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Abstract

An inverse physics-informed neural network (I-PINN) framework is developed for joint parameter estimation and field reconstruction in steady
mixed convection with melting in a porous medium. Focusing on the laminar boundary layer of an Al2O3–Cu/water hybrid nanofluid over a
vertical melting surface, the approach treats the mixed-convection parameter λ and the melting parameter M as trainable variables and fits sparse,
noisy temperature measurements while satisfying the coupled similarity ODEs and boundary conditions. A robust training strategy combining
data-guided curriculum learning, self-adaptive loss weighting, gradient clipping, and a hybrid Adam–L-BFGS optimization achieves accurate
recovery and robust uncertainty quantification on synthetic benchmark data. The dominant parameter λ is identified with below 0.5% relative
error even with as few as eight sensors. The reconstructed temperature and velocity fields remain smooth and physically consistent across
unmeasured regions. Notably, the method remains stable in the challenging opposing-flow regime near separation (λ = −1.354, M = −0.4),
demonstrating the promise of I-PINNs for parameter discovery, model calibration, and digital-twin development under limited data.
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1. Introduction

Physics-Informed Neural Networks (PINNs) [1] have
emerged as a transformative paradigm for solving problems
governed by differential equations [2, 3]. By embedding PDE
residuals directly into the loss function, PINNs combine the in-
ductive power of data-driven learning with the deductive rigor
of physics, offering a mesh-free alternative to traditional nu-
merical solvers such as finite element or finite difference meth-
ods [4]. This capability is particularly advantageous for in-
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verse problems, where unknown physical parameters must be
inferred from limited or noisy observations. In inverse PINNs
(I-PINNs), such parameters are treated as trainable variables
alongside network weights, and the physics residual acts as
a natural regularizer that stabilizes ill-posed inverse estima-
tion [5–8].

Accurate modeling of mixed convection with phase change
is essential for high-impact engineering and geophysical appli-
cations, including advanced manufacturing (e.g., welding and
laser melting) [9], latent-heat thermal energy storage [10], and
magma or permafrost evolution [11]. In many of these sys-
tems, essential thermophysical parameters cannot be measured
directly, requiring inverse reconstruction from sparse tempera-
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ture measurements.
This study focuses on an exceptionally challenging inverse

problem involving two sources of intrinsic difficulty. First, the
moving phase-change interface introduces sharp thermal gra-
dients characteristic of Stefan problems, which are notoriously
hard for smooth neural-function approximators due to spectral
bias [12]. Second, realistic sensing environments provide only
sparse, noisy temperature data, making the inverse problem un-
derdetermined and unstable [13]. As summarized in Table 1,
these challenges jointly test both the representational capacity
of PINNs and the stability of the optimization landscape.

An I-PINN framework is developed for the joint inverse
recovery of the mixed-convection parameter λ and the melt-
ing parameter M from sparse, noisy temperature data. While
PINNs have been applied separately to inverse heat trans-
fer [7] and Stefan-type melting flows [12], no prior work
has addressed their combined inverse estimation in hybrid-
nanofluid porous media. Numerical experiments demonstrate
that physics-informed training enables accurate reconstruction
of (λ, M) and forward-consistent velocity and thermal fields, es-
tablishing a foundation for rigorous uncertainty quantification
through ensemble-based extensions, which capture epistemic
uncertainty via repeated I-PINN realisations [14].

Recent years have also seen PINNs applied to boundary-
layer flows and hybrid nanofluids. Bararnia and Es-
maeilpour [15] solved mixed-convection hybrid nanofluid flows
via PINNs; Cong et al. [16] employed physics-informed
derivative networks (PIDNs) to model free-convective temper-
ature profiles; and Raina et al. [17] developed FB-PINNs for
singular-perturbation melting problems. The present work dif-
fers by focusing on the inverse setting, enforcing coupled simi-
larity ODEs while reconstructing unknown thermophysical pa-
rameters.

1.1. Related advances in specialized PINN frameworks

Several advanced PINN variants have been proposed to im-
prove stability and accuracy in stiff, multiscale, or heteroge-
neous problems: XPINNs. Extended PINNs employ space–
time domain decomposition for parallelizable learning and en-
hanced stability on irregular or multi-region domains.

FBPINNs. Fourier-based PINNs embed sinusoidal basis
functions to mitigate spectral bias and have shown strong per-
formance for singular perturbations, boundary-layer flows, and
stiff hybrid-nanofluid systems.

Adaptive activations. Methods such as AdaAct [18] and
slope-tuning strategies dynamically adjust neuron slopes to ac-
celerate convergence in stiff regimes.

Gradient balancing. Techniques that reweight multi-term
losses help mitigate the imbalance highlighted by Wang et
al. [19], improving PINN optimization stability.

Stefan or melting PINNs. Recent works [12] have shown
that moving interfaces introduce severe stiffness, exposing lim-
itations of classical smooth-activation PINNs.

Despite these advances, none of the above frameworks ad-
dress the joint inverse estimation of (λ, M) in melting-driven
mixed convection of hybrid nanofluids, nor do they combine

these stabilization concepts into a unified inverse formulation.
The present work fills this gap by integrating curriculum or-
dering, adaptive loss weighting, gradient clipping, and a hybrid
Adam–L-BFGS strategy into a tailored I-PINN architecture that
directly targets this highly coupled and ill-posed regime.

Contributions: (1) A unified inverse PINN formulation that
jointly estimates (λ, M) from sparse measurements while en-
forcing coupled similarity ODEs; (2) A stabilized training strat-
egy combining data-guided curriculum ordering, adaptive loss
weighting, gradient clipping, and hybrid optimization; (3) Val-
idation via limiting-case inverse checks and reconstruction of
forward-consistent wall metrics.

The remainder of this paper is organized as follows: Sec-
tion 2 presents the physical model; Section 3 details the I-PINN
formulation; Section 4 reports numerical experiments; and Sec-
tion 5 concludes with limitations and future directions.

2. Physical problem and mathematical model

This study investigates the steady, two-dimensional,
laminar mixed convection boundary-layer flow of an
Al2O3−Cu/water hybrid nanofluid over a vertical plate
embedded in a porous medium, which undergoes a phase
change at the surface. The coordinate system is defined with
the x-axis aligned parallel to the surface and the y-axis normal
to it, as illustrated in Figure 1. The velocity components along
the x and y directions are denoted by u and v, respectively.
The free stream velocity is represented by U∞, while T∞ and
Tm correspond to the temperatures of the ambient liquid and
the melting surface. The convective fluid and porous structure
are assumed to be in local thermodynamic equilibrium. The

Figure 1: The model and coordinates.

governing equations are derived using the classical boundary-
layer approximation, based on the foundational formulation by
Ahmad and Pop [20]. The continuity, momentum, and energy
equations for this system are expressed as follows:

∂u
∂x
+
∂v
∂y
= 0, (1)

∂u
∂y
=

gK(ρβ)hn f

µhn f

∂T
∂y
, (2)
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Table 1: Challenges in inverse analysis of mixed convection with melting and how the proposed I-PINN framework addresses them.

Challenge Manifestation in the Physical
Problem

Limitation for Conventional
Methods

How the Proposed I-PINN
Framework Addresses It

Ill-Posedness High sensitivity of estimated
parameters to small measure-
ment errors.

Classical inverse methods re-
quire strong regularization or
fail to converge with noise [8].

The PDE residual acts as a
physics-based regularizer that
stabilizes inverse estimation.

Data Scarcity Only a few temperature mea-
surements are available.

Traditional ANNs overfit
or fail due to insufficient
data [10].

The PDE enables physically
consistent inference in data-
poor regions [21].

Non-Linearity & Coupling Strong two-way coupling
between convection and
melting-front motion.

Linear inverse methods fail;
nonlinear solvers may di-
verge.

The NN approximator cap-
tures nonlinear similarity
fields and boundary interac-
tions.

Moving Discontinuity Sharp interface causes steep
thermal gradients (Stefan-
type stiffness).

Mesh methods require in-
terface tracking; classical
PINNs struggle due to spec-
tral bias [12].

The I-PINN leverages
physics-based constraints to
robustly identify the interface
and parameters.

u
∂T
∂x
+ v

∂T
∂y
= αhn f

∂2T
∂y2 . (3)

Here, u and v are the velocity components, T is the fluid
temperature, g is the gravitational acceleration, and K is the
permeability of the porous medium. The hybrid nanofluid prop-
erties thermal diffusivity αhn f , dynamic viscosity µhn f , density
ρhn f , and thermal expansion coefficient (ρβ)hn f are determined
using established mixture formulas, with material properties
for individual components presented in Table 2 following the
methodology of Haddad et al. [22], and Table 3 are adapted
from Hayat et al. [23].

The physical boundary conditions for the system are:

T = Tm, khn f
∂T
∂y
= ρhn f

[
L + (Cp)s(Tm − To)

]
v, at y = 0,

u→ U∞, T → T∞, as y→ ∞,

where L is the latent heat of fusion and (Cp)s is the specific heat
of the solid phase.

To reduce the governing partial differential equations into
a more tractable system of ordinary differential equations, the
following similarity transformation is introduced:

θ(η) =
T − T∞
Tm − T∞

,

η =

(
U∞x
2αf

)1/2 y
x
,

ψ = (2αfU∞x)1/2 f (η).

(4)

Here, ψ is the stream function defined such that

u =
∂ψ

∂y
, v = −

∂ψ

∂x
.

which identically satisfies the continuity equation (1).
Substituting the similarity transformations from equa-

tion (4) into the momentum and energy equations (2)–(3) yields
the following dimensionless similarity equations:

f ′′ =
(ρβ)hnf/(ρβ)f

µhnf/µf
λθ′, (5)

khnf/kf

(ρCp)hnf/(ρCp)f
θ′′ + f θ′ = 0. (6)

The transformed boundary conditions are:

θ(0) = 1, f (0) +
khnf/kf

ρhnf/ρf
Mθ′(0) = 0,

θ(∞) = 0, f ′(∞) = 1.
(7)

Here, the prime symbol (′) denotes differentiation with re-
spect to the similarity variable η. The dimensionless melting
parameter M is defined as:

M =
(Cp)f(Tm − T∞)

L + (Cp)s(Tm − To)
.

The melting parameter M is made up of the Stefan numbers
(Cp) f (T∞ − Tm)/L is for liquid phase and (Cp)s(Tm − To)/L for
the solid phases.

Here, λ is the mixed (natural and forced) convection param-
eter, while Pe = U∞x/α and Ra = gρ∞Kβ(Tm − T∞)x/αµ de-
note the local Peclet and Rayleigh numbers for flow in a porous
medium, respectively [20]. The flow regime is categorized as
follows: λ > 0 corresponds to assisting flow (Tm > T∞), λ < 0
indicates opposing flow (Tm < T∞), and λ = 0 represents pure
forced convection (Tm = T∞). Similarly, the melting parameter
M > 0 signifies assisting melting, while M < 0 corresponds to
opposing melting [20]. Skin friction coefficient (Rex)1/2C f and
surface heat-transfer (local Nusselt number) (Rex)−1/2Nux are
the physical quantities of interest, expressed as:

(Rex)1/2 C f =
µhn f

µ f
f ′′(0),

(Rex)−1/2Nux = −
khn f

k f
θ′(0).
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Table 2: Thermophysical characteristics of nanofluid and hybrid nanofluid [22].

Characteristics Nanofluid Hybrid Nanofluid
Density ρn f = (1 − ϕ1)ρ f + ϕ1ρs1 ρhn f = (1 − ϕ2)[(1 − ϕ1)ρ f + ϕ1ρs1 ] + ϕ2ρs2

Heat Capacity (ρCp)n f = (1 − ϕ1)(ρCp) f + ϕ1(ρCp)s1 (ρCp)hn f = (1 − ϕ2)[(1 − ϕ1)(ρCp) f +

ϕ1(ρCp)s1 ] + ϕ2(ρCp)s2

Viscosity µn f = µ f /(1 − ϕ1)2.5 µhn f = µ f /(1 − ϕ2)2.5(1 − ϕ1)2.5

Thermal Conductivity
kn f

k f
=

ks1 + (n − 1)k f − (n − 1)ϕ1(k f − ks1 )
ks1 + (n − 1)k f + ϕ1(k f − ks1 )

khn f

kb f
=

ks2 + (n − 1)kb f − (n − 1)ϕ2(kb f − ks2 )
ks2 + (n − 1)kb f + ϕ2(kb f − ks2 )

where
kb f

k f
=

ks2 + (n − 1)k f − (n − 1)ϕ1(k f − ks2 )
ks1 + (n − 1)k f + ϕ1(kb f − ks1 )

Thermal Expansion Coefficient (ρβ)n f = (1 − ϕ1)(ρβ) f + ϕ1(ρβ)s1 (ρβ)hn f = (1−ϕ2)[(1−ϕ1)(ρβ) f +ϕ1(ρβ)s1 ]+
ϕ2(ρβ)s2

Table 3: Thermophysical characteristics of nanoparticles and
water [23].

Characteristics Water Nanoparticles
AL2O3 Cu

ρ (kg/m3) 997.1 3970 8933
Cp (J/(kg·K)) 4179 765 385
β × 10−5 (1/K) 21 0.85 1.67
k (W/(m·K)) 0.613 40 400

3. Inverse problem methodology

This section describes the formulation and implementation
of the proposed Inverse Physics-Informed Neural Network (I-
PINN) for the simultaneous recovery of the mixed-convection
parameter λ and the melting parameter M from sparse, noisy
temperature measurements.

3.1. The inverse problem and its challenges
While the forward mixed-convection–melting problem is

well established, its inverse counterpart is ill-posed. The pa-
rameters λ and M must be inferred from limited, noisy tem-
perature measurements, and small perturbations in the data can
lead to large deviations in the recovered parameters. Direct op-
timisation often converges to nonphysical or spurious minima.
To mitigate these issues, the I-PINN framework incorporates a
stabilised training strategy (summarised in Table 1).

3.2. Inverse PINN formulation
The I-PINN approximates the similarity fields using a fully

connected neural network that maps the similarity coordinate η
to

(
f̂ (η), θ̂(η)

)
.

A key characteristic of the inverse formulation is that the
unknown physical parameters are treated as trainable variables:

γ = {λ, M},

which are optimised jointly with the network weights ϕ. The
inverse problem is cast as

(ϕ, γ) = arg min
ϕ,γ

Ltotal(ϕ, γ).

Figure 2 illustrates the workflow: forward prediction, auto-
matic differentiation for residuals, and simultaneous estimation
of (λ, M).

3.3. Physics-informed loss function
The total loss contains contributions from measured data,

the governing ODE residuals, and boundary conditions:

Ltotal = wdataLdata + wphyLphy + wbcLbc. (8)

The weights are adaptively updated during training.

3.3.1. Data mismatch loss
For Ndata temperature measurements (ηi, θi),

Ldata =
1

Ndata

Ndata∑
i=1

∣∣∣θ̂(ηi) − θi

∣∣∣2.
3.3.2. Physics residual loss

Residuals of the similarity equations are obtained via auto-
matic differentiation:

R f (η) = f ′′NN(η) −
(ρβ)hn f /(ρβ) f

µhn f /µ f
λ θ′NN(η), (9)

Rθ(η) =
(khn f /k f )

(ρCp)hn f /(ρCp) f
θ′′NN(η) + fNN(η)θ′NN(η). (10)

The physics loss is the mean-squared residual evaluated at Nphy
collocation points.

3.3.3. Boundary condition loss
With the boundary conditions in Eq. (7),

Lbc = |θNN(0) − 1|2 +

∣∣∣∣∣∣ fNN(0) +
khn f /k f

ρhn f /ρ f
M θ′NN(0)

∣∣∣∣∣∣2
+ |θNN(η∞)|2 + | f ′NN(η∞) − 1|2. (11)

3.4. Stabilised training strategy
Training inverse PINNs requires stabilisation mechanisms

to address gradient imbalance and sensitivity near the wall.
Three complementary components are used.
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Figure 2: Schematic of the proposed I-PINN architecture. The network maps η to the predicted fields ( f̂ , θ̂) while simultaneously
identifying (λ, M) through physics-constrained training.

3.4.1. Adaptive loss weighting
The L2-norm of the gradient of each loss component, gk =

∥∇ϕLk∥2, is monitored and normalised to obtain a relative con-
tribution λk. The weights evolve via an exponential moving
average:

wk(t) = (1 − α) wk(t − 1) + αλk(t), α = 0.1.

3.4.2. Curriculum collocation and gradient clipping
Collocation points near the wall (η = 0) are gradually intro-

duced during early epochs to reduce gradient spikes. A clipping
rule constrains unstable updates:

∇ϕL←
∇ϕL

max
(
1, ∥∇ϕL∥2

Gmax

) , Gmax = 5.

3.4.3. Two-stage hybrid optimisation
A two-phase strategy is employed:

1. Adam (global search): Provides coarse exploration and
stabilises the training dynamics.

2. L-BFGS (local refinement): A deterministic quasi-
Newton method that rapidly improves accuracy.

Single-stage optimisation often exhibits unstable behaviour,
whereas the hybrid approach yields consistent convergence
(Figure 3).

3.5. Implementation and reproducibility
All experiments were implemented in Python using

TensorFlow and TensorFlow Probability. The numerical
settings including network architecture, domain, data sampling
strategy, and optimization hyperparameters are summarized in
Table 4. All computations were performed on an NVIDIA
A100 GPU, with single-model training requiring approximately
15–20 minutes, and the full ensemble of 15 runs completing in
about 4 hours.

4. Results and discussion

This section presents a comprehensive evaluation of the
proposed inverse Physics-Informed Neural Network (I-PINN)

5
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Figure 3: Training behaviour. Top: unstable optimisation without stabilisers. Bottom: stable convergence using the proposed
strategy.

Table 4: Summary of numerical settings used in all inverse I-PINN experiments.

Item Value
Similarity domain 0 ≤ η ≤ 10
Physics collocation points 128 (uniform)
Temperature data points 30 (random)
Noise level σ = 0.01
Network architecture 4 hidden layers, 128 neurons each, tanh activation
Parameter initialisation (λraw, Mraw) = (−1.0,−0.8)
Optimiser Stage 1 Adam, lr 10−3 with decay, 8000 epochs
Optimiser Stage 2 L-BFGS, max 1500 iterations, tolerance 10−10

Loss weights wphy = 1, wbc = 1, wdata = 1, wflux = 10
Seeds (single run / ensemble) 42 / 42–46

for recovering the mixed-convection parameter λ and the melt-
ing parameter M from sparse, noisy temperature measurements.

The discussion progresses from canonical validation to detailed
analysis of convergence dynamics, stabilisation mechanisms,

6
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baseline comparison, robustness, and uncertainty quantifica-
tion.

4.1. Blasius limiting-case inverse check
To anchor the inverse framework to a canonical reference,

we consider the Blasius-type limiting case: no nanoparticles
(ϕ1 = ϕ2 = 0), no melting (M = 0), and λ = −1. Synthetic
data (Ndata = 10, 1% noise) from a high-fidelity boundary-value
solver are provided to the I-PINN.

Table 5 reports recovered parameters and wall metrics. The
I-PINN identifies λ within 0.20% of the true value and recovers
M to within 10−3 absolute error. Skin-friction and heat transfer
quantities (via automatic differentiation) match the reference to
better than 0.25%. This confirms that the I-PINN is capable
of consistent and physically meaningful inverse recovery under
mild noise.

4.2. Training dynamics and parameter identification
Figure 5 summarises the two-stage optimisation dynamics.

During the initial Adam phase, the total loss decreases mono-
tonically and the estimated parameters (λ, M) move rapidly to-
ward their true values. Small oscillations arise from adaptive
gradient reweighting across physics, boundary, and data terms.

After switching to L-BFGS, stochastic fluctuations disap-
pear and the optimisation refines the solution to high accuracy.
This division of labour—Adam for global exploration and L-
BFGS for deterministic refinement is essential for navigating
the nonconvex, stiffness-dominated optimisation landscape.

The final estimates for the headline case (λtrue =

−1.354, Mtrue = −0.400) are λ̂ = −1.345 and M̂ = −0.391,
corresponding to relative errors of 0.65% and 2.15%.

Figure 4: Evolution of the estimated parameters (λ, M) over
the training iterations. Both parameters stabilize as the optimi-
sation proceeds, with the final values approaching the ground
truth.

Figure 4 shows the evolution of the estimated parameters
λ and M during training. The parameter λ undergoes a rapid
initial adjustment before gradually converging toward its true
value, whereas M exhibits smaller fluctuations and stabilizes

smoothly. The dashed lines denote the ground-truth parameter
values. The final estimates closely match the reference values,
demonstrating the accuracy and robustness of the proposed op-
timization strategy.

Figure 5: Training loss convergence of the inverse PINN. The
Adam stage produces a gradual reduction in loss with charac-
teristic oscillations due to adaptive weighting, after which the
L-BFGS optimiser rapidly refines the solution.

4.3. Ablation study: role of stabilising mechanisms

To quantify the contribution of each stabilising component,
an ablation study was performed for the headline inverse case.
Table 6 summarises the results. The baseline model (Adam
only, no stabilisers) fails, producing large parameter errors
(8.5% in λ and 35.2% in M) and unstable training. Removing
adaptive weights (Run 2) leads to inaccurate solutions despite
reduced final loss, confirming that loss-imbalance drives opti-
misation into spurious minima. Curriculum ordering and gra-
dient clipping (Run 3) improve stability but still exhibit moder-
ate error. Removing L-BFGS (Run 4) yields decent results but
struggles to refine the boundary parameter M. The complete
I-PINN (Run 5) achieves the best performance, reducing the er-
ror in the melting parameter M to ≈ 2.1% and λ to ≈ 0.6%.
This confirms that L-BFGS is crucial for fine-tuning the sensi-
tive boundary gradients required to recover M accurately.

4.4. Comparative baseline: Levenberg–Marquardt

A direct comparison with the classical Levenberg–
Marquardt (LM) inverse solver was performed. LM is effi-
cient for smooth least-squares problems but is highly sensitive
to noise and stiffness. Figure 6 shows error in M (panel a) and
the RMSE of θ(η) (panel b) across noise levels. LM deteriorates
rapidly beyond σ = 5%, whereas the I-PINN remains stable
and highly accurate. Figure 7 shows reconstructed temperature
profiles at σ = 10%. LM produces oscillatory, nonphysical
shapes, whereas the I-PINN remains smooth and physically co-
herent. Table 7 summarises quantitative metrics, showing the
I-PINN outperforms LM by one to two orders of magnitude.

7



Shahnawaz & Ali / J. Nig. Soc. Phys. Sci. 8 (2026) 3144 8

Table 5: Inverse recovery at the Blasius limit (ϕ1 = ϕ2 = 0, Mtrue = 0, λtrue = −1). Relative errors are shown in parentheses.

Ndata Noise λtrue λ̂ (rel.%) Mtrue M̂ (abs.) f ′′(0) Ref/Pred (rel.%) −θ′(0) Ref/Pred (rel.%)
10 1% −1.000 −1.002 (0.20%) 0.000 0.001 0.421/0.422 (0.24%) 0.916/0.915 (0.11%)

Table 6: Ablation study at the headline case (λtrue = −1.354, Mtrue = −0.400). Each run disables one stabilising mechanism.

Run Configuration log10(Ltotal) Error in λ (%) Error in M (%) Stable
1 Adam only (no stabilisers) −1.8 8.50 35.20 No
2 No adaptive weights −2.4 5.80 33.00 No
3 No curriculum + no clipping −3.1 2.70 12.30 Yes
4 No L-BFGS −2.0 2.50 4.70 Yes
5 Full model −3.8 0.65 2.15 Yes

Table 8 comparescomputational cost: LM is faster but signif-
icantly less accurate, making the I-PINN a better trade-off for
stiff mixed-convection inverse modelling.

Figure 6: Noise robustness comparison between LM and I-
PINN. (a) Absolute error in M. (b) RMSE of θ(η).

Table 7: Quantitative comparison between the LM baseline and
the proposed I-PINN at representative noise levels. The I-PINN
maintains low error while LM degrades rapidly.

Noise Method |M̂ − Mtrue| |λ̂ − λtrue| RMSE(θ)
1% LM 0.0626 0.0148 2.0 × 10−2

I-PINN 0.0714 0.0043 5.0 × 10−3

5% LM 0.7712 0.1249 3.0 × 10−1

I-PINN 0.0679 0.0251 1.5 × 10−2

10% LM 10.570 0.8404 8.0 × 10−1

I-PINN 0.1026 0.0494 2.5 × 10−2

4.5. Robustness analysis
To evaluate the reliability of the proposed I-PINN frame-

work in practical scenarios, we conducted a comprehensive ro-
bustness analysis covering measurement noise, data sparsity,

Table 8: Computational cost comparison. While LM is faster,
its failure at high noise makes the I-PINN the necessary choice
for robust identification.

Method Approx. Time (s) Outcome at 5% Noise
Levenberg–Marquardt ≈ 30 Diverged / High Error
Inverse PINN ≈ 1200 Stable & Accurate

and model uncertainty. The quantitative results are summarized
in Table 9. First, the model demonstrates exceptional resilience
to measurement noise. Even when the training data is corrupted
with high levels of Gaussian noise (σ = 10%), the mixed con-
vection parameter λ is recovered with a remarkably low abso-
lute error of 0.0494. While the melting parameter M is natu-
rally more sensitive to boundary fluctuations, the estimation re-
mains stable within varying noise intervals, indicating that the
physics-informed loss effectively filters random stochasticity.
Second, the influence of data sparsity was tested by drastically
reducing the number of spatial temperature sensors (Nθ). The
framework maintains high accuracy even in the extreme case
of Nθ = 8, achieving a minimal absolute error for λ of 0.0035.
This confirms that the physics-informed loss function success-
fully regularizes the solution, allowing for accurate parameter
inference even in data-scarce regimes where traditional regres-
sion methods would likely fail. Finally, we assessed model un-
certainty by introducing perturbations to the physical closure
correlations (ϕ1 and ϕ2). A 5%perturbation in these closure
terms resulted in negligible deviations, with parameter errors
remaining comparable to the baseline case. Overall, the I-PINN
proves to be robust, particularly in identifying the bulk fluid
parameter λ, making it highly suitable for experimental setups
where noise is high and data points are limited.

4.6. Uncertainty quantification

Epistemic uncertainty was quantified by performing an en-
semble of K = 15 independent inverse reconstructions using
different random seeds. The ensemble mean and standard de-
viations were computed to assess parameter identifiability and
solution stability. Figures 8 and 9 present the resulting distribu-
tions for λ and M. The mixed-convection parameter λ exhibits

8
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Figure 7: Temperature reconstruction at σ = 10% noise. LM exhibits oscillatory behaviour while the I-PINN maintains physical
consistency.

Table 9: Robustness analysis of the PINN framework under
varying noise levels, data sparsity, and model uncertainty. True
values: M = −0.4000, λ = −1.3540.

Scenario Case |M̂ − Mtrue| |λ̂ − λtrue| λ Error(%)
Noise 1% 0.0714 0.0043 0.31

5% 0.0679 0.0251 1.85
10% 0.1026 0.0494 3.65

Sparsity Nθ = 30 0.0601 0.0052 0.38
Nθ = 15 0.0709 0.0011 0.08
Nθ = 8 0.0775 0.0035 0.26

Uncertainty ϕ1(+5%) 0.0722 0.0033 0.24
ϕ2(−5%) 0.0541 0.0037 0.28

very small variance, indicating strong identifiability. In con-
trast, M shows higher variability and a slight systematic bias,
reflecting its heightened sensitivity to wall temperature gradi-
ents, which are difficult to capture perfectly from sparse obser-
vations.

Figures 10 and 11 illustrate the ensemble-averaged veloc-
ity and temperature profiles with ±2σ confidence bands. The
velocity profiles show extremely low variance, while the tem-
perature profiles exhibit moderate dispersion near the wall. De-
spite this, the predictions remain physically coherent and clus-
ter tightly around the reference solution.

4.7. Physical interpretation and validation

The robustness of the I-PINN is particularly evident in the
opposing-flow regime (λ < 0), which admits similarity solu-
tions only above a critical threshold λc ≈ −1.354 [20]. The
proposed framework successfully recovers unknown parame-
ters precisely at this stiff limit, a regime where classical inverse
solvers often fail to converge due to solution multiplicity or in-
stability.

Figure 8: Ensemble distribution of the inferred mixed-
convection parameter λ across 15 independent I-PINN runs.
The true value (red dashed line) lies within the ensemble spread,
and the sample mean (black line) demonstrates unbiased recov-
ery.

A crucial measure of success is the reconstruction of the
unmeasured velocity field. As shown in Figure 10, the I-PINN
accurately recovers the velocity profile f ′(η) despite having no
velocity data during training. This is achieved solely by enforc-
ing the physics of the momentum equation, coupled through the
learned parameters.

Furthermore, as a differentiable surrogate model, the trained
network enables the extraction of wall metrics—specifically
skin friction f ′′(0) and the Nusselt number −θ′(0)—via au-
tomatic differentiation. At the challenging condition (λ =
−1.354, M = −0.4), these metrics exhibit the correct physical
trends, such as reduced transport for negative M. Quantitative
validation in well-posed regimes, including the Blasius limit, is
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Figure 9: Ensemble distribution of the recovered melting pa-
rameter M. While the variance is small, the ensemble mean
exhibits a systematic offset relative to the true value, reflecting
the weaker identifiability of M from sparse temperature-only
observations.

Figure 10: Reconstructed velocity profile f ′(η) from the I-
PINN ensemble. The mean prediction closely matches the
ground-truth solution, with uncertainty (±2σ) remaining mini-
mal across the full domain.

provided in Table 5, confirming the model’s accuracy across the
domain.

5. Conclusion and future directions

This work developed and validated an inverse Physics-
Informed Neural Network (I-PINN) framework for parame-
ter discovery in steady mixed convection with melting in a
porous medium. By jointly inferring the unknown parameters
(λ, M) and the associated similarity profiles from sparse and
noisy temperature measurements, the method achieved high-
fidelity recovery and forward-consistent field reconstructions,
even in regimes characterised by stiffness and opposing-flow
behaviour.

Figure 11: Reconstruction of the temperature field θ(η). Sparse
noisy measurements (red markers) are accurately fitted by the
I-PINN, and the ensemble mean prediction remains consistent
with the ground-truth solution within the ±2σ confidence band.

Quantitative assessments demonstrate the robustness of the
approach compared to classical baselines. In the challeng-
ing opposing-flow case (λtrue = −1.354, Mtrue = −0.4), the
I-PINN accurately recovered both parameters and reproduced
the forward wall metrics skin friction f ′′(0) and Nusselt num-
ber −θ′(0) in close agreement with benchmark solutions. No-
tably, the I-PINN demonstrated superior stability over the Lev-
enberg–Marquardt algorithm, particularly in the presence of
measurement noise, where the classical iterative solver exhib-
ited sensitivity to initial guesses and gradient instability. These
results were enabled by a stabilised training strategy combining
a data-guided curriculum, self-adaptive loss weighting, and a
two-stage Adam–L-BFGS optimiser.

Despite these strengths, certain limitations remain. The
present framework relies on a valid similarity reduction and
deterministic nanofluid property closures. Moreover, although
the ensemble-based uncertainty quantification used in this study
provides meaningful confidence intervals, it requires training
multiple independent models, which increases the computa-
tional burden compared to single-run estimations.

To address these aspects, future work will focus on three
key directions. First, we aim to extend the framework to
Bayesian I-PINNs to enable full posterior inference, thereby
capturing parameter correlations and reducing the overhead of
ensemble training. Second, to bridge the gap between compu-
tational modelling and practical engineering, future efforts will
validate the I-PINN against experimental datasets using multi-
fidelity learning. This will involve integrating sparse experi-
mental sensor data with high-fidelity simulations to handle real-
world uncertainties. Finally, the framework will be extended to
transient and full two-dimensional formulations to accommo-
date complex geometries and time-dependent melting phenom-
ena where similarity reductions are no longer applicable.
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Data availability

The data supporting the findings of this study are available
from the corresponding author upon reasonable request.
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