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Abstract

This study explores the dispersion characteristics of Love-type surface waves in a composite elastic media consisting of an isotropic thermoelastic
layer resting over nonhomogeneous elastic half-space. A rectangular-shaped irregularity at the interface between the two media is introduced to
simulate a geometric discontinuity, which represents more realistic subsurface features. The present work simultaneously incorporates material
inhomogeneity, thermoelastic effects, and interface irregularity within a unified analytical framework. The governing equations have been taken
using theory of elasticity and solved analytically using Fourier and inverse Fourier transformations. Perturbation method is then applied to derive
the dispersion equation for the propagation of Love waves. This dispersion equation is graphically analysed using MATLAB to observe how the
dimensionless phase velocity changes with dimensionless wave number for different values of the inhomogeneity parameter and various values
of the ratio of irregularity depth to layer height. The obtained results show that both rectangular-shaped interface irregularity and inhomogeneity
significantly affect phase velocity, particularly at the lower wave numbers. This study enhances the understanding of surface wave behaviour in
complex elastic structures and provides practical implications for subsurface imaging, seismic hazard assessment, and material characterization
in civil engineering and geotechnical applications.
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1. Introduction fault lines is suddenly released. The released energy propa-
gates in all directions through the Earth in the form of elastic
disturbances that provide valuable information about subsur-
face features. The foundational insights into seismology, and
associated phenomena can be found in the works of Shearer
[1], Gubbins [2], and Biot [3]. Seismic waves are generally
classified into body waves and surface waves where the body
waves travel in the interior of Earth whereas the surface waves
travel along the surface of Earth. Among the surface waves,
Love waves have received specific attention due to their abil-

Seismology is a branch of science that studies the elastic
waves produced by natural events like earthquakes and volcanic
eruptions, and also by human activities such as explosions. The
study of these waves, help scientists to understand the structure
of the Earth, track movements of tectonic plates, and to eval-
uate the areas at risk of earthquakes. The major focus of seis-
mology is earthquakes, which occur when built-up stress along
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ity to concentrate energy near the Earth’s surface. This highly
sensitive nature makes them effective for detecting changes in
subsurface material properties, layer thickness, and irregulari-
ties at the interface. Love waves are shear-horizontal waves that
travels in a stratified medium and their purely horizontal par-
ticle motion simplifies the mathematical treatment and makes
them very useful for the subsurface imaging, and seismic haz-
ard assessment. Classical studies on the propagation of Love
waves often used the simplifying assumption of isotropic and
homogeneous elastic media. However, such assumptions not
always succeed to represent real geological environments con-
ditions, where materials possess inhomogeneity, thermoelastic
coupling, and surface irregularities. Thermoelasticity describes
the relationship between the mechanical and thermal fields, be-
comes significant in environments where thermal changes affect
material behaviour. Similarly, spatial changes in elastic moduli
and density within the inhomogeneous media presents attenua-
tion and dispersive behaviour that affects wave characteristics.

The fundamental work on Love waves began with Love [4],
who presents the shear horizontal wave motion in an isotropic,
homogeneous elastic layer over a semi-infinite half-space. Af-
ter this, further studies have investigated the impact of multi-
layered geometries, viscoelasticity, anisotropy, and more com-
plex structures. Ewing et al. [5] studied how layer thickness
and rigidity effect on the dynamics of surface wave. Graff [6]
showed the dependence of frequency on dispersion relations for
surface waves, while Achenbach [7] investigated the surface
wave propagation in layered elastic media. Chattopadhyay and
Kar [8] used the Green’s function methods to examine Love
wave propagation behaviour under initial stress conditions.
These basic studies provide theoretical understanding, but most
of the studies were confined to ideal conditions of homogeneity
and isotropy. Studying wave propagation through nonhomo-
geneous media, where material properties change with respect
to position, is important for modelling real-world physical sys-
tems. One significant characteristic of these media is that spa-
tial variations have an impact on wave propagation. Kundu et
al. [9] explored the heterogeneity and micropolar effects on
Love waves in multi-layered media. Kumar and Saini [10] used
theory of elasticity to study Love wave propagation in a fluid-
saturated porous layer bounded by a homogeneous layer and a
nonhomogeneous half-space and showed the effect of porosity,
anisotropy, and inhomogeneity on phase velocity. Chattopad-
hyay et al. [11] studied the effect of inhomogeneity on phase
velocity of Love waves in isotropic tri-layers system.

The theory of thermoelasticity has changed significantly
over the years, starting with Biot [12] and Nowacki [13], who
developed the initial models coupling thermal effects and me-
chanical fields through irreversible thermodynamics. These
models were later generalized by Dhaliwal and Singh [14] to
analyse both transient and steady-state responses under thermal
effects. Lord and Shulman [15] proposed a generalized ther-
moelasticity theory, that incorporated a hyperbolic type equa-
tion of heat conduction with a relaxation time. Such a model
was improved by Green and Lindsay [16] by adding two re-
laxation times to the model to describe thermoelastic interac-
tions over a wider range of conditions. Green and Naghdi [17]

further advanced this theory by formulating generalized ther-
moelasticity, that allowed for undamped thermal waves. Later
discoveries, including the Dual Phase Lag theory by Tzou [18],
give a unified structure in which not only temperature gradients
but also heat fluxes delay in time. Sharma et al. [19] studied
how thermoelastic waves travel through homogeneous isotropic
plates under various thermal conditions using multiple general-
ized thermoelasticity. Berezovski er al. [20] introduced a ther-
modynamically consistent approach for modelling thermoelas-
tic waves in inhomogeneous media, addressing limitations in
traditional continuum-based methods. Since then, many stud-
ies have investigated thermoelastic effects in multi-layered sys-
tems, showing significant effects in phase velocity due to ther-
mal relaxation. Chirita [21] conducted a comprehensive analy-
sis on how Rayleigh surface waves move through anisotropic,
homogeneous thermoelastic half-spaces by incorporating ther-
mal dissipative effects into the elastic wave model. Pramanik
and Biswas [22] proposed a comprehensive theoretical model to
investigate the behaviour of Rayleigh surface waves in a nonlo-
cal thermoelastic medium using nonlocal elasticity theory com-
bined with thermoelasticity and energy dissipation principles.
Kumar ef al. [23] studied Love waves in a thermoelastic layer
and observed how thermal stresses impact wave dispersion, pro-
viding a direct link between temperature variations and wave
behaviour.

The Earth’s crust is uneven, containing different kinds of ir-
regularities at the interface that form naturally or due to under-
ground explosions. These interface irregularities have a great
influence on the seismic wave propagation by changing their
dispersion characteristics. Consequently, the existence of these
irregularities at the interface complicates the propagation of sur-
face waves that are significant in earthquake study as well as in
testing materials. The study of these effects has been one of
the main concerns for the seismologists and researchers who
have formulated different models and methodologies in which
the irregularities, including other aspects that affect the seis-
mic wave propagation are taken into account. Madan et al.
[24] extended the theoretical framework established by Kon-
czak [25] by examining the influence of interface irregularity
and rigidity conditions on the propagation characteristics of
Love waves in a fluid-saturated porous layer. In their study,
they considered a model where a rectangular-shaped interface
irregularity exists between the layer and the half space. Kumar
et al. [26, 27] investigated the effect of triangular-shaped ir-
regularity and inhomogeneity on shear wave propagation in an
anisotropic porous layer. Sharma and Kumar [28] conducted
a theoretical investigation into the propagation behaviour of
shear waves in an anisotropic porous layer. The paper ana-
lyzed the effect of porosity and initial stress on the phase veloc-
ity. Saini and Kumar [29, 30] examined the interaction effects
of porosity, parabolic-shaped interface irregularity and initial
stress in multilayered media, highlighting how these factors can
influence the Love waves dispersion equation in an anisotropic
porous layer over a heterogeneous half-space. Kumar and Saini
[31] studied the Love-wave behaviour in a porous layer that
placed between a homogeneous isotropic layer and an elasti-
cally nonhomogeneous half-space, whereby the interface has a
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parabolic-shaped irregularity. Sharma and Kumar [32] analysed
Love-wave propagation in an isotropic thermoelastic layer and
investigated the combined influence of thermoelastic effects, in-
homogeneity and irregularity on the phase velocity and the be-
haviour of waves. Other contributions to this area have been
done by Pragati et al. [33], Thakur et al. [34] and Saini and
Kumar [35]. The literature review shows that there has been
a significant progress in our understanding of Love-wave be-
haviour in a range of complex systems. However, existing lit-
erature often separates individual effects, like thermoelasticity,
inhomogeneity, or geometric irregularities, rather than examin-
ing their combined effects. This study aims to bridge the gap by
formulating a comprehensive model that consider these com-
plexities, providing a more realistic representation of behaviour
of Love wave propagation in layered systems.

This study focuses on exploration into the behavior of Love
waves that travel in an isotropic thermoelastic layer that has a
free upper surface and is placed over a nonhomogeneous half-
space. This study incorporates a triangular-shaped irregular
boundary condition, offering a more realistic scenario for prop-
agation of surface wave. The fundamental equations are ob-
tained within the framework of the theory of elasticity, and the
use of Fourier transforms. Perturbation method is then applied
to find the dispersion relation. The resulting algebraic equation
is solved to determine the effect of inhomogeneity of the ma-
terial, and geometrical irregularity on the phase velocity. The
findings of this investigation are quite relevant to seismic haz-
ard modelling, geophysical exploration, and design of layered
structures that are vulnerable to thermal stresses.

2. Formulation of the problem

This research considers a composite structure consisting of
a thermoelastic layer of thickness H with upper free surface,
resting on a nonhomogeneous half-space. At the interface of
these two mediums, a rectangular-shaped irregularity is con-
sidered, with a height of & and width of 2s. This geometry
is described using a 3D Cartesian coordinate (x, y, z) (Figure 1),
where the origin is pointed at the centre point of the rectangular-
shaped interface irregularity. In this setup, the z-axis is pointing
vertically downward, and the x-axis which is perpendicular to
it lies horizontally along the plane of half-space. The source
of the disturbance that generated the interface irregularity is lo-
cated at the (0,0, d) point on the positive z-axis with d > h.
According to this arrangement, model is divided into two dis-
tinct parts:

e The first medium, denoted as M; corresponds to upper
thermoelastic layer and spans —H <z < 0

e The second medium, denoted as M, represents the elas-
tic, nonhomogeneous half-space and spans 0 < 7 < oo

The equation for the irregular interface is represented as z =

ef(x).

For a rectangular-shaped irregularity, the surface profile can
be represented as

—s5S<x<s

2s;
f(x)={ ’ )

0; x>s,x<-s,

where € = h/2s << 1 and s # 0.

3. Governing equations and constitutive relations

To analyse the propagation of Love waves in the given struc-
ture, it is necessary to define the governing equations along with
the constitutive relations for both mediums. The formulation
uses the generalized thermoelastic theory for the first medium
M, and elasticity theory for the second medium M, taking into
account temperature effects as well as changes in material prop-
erties.

According to Lord and Shulman [15], the fundamental gov-
erning equations describing the behaviour of the medium M,
in the absence of external heat sources and body forces, can be
expressed as follows

VAV + (A + u)V(V - v) = BVO = py ¥, 2)
KV?0 — BTV - v —aTyh = 0, 3)

where v denotes the displacement component, 8 = (34; +2u; )
is the thermoelastic coupling parameter and « denotes the co-
efficient of linear thermal expansion, p; is mass density of the
thermoelastic layer, 8 represents the temperature change from
the reference temperature T\, ¢; and A; are Lame’s elastic con-
stants, K is thermal conductivity, and the superposed dot de-
notes differentiation with respect to time.
The constitutive relations for medium M| are given as

tij = Arewdij + 2quieij — 60i), @
where
ek = Viks  2e;; = Vij+v;. ©)

This study considers a two-dimensional problem confined
to the xz-plane, assuming that all fundamental variables remain
independent of the y-axis. As a result, the temperature varia-
tions and displacement components are described as follows

vi=v3=0, and vy =w(x,z1), 6=0(x,z1 (6)

Substituting equations (4)-(6) into equation (2)-(3) trans-
forms it into the following form

0*v, 0* 0*
_ = _— 4 — s 7
P10 'ul((?xz (9z2)v2 (7N

2 2
(a a)_ »_, ®)

o " a2)" Yo

where ¢, = aT represents an effective thermal parameter asso-
ciated with thermal relaxation.
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Figure 1. Geometry of considered problem.
As outlined in the theory proposed by Konczak [25], the as follows

fundamental equations and material relations for medium M>,
assuming no body forces or external heat sources are present, ij = Lpidij + 2U2pij, (10)
can be represented as follows where
gjij= W,‘, 9 1

3= P2 ©) pij = E(Wi,j +Wii),  Pkk = Wik (11
where o;; and p, represents the stress tensor component and
density, respectively. Equation (9) by using equations (10)-(11) with considera-

The constitutive relation for the medium M5 can be written
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tion w; = w3 =0, and wy = wy(x, z, ) changes to

(92 62 1 d,llz 6W2 1 (92W2
— + — —_— == — 12
{6x2 " 622}W2 * p2 dz 9z 3 o 12)

where c% = Z—z, denotes the shear wave velocity in the half-
space.

The shear elastic modulus u, and mass density p, of half-
space are assumed to vary exponentially with depth as

P2 = poexp(gz), Ha = Hoexp(qa), (13)

where p, and pg are reference values, and ¢ is the inhomo-
geneity parameter with dimensions of inverse length (m™'), en-
suring dimensional consistency of the exponential variation of
material properties.

4. Boundary conditions

Two types of boundary conditions are taken into account
in the analysis. One applied to the upper surface of the layer
and the other at the interface separating medium M; and the
medium M,:

4.1. Mechanical boundary conditions:

The upper surface of the thermoelastic layer is considered
free from any external mechanical stress. At the contact be-
tween the thermoelastic layer and the nonhomogeneous elas-
tic half-space, the two media are considered to be perfectly
bonded, meaning there is no slipping or separation at the inter-
face. Under these assumptions, the mechanical boundary con-
ditions can be stated as follows

1. The component of stress is considered zero at z = —H
(free surface of the layer). i.e.
t3 = 0. (14)

2. The component of displacement remains continuous
across the interface z = ef(x) i.e.

va(x,z = gf(x),1) = wa(x,z = gf(x), D). (15)

3. The stress components at the interface between medium
M, and medium M, are taken to be continuous. i.e.

13 = 03, (16)

Accounting for the non-planar geometry of the interface
and using the stress-strain relations, this condition takes
the form

6\/2 , 6vz _
M1 (B_Z —&f (x)g) —ﬂo(

Additionally, the second term on both sides of equation (17)
appears due to the irregularity present at the interface.

6W2 , aWQ

4.2. Thermal boundary conditions:

This study considers thermal insulation of the layer, mean-
ing the temperature component is constant (fixed) at the upper
free surface and at interface separating medium M, and medium
M;.

1. At the free upper surface z = -H
0(x,—H,1) = 0. (18)

2. At the interface separating medium M, and the medium
M, ie. atz =ef(x)
0(x,ef(x),t) = 0. 19)
These conditions ensure a clear definition of stress, thermal
and displacement behaviour at both the interface of contact and

the free upper surface, ensuring the continuity and compatibil-
ity needed for accurate physical modelling.

5. Solution of the problem

For the waves propagating harmonically with respect to
time, the fundamental variables can be expressed in a harmonic
form as

{va, wa, 0}(x, 2, 1) = (v9, w9, 6°}(x, 2)e ™. (20)

By applying equation (20), the motion equations for each
medium previously presented in equations (7)-(8) and (12), are
rewritten in the following form:

62 62 (1)2 0
{@+6—Z2+C—2}v2=0, @n
t
»# P
{K(ﬁ + ﬁ) + iwcv} 6° =0, (22)
X 4
& d c
{8_z2+q6_z_k2(1_ c_;]}wgzo, (23)
0

where w = kcr, ¢, = Jp1/p1, and co = +/po/po-

The Fourier transform of ug(x, 7), along with its inverse
transform, is given by the following expressions.

B01.2) = f Wz, e, (24)
1 ) —inx
ug(x, 7) = Ef ug(n, 2)e”"™dn. 25)

Using equation (24) into equations (21)-(23) results a cor-
responding system of differential equations.

d*? —
2 2.0 _
_dz2 +¥v; =0, (26)
o p—
-7t P60 =0, 27
Z

(28)
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Figure 2. This figure presents the relationship between the dimensionless phase velocity and the dimensionless wave number when the inhomogeneity parameter is
settog = 0.
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Figure 3. This figure presents the relationship between the dimensionless phase velocity and the dimensionless wave number when the inhomogeneity parameter is
settog = 1.



Sharma et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3231 7

0-19 1 1 T T 1 L T T T
L v N/H=0.01
- = = fifH=0.02
0.185 —u h/H=0.03 | 1
: h/H=0.04
- = = «f/H=0.05
018 | 3% |

0175

07

0.165

Dimensionless Phase Velocity

0.16

0_155 1 1 1 1 1 Il 1 1 1
0 50 100 150 200 250 300 350 400 450 500

Dimensionless Wave Number

Figure 4. This figure presents the relationship between the dimensionless phase velocity and the dimensionless wave number when the inhomogeneity parameter is
setto g = 2.
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Figure 5. This figure presents the relationship between the dimensionless phase velocity and the dimensionless wave number when the inhomogeneity parameter is
settoqg = 3.



Sharma et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3231 8

0.0525 - . : : : - . T .
............. h/H=0.01
- = = -h/H=0.02
0.052 ¢ h/H=0.03 | -
h/H=0.04
: - = = h/H=0.05

0.0515 % 2
0.051
0.0505

0.05

Dimensionless Phase Velocity

0.0495

0_049 1 1 L 1 1 1 L L 1
0 50 100 150 200 250 300 350 400 450 500
Dimensionless Wave Number

&

Figure 6. This figure presents the relationship between the dimensionless phase velocity and the dimensionless wave number when the inhomogeneity parameter is
setto g = 4.
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Figure 7. This figure presents the relationship between the dimensionless phase velocity and the dimensionless wave number when the inhomogeneity parameter is
settog = 5.
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Figure 8. This figure presents the relationship between the dimensionless phase velocity and the dimensionless wave number when the inhomogeneity parameter is
setto ¢ = 10.
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Figure 9. This figure presents the relationship between the dimensionless phase velocity and the dimensionless wave number when the inhomogeneity parameter is
set to g = 20.
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where ‘I’%, ‘I’% and P? are defined as

2

w

¥ = (—'72+ C—z)‘f’§ =7 -
t
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The general form of the solution to the differential equations
given in equations (26)-(28) can be written as follows

v_g = A; cos(P;z) + A; sin(¥,2), (30)
60 = As cos(Waz) + Ag sin(Ws2), (31)
wd = As exp(~¥32), (32)

where Ay,A;,...,As are arbitrary functions of n and W3 =
3 (q + v+ 4‘{’2).

Applying the inverse Fourier transformation from equation
(25), equations (30) to (32) are modified as follows

1o , A
W) = o f (Ar cos(¥12) + Ay sin(¥12) ey, (33)
e 4
6°(x,z) = 7 f (A3 cos(Waz) + A sin(Waz)) e ™dn,  (34)

1 2 .
wi(x,2) = > Ioo (A5e_\ySZ + \P—3€_‘P3Ze_%d) e "dn, (35)

The second term in the integrand in equation (35) is due the
presence of the source of disturbance at a distance d from the
origin on the z-axis in the half-space.

6. Methodology for solution of the problem

The perturbation technique [36] is employed to effec-
tively manage the mathematical complexity introduced by the
rectangular-shaped interface irregularity and the associated
boundary conditions. A dimensionless parameter & is intro-
duced, allowing the solution to be approximated in a controlled
way.

The arbitrary functions A, A,, ..
very small constant € as

., As can be expressed for

A =AY+ Ale, Ay =A)+Als, (36)
Ay =AY+ Ale, Ag=Al+ALs, (37)
As = A + Ale, (38)
e/ = | + acf, (39)
sin(P1ef) =¥ief, cos(Pief)=1. (40)

By using boundary conditions at z = —H, and substituting

the equations (36)-(40) into equations (33)-(35), following ex-
pressions are obtained.

(A) + Aje) cos(¥ H) + (A9 + Aje) sin(¥, H) = 0, 41)
(A + Aje) cos(Po H) — (A] + Aje) sin(PoH) = To. (42)

By using boundary conditions at z = £f(x), and substituting
the equations (36) to (40) into equations (33) to (35), following
expressions are obtained.

(A} + Ale) cos(Paef (X)) + (A} + Aje) sin(Pref(x) = Ty, (43)

f ) (A0 + Ale) cos(Wief(x)) + (A3 + Aje) sin(W £ (x)) e " dy

o . 2 .
— AO + Als e—‘l{;sf(x) + _e—Tgsf(x)e—‘P3d e—mxd ,
| (( 0+ Ale) " .

3
(44)

f ) [ — (A% + Ale) sin(¥ e (X)) + (AS + AJe) cos(W e (x))
—ef (x)((AY + Aje) cos(¥ef(x))

+ (A + AJe) sin(W g f(x)))]e*f"xczn
= f ) [ — W3(AL + Age)e T — 0T Hael () g Tad

. 2 . A
— (AD + Alg)e el _ _ne—‘f’ssf(X)e—%d]e—mxdn (45)

¥,

The Fourier transform and its inverse transform for f(x) in
equation (1) are

)= f ) f(x)e"dx, (46)
1  _ .

f(x) = o f F(e ™ da, 47

Therefore,

f(x) = 2_—; f " Af(De ™ dA. (48)

The equations (43) to (45) can be simplified by applying the
equations (46) to (48) and perturbation approximation

(A} + Ale) + (A} + Aje)Paef(x) = T, (49)

f (AY + Al + (A + AJe)P18f(x)) e =

00

fm[<A2+Aés><1—%sf(x>>+\Pia—wa(x))e*‘*’-*d]e*""*dn,
—oo 3
(50)

(A9 = AD) + &(A] - AL - \Piae—w _
- (A(S) + Aés)‘{ﬁsf(x) - (Ag + Aég)‘{"lgf(x) —2ef(x)e" P,
61V}

2
AV — A9 - ‘{Te%d +8(A] — A}) = &Ry, (52)
3

wi[ =AY + Ale)¥ief(x) + (A) + Aje)
—ef (0)(AY + Aje) + (A + Aje)¥ ef(x))]
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Table 1. Numerical values of the physical parameters.

Parameters Numerical Values
o 1.5x 10" Pa

A> 1.3%x10'° Pa

U 7.5 x 10° N/m?
Mo 7.84 x 10° N/m?
P1 2100 kg/m?

£0 5563 kg/m?

Ty 373 K

K 1.5%x 10> Wm™'K™!

= ol — W3(AS + Ale)(1 — W3s/(x)) — 2(1 — Y3ef(x))e”

2
- n(AY + Ale)(1 - Wsef (X)) - ;- Pief(x))e ],
(53)

wi(AY + Ade) + uoP3(AY + Ale) + 2upe "

2 _
+ npO(A(S) + A;s) + .I_,_3ﬂ0’7€ Yad _

(AD + Aoy W1 £f(x) + a1 /() (AT + Aje)
+(AY + Abe)W1f () 103 (AL +ALe)e f (x)+2u0 e f(x)e
+ na(AY + ALe) f(x) + 2eWse” P f(x),  (54)
3d

_ 2 _
(mAS + 1o W3AS + nuoAS + 2upe™ " + g Home %d)
3

+ a(mAé + p1o'P3AL + nqué) =¢eRy, (55)

where
1 (™ _
Ry (k) = o f (A5 — ASY — 275 f(D)dA, (56)

1™ _
Roth) = 5~ f (A% + oW (W3AS + 2717
o Ak(P3AY — 2e—“”3d)) Fda. (57)

Now, by separating equations (41)-(42) and (49)-(55) into
terms that contains & and those independent of &, we obtained
a system of ten nonhomogeneous linear equations in the un-
knowns A?,Ag,...,Ag,A},A;,...,A;.

A cos(W H) + AYsin(‘¥, H) = 0, (58)
A} cos(P1H) + A} sin(¥,H) = 0, (59)
AY cos(P2H) — Ay sin(PH) = T, (60)
A} cos(PoH) — A} sin(P2H) = 0, (61)
A+ AY¥ref(x) = Ty, (62)

A+ APref(x) = 0, (63)

AY - AY = % “d] (64)

11

11
Al -AL =R, (65)
_ 2
HIAZ + 1t0AS = 2p0e™" — Zopone™, - (66)
3
A, + npoAs = Ry. (67)

By solving this system of equations, the corresponding un-
known parameters can be determined.

2o tan(¥; H)e V3¢

AV = 68
1 i (68)
zuoe—‘l‘gd
A= 69
2 E (69)
A =T, (70)
AY = Ty (cot(¥2H) — csc(W2H)) (71)
2e” 4 ( W tan(P1 H) + E)
AV = _ 72
5 £, (72)
R ¥sRy) tan(W1 H
Al __(Rotpo 3E1) an(¥ H) 73)
R YsR
Al = o + Hotski (74)
E
A=A;=0 (75)
R, + Y3uoRy) tan(W1H) + R\E
Al = _ (Ry + WsuoR)) tan(¥, H) + R, (76)
E
where
E = w1y — po'¥s tan(W1 H). (77

Substituting these values into equations (33)-(35), the ex-
pression for the temperature variable and displacement vector
are obtained as follows

e(Ry + po W3Ry et

2uo
+ tan(¥1 H) cos(‘Plz)]e_ik"dk, (78)

1%

120t
9= — ¢ ﬂ0(1+

= o z ) sin(¥z)

—00

0 _ f * Ty .
0" (x,z2) = N [—sin W) (sin(W>,H + ¥,2)
—sin(¥,2)) [e ™ dn.  (79)

Using the equation of rectangular-shaped interface irregu-
larity (equation (1)) and its Fourier transformation,

h(A) = 47Ssin(/ls). (80)

Using equations (56) and (57) along with equation (80), the
expression R, + uonR; simplifies to:

sin(As)
A

45 0
Ry + ¥R, % f [gk — ) + g(k + )] da. (81)
0

Now, by applying the asymptotic formula provided by
Willis [37], the integral in equation (81) simplifies to

45, T
R+ posRy = 22 (2. 2g<k)).

> (82)
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By using equation of rectangular-shaped interface irregular-
ity, the equation can be simplified as

2huog(k)
Ry +po'¥aRy = ==, (83)
where
gk— 1) = [A?m\yl +WIAD + 2950
—podk (AW - AJW) - 2¢7")|. (84)

From equation (83), the component of displacement in M,
changes to

l 00
2 Joo

X [sin(¥;z) + tan(W; H) cos(¥z)] e_ikx) dk. (85)

Ze‘%dp
0 _ 0 Wsd
VW = (T |1+ hg(kye™|

The integral in equation (85) mainly depends on the poles of
integrand, so the dispersion relation is obtained by identifying

the roots of the corresponding equation
E[1 - hg(k)e™| = 0. (86)

The dispersion relation for the Love-type surface waves is
obtained.

tan(\V1H) =
2h(2%¥53u1 — 2uik —Wipo) — ui'P

. (87
2h¥Y3(Y3pok — po) — 2h(¥ 11 — 2u0k) — o3
Considering the following terms for simplification
Vi =Pk, Y3=Psk, q= 0k (88)
2 c?
¥ = (—;f + “'—2) = [—g - 1)1&, (89)
Ct Ct
7
Pr=4|5 -1, (90)
Ct
1 5
Y3=-|0k+k,|Q+4]1-—=]], 1
2 e
1 g
Py=210+4(0+4[1- =], 92)
2 c

where Q is a dimensionless inhomogeneity parameter and k de-
notes the wave number.

By substituting these values, the final form of dispersion
relation for the Love waves becomes

tan(P kH) =
2kh(2P3py — 2py — Pruo) — 1 Prk
2hP3k(P3pok — po) — 2hk(Pypy — 240) — poP3k’

93)

12

12
Special Case: For the configuration where the interface ir-
regularity is removed by setting &2 = 0 in equation (87). It is
simplified to
11y
Ho'Y'3
This equation corresponds to the classical dispersion relation
for Love waves.

tan(W, H) =

(94)

7. Numerical analysis and discussions

The numerical analysis of Love wave propagation in an
isotropic thermoelastic layer with a free upper surface over a
nonhomogeneous elastic half-space is carried out using MAT-
LAB. Graphical results are used to study how different physi-
cal parameters influence wave behaviour. The mechanical and
thermal properties of the upper layer are selected following the
work of Kumar ef al. [23], while the elastic parameters for
the nonhomogeneous half-space are adopted from Gubbins [2].
The chosen parameter values are listed in Table 1. These selec-
tions ensure agreement with established literature and provide
a realistic foundation for examining how thermoelastic effects,
rectangular interface irregularities, and material inhomogeneity
affect phase velocity and dispersion characteristics.

The graphical results presented in the Figures 2-9 illustrate
the dependence of the dimensionless phase velocity on the di-
mensionless wave number for the different values of the mate-
rial inhomogeneity. The dispersive nature of the Love-type sur-
face waves is clearly observed throughout the considered range
of material parameters. The physical mechanisms responsible
for these type of variations are discussed below.

At the lower wave numbers, the propagating disturbance
penetrates deeper into the half-space, and therefore the wave be-
comes more sensitive to the spatial variation of material proper-
ties. When the inhomogeneity parameter increases, the elastic
rigidity of the lower medium changes more rapidly, resulting
in a reduction in the phase velocity. Hence, the stronger ma-
terial inhomogeneity produces slower propagation in the long-
wavelength regime.

As the wave number increases, the penetration depth of the
surface wave decreases and the motion becomes increasingly
confined to the upper thermoelastic layer. Consequently, the in-
fluence of the lower heterogeneous half-space diminishes. This
explains why the dispersion curves corresponding to the differ-
ent material inhomogeneity parameters gradually converging to
each other at higher wave numbers.

Another important observation is the presence of the
rectangular-shaped interface irregularity introduces additional
scattering and the mode conversion effects. The geometric dis-
continuity alters the continuity of stress transmission across the
interface. This contributes to further reduction in phase veloc-

1ty.
8. Conclusion

This study examines the behaviour of Love waves in an
isotropic thermoelastic layer with a free upper surface posi-
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tioned above a heterogeneous half-space with a rectangular in-
terface irregularity. The dispersion relation for this configura-
tion has been obtained using elasticity theory along with per-
turbation method and Fourier transformations. The dispersion
behavior is influenced by several variables, the inhomogeneity
factor, the wave number, the geometry of the irregularity, and
the layer thickness. The numerical calculations with graphi-
cal analysis help to understand clearly how these parameters
affect the dimensionless phase velocity in comparison to the di-
mensionless wave number. The main findings of analytical and
numerical studies are given as follows:

o Effect of inhomogeneity: An increase in inhomogeneity
parameter (g) leads to a decrease in phase velocity with
respect to wave number, indicating that stronger the inho-
mogeneity of the lower half-space, larger the dispersive
effects and slows down Love wave propagation in this
configuration.

o Effect of irregularity depth to layer’s height ratio (h/H):
Increasing the depth of the rectangular irregularity (larger
h/H) generally reduces the phase velocity (for fixed g).
This shows that deeper irregularities enhance scattering
and increase dispersion, producing slower effective sur-
face propagation.

e Combined parameter effects: The slowest phase veloci-
ties are observed when both ¢ and h/H are large: inho-
mogeneity and deep irregularity act together to maximize
dispersion and attenuation. Conversely, the least disper-
sive behaviour occurs for small g and shallow irregular-
ity.

These findings provide a better understanding of the seismic
wave propagation behaviour in the thermoelastic, nonhomoge-
neous and irregular media, which have high degree of applica-
tion in material science, geophysics and structural engineering.
Thermoelastic effects influences attenuation and dispersion pri-
marily at higher frequencies. Its net effect on phase velocity is
smaller than that of material inhomogeneity and interface ge-
ometry in the parameter ranges considered, but it contributes
to attenuation trends visible in the numerical results. These re-
sults emphasize that neglecting either material inhomogeneity
considerations or interface irregularity can lead to substantial
misestimation of Love-wave speeds in layered media. These
results are relevant to seismic site-response measurements, sub-
surface imaging, as well as development of wave-based sensing
modalities in layered thermoelastic systems.

Data availability

No external datasets were used in this study. All analyti-
cal derivations and numerical results are generated within the
framework of the model presented in this manuscript.
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Nomenclature

M, Homogeneous thermoelastic layer

M, Nonhomogeneous half-space

v =(0,v,,0) Displacement component for M

w = (0,w,,0) Displacement component for M,
0=T-T Change in temperature

T Reference temperature

A u Lame’s constants

t Time variable

B Thermoelastic coupling parameter

a Coeflicient of linear thermal expansion
aTy Effective thermal parameter

¢ Shear wave velocity in thermoelastic layer
crL Phase velocity of Love waves

a Thermal heat capacity

K Thermal conductivity

0ij Kronecker delta

P Mass density of the material

k Wave number

w Angular velocity

d Distance of source of irregularity (length)
f(x) Interface profile function

q Inhomogeneity parameter (m~)

0 Dimensionless inhomogeneity parameter
2s Maximum width of irregularity

h Maximum depth of irregularity

tij Stress tensor for M,

oij Stress tensor for M,

Strain tensor components
Height of thermoelastic layer
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