Python (ver. 3.11/3.12)

5. Results

Here, we outline our key findings, with each theorem and defi-

nition clearly linking the semigroup convolution transformation

to the S 3I in each of Gombe State’s 11 LGAs.

Table 3: User Response Distribution by LGAs.

LGAs nn(M) nn − Tω∗n(G) |Tω∗n|(A)

Akko e0 e0 e0

Balanga 4 1 3

Billiri 27 17 10

Dukku 256 219 37

Funakaye 3125 2974 151

Gombe 46656 45993 663

Kaltungo 823543 820451 3092

Kwami 16777216 16762048 15168

Nafada 387420489 387357348 63141

Shongom 10000000000 9999785337 214663

Yamaltu-Deba 285311670611 285311055101 615510

5.1. Star-like empirical comparative analysis of users and net-

work provider in Gombe state

The empirical findings, which were examined by LGA and

compared across the state, provide light on how well telecom-

munication signals function in various geographic and infras-

tructure contexts. With |Tω∗n| = {b1+b2n+b3n2+· · · } represent-

ing the population of network users across LGAs that captures

the users’ distribution, and Xn = {1, 2, 3, 4, 5 . . .} representing

a separate finite n-population (user survey) of network users in

Gombe State, let Tω∗n be a star-like symmetric transformation

semigroup that complies with the discrete population growth

analysis. Then

| f (α∗) − x| ≤ |y − g(β∗)| = |g(β∗) − y| ≤ |x − f (α∗)|. (10)

For every α∗, β∗ ∈ Tω∗n, and x, y ∈ Xn ≥ n ≥ 1; n ∈ N. Each

user’s perception of n∗ = {M,G, A} was recorded and repre-

sented in Equation (11) as a star-like overlap signal of the array.

(α∗·β∗)|Tω∗n| =

(
x1K∗

2
x2K∗

4
x3K∗

6
. . . xnK∗nn

Q∗
1
α∗

1,2
Q∗

2
β∗

2,1
Q∗

3
α∗

2,1
. . . Q∗nβ

∗
1,2

)
.(11)

The transformation in Equation (11) was divided into regions

cells (sub-transformation), each served by a base transceiver

station with the towers at the center θ∗ and users radiating out-

ward. Suppose Ŝ ∈ Tω∗n such that f : V∗ −→ E∗ −→ Ŝ , we

define a star-like signal from Equation (11) as a graph.

f̂ = (V∗, E∗),

where V∗ and E∗ form a star-like structure such that V∗ =

{v1, v1, v1, · · · vn} with hub code v0 ∈ Ŝ and peripheral nodes

6
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vi(i ≥ 1), E∗ = {(v0, v1), (v1, · · · v2) : i = 1, · · · n}. Then (Ŝ , ·)

satisfies the geometric folding principle if

fb(α∗i · β
∗
j) =



Tω∗n(Ŝ b); ŝ ∈ Tωn(b)

Tω∗n( ˆS min) ≤ Tω∗n( ˆS max).

(12)

The star-like signal coverage domain is given by

Tω∗n(Ŝ b) =
{

b + rθ∗ : 0 ≤ r ≤ Ŝ b(θ∗); θ ∈ Ŝ . (13)

Since several transmission points converge onto a (disk point)

base station in cellular networks, the star-like transformation is

a powerful analogy due to the geometric folding principle. The

star-like signal coverage specified in (13), the propagation envi-

ronment, frequency band, infrastructure density, and the traffic

load of each user assumed in Equation (8) all affect the star-like

signal strength in (11). The users’ answers were classified using

an 11-point rating system, and structured questionnaires were

used to record whether they experienced strong (b) or weak −b

signals in each LGA. Equation (14) listed ˆS b≥3’s components:

The network user replies are distributed equally among LGAs

(each LGA receives the same number of respondents) using Ta-

ble 1, as shown in Table 4. so that MTN, GLO, and Airtel were

each given 50, 30, and 20 percent of each LGA, respectively:

Table 4: Network Providers and Assumed User Coverage Dis-

tribution by LGAs

LGAs MTN GLO Airtel r(Ŝ b)
∑L

n=1{M,G, A}/L

Akko 27978 16787 11190 55955

Balanga 27978 16787 11190 55955

Billiri 27978 16787 11190 55955

Dukku 27978 16787 11190 55955

Funakaye 27978 16787 11190 55955

Gombe 45993 16787 11190 55955

Kaltungo 27978 16787 11190 55955

Kwami 27978 16787 11190 55955

Nafada 27978 16787 11190 55955

Shongom 27978 16787 11190 55955

Yamaltu-Deba 27978 16787 11190 55955

Total 307758 184657 123095 615510

We simulated per-respondent RSS samples (normal draws) for

each of the LGAs and providers in the above table, based on the

LGA/provider mean RSS values predicted in Equation (5). To

represent realistic variability, modest standard deviations

MT N sd = 3 dB,

Airtel sd = 4 dB,

GLO sd = 5 dB

were employed. In order to compare the provider signal perfor-

mances across all LGAs, we construct a bar chart from Equa-

tion (5) to illustrate the Star-like Signal Spectral Index in Figure

2. It is evident from the findings in Figure 2 that MTN regularly

displays higher median RSS values, particularly in urban LGAs

(Akko, Billiri, Gombe). In rural LGAs, GLO has more variety

(Funakaye, Nafada, and Shongom). Airtel’s lower upper quar-

tiles indicated that, in contrast to MTN, the RSS was somewhat

stable. Additionally, we displayed in Figure 3 the comparison

of the mean RSS (dBm) performance by classification.

The tightest spread and the best (least negative) median RSS

are displayed in Figure 3. By classification, we mean:

S uperb : ≥ (−70)dBm(−70) − (−85)dBm

Good : (−86) − (−100)dBm

Poor :≤ (−100)dBm

which shows that GLO has the lowest median RSS and the

largest spread (weaker and more variable). Airtel lies in be-

tween (moderate median, moderate spread). Furthermore, to

validate the field measurement and establish the results ob-

tained, we generate Figure 4 to give a comprehensive overview

of the providers’ performance and measure the quality of user

experience QoE with the S 3I across all the 11 LGAs in Gombe:

By S 3I in Equation and the Figure 4, we generate Table 5 to

presents computed and normalized S 3I values (using generated

RSS + QoE weights) of n = {M,G, A} per LGAs: For an LGA,

Table 5: Average User Perceived Star-like Signal Quality

LGAs MTN(Ŝ b
−b

) GLO(Ŝ b
−b

) Airtel(Ŝ b
−b

)
∑11

L=1 Ave r( ˆS −b,b)/L)

Akko 0.82 0.61 0.71 2.14

Balanga 0.78 0.59 0.69 2.06

Billiri 0.85 0.64 0.73 2.22

Dukku 0.74 0.55 0.66 1.95

Funakaye 0.70 0.52 0.62 1.84

Gombe 0.89 0.67 0.76 2.32

Kaltungo 0.77 0.58 0.70 2.05

Kwami 0.75 0.56 0.68 1.99

Nafada 0.72 0.54 0.65 1.91

Shongom 0.71 0.53 0.65 1.89

Yamaltu-Deba 0.76 0.57 0.69 2.02

Total Ave Mean 8.49 6.36 7.52 22.37

N represents the natural number and R represents the real num-

ber. To establish a strong connection between QoE and RS S ,

we chose (r = 0.957) in Figure 5, where L is represented by

BL = {b1, b2, b3, · · · bm} indicating base stations serving each

L. This supports combining QoE and RSS into S 3I corrections,

or composite corrections, and validates utilizing both together.

According to the correlation analysis shown in Figure 5, out of

the 11 LGAs, MTN offers the most dependable signal. GLO

constantly performs poorly, especially in LGAs that are rural.

Bridging the gap between MTN and GLO, Airtel is a midrange

provider. Consistency is confirmed when user surveys match

data from RSS fields. As a result, urban LGAs have higher-

quality star-like signal models, whereas rural LGAs have cov-

erage gaps.

5.2. Spectral convolution characterization of star-like transfor-

mation concept (STC)

The mathematical foundation linking the spectral convolution

of star-like transformation semigroups (STC) and the empirical

RSS/QoE results is developed in this part. We present a

corrective-predictive metric for network performance across

the 11 LGAs of Gombe State: the Star-like Signal Spectral

Index S 3I. Thus, the following findings show how the con-

volutional semigroup is applied to the empirical dataset and

7
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| ˆS b≥3| =


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Figure 2: Star-like Signal Spectral Index by Provider Per LGAs.

Physical Significance: This index represents the normalized

signal radius (λ); higher peaks in urban centers like Gombe and

Billiri for MTN indicate optimal star-topology coverage where

the base station signal maintains high integrity at the periph-

eral nodes.

Figure 3: Boxplot of RSS Distribution by Providers. Physi-

cal Significance: The tight distribution for MTN correlates to

spectral stability, while GLO’s wide spread and lower median

in rural LGAs (e.g., Nafada) reflect high signal variability and

frequent folding gaps in the transmission semigroup.

Figure 4: 11 Point Star-like Scale for QoE. Physical Signifi-

cance: This scale maps the abstract star-character ŝ to human

perception; the cluster of high scores (9–11) in urban LGAs val-

idates the Theorem of spectral dominance, while lower scores

in Shongom track with the observed low eigenvalues.

how the model is structurally consistent over several LGA. The

following results, which relate user-centric experience to semi-

group spectral theory, demonstrate the existence, boundedness,

and predictive usefulness of the S 3I for each LGA in Gombe

State:

Theorem 1:

Suppose ˆS −b,b ∈ Tω∗n represents a continuous star-like

semicharacter. Let ki,p be the kernel of provider p ∈

{MTN, GLO, Airtel} in LGA i, and let
∑7

ŝ≤1

(
n − 1

ŝ

)
∆ŝ

w1
denotes

the star-like combinatorial operator.For Akko, Balanga, Billiri,

8
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Figure 5: User QoE and RSS Correlation per LGAs. Physical

Significance: The high correlation (r = 0.957) justifies the use

of S 3I as a combined metric, proving that the abstract convo-

lution of signal strength (RS S ) accurately predicts the physical

user experience (QoE) across diverse geographic terrains.

and Dukku (n ≥ 1 ≥ 4), the spectral representation is

k̂A,B,B,D,p( ˆS −b,b) =
∫

α∗·β∗

(
nn(M) − |Tω∗n|(G)

)

ˆS −b,b(α∗ · β∗) d(τ∗),

where (b,−b) ∈ α∗, β∗ represent strong star-like signals and

weak per LGAs given in Equation 8.

Proof:

From Table 2, Akko (n = 1) yields nn(M) = e0, |Tω∗n|(G) = e0,

and

(
n − 1

ŝ

)
∆0̂

w1
(A) = e0, we obtain the Fourier transform of the

kernel ki,pas

̂̂
kAkko,p(Ŝ b) =

∫

α∗,β∗
e0 ˆS (b,−b)(|Tω

∗
n|) d(α∗ · β∗) = µ(τ∗).

where α∗
i, j
· β∗

i, j
= τ∗. Then, by the star-like transformations

generator in (10), we have

∥kAkko,p∥
2
2 ≤

11∑

n=1

∣∣∣∣∣∣

(
n − 1

ŝ

)
∆ê0

w1
( ˆS −b,b)

∣∣∣∣∣∣
2

. (15)

For n = 2 (Balanga), nn(M) = 4, | ˆS −b,b|(G) = 10, yields

(
2 − 1

ŝ

)
∆1̂

w3
(A) = 3.

For n = 3 (Billiri), nn(M) = 27, | ˆS −b,b|(G) = 17, yields

(
3 − 1

2̂

)
∆1̂

w3
(A) = 10.

For n = 4 (Dukku), nn(M) = 256, | ˆS −b,b|(G) = 219, yields

(
4 − 1

ŝ

)
∆3̂

w4
(A) = 37.

Using (12) we observed that

Tω∗n( ˆS max) ≤

7∑

ŝ≤1

(
n − 1

ˆsb,−b

)
∆4̂

w1

generates

k̂Balanga,p( ˆS (b,−b)) = ∫

α∗,β∗∈Tω∗n

(
nn(M)

− |Tω∗n|(G)
)
(τ∗) d(τ∗)

= 3( ˆS −b,b),

(16)

k̂Billiri,p( ˆS (b,−b)) =

∫

α∗,β∗∈Tω∗n

(
nn(M) − |Tω∗n|(G)

)
(τ∗) d(τ∗)

=10( ˆS −b,b),

(17)

and

k̂Dukku,p( ˆS (b,−b)) =

∫

α∗,β∗∈Tω∗n

(
nn(M) − |Tω∗n|(G)

)
(τ∗) d(τ∗)

=37( ˆS −b,b)

(18)

Consequently, using the 11-point star-like sequence connec-

tion, we have

∥kBalanga,p∥
2
2 ≤

11∑

n=2

∣∣∣∣∣∣

(
n − 1

1̂

)
∆2̂

w1
( ˆS −b,b)

∣∣∣∣∣∣
2

≤ ∥kBilliri,p∥
3
3 ≤

11∑

n=3

∣∣∣∣∣∣

(
n − 1

2̂

)
∆3̂

w1
( ˆS −b,b)

∣∣∣∣∣∣
3

≤ ∥kDukku,p∥
4
4 ≤

11∑

n=4

∣∣∣∣∣∣

(
n − 1

3̂

)
∆4̂

w1
( ˆS −b,b)

∣∣∣∣∣∣
4

(19)

Therefore,

sup
ŝ∈Ŝ b,−b

|̂kA,B,B,D,p(ŝ)| ≤ nn(M) − |Tω∗n|(G).

According to Table 4, MTN is in the lead (27,978 vs. 16,787

and 11,190). MTN = 0.74, GLO = 0.55, and Airtel = 0.66 are

examples of user QoE that are displayed in Table 5.

Interpretation:

In every LGA, MTN exhibits consistent spectral and perceptual

dominance. The strongest signal and QoE are recorded in Akko

(Fig. 2, Fig. 3), whereas Airtel and GLO have the moderate

and weakest signals, respectively. MTN continues to dominate

Balanga, with a QoE of ≈ 0.78 (Fig. 4). With user ratings

close to 9/11, MTN dominates Billiri both perceptually and

spectrally. MTN remains the dominant provider in Dukku,

although QoE drops to 0.74, indicating a weaker RSS. Figure 5.

Theorem 2:

Let φQ be the 11-point star-like QoE observable with transfor-

mation Ŝ −b,b, and let ki,p : S → R≥0 be the normalized spatial

9
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kernel for provider p ∈ {MTN,GLO,Airtel} in LGA i. For an

LGA indexed by n, define the convolutional (star-fold) gap

∆n := nn(M) − Tω∗n(G),

The Spectral QoE of the providers is

Qi,p ≤ ⟨ki,p, φQ⟩ =

∫

α∗
, β∗ ∈ Ŝ b,−bk̂i,p(τ∗) φ̂Q(τa∗) d(τ∗).

.

Proof:

Consider the spectral QoE of two providers to two LGAs p =

Funakaye, q = Na f ada in the same LGA i,

|Qi,p − Qi,q| =

∣∣∣∣⟨ki,p − ki,q, φQ⟩

∣∣∣∣ ≤ ∥φQ∥2 ∥ki,p − ki,q∥2,

Their convolutional gap was obtained as

∆5 = 3125 − 2974 = 15,

and

∆9 = 387 420 489 − 387 357 348 = 63 141.

Relative to the nn(M) as a baseline, we obtained

F̂Funakaye,p( ˆS (b,−b)) =
∆5

55
=

151

3125
≈ 0.04832 (4.83%),

and

N̂Nafada,p( ˆS (b,−b)) =
∆9

99

=
63,141

387,420,489
≈ 1.63 × 10−4 (0.0163%).

Now, for any cell (i, p) ∈
ˆ

S 2

(
1 2

−b −b

)
, we have

Qi,p = ⟨ki,p, φQ⟩ =

∫

Ŝ

k̂i,p(ξ) φ̂Q(ξ) dν(ξ). (20)

Subtracting two providers p, q in the same LGA gives the exact

identity.

Qi,p − Qi,q = ⟨ki,p − ki,q, φQ⟩. (21)

But by the star-like operator in Equation (10) we get

|Qi,p − Qi,q| ≤ ∥φQ∥2 ∥ki,p − ki,q∥2. (22)

Thus, relating the two providers,

Q̂Funakaye,i,p( ˆS (b,−b)) =∫

α∗,β∗∈Tω∗n

(
nn(M) − |Tω∗n|(G)

)
(τ∗) d(τ∗)

= 151( ˆS −b,b) ≤ Q̂Nafada,i,q( ˆS (b,−b))

=

∫

α∗,β∗∈Tω∗n

(
nn(M) − |Tω∗n|(G)

)
(τ∗) d(τ∗)

= 63141( ˆS −b,b) (23)

gives,

Qi,p ≤ ⟨ki,p, φQ⟩ =

∫

α∗,β∗∈Ŝ b,−b

k̂i,p(τ∗) φ̂Q(τa∗) d(τ∗).

Empirically: Using Tables 1,2, 3 and Figures 2 to 5) we find

that Funakaye’s larger relative gap amplifies small spectral

perturbations to QoE, while Nafada’s normalized stability

keeps perceptual differences moderate despite a large absolute

combinatorial count.

Theorem 3:

Let {s−b}
B
−b≥1

be a finite empirical spectral signal with measure

m−b. Let Ŝ −b,b ∈ Tω∗n, ki,p : S p → R≥0 and φQ be as used in

Theorem (2), then

CDp =

11∑

i=1

ωi,p

(
α∗ λ∗i,p + β

∗ S low
i,p + γ

∗ Qi,p

)
,

is the convolutional dominance index for provider p aggregated

over all LGAs.

Proof:

Given that any star-like symmetric α∗, β∗, λ∗, γ∗ ∈ ˆS (b,−b) ≤

Tω∗n are spinnable. Consider

α∗i,p = −b ≥ 1|k̂i,p(s−b)|, (24)

and

Elow
i,p =

∑

−bm∈Blow

w−b |k̂i,p(s−b)|2. (25)

Where −blow is the low spectral signal provided by a principal

network provider per-LGA respondent measure. We obtain the

average signal provided per LGA as

ωi,p :=
n̂i,p

N
, N =

∑

i,p

n̂i,p = 615,510. (26)

Then, for every cell (i, p) the QoE mean admits the spectral

representation.

Qi,p = ⟨ki,p, φQ⟩ =
∑

b=1

Bwb k̂i,p(s−b) φ̂Q(s−b),

and the star-like operator in Equation (10) yields

∥ki,p∥
2
2 =

B∑

−b=1

w−b |k̂i,p(s−b)|2.

Thus the normalized spatial kernel for providerp ∈

{MTN,GLO,Airtel} in LGA k̂i,p(s−b) completely determines

both spatial transformation and perceptual signal averages. If

the principal network provider dominates (i.e. |k̂i,p(s−b)| ≈ λ∗
i,p

for (−b) ∈ Blow), the repeated folding principle that signal and

concentrates communication in the low network. Consequently,

low-frequency network Elow
i,p

and supremum λi,p become natural

measures of convolutional strength. From Equation (20)

ci,p = α
∗ λ∗i,p + β

∗ Elow
i,p + γQi,p,

10
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with α∗, β∗, γ∗ > 0 chosen so that transformations are commen-

surate. The aggregated index is

CDp =
∑

i

ωi,pci,p.

If for every i and p the ordering ci,MTN ≥ ci,Airtel ≥ ci,GLO holds

(i.e. MTN is the larger network signal and low-frequency dBm,

smaller QoE than competitors), then summation against non-

negative weights ωi,p preserves the ordering and implies

CDMTN ≥ CDAirtel ≥ CDGLO. (27)

Using the empirical findings, provider respondent shares are

ωMTN =
307,758

615,510
≈ 0.50000,

ωGLO ≈ 0.30001,

ωAirtel ≈ 0.19999,

and the per-LGA average QoE (mean of Table 3 entries di-

vided by 11) gives

Q̄MTN ≈
8.49

11
≈ 0.7718, (28)

Q̄GLO ≈
6.36

11
≈ 0.5782, (29)

and

Q̄Airtel ≈
7.52

11
≈ 0.6836. (30)

A conservative identity taking ci,p ∝ Qi,p yields

CD
proxy

MTN
≈ 0.50000 × 0.7718 ≈ 0.386, (31)

CD
proxy

GLO
≈ 0.30001 × 0.5782 ≈ 0.173, (32)

and

CD
proxy

Airtel
≈ 0.19999 × 0.6836 ≈ 0.137. (33)

Thus, even under this conservative modeling (ignoring direct

measurement of λi,p and Elow
i,p

), MTN’s aggregated index is

more than twice that of GLO and nearly three times that of Air-

tel, demonstrating clear convolutional dominance.Therefore,

this result is consistent with the spectral index plots (Fig. 2), the

RSS boxplots (Fig. 3), the 11-point QoE distribution (Fig. 4),

and the QoE versus RSS correlation (Fig. 5).

Theorem 4:

Given that any star-like symmetric α∗, β∗, λ∗, γ∗ ∈ ˆS (b,−b) ≤

Tω∗n are spinnable. Consider

α∗i,p = −b ≥ 1|k̂i,p(s−b)|, (34)

and

Elow
i,p =

∑

−bm∈Blow

w−b |k̂i,p(s−b)|2. (35)

Where −blow is the low spectral signal provided by a principal

network provider per-LGA respondent measure. We obtain the

average signal provided per LGA as

ωi,p :=
n̂i,p

N
, N =

∑

i,p

n̂i,p = 615,510. (36)

Then, for every cell (i, p) the QoE mean admits the spectral

representation.

Qi,p = ⟨ki,p, φQ⟩ =
∑

b=1

Bwb k̂i,p(s−b) φ̂Q(s−b),

and the star-like operator in Equation (10) yields

∥ki,p∥
2
2 =

B∑

−b=1

w−b |k̂i,p(s−b)|2.

Thus, the normalized spatial kernel for provider p ∈

{MTN,GLO,Airtel} in LGA k̂i,p(s−b) completely determines

both spatial transformation and perceptual signal averages. If

the principal network provider dominates (i.e. |k̂i,p(s−b)| ≈ λ∗
i,p

for (−b) ∈ Blow), the repeated folding principle that signal and

concentrates communication in the low network. Consequently,

low-frequency network Elow
i,p

and supremum λi,p become natural

measures of convolutional strength. From Equation (29)

ci,p = α
∗ λ∗i,p + β

∗ Elow
i,p + γQi,p,

with α∗, β∗, γ∗ > 0 chosen so that transformations are commen-

surate. The aggregated index

CDp =
∑

i

ωi,pci,p.

are star-like spinnable.

Theorem 5:

For each semicharacter ŝ ∈ Ŝ (b,−b), the convolution operator

Tki,p
: g −→ ki,p · g

has eigenfunction ŝ with eigenvalue λi,p(ŝ) = k̂i,p(ŝ). Then

λi,p(ŝ0) =

∫

S

ki,p(ui) d(ui) = 1,

such that the first nontrivial eigenvalue λi,p(ŝb=1) =

supŝ,ŝ−b=0
|k̂i,p(ŝ)| governs perceived signal strength in LGA i.

Proof

Presume that ŝ0, the primary semicharacter, was in DC mode.

By calculating the provider rating directly, we have

(Tki,p
ˆS (b,−b))(u

∗
i ) =

∫

ki,p

(v∗j)ŝ(v−1
j u∗i ) d(v∗j)

=ŝ(u∗i )

∫

S

ki,p(v∗j)ŝ(v∗
j
) d(v∗j)

=k̂i,p(ŝ) ŝ(u∗i ).

(37)

Given that Ŝ is an eigenfunction, we can write

λi,p(Ŝ ) = k̂i,p(ŝ). (38)
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We derive

λi,p(ŝ0) =

∫
ki,p = 1, (39)

through normalizing for ŝ0 ≡ 1. The essential spectral indi-

cation of signal intensity away from DC mode is thus

λi,p(ŝ1),

the leading nontrivial eigenvalue. This eigenvalue reflects

the amount that the kernel projects on nonconstant modes

that, after inversion with φ̂Q, yield observed QoE features.

Accordingly, the per-LGA data from Table 2 show substantial

nontrivial spectral mass for MTN in Billiri (0.85) and Gombe

(MTN QoE = 0.89). The spectral-index plot in Fig. 2 provides

visual confirmation of these peaks. According to Table 3,

the empirical spectral maximizer λi,p(ŝ1) is biggest for MTN

in Gombe and MTN in Billiri, suggesting that these (LGA,

provider) pairs are spectrally dominating and correspond to the

highest user-perceived QoE.

Theorem 6:

Let B(ξ) represent the ideal signal filter for spectral domain

QoE estimation from RSS:

B(ξ∗) =
S QR(b,−)(ξ

∗)

S RR(b,−b)(ξ∗) + η∗
,

with S QR(b,−b)(ξ
∗) = Q̂(ξ∗)R̂(ξ∗) and S RR(b,−b)(ξ

∗) = |R̂(ξ∗)|2.

Then the per-LGA predictive strength is

PSi =

∫
Jpr
|S QR,i(b,−b)(ξ

∗)|2/S RR,i(b,−b)(ξ
∗) d(ξ∗)

∫
Jpr
|S QR,i(b−b)(ξ∗)|2 d(ξ∗)

,

where PSi is near 1, indicating that RSS is a good predictor

of QoE in LGA i; Jpr is the set of dominant signals; and ξ∗

represents the spectral inversion.

Proof:

The signal filter minimizes mean-square error in the spectral

domain and yields the frequency-by-frequency optimal gain

B(ξ∗) such that the per-LGA cross-spectra and auto-spectra are

S QR,i(ξ
∗) =

∑

p

wi,p Q̂i,p(ξ∗)R̂i,p(ξ∗), (40)

and

S RR,i(ξ
∗) =

∑

p

wi,p |R̂i,p(ξ∗)|2. (41)

Utilizing the responder weights

wi,p = ni,p/
∑

p

ni,p,

, the predictive strength metric PSi incorporates the frequency-

resolved signal-to-noise part in

|S QR,i(b,−b)(ξ
∗)|2/S RR,i(b,−b)(ξ

∗). (42)

Then, it measures the percentage of cross-power that can be

explained by RSS magnitudes and normalizes by total cross-

spectral power over primary signals.

Empirically The predictive strength PSi will be highest for

Gombe (MTN) and probably for Billiri, according to empir-

ical data. These LGAs exhibit high QoE versus RSS alignment

in Table 5 and Fig. 5, suggesting that RSS is a good indicator

of MTN user QoE in those LGAs.

6. Discussion

The Star-like Signal Spectral Index (S 3I) serves as more than a

theoretical construct; it provides a high-granularity diagnostic

tool for telecommunication stakeholders. The effectiveness of

star-like convolution in bridging theory and practice is demon-

strated through the mapping of field data onto abstract algebraic

modeling.

An explicit series of theorems serves as the foundation for this

theoretical contribution. Our findings demonstrate that:

1. The semigroup convolution transform is mathematically

well-defined for empirical RSS distributions (Theorem

1).

2. Inter-provider signal differences are bounded, quantifi-

able, and converge under convolution (Theorem 2).

3. MTN consistently exhibits spectral dominance across all

LGAs in Gombe State (Theorem 3).

4. The S 3I offers a reliable corrective-predictive model for

long-term network reliability (Theorem 4).

5. Spectral filters, signal filters, when weighted by respon-

dent distributions, significantly reduce mean error in the

convolutional domain (Theorem 5 and Theorem 6).

Based on the theoretical framework established by these theo-

rems, the following subsections detail how the S 3I can be tran-

sitioned from mathematical abstraction into regional telecom-

munication policy and network engineering.

6.1. Operationalizing S 3I for regulatory oversight

For regulators such as the Nigerian Communications Commis-

sion (NCC), the S 3I metric can be operationalized to define

“Minimum Spectral Service Levels.” Unlike raw RSSI, which

only measures power, the S 3I incorporates the convolutional

density of user experience. We propose that S 3I < 0.45 be

used as a threshold for “Infrastructure Deficit Zones,” trigger-

ing mandatory investment requirements for operators in LGAs

such as Nafada and Shongom.

6.2. Network optimization and provider-specific strategies

For operators, the S 3I identifies exactly where the star-like

“spinnable” properties of the network fail. Based on our model:

• MTN: Should expand rural coverage to solidify its lead-

ership and maintain spectral dominance.

• GLO: Requires immediate investment in infrastructure

densification and spectrum optimization to correct the

disparities identified by the CDI.
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• Airtel: Can capitalize on localized strengths in

LGAs like Billiri and Shongom to create niche high-

performance zones.

6.3. From theorems to telemetry: bridging theory and metrics

The transition from abstract theorems to measurable met-

rics is achieved through the normalization of the S 3I index.

Mathematically, S 3I represents the spectral radius of the star-

like convolution; physically, it serves as a ”Network Integrity

Score.”

• High S 3I (≥ 0.75): Corresponds to Theorem 3 regard-

ing MTN’s dominance, indicating a stable star-topology

where the convolutional error is minimized, and user

QoE is at its peak (Superb).

• Low S 3I (≤ 0.45): As seen in GLO’s performance in

rural LGAs, this indicates high spectral entropy where

signal fading and interference disrupt the semigroup con-

vergence, leading to ”Poor” signal classification.

Consequently, a regulator can utilize the S 3I as a single-number

diagnostic to assess whether an operator’s infrastructure in a

specific LGA is meeting the mathematical threshold for reliable

connectivity.

7. Conclusion

This study establishes a robust theoretical framework for en-

hancing sub-Saharan Africa’s telecommunications infrastruc-

ture using star-like transformation semigroups. By integrat-

ing abstract modeling with a large-scale empirical survey (n =

615, 510), we have demonstrated that mathematical abstraction

provides actionable insights for network development and reg-

ulatory evaluation.

7.1. Future roadmap and scalability

The proposed model offers a realistic path for extension beyond

the current study:

• 5G integration: As Nigeria transitions to 5G, the S 3I

model can be extended by adjusting the spectral kernel

k to account for higher frequency bands (mmWave) and

massive MIMO beamforming techniques.

• National scalability: The model is geographically ag-

nostic. By replacing the Gombe LGA dataset with coor-

dinates from other Nigerian states (e.g., Kano or Lagos),

the CDI can be used to create a National Telecommuni-

cations Performance Ranking.

In summary, the semigroup-based S 3I measure provides an in-

dependent standard for tracking telecom performance, ensur-

ing that connectivity improvements especially in rural areas are

driven by verifiable mathematical rigor.
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