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Abstract

Fractional uncertain differential equations have been used to model random processes in economics and other fields that exhibit jumps, dependency,
and nonlinearities, and which possess uncertainties due to limited data and inadequate models. In this paper, a double V-jump fractional uncertain
differential equation (DV-FUDE) is presented as a θth-order Riemann-Liouville or Caputo fractional uncertain differential equation with the
addition of two V-jump independent processes on different filtrations. The equation models systems possessing two sources of uncertain shocks
attributed to internal and external factors, respectively. Exact solutions in the case of time-dependent coefficients are given in terms of the Mittag-
Leffler function. Sample continuity, existence, and uniqueness for the general Riemann-Liouville and Caputo DV-FUDE are established using
the Banach Fixed Point Theorem, under global Lipschitz and linear growth conditions on the coefficients. Some extensions and possible areas of
application are highlighted for future research.
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1. Introduction

Beginning with the seminal work of Einstein in 1905 [1],
stochastic differential equations (SDEs) driven by Brownian
motion (BM) have been widely applied not only in the natural
and social sciences but also in engineering. In finance, a funda-
mental assumption of the highly celebrated Black-Scholes (BS)
model for option pricing is that the dynamics that describe the
underlying process of the asset price are SDEs with Brownian

∗Corresponding author Tel. No.: +234-805-574-7410.
Email address: bankolepa@lasued.edu.ng (Philip Ajibola Bankole)

motion [2]. Similar models have been employed to define inter-
est rates, exchange rates, volatility, and other financial objects,
see [3] and the references therein. SDE-based models can also
be modified to model processes that undergo discrete random
jumps. For a comprehensive review of jump-diffusion models
[4].

Empirical investigations have shown that underlying as-
set prices exhibit dependencies and nonlinearities, as well as
jumps [5, 6]. Thus these prices cannot be satisfactorily char-
acterized by SDEs or jump-diffusion models. Instead, stochas-
tic fractional differential equations (FDE) with jumps may be
more suitable for capturing this complicated behavior. Roughly
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speaking, a FDE with jumps can be characterized as a stochas-
tic differential equation with a fractional Brownian motion and
a jump term. Fractional Brownian motion with jumps is suit-
able because of its self-similarity and dependency properties.
The applications of SDEs and FDEs with and without jumps
have extended beyond the field of finance; see Refs. [7–11] for
applications of FDEs in electrochemistry, rheology, viscoelas-
ticity, and electromagnetism.

In the nonfractional setting, uncertain differential systems
with multiple V-type jumps have been studied from different
perspectives, including optimal control problems, existence and
uniqueness analysis for nonlinear switched systems, and hybrid
stochastic differential game models with equilibrium strategies
[12–14].

Uncertainty in financial modeling arises from limited data,
unknown system structures, and model mis-specification. To
formalize such uncertainty beyond probability theory, Liu [15]
introduced uncertainty theory, defining uncertainty spaces and
uncertain processes [15–18]. Uncertain differential equations
(UDEs) were subsequently proposed for uncertain dynamic
systems [17] and have been widely applied [16, 19].

To capture abrupt shocks, UDEs were extended via V-jump
uncertain processes [20], with applications to extreme events
such as epidemics and natural disasters [21]. Existence and
uniqueness results for fractional uncertain differential equations
with a single V-jump were established in Refs. [20–22]. This
work extends these results to fractional uncertain differential
equations driven by double V-jump processes using a θth-order
Riemann-Liouville formulation.

The extension from single- to double-jump FUDEs is moti-
vated by the need to model uncertain dynamics driven by dual
shock sources, such as interest rates or foreign exchange rates
exposed to financial and climate or catastrophic shocks with
memory effects. For the proposed DV-FUDE, we establish fun-
damental theoretical results, including sample continuity and
analytical existence and uniqueness of solutions.

The remaining sections of this paper are structured as fol-
low. Section 2 gives definitions required for the mathemati-
cal analysis of DV-FUDE. The DV-FUDE model and the main
results in this paper are presented in Section 3, in particular
in Theorem 8, existence and uniqueness results for Riemann-
Liouville type DV-FUDE are established using the Banach fixed
point theorem. In Section 4, we conclude and propose future re-
search directions.

2. Basic definitions and assumptions

We begin with definitions related to uncertainty. All defini-
tions are taken from Ref. [15], and are based on earlier work
by Liu ([17, 23]). In the following, Γ is a nonempty set and L
is a σ-algebra over Γ . The elements Λ ∈ L are referred to as
events.

Definition 2.1. A function M : L → [0, 1] is an uncertain
measure if it satisfies the following axioms:

• Normality:M(Γ) = 1;

• Duality:M{Λ} +M{Λc} = 1, for allΛ ∈ L;

• Subadditivity: M

 ∞⋃
i=1

Λi

 ≤ ∞∑
i=1

M{Λi} for each count-

able sequence of events, Λ1,Λ2, · · · .

Definition 2.2. An uncertainty space is a triplet (Γ,L,M)
where L is a σ-algebra defined on the set Γ, andM is an uncer-
tainty measure defined on L.

Definition 2.3. Given uncertain spaces (Γk,Lk,Mk), with k =
1, 2, 3, · · · , the product uncertainty measure M :

∏∞
k=1Lk →

[0, 1] is an uncertainty measure that satisfies the product axiom:

M

 ∞∏
k=1

Λk

 = ∞∧
k=1

Mk {Λk} , (1)

where {Λk}k=1... are arbitrary events in {L}k=1....

Definition 2.4. An uncertain variable is a measurable function
ξ : (Γ,L,M) → R, from an uncertainty space to the set of real
numbers. That is, for any Borel set B ⊆ R, the set

{ξ ∈ B} = {γ | ξ(γ) ∈ B}

is an event.

Definition 2.5. An uncertain process is a set of uncertain vari-
ables {Xt}t≥0 defined on the same uncertainty space. For brevity
we denote {Xt}t≥0 as Xt.

Definition 2.6. An uncertainty distribution Φ(x) of an uncer-
tain variable ξ is defined by:

Φ(x) =M{ξ ≤ x}, (2)

for any x ∈ R, a real number.

Definition 2.7. An uncertain process Ct is said to be a Liu
canonical process if it satisfies the following:

• at time t0 = 0, C0 = 0 and almost all its sample paths are
Lipschitz continuous,

• Ct has stationary and independent increments.

• every increment Cs+t − Cs is a normal uncertain variable
with an uncertainty distribution given as:

Φ(x) =
(
1 + exp

(
π(E − x)
√

3σ

))−1

, x ∈ R,

where E is the expected value and σ2 is the variance.

Definition 2.8. Let Ct be a Liu canonical process and Xt be an
uncertain process. Consider a closed interval [a, b] with parti-
tions such that a = t1 < t2 < · · · < tn+1 = b, the mesh is given
as

∆ = max
1≤i≤k
|ti+1 − ti| .
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The integral of the uncertain process Xt is defined as:∫ b

a
Xtdt = lim

∆7→0

n∑
i=1

Xti · (ti+1 − ti) , (3)

and the Liu integral is defined as:∫ b

a
XtdCt = lim

∆7→0

n∑
i=1

Xti ·
(
Cti+1 −Cti

)
, (4)

provided these limits exists almost surely.

Definition 2.9. An uncertain differential equation (UDE) is a
SDE in which the Brownian motion term has been replaced by
a Liu canonical process Ct. For example, if f , g : R+ → R are
integrable functions, then

dZt = f (t,Zt)dt + g(t, Zt)dCt (5)

is a UDE. A solution Zt of (5) is an uncertain process that sat-
isfies

Zt = Z0 +

∫ s

0
f (s, Zs)ds +

∫ s

0
g(s, Zs)dCs, (6)

almost surely for all t ∈ R+, where Z0 is an uncertain variable.

The existence and uniqueness of solutions for UDEs with-
out jumps were proved by Chen and Liu [24] in which an ana-
lytical solution was obtained.

Before introducing UDEs of fractional order, we first recall
several definitions related to fractional calculus.

Definition 2.10 (Fractional integral operator [25]). Let f be an
integrable function. The fractional integral of f of order θ is
defined as:

Iθt+ f (τ) =
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1 f (ξ)dξ, τ > 0, θ > 0 (7)

whenever the right-hand side is defined pointwise on the inter-
val [t,∞) where Γ(·) is the gamma function.

Lemma 2.1 (Semigroup property). For any real numbers
θ1, θ2 for which Iθ2

t+ f (τ) and Iθ1+θ2
t+ f (τ) are defined we have

I
θ1
t+I

θ2
t+ f (τ) = Iθ1+θ2

t+ f (τ). (8)

Lemma 2.1 follows immediately from (7) upon exchanging
the order of integration.

Definition 2.11 (Riemann-Liouville fractional derivative). [26]
Let f be differentiable on an interval [t, τ]. The θth - order
Riemann-Liouville (RL) fractional derivative of f is given as

RLDθ
t+ f (τ) =

dn

dτnI
n−θ
t+ f (τ)

=
1

Γ(n − θ)
dn

dτn

∫ τ

t
(τ − ξ)n−θ−1 f (ξ)dξ,

(9)

where n − 1 < θ ≤ n, n ∈ N.

It follows immediately from Lemma 2.1 that:

RLDθ
t+I

θ
t+ f =

dn

dτnI
n−θ
t+ I

θ
t+ f (τ)

=
dn

dτnI
n
t+ f (τ)

= f (τ).

(10)

Hence the Riemann-Liouville fractional derivative is a left in-
verse of the corresponding integral operator.

Definition 2.12 (Caputo fractional derivative [26]). Let f :
[t, τ] → R be a n times differentiable function. The θth- Ca-
puto fractional derivative of f is given as:

cDθ
t+ f (τ) =

1
Γ(n − θ)

∫ τ

t
(τ − ξ)n−θ−1 f (n)(ξ)dξ, (11)

where n − 1 < θ ≤ n, n ∈ N, and f (n)(ξ) is the nth derivative of
f .

Lemma 2.2 ([7], Property 3 in Ref. [27]). Let f be a n-times
differentiable function for τ ∈ [t, T ]. Then, the two operators
RLDθ

t+ f (τ) and cDθ
t+ f (τ) are related as:

RLDθ
t+ f (τ) = cDθ

t+ f (τ) +
n−1∑
j=0

(τ − t) j−θ

Γ( j − θ + 1)
f ( j)(t), (12)

where n − 1 < θ ≤ n, n ∈ N and τ > 0.

Henceforth in this paper, we set t = 0 in both the Riemann-
Liouville and the Caputo fractional order differential oper-
ators, and restrict θ ∈ (0, 1) ⊂ R. We will abbreviate
Iθ0+,

RLDθ
0+,

cDθ
0+ as Iθ, RLDθ, and cDθ, respectively.

The definitions of fractional integral and fractional deriva-
tives may be readily extended to uncertain processes, using Def-
inition 2.8.

The fractional order counterparts of the UDE (5) for
Riemann-Liouville and Caputo differential operators are:

RLDθXτ = f (τ, Xτ) + g (τ, Xτ)
dCτ

dτ
,

cDθXτ = f (τ, Xτ) + g (τ, Xτ)
dCτ

dτ
.

(13)

Existence and uniqueness results for these UDE have been in-
vestigated in Ref. [28].

Next we give definitions related to uncertain processes with
jumps.

Definition 2.13 (V-jump process ([21, 29])). Let Vt be an un-
certain process for t ≥ 0. Then, Vt is said to be a V-jump pro-
cess endowed with parameters ϑ1 and ϑ2 for 0 < ϑ1 < ϑ2 < 1
if the following holds:

• V0 = 0,

• Vτ exhibits stationary and independent increments,

• Given τ, t > 0, the increment ξt,τ ≡ Vt+τ − Vt possesses
an uncertainty distribution given by:
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Φ(x) =



0 for x < 0,
2ϑ1

τ
x for 0 ≤ x <

τ

2
,

ϑ2 +
2(1 − ϑ2)

τ

(
x −

τ

2

)
for

τ

2
≤ x < τ,

1 for x ≥ τ.

(14)

Ref. [29] used the notation ξt,τ ∼ Z (ϑ1, ϑ2, τ) to denote uncer-
tain variables with the distribution (14).

Definition 2.14. A fractional uncertain differential equation
(FUDE) with single V-jump process using Riemann-Liouville
fractional differential operator is defined as

RLDθXτ = f (τ, Xτ) + g (τ, Xτ)
dCτ

dτ
+ h(τ, Xτ)

dVτ

dτ
, (15)

where Cτ is a Liu canonical process, f , g, h are functions and V
is an uncertain jump process.

The definition of the double V-jumps fractional uncertain
differential equation (DV-FUDE) follows from the single jump
FUDE by adding a second jump process defined on different fil-
tration with its own coefficient function. The two distinct jump
processes are intended to model shocks due to internal and ex-
ternal uncertainty factors. In order to set the stage for the defi-
nition of DV-FUDEs, we first state the assumptions required for
the definition.

Assumptions 1: Let
(
Γ,L, {L}t≥0,M

)
be a filtered uncer-

tainty space with Liu canonical process Ct. Let F int
t , F ext

t ⊂

{L}t≥0 be internal and external filtrations respectively, and

let V1(t, Xt) =
(
V1(t, Xt)

∣∣∣∣F int
t

)
, V2(t, Xt) =

(
V2(t, Xt)

∣∣∣∣F ext
t

)
be in-

dependent V-jump processes with parameters {ϑ(1)
1 , ϑ(1)

2 } and
{ϑ(2)

1 , ϑ(2)
2 }, respectively. (For simplicity we write V j(t, Xt) :=

V jt, j = 1, 2).

Definition 2.15. Given
(
Γ,L, {L}t≥0,M

)
, Cτ, and V jτ j = 1, 2

as in Assumptions 1. Let f , g, h1, h2 : R+0 × R −→ R be differ-
entiable functions. Then

RLDθXτ = f (τ, Xτ) + g (τ, Xτ)
dCτ

dτ
+ h1(τ, Xτ)

dV1τ

dτ

+ h2(τ, Xτ)
dV2τ

dτ

(16)

is a Riemann - Liouville type fractional uncertain differential
equation with double V-jump process (DV-FUDE). Any solu-
tion Xτ of equation (16) satisfies:

Xτ =τ
θ−1x0 + I

θ
(

f (τ, Xτ) + g(τ, Xτ)
dCτ

dτ

+ h1(v, Xτ)
dV1τ

dτ
+ h2(τ, Xτ)

dV2τ

dτ

) (17)

almost surely, where Xτ satisfies the initial condition

x0 = lim
τ7→0+

τ1−θXτ. Explicitly, we have:

Xτ = τθ−1x0 +
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1 f (ξ, Xξ)dξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1g(ξ, Xξ)dCξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1h1(ξ, Xξ)dV1ξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1h2(ξ, Xξ)dV2τ,

(18)

almost surely.

The Caputo version of Definition 2.15 may be given as fol-
lows.

Definition 2.16. Suppose the canonical Liu process Cτ and two
uncertain V-jump processes V1 and V2 be given. Let the func-
tions f , g, h1, h2 : R+0 × R −→ R. Then

cDθXτ = f (τ, Xτ) + g (τ, Xτ) dCτ

dτ + h1(τ, Xτ) dV1τ
dτ

+h2(τ, Xτ) dV2τ
dτ

(19)

is a Caputo-type DV-FUDE. Any solution Xτ of equation (19)
satisfies:

Xτ =x0 + I
θ

(
f (τ, Xτ) + g(τ, Xτ)

dCτ

dτ
+ h1 (τ, Xτ)

dV1τ

dτ

+ h2 (τ, Xτ)
dV2τ

dτ

)
,

=x0 +
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1 f

(
ξ, Xξ

)
dξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1g

(
ξ, Xξ

)
dCξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1h1

(
ξ, Xξ

)
dV1ξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1h2

(
ξ, Xξ

)
dV2τ,

(20)

almost surely.

Definition 2.17. [24] The Mittag-Leffler function is defined as:

Ep,q(x) :=
∞∑
j=0

x j

Γ(p j + q)
, p > 0, q > 0. (21)

Remark 1. Let XRL
τ and Xc

τ be solutions of equations (18) and
(20), respectively that are continuous at 0. We then have:

cDθXc
τ =

RLDθXc
τ +

cDθXc
τ −

RLDθXc
τ

= RLDθXc
τ +

RLDθXRL
τ −

RLDθXc
τ

= RLDθXc
τ +

RLDθ(XRL
τ − Xc

τ)

= RLDθXc
τ −

RLDθ(x0)

= RLDθXc
τ −

1
Γ(1 − θ)

d
dτ

∫ τ

0
(τ − ξ)−θ x0dξ

= RLDθXc
τ −

x0τ
−θ

Γ(1 − θ)
,

(22)
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which agrees with equation (12) with f = Xc
τ.

The transition from the first to the second line follows by
adding and subtracting the same Riemann–Liouville derivative,
using linearity, and noting that XRL

τ − Xc
τ = x0 for solutions

continuous at the origin, which yields the Caputo–Riemann–
Liouville correction term. A similar relation holds for XRL

τ .

3. Results

In this section, the DV-FUDE model and the main results in
this paper are presented. Firstly, we give closed-form solutions
for some special cases. The solution obtained shows the differ-
ence in the type of solution based on the fractional differential
operator used; the jump processes are defined on a separate fil-
tration source. Other results follow, while the main result is
presented in Theorem 8.

Note that the results in this section closely follow the analo-
gous results in Ref. [21], with some new results added to the ex-
isting literature, including double uncertain jumps and its gen-
eralization to a finite number of jumps coupled with rigorous
mathematical presentations.

3.1. Closed-form solutions

Theorem 1. Let
(
Γ,L, {L}t≥0,M

)
, Cτ V1,V2 be as specified in

Assumptions 1 over the interval τ ∈ (0, T ]. Let µτ, ντ, σ1τ and
σ2τ be functions defined on [0, T ], and let θ ∈ (0, 1). Then:

(a) The θ-th order Riemann-Liouville DV-FUDE given by:

RLDθXτ = µτ + ντ
dCτ

dτ
+ σ1τ

dV1τ

dτ
+ σ2τ

dV2τ

dτ
, τ > 0,

(23)

subject to initial condition x0 = lim
τ7→0+

τ1−θXτ has the general

closed-form solution:

X̃τ = τ
θ−1x0 +

1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1µξdξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1νξdCξ

+

2∑
j=1

[
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1σ jτdV jξ

]
, τ > 0,

(24)

which leads to:

X̃τ = τ
θ−1x0 + I

θ

µτ + ντ dCτ

dτ
+

2∑
j=1

σ jξ
dV jτ

dτ

 , (25)

(b) The Caputo DV-FUDE process given by:

cDθXτ = µτ + ντ
dCτ

dτ
+ σ1τ

dV1τ

dτ
+ σ2τ

dV2τ

dτ
, τ > 0, (26)

has the general closed-form solution:

X̃τ = x0 +
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1µξdξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1νξdCξ

+

2∑
j=1

[
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1σ jτdV jξ

]
, τ > 0.

= x0 + I
θ

µτ + ντ dCτ

dτ
+

2∑
j=1

σ jξ
dV jτ

dτ

 , τ > 0.

(27)

Proof. Both results follow directly by replacing
f (ξ, Xξ), g(ξ, Xξ), h1(ξ, Xξ), and h2(ξ, Xξ) with µξ, νξ, σ1ξ,
and σ2ξ respectively in equations (16) through (20).

Theorem 2. Suppose µτ, ντ, σ1τ, σ2τ, are integrable functions
defined on the closed interval [0,T ], θ ∈ (0, 1), and a ∈ R.
Then the θth-order Riemann-Liouville-type fractional differen-
tial equation of the form:

RLDθXτ = aXτ + µτ + ντ
dCτ

dτ
+ σ1τ

dV1τ

dτ
+ σ2τ

dV2τ

dτ
,

0 < τ ≤ T,
(28)

subject to initial condition

x0 = lim
τ7→ 0+

τ1−θXτ, (29)

has the general solution:

X̃τ = x0Γ(θ) τθ−1Eθ,θ

(
aτθ

)
+

∫ τ

0
(τ − ξ)θ−1 Eθ,θ

(
a(τ − ξ)θ

)
µξdξ

+

∫ τ

0
(τ − ξ)θ−1 Eθ,θ

(
a(τ − ξ)θ

)
νξdCξ

+

2∑
i=1

[∫ τ

0
(τ − ξ)θ−1 Eθ,θ

(
a(τ − ξ)θ

)
σiξdViξ

]
,

(30)

which simplifies to:

X̃τ = x0Γ(θ) τθ−1Eθ,θ

(
aτθ

)
+ Iθ

Eθ,θ

(
aτθ

) µτ + ντ dCτ

dτ
+

2∑
i=1

σiτ
dViτ

dτ


 , (31)

almost surely.

Proof. The argument follows the same lines as the proof of
Theorem 3 in Ref. [21]. First, we show that the initial con-
dition in equation (29) is satisfied by equation (30). We have

5
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from equation (30):

lim
τ→ 0+

τ1−θX̃τ

= lim
τ→ 0+

x0Γ(θ)Eθ,θ

(
aτθ

)
+ lim
τ7→ 0+

τ1−θ
∫ τ

0
(τ − ξ)θ−1 Eθ,θ

(
a(τ − ξ)θ

)
µξdξ

+ lim
τ→ 0+

τ1−θ
∫ τ

0
(τ − ξ)θ−1 Eθ,θ

(
a(τ − ξ)θ

)
νξdCξ

+

2∑
j=1

[
lim
τ→ 0+

τ1−θ
∫ τ

0
(τ − ξ)θ−1 Eθ,θ

(
a(τ − ξ)θ

)
σ jξdV jξ

]
= x0.

(32)

Next, We verify the integral form of equation (28). Applying
Iθ to aX̃τ in equation (30) gives:

Iθ(aX̃τ)

=
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1aXξdξ

= ax0

∫ τ

0
(τ − ξ)θ−1ξθ−1Eθ,θ

(
aξθ

)
dξ

+
a
Γ(θ)

∫ τ

0
(τ − ξ)θ−1

∫ ξ

0
(ξ − ξ̂)θ−1Eθ,θ

(
a(ξ − ξ̂)θ

)
µξ̂dξ̂dξ

+
a
Γ(θ)

∫ τ

0
(τ − ξ)θ−1

∫ ξ

0
(ξ − ξ̂)θ−1Eθ,θ

(
a(ξ − ξ̂)θ

)
νξ̂dCξ̂dξ

+

2∑
j=1

[ a
Γ(θ)

∫ τ

0
(τ − ξ)θ−1

∫ ξ

0
(ξ − ξ̂)θ−1 Eθ,θ

(
a(ξ − ξ̂)θ

)
×

σ jξ̂dV jξ̂dξ
]
.

(33)

Using equation (13) in the proof of Theorem 3 in Ref. [30]
and the Mittag-Leffler function in equation (21), the first term
on the right-hand side of (33) becomes:

ax0

∫ τ

0
(τ − ξ)θ−1ξθ−1Eθ,θ(aξθ)dξ

= x0Γ(θ)τθ−1Eθ,θ(aτθ) − x0τ
θ−1.

(34)

The other three terms on the right-hand side of (33) all have
similar transformations; we will work out the calculation for the
fourth term in detail. By interchanging the order of integration,
we have:

a
Γ(θ)

2∑
i=1

[ ∫ τ

0
(τ − ξ)θ−1

×

∫ ξ

0
(ξ − ξ̂)θ−1Eθ,θ

(
a(ξ − ξ̂)θ

)
σiξ̂dViξ̂dξ

]
=

a
Γ(θ)

2∑
i=1

∫ τ

0

( ∫ τ

ξ̂

(τ − ξ)θ−1(ξ − ξ̂)θ−1

× Eθ,θ

(
a(ξ − ξ̂)θ

)
dξ

)
σiξ̂dViξ̂.

(35)

Making the change of variable β :=
ξ − ξ̂

τ − ξ̂
, we have:

a
Γ(θ)

2∑
i=1

∫ τ

0

(∫ τ

ξ̂
(τ − ξ)θ−1(ξ − ξ̂)θ−1 Eθ,θ

(
a(ξ − ξ̂)θ

)
dξ

)
σiξ̂dViξ̂

=
a
Γ(θ)

2∑
i=1

∫ τ

0

( ∫ 1

0
(τ − ξ̂)θ−1 (1 − β)θ−1 βθ−1(τ − ξ̂)θ−1

× Eθ,θ
(
aβθ(τ − ξ̂)θ

)
dβ

)
σiξ̂dViξ̂

=
a
Γ(θ)

2∑
i=1

∫ τ

0
(τ − ξ̂)2θ−1

∫ 1

0
(1 − β)θ−1βθ−1

∞∑
j=0

a jβθ j(τ − ξ̂)θ j

Γ (θ( j + 1))
dβ

σiξ̂dViξ̂

(36)

=
a
Γ(θ)

2∑
i=1

∫ τ

0
(τ − ξ̂)2θ−1

∞∑
j=0

a j(τ − ξ̂)θ j

Γ (θ( j + 1))(∫ 1

0
(1 − β)θ−1βθ( j+1)−1dβ

)
σiξ̂dViξ̂

= a
2∑

i=1

∫ τ

0
(τ − ξ̂)2θ−1

∞∑
j=0

a j(τ − ξ̂)θ j

Γ (θ( j + 2))
σiξ̂dViξ̂


= a

2∑
i=1

[∫ τ

0
(τ − ξ̂)θ−1

(
Eθ,θ

(
a(τ − ξ̂)θ

)
−

1
Γ(θ)

)
σiξ̂dViξ̂

]

= a
2∑

i=1

Iθ
(
Eθ,θ

(
aτθ

)
σiξ̂

dViτ

dτ
− σiτ̂

dViτ̂

dτ

)
.

Next, following the similar procedure as above, we have for
the second term on the right-hand side of equation (33):

a
Γ(θ)

∫ τ

0
(τ − ξ)θ−1

∫ ξ

0
(ξ − ξ̂)θ−1Eθ,θ

(
a(ξ − ξ̂)θ

)
µξ̂dξ̂dξ

= Iθ
(
Eθ,θ

(
aτθ

)
µξ̂ − µξ̂

)
,

(37)

and for the third term,

a
Γ(θ)

∫ τ

0
(τ − ξ)θ−1

∫ ξ

0
(ξ − ξ̂)θ−1Eθ,θ

(
a(ξ − ξ̂)θ

)
νξ̂dCξ̂dξ

= Iθ
(
Eθ,θ

(
aτθ

)
ντ̂

dCτ

dτ
− ντ̂

dCτ

dτ

)
.

(38)

Putting equations (36)-(38) in equation (33) leads to:

Iθ(aX̃τ)

= x0Γ(θ)τθ−1Eθ,θ(aτθ) − x0τ
θ−1 + Iθ

(
Eθ,θ

(
aτθ

)
µξ̂ − µξ̂

)
+ Iθ

(
Eθ,θ

(
aτθ

)
ντ̂

dCτ

dτ
− ντ̂

dCτ

dτ

)
+ a

2∑
i=1

Iθ
(
Eθ,θ

(
aτθ

)
σiξ̂

dViτ

dτ
− σiτ̂

dViτ̂

dτ

)
,

(39)

and rearranging gives:

x0Γ(θ) τθ−1Eθ,θ

(
aτθ

)
+ Iθ

Eθ,θ

(
aτθ

) µτ + ντ dCτ

dτ
+

2∑
i=1

σiτ
dViτ

dτ




= x0τ
θ−1 + Iθ

aXτ + µτ + ντ
dCτ

dτ
+

2∑
i=1

σ1τ
dViτ

dτ

 ,
(40)
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and applying the Riemann-Liouville derivative RLD to both
sides gives equation (28) for Xτ = X̃τ.

Remark 2. The theorem can be trivially extended to FUDEs
with any number of jump processes, simply by adding more
terms to the final sum.

3.2. Existence and uniqueness solution of the DV-FUDE

In order to prove the existence and uniqueness of solutions
to the DV-FUDE, we first establish several lemmas.

Lemma 3.1 ([24]). Let Ct be a canonical Liu process and Xt be
an integrable uncertain process on [a, b] with respect to time t.
Then, the inequality∣∣∣∣∣∣

∫ b

a
Xt(γ)dCt(γ)

∣∣∣∣∣∣ ≤ K(γ)
∫ b

a
|Xt(γ)| dt, (41)

holds, where K(γ) is the Lipschitz constant of the sample path
Xt(γ).

The proof of Lemma 3.1 may be found in Ref. [24].

Lemma 3.2. Let Vt be an uncertain jump process on a time-
bounded domain of R and Xt is an integrable uncertain process
on [a, b] with respect to time t. Then we have almost surely:∣∣∣∣∣∣

∫ b

a
Xt(γ)dVt(γ)

∣∣∣∣∣∣ ≤
∫ b

a
|Xt(γ)| dt. (42)

Proof. Using the definition of integral (equation (3)),∣∣∣∣∣∣
∫ b

a
Xt(γ)dVt(γ)

∣∣∣∣∣∣ = lim
∆→ 0

∣∣∣∣∣∣∣
k∑

i=1

Xti (γ)
(
Vti+1(γ) − Vti(γ)

)∣∣∣∣∣∣∣ ,
where a = ti < t2 < · · · < tk = b.

By Definition 2.13, 0 ≤ Vti+1 (γ) − Vti (γ) ≤ ti+1 − ti almost
surely. Therefore, we have:

lim
∆→ 0

∣∣∣∣∣∣∣
k∑

i=1

Xt(γ)
(
Vti+1 (γ) − Vti (γ)

)∣∣∣∣∣∣∣
≤ lim
∆→ 0

k∑
i=1

∣∣∣Xti (γ)
∣∣∣ ∣∣∣Vti+1 (γ) − Vti (γ)

∣∣∣
≤ lim
∆→ 0

k∑
i=1

∣∣∣Xti (γ)
∣∣∣ (ti+1 − ti)

≤

∫ b

a
|Xt(γ)| dt.

(43)

In the following, C[a,b] represents the Banach space of con-
tinuous R- valued functions defined on [a, b], with norm ∥ f ∥ ≡
supτ∈[a,b] | f | for f ∈ C[a,b].

Lemma 3.3 (Sample continuity). Let Xτ be an uncertain pro-
cess on [0,∞). Given differentiable functions f , g, h1, and

h2 : [0,∞) × R → R × R that satisfy the linear growth con-
dition:

| f (τ, x)| + |g(τ, x)| + |h(1τ, x)| + |h2(τ, x)| ≤ L (1 + |x|) ,
∀x ∈ R, 0 ≤ τ < ∞,

(44)

where L > 0 is constant. In the following, we have x0, y ∈ R,
and 0 < θ < 1.

(a) For each γ ∈ Γ, define a mapping φx0,γ : R+×C[0,∞) → R
as follows:

φx0,γ(τ, ψ)

=
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1 f

(
ξ, ψ(ξ) + x0ξ

θ−1
)

dξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1 g

(
ξ, ψ(ξ) + x0ξ

θ−1
)

dCξ(γ)

+
1
Γ(θ)

2∑
j=1

∫ τ

0
(τ − ξ)θ−1 h j

(
ξ, ψ(ξ) + x0ξ

θ−1
)

dV jξ(γ).

(45)

Then φx0,γ(τ, ψ) is a continuous function of τ for all 0 <
τ < ∞.

(b) Given a > 0 and y ∈ C[a, τ]. For each γ ∈ Γ, define a
mapping φa,x0,y,γ : R+ ×C[a,∞) → R as follows:

φa,x0,y,γ(τ, ψ)

= τθ−1x0 + y +
1
Γ(θ)

∫ τ

a
(τ − ξ)θ−1 f (ξ, ψ(ξ)) dξ

+
1
Γ(θ)

∫ τ

a
(τ − ξ)θ−1 g (ξ, ψ(ξ)) dCξ(γ)

+
1
Γ(θ)

2∑
j=1

∫ τ

a
(τ − ξ)θ−1 h j (ξ, ψ(ξ)) dV jξ(γ).

(46)

Then φa,x0,y,γ(τ, ψ) is continuous as a function of τ for all
a < τ < ∞, for any ψ ∈ C[a,∞).

Proof. The proof resembles that of Lemma 1 in Ref. [21], but
with slight modifications. We show case (b): case (a) is similar.
For γ ∈ Γ and u ∈ (a, τ), from equation (46) and the triangle
inequality we have:∣∣∣φa,x0,y,γ (τ, ψ) − φa,x0,y,γ (u, ψ)

∣∣∣
≤

(
uθ−1 − τθ−1

)
|x0| +

1
Γ(θ)

∫ τ

u
(τ − ξ)θ−1 | f (ξ, ψ(ξ))| dξ

+
1
Γ(θ)

∣∣∣∣∣∫ τ

u
(τ − ξ)θ−1g (ξ, ψ(ξ)) dCξ(γ)

∣∣∣∣∣
+

1
Γ(θ)

2∑
j=1

∣∣∣∣∣∫ τ

u
(τ − ξ)θ−1h j (ξ, ψ(ξ)) dV jξ(γ)

∣∣∣∣∣
+

1
Γθ)

∫ u

a

[
(τ − ξ)θ−1 − (u − ξ)θ−1

]
| f (ξ, ψ(ξ))| dξ

+
1
Γ(θ)

∣∣∣∣∣∫ u

a

[
(τ − ξ)θ−1 − (u − ξ)θ−1

]
g (ξ, ψ(ξ)) dCξ(γ)

∣∣∣∣∣
+

1
Γ(θ)

2∑
j=1

∣∣∣∣∣∫ u

a

[
(τ − ξ)θ−1 − (u − ξ)θ−1

]
h j (ξ, ψ(ξ)) dV jξ(γ)

∣∣∣∣∣ .

(47)
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Using the bounds from Lemmas 3.1 and 3.2, we have:∣∣∣φa,x0,y,γ (τ, ψ) − φa,x0,y,γ (u, ψ)
∣∣∣

≤
(
uθ−1 − τθ−1

)
|x0| +

1
Γ(θ)

(∫ τ

u
(τ − ξ)θ−1 | f (ξ, ψ(ξ))| dξ

+ Kγ

∫ τ

u
(τ − ξ)θ−1 |g (ξ, ψ(ξ))| dξ

+

2∑
j=1

∫ τ

u
(τ − ξ)θ−1

∣∣∣h j (ξ, ψ(ξ))
∣∣∣ dξ

+
1
Γ(θ)

(∫ u

a

[
(τ − ξ)θ−1 − (u − ξ)θ−1

]
| f (ξ, ψ(ξ))| dξ

+ Kγ

∫ u

a

[
(τ − ξ)θ−1 − (u − ξ)θ−1

]
|g (ξ, ψ(ξ))| dξ

+

2∑
j=1

∫ u

a

[
(τ − ξ)θ−1 − (u − ξ)θ−1

] ∣∣∣h j (ξ, ψ(ξ))
∣∣∣ dξ ,

(48)

so that in view of the growth condition (44) we obtain:∣∣∣φa,x0,y,γ (τ, ψ) − φa,x0,y,γ (u, ψ)
∣∣∣

≤
(
uθ−1 − τθ−1

)
|x0|

+
1 + Kγ

Γ(θ)

(∫ τ

u
(τ − ξ)θ−1 L

(
1 + sup

u≤ξ≤τ
∥ψ(ξ)∥

)
dξ

)
+

(1 + Kγ

Γ(θ)

(∫ u

a

[
(τ − ξ)θ−1 − (u − ξ)θ−1

] (
1 + sup

u≤ξ≤τ
∥ψ(ξ)∥

)
dξ

)
.

Evaluating the integrals, we have finally:∣∣∣φa,x0,y,γ (τ, ψ) − φa,x0,y,γ (u, ψ)
∣∣∣

≤
(
uθ−1 − τθ−1

)
|x0| +

L
Γ(θ + 1)

(
1 + sup

u≤ξ≤τ
∥ψ(ξ)∥

) (
1 + Kγ

)
×

[
(τ − u)θ + (τ − a)θ − (u − a)θ

]
.

(49)

Hence |τ − u| −→ 0 implies
∣∣∣φa,x0,y,γ (τ, ψ) − φa,x0,y,γ (u, ψ)

∣∣∣ −→
0. This concluded the proof that φa,x0,y,γ(τ, ψ) is continuous in τ
for any ψ ∈ C[a,∞]. The proof that φx0,γ is sample continuous
is similar.

Now, we may establish the existence and uniqueness of so-
lutions for DV-FUDE, given the Lipschitz and linear growth
conditions on the coefficient functions.

Theorem 3 (Existence and uniqueness of solution). Given a
canonical Liu process Cτ and an integrable uncertain process
Xτ for 0 ≤ τ ≤ T . Then, there exists unique solutions to the RL
and Caputo DV-FUDEs (16) and (19) if the coefficient terms
f (τ, x), g(τ, x), h1(τ, x), h2(τ, x) are Lipschitz continuous:

| f (τ, x) − f (τ, x̆)| + |g (τ, x) − g (τ, x̆)| + |h1 (τ, x) − h1 (τ, x̆)|
+ |h2 (τ, x) − h2 (τ, x̆)| ≤ L |x − x̆| , ∀ x, x̆ ∈ R, 0 ≤ τ < +∞, (50)

and satisfy the linear growth condition:

| f (τ, x)| + |g(τ, x)| + |h1(τ, x)| + |h2(τ, x)| ≤ L (1 + |x|) ,
∀x ∈ R, 0 ≤ τ < +∞, where L > 0 is a constant.

(51)

Proof. The proof parallels that of Theorem 1 in Ref. [28] and
Theorem 5 in Ref. [21]. It appears that these proofs are incor-
rect in some technical details, and we supply corrections.

We begin with the RL DV-FUDE. First, for k > 0 define
φ̃x0,γ : C[0,k] → C[0,k] as follows:

φ̃x0,γ(ψ)(τ) = φx0,γ(τ, ψ) for τ ∈ [0, k]. (52)

(Note that Lemma 3.3(a) guarantees that φ̃x0 (ψ) is continuous
for any continuous function ψ ∈ C[0,k].)

For any two functions ψ, ψ̆ ∈ C[0,k], we then have:∥∥∥φ̃x0 ,γ(ψ) − φx0 ,γ(ψ̆)
∥∥∥ = max

τ∈[0, k]

∣∣∣φx0 ,γ(τ, ψ) − φx0 ,γ(τ, ψ̆)
∣∣∣

≤ max
τ∈[0, k]

∣∣∣∣∣ 1
Γ(θ)

∫ τ

0
(t − ξ)θ−1

[
f (ξ, ψ(ξ) + x0ξ

θ−1) − f (ξ, ψ̆(ξ) + x0ξ
θ−1)

]
dξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1

[
g
(
ξ, ψ(ξ) + x0ξ

θ−1
)
− g

(
ξ, ψ̆(ξ) + x0ξ

θ−1
)]

dCξ(γ)

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1

[
h1

(
ξ, ψ(ξ) + x0ξ

θ−1
)
− h1

(
ξ, ψ̆(ξ) + x0ξ

θ−1
)]

dV1ξ(γ)

+
1
Γ(θ)

∫ τ

0
(τ − u)θ−1

[
h2

(
ξ, ψ(ξ) + x0ξ

θ−1
)
− h2

(
u, ψ̆(ξ) + x0ξ

θ−1
)]

dV2ξ(γ)
∣∣∣∣∣

≤ max
τ∈[0, k]

{
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1

∣∣∣∣ f (
ξ, ψ(ξ) + x0ξ

θ−1
)
− f

(
ξ, ψ̆(ξ) + x0ξ

θ−1
)∣∣∣∣ dξ

+
Kγ

Γ(θ)

∫ τ

0
(τ − ξ)θ−1

∣∣∣∣g (
ξ, ψ(ξ) + x0ξ

θ−1
)
− g

(
ξ, ψ̆(ξ) + x0ξ

θ−1
)∣∣∣∣ dξ

+
1
Γ(θ)

∫ τ

0
(τ − ξ)θ−1

∣∣∣∣h1
(
ξ, ψ(ξ) + x0ξ

θ−1
)
− h1

(
ξ, ψ̆(ξ) + x0ξ

θ−1
)∣∣∣∣ dξ

+
1
Γ(θ)

∫ τ

0
(t − ξ)θ−1

∣∣∣∣h2
(
ξ, ψ(ξ) + x0ξ

θ−1
)
− h2

(
ξ, ψ̆(ξ) + x0ξ

θ−1
)∣∣∣∣ dξ}

≤

(
1 + Kγ

)
L

Γ(θ)
max
τ ∈[0, k]

∫ τ

0
(τ − ξ)θ−1

∣∣∣ψ(ξ) − ψ̆(ξ)
∣∣∣ dξ, (by Lipschitz condition).

≤

(
1 + Kγ

)
Lkθ

Γ(θ + 1)

∥∥∥ψ − ψ̆∥∥∥ .

(53)

We take k = k(γ) sufficiently small such that:(
1 + Kγ

)
Lkθ

Γ(θ + 1)
< 1. (54)

With this choice of k then φ̃x0,γ is a contraction mapping on
C[0, k]. The Banach fixed point theorem implies there exists a
unique fixed point ψ(0) ∈ C[0, k]. We then define:

X(0)
τ (γ) := ψ(0) + x0τ

1−θ. (55)

In view of the fact that ψ(0) is a fixed point of ϕ̃x0,γ which is
defined in terms of ϕx0,γ, we may replace φx0,γ(τ, ψ) and ψ(ξ) in
equation (46) with X(0)

τ (γ)− x0τ
1−θ and X(0)

ξ (γ)− x0ξ
1−θ respec-

tively, and obtain that X(0)
τ (γ) is the unique solution to equation

(18) on [0, k].
Next, define φ̃x0,X

(0)
τ ,k,γ : C[k,2k] → C[k,2k] as follows:

φ̃x0 ,X
(0)
τ ,k,γ(ψ)(τ) := x0τ

θ−1

+
1
Γ(θ)

(∫ k

0
(τ − ξ)θ−1 f

(
ξ, X(0)

ξ (γ)
)

dξ +
∫ k

0
(τ − ξ)θ−1g

(
ξ, X(0)

ξ (γ)
)

dCξ

+

∫ k

0
(τ − ξ)θ−1h1

(
ξ, X(0)

ξ (γ)
)

dV1ξ +

∫ k

0
(τ − ξ)θ−1h2

(
ξ, X(0)

ξ (γ)
)

dV2ξ

)

+
1
Γ(θ)

(∫ 2k

k
(τ − ξ)θ−1 f (ξ, ψ(ξ)dξ +

∫ 2k

k
(τ − ξ)θ−1g(ξ, ψ(ξ)dCξ

+

∫ 2k

k
(τ − ξ)θ−1h1(ξ, ψ(ξ)dV1ξ

∫ 2k

k
(τ − ξ)θ−1h2(ξ, ψ(ξ)dV2ξ

)
,

8



Bankole et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3153 9

(as before, Lemma 3.3(a) guarantees that φ̃x0,X
(0)
τ ,k,γ(ψ) is con-

tinuous for any continuous function ψ ∈ C[k,2k].
For any two functions ψ, ψ̆ ∈ C[k,2k], a similar chain of in-

equalities as in equation (53) shows that:

∥∥∥∥φ̃x0,X
(0)
τ ,k,γ(ψ) − φ̃x0,X

(0)
τ ,k,γ(ψ̆)

∥∥∥∥ ≤
(
3 + Kγ

)
Lkθ

Γ(θ + 1)

∥∥∥ψ − ψ̆∥∥∥
<

∥∥∥ψ − ψ̆∥∥∥ , (56)

where the last inequality follows from equation (54), but the
fact that the quantity in equation (54) is less than 1 does not
imply that (56) must also be less than 1.

As before, the Banach fixed point theorem implies there ex-
ists a unique fixed point X(1)

τ (γ) ∈ C[k, 2k]. It follows that the
function X(0,1)

τ (γ) : C[0, 2k] defined by:

X(0,1)
τ (γ) =

X(0)
τ (γ) 0 < τ ≤ k,

X(1)
τ (γ) k ≤ τ ≤ 2k,

(57)

is the unique solution to equation (18) on (0, 2k].
We may then define X(0,...J)

τ (γ) for any integer J ≥ 2 induc-
tively as follows. First, define φx0,X

(0,1,...J−1)
τ ,k,γ : C[Jk, (J+1)k]→

C[Jk, (J + 1)k] as follows:

φ̃x0 ,X
(0,1,...J−1)
τ ,k,γ(ψ)(τ)

= x0τ
θ−1 +

1
Γ(θ)

( ∫ Jk

0
(τ − ξ)θ−1 f (ξ, X(0,...J−1)(ξ)dξ

+

∫ Jk

0
(τ − ξ)θ−1g(ξ, X(0,...J−1)(ξ)dCξ

+

∫ Jk

0
(τ − ξ)θ−1h1(ξ, X(0,...J−1)(ξ)dV1ξ

+

∫ Jk

0
(τ − ξ)θ−1h2(ξ, X(0,...J−1)(ξ)dV2ξ

)
+

1
Γ(θ)

( ∫ (J+1)k

Jk
(τ − ξ)θ−1 f (ξ, ψ(ξ)dξ

+

∫ (J+1)k

Jk
(τ − ξ)θ−1g(ξ, ψ(ξ)dCξ

+

∫ (J+1)k

Jk
(τ − ξ)θ−1h1(ξ, ψ(ξ)dV1ξ

∫ (J+1)k

Jk
(τ − ξ)θ−1h2(ξ, ψ(ξ)dV2ξ

)
.

(58)

Using exactly the same arguments as before, we find that
φx0,X(0,1,...J−1),k,γ has a unique fixed point, which we denote as
X(J)
τ (γ). Then we define:

X(0,...J)
τ (γ) =

X(0,...J−1)
τ (γ) 0 ≤ τ ≤ Jk,

X(J)
τ (γ) Jk ≤ τ ≤ (J + 1)k.

(59)

It follows that X(0,...J) is the unique solution of (18) on (0, (J +
1)k]. Since J can be made arbitrarily large, we have established
the theorem.

For the Caputo-type DV-FUDE, the proof differs only in
the replacement of x0τ

θ−1 terms by x0 in the definitions of
φa,x0,y,γ(τ, ψ), X(0)

τ (γ), and φx0,X
(0,1,...J−1)
τ ,k,γ. With these replace-

ments, the proofs of both Lemma 3.3 and Theorem 3 go through
with very minor changes.

Remark 3. The theorem can be trivially extended to FUDEs
with any number of jump processes, simply by adding more
jumps.

The summary of the contribution of this study to the existing
literature are highlighted as follows:

• We developed a framework that captures dual sources of
shock in the dynamics that describe uncertain processes.

• We proposed a double V-jump fractional uncertain differ-
ential equation (DV-FUDE) for modelling uncertain sys-
tems attributed to internal and external factors with dif-
ferent independent filtration resulting to double uncertain
shocks.

• We established exact solutions in the case of time-
dependent coefficients for DV-FUDE in terms of the
Mittag-Leffler function.

• We introduced functionals to the solution of the uncertain
process for the DV-FUDEs.

• We established continuity, existence, and uniqueness re-
sults for the DV-FUDE in terms of the general Riemann-
Liouville and Caputo operators.

• Finally, we propose relevant areas of applications of this
study.

4. Conclusion

This study introduces a novel double V-jump fractional un-
certain differential equation (DV-FUDE) formulated via a θth-
order Riemann-Liouville fractional operator, providing a rig-
orous framework for modeling uncertain systems driven by
multiple shock sources with memory effects. Existence and
uniqueness of solutions are established analytically through the
Banach fixed point theorem under global Lipschitz and linear
growth conditions, thereby ensuring well-posedness of the pro-
posed model. When these conditions are relaxed, the applica-
bility of the Schauder fixed point theorem offers a viable path-
way for guaranteeing existence of solutions to equations (16)
and (19). These results significantly extend the theory of frac-
tional uncertain differential equations and lay a solid foundation
for future analytical and applied investigations involving multi-
jump uncertainty dynamics.

While the present study is purely analytical, future research
will extend the proposed DV-FUDE framework to include sta-
bility and robustness analysis, the development of efficient nu-
merical schemes for solution approximation, and applications
to real-world uncertain systems such as financial and climate-
driven dynamics. Further investigations will also address multi-
dimensional and coupled DV-FUDE models, as well as parame-
ter estimation and model calibration under uncertainty, thereby
broadening both the theoretical depth and practical relevance of
the framework.
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