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Abstract

This research proposes basic operations on complex triple-valued neutrosophic soft sets (CTVNSs) and defines complex triple-valued neutrosophic
soft topological spaces (CTVNSTSs) with interior and closure operators. The study also presents an application to signal-template matching using
cotangent similarity. Visual comparisons of four signals (S 1–S 4) and four templates (T1–T4) show that T4 is the most similar template, T2 is the
least similar, and T1 and T3 are moderately similar. Normalization affects dominance and makes T1 relevant in some comparisons. Correlation
analysis and clustering using principal component analysis and K-means (K = 2) identify one cluster (S 1, S 2, and S 3) and one outlier (S 4). These
results indicate that cotangent similarity, together with data visualization and normalization, can effectively support the analysis of complex data.
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1. Introduction

One of the challenges in mathematics, computer science
and engineering has been modeling uncertainty. Conventional

∗Corresponding author Tel. No.: 03335445510;

Email address: mehdaniyal@gmail.com (Arif Mehmood )

binary logic cannot very easily reflect the imprecision of real-
ity. To solve this, Zadeh [1] came up with fuzzy set theory
where the membership of an element to a set has a degree of
membership between 0 and 1 thus formalizing the concept of
partial truth. Turksen [2] introduced interval-valued fuzzy sets
based on normal forms. Going a step further, Atanassov [3]
created intuitionistic fuzzy sets (IFSs), that include a degree of
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membership and a degree of non-membership, whose sum is
less than or equal to one, thereby enabling explicit hesitation.
Based on this, Atanassov and Gargov [4] proposed interval-
valued intuitionistic fuzzy sets (IVIFSs), in which member-
ship and non-membership are interval-valued, which provides
more flexibility in modeling incomplete information. Smaran-
dache [5] suggested a more abstract framework in which each
element was specified by three independent membership func-
tions: truth (T), indeterminacy (I), and falsity (F), defined on
the non-standard interval ]−0, 1+[. This is an expansion of
fuzzy and classical set theories that specifically takes into ac-
count the existence of ambiguous, inconsistent, and incomplete
data. Lupianez [6] subsequently studied the topology of neu-
trosophic sets, making neutrosophic topology a new area of
point-set topology. To apply to real-world computational prob-
lems, Wang et al. [7] specified single-valued neutrosophic sets
(SVNSs), with T, I, F being ordinary real numbers in [0,1],
which allows direct application of neutrosophic theory to en-
gineering and decision-making. This was later generalized by
Wang and others [8] to interval neutrosophic sets (INSs) with
each element being an interval, with a possibility of uncertainty,
indeterminacy, and falsity at the same time. Comparing these
sets, Broumi and Smarandache [9] came up with the cosine
similarity of INSs and Broumi and Smarandache [10] came
up with new measures of distance and similarity, which were
tested numerically. Ye [11] added more measures of similari-
ties to INSs and showed how they can be used in multi-criteria
decision-making (MCDM). To supplement this, Broumi and
Smarandache [12] defined a correlation coefficient of INSs and
made comparisons of the results statistically. Majumdar and
Samanta [13] concentrated on similarity and entropy of neu-
trosophic sets, and their connection to information theory and
neutrosophic uncertainty.

Chen [14] and Chen et al. [15] independently created new
methods of fuzzy decision making based on similarity mea-
sures and made comparisons between similarity measures re-
spectively, both of which later inspired neutrosophic decision
methods. In the meantime, a completely new way of treat-
ing uncertainty was launched by Molodtsov [16]: soft set the-
ory that models the universe of discourse by a set of param-
eters, providing a parameterized description without member-
ship functions. As an extension of Molodtsov’s soft set theory,
Aktas and Cagman [17] proposed soft groups to analyze group-
theoretic structures and Babitha and Sunil [18] defined soft set
relations and functions and provided a categorical background.
Chen et al. [19] observed the significance of reductions in pa-
rameterization to prevent redundant parameters and Chen et al.
[20] extended this to a systematic reduction approach with ap-
plications. In decision-making, Cagman and Enginoglu [21]
suggested the uni-int decision-making approach that uses soft
sets and Feng et al. [22] suggested an adjustable approach of
fuzzy soft set based decision-making. Lately, Roy and Maji
[23] proposed the theory of fuzzy soft set in decision making
and Singh and Mantri [24] used soft set in clinical diagno-
sis which showed that fuzzy soft set has some applications in
real world. The hybrid models came up as obvious combina-

tions of the benefits of different paradigms. Ahmad and Kharal
[25] defined fuzzy soft sets (FSSs) by an intersection of fuzzy
sets and soft sets, and Tripathy et al. [26] added intuitionis-
tic fuzzy soft sets (IFSSs). Maji et al. [27] reconsidered also
the soft set theory in its entirety, including the fundamental op-
erations. Cagman and Deli [28] presented FP-soft sets (soft
sets with fuzzy parameters) and their means, and Cagman and
Deli [29] presented products of FP-soft sets of complex aggre-
gations. Deli [30] proposed a considerable integration interval-
valued neutrosophic soft sets (IVNSSs), which combine inter-
val neutrosophic sets and soft sets, and an algorithm to make a
decision.

The similarity and distance measurement are important in
comparison of uncertain sets. Similarity measures of soft sets
were defined by Majumdar and Samanta [31] and distance and
similarity measures of soft sets with applications were intro-
duced by Kharal [32]. In the case of intuitionistic fuzzy sets,
Grzegorzewski [33] suggested distances on Hausdorff met-
ric that subsequently inspired neutrosophic distance measures.
Arora et al. [34] used neutrosophic sets to the decomposition
of relational databases and Arora and Biswas [35] constructed
a neutrosophic natural language query system. Aggarwal et al.
[36] investigated neutrosophic modeling and control of uncer-
tain systems. Cheng and Guo [37] applied the neutrosophic
concept of image thresholding, Guo and Cheng [38] applied
the concept to image segmentation, and Zhang et al. [39] ap-
plied the combination of neutrosophic concept and watershed
segmentation. Ansari et al. [40] suggested neutrosophic med-
ical AI to diagnose in the presence of uncertainty. There were
further developments in algebra and topology. Ali et al. [41]
introduced new operations (restricted union, extended intersec-
tion) in soft set theory and Ali [42] refined the correspondence
between soft, rough and fuzzy soft sets.

1.1. Literature review

Soft rings were proposed by Acar et al. [43], and interval-
valued intuitionistic fuzzy soft sets were defined by Jiang et
al. [44] that possess properties. Similarity measures of the in-
tuitionistic fuzzy soft sets of decision-making were suggested
by Cagman [45]. Broumi [46] defined the generalized neu-
trosophic soft set, and Broumi and Smarandache [47] listed a
number of similarity measures of neutrosophic sets. Formally,
neutrosophic soft topological spaces were defined by Bera and
Mahapatra [48], and neutrosophic soft sets with operation were
defined by Maji [49]. Neutrosophic soft relations were stud-
ied by Deli and Broumi [50]. Smarandache [51] reconsidered
neutrosophy to be a generalization of intuitionistic fuzzy sets.

1.2. Motivation for research

Modern data is becoming more complicated, especially
in fields like signal processing, which necessitates analyti-
cal frameworks that can deal with ambiguity, uncertainty, and
multi-dimensional data. The complex, neutral, and contradict-
ing states prevalent in real-world occurrences are frequently not
well captured by traditional set-theoretic models. This disparity
calls for the creation of increasingly complicated mathematical
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frameworks that can both rigorously support the study of such
complex data and model it. The gap between abstract theoret-
ical concepts and their usefulness must also be closed imme-
diately to guarantee that new frameworks are not only theoret-
ically valid but also clearly successful in resolving real-world
data analysis issues. The urgent need for a complete tool that
combines topological principles and sophisticated set theory to
produce a flexible and potent platform for classification and pat-
tern recognition tasks is what drives our study.

1.3. Novelty of the research

Several important contributions to the area are introduced
in this study. CTVNS Sets (CTVNSS), a unique structure de-
signed to capture a higher level of complexity and uncertainty
in data representation, are the main source of novelty. The
building of a complete triple-valued neutrosophic soft topology
extends this, providing a strong and innovative mathematical
foundation by rigorously defining topological features like in-
terior and closure. Beyond theoretical development, the study
shows how to use the cotangent similarity measure (Cot SM) to
apply this framework in a novel way to a real-world signal clas-
sification challenge. Using a multifaceted graphical framework
that integrates 2D Heatmaps, 3D surface plots, spline-smoothed
curves, and cluster analysis in a synergistic manner, the analyt-
ical methodology itself is novel. In addition to quantifying sim-
ilarity strengths, our hybrid approach offers a clear visual eval-
uation of classification reliability. Thus, the research is unique
in its comprehensive contribution, including a new theoretical
model and validation through an intricate, multifaceted analyt-
ical procedure. It also sets a new standard for template-based
signal analysis and pattern recognition.

2. Preliminaries

This section exhibits some basic operations that are abso-
lutely necessary for the upcoming sections.

Definition 2.1. [51] A neutrosophic set A on the universe of
discourse X is defined as:

A = {⟨x,TA(x), IA(x), FA(x)⟩ : x ∈ X},

where T, I, F : X −→]0, 1[ and 0 ≤ TA(x) + IA(x) + FA(x) ≤ 3.

Definition 2.2. [16] Let X be an initial universe, É be a set
of all parameters, and P(X) denote the power set of X. A pair
of (F̃ , É) is called a soft set on X, where F̃ is the mapping
given by F̃ : É −→ P(X). In other words, the soft set is a
parameterized family of subsets of the set X. For e ∈ É, F̃ (e)
can be considered as the set of e-elements of the soft set (F̃ , É),
or as the set of e-approximate elements of the soft set, i.e.

(F̃ , É) = {(e,F (e)) : e ∈ É,F : É −→ P(X)}.

First, the neutrosophic soft set was defined by Maji [49] and
later modified by Deli and Broumi [50] as follows:

Definition 2.3. Let X be an initial universe, É be a set of all pa-
rameters. Let P(X) denote the set of all neutrosophic sets of X.
Then, a soft neutrosophic set (F̃ , É) over X is a set defined by a
set valued function F̃ representing a mapping F̃ : É −→ P(X)
where F̃ is called an approximate function of the soft neutro-
sophic set (F̃ , É). In other words, the neutrosophic soft set is
a parameterized family of some elements of the set P(X) and
therefore can be written as a set of ordered pairs,

(F̃ , É) = {(e, ⟨x,TF̃ (e)(x), IF̃ (e)(x), FF̃ (e)(x)⟩ : x ∈ X) : e ∈ É},

where TF̃ (e)(x), IF̃ (e)(x), FF̃ (e)(x) ∈ [0, 1], respectively, called
the truth-membership, indeterminacy-membership, and falsity-
membership of F̃ (e). Since supremum of each T, I, F is 1 so the
inequality 0 ≤ TF̃ (e)(x) + IF̃ (e)(x) + FF̃ (e)(x) ≤ 3 is obvious.

Definition 2.4. [48] Let (F̃ , É) be a CTVNS set over the uni-
verse set X. The complement of (F̃ , É) is denoted by (F̃ , É)c

and is defined by:

(F̃ , É)c = {(e, ⟨x, FF̃ (e)(x), 1 − IF̃ (e)(x),TF̃ (e)(x)⟩ : x ∈ X) : e ∈ É}.

It is obvious that, ((F̃ , É)c)c = (F̃ , É).

Definition 2.5. [49] Let (F̃ , É) and (G̃, É) be two neutrosophic
soft sets over the universe set X. (F̃ , É) is said to be neutro-
sophic soft subset of (G̃, É) if TF̃ (e)(x) ≤ TG̃(e)(x), IF̃ (e)(x) ≤
IG̃(e)(x), FF̃ (e)(x) ≥ FG̃(e)(x), for all e ∈ É, for all x ∈ X. It is
denoted by (F̃ , É) ⊆ (G̃, É). (F̃ , É) is said to be neutrosophic
soft set equal to (G̃, É) if (F̃ , É) is neutrosophic soft subset of
(G̃, É) and (G̃, É) is neutrosophic soft subset of (F̃ , É). It is de-
noted by (F̃ , É) = (G̃, É).

Definition 2.6. [61] Let E be the set of parameters andM be
the key set. Let P(M) represent the power set of M. Then, a
QPNS set (F̃ , É) overM is a mapping F̃ : E → P(M), where
F̃ is the function of the QPNS set (F̃ , É). Symbolically,

(F̃ , É) =


e, ⟨s,AbTF̃ (e)(s),ReTF̃ (e)(s),

ReFF̃ (e)(s),AbFF̃ (e)(s)
⟩

 : s ∈ M, e ∈ É

 .
Here, AbTF̃ (e)(s), ReTF̃ (e)(s), ReFF̃ (e)(s), and AbFF̃ (e)(s) be-

long to the interval [0, 1]. Respectively, these functions are
called the absolute true membership, relative true member-
ship, relative false membership, and absolute false-membership
functions of F̃ (e). Since the supremum of each function is 1 and
the infimum is 0, the following inequality holds:

0 ≤ AbTF̃ (e)(s) + ReTF̃ (e)(s) + ReFF̃ (e)(s) + AbFF̃ (e)(s) ≤ 4.

Definition 2.7. [61] Let (F̃ , É) be a QPNS set over the key set
M. Then, the complement of (F̃ , É) is denoted by (F̃ , É)c and
is defined as follows:

(F̃ , É)c =


e, ⟨s,AbFF̃ (e)(s),ReFF̃ (e)(s),

ReTF̃ (e)(s),AbTF̃ (e)(s)
⟩

 : s ∈ M, e ∈ É

 .
It follows that

(
(F̃ , É)c

)c
= (F̃ , É).
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Definition 2.8. [61] Let (F̃ , É) and (G̃, É) be two QPNS sets
over the key setM. Then, (F̃ , É) ⊆ (G̃, É) if

AbTF̃ (e)(s) ≤ AbTG̃(e)(s),

ReTF̃ (e)(s) ≤ ReTG̃(e)(s),

ReFF̃ (e)(s) ≥ ReFG̃(e)(s),

AbFF̃ (e)(s) ≥ AbFG̃(e)(s),

for all e ∈ É and s ∈ M. If (F̃ , É) ⊆ (G̃, É) and (F̃ , É) ⊇ (G̃, É),
then (F̃ , É) = (G̃, É).

Definition 2.9. [61] Let (F̃ , É) and (G̃, É) be two QPNS sets
over the key setM such that (F̃ , É) , (G̃, É). Then their union
is denoted by (F̃ , É) ⋓ (G̃, É) = (H̃ , É) and is defined as:

(H̃ , É) =
{ e, ⟨s,AbTH̃(e)(s),ReTH̃(e)(s),

ReFH̃(e)(s),AbFH̃(e)(s)
⟩

 : s ∈ M, e ∈ É
}
,

where

AbTH̃(e)(s) = max
{
AbTF̃ (e)(s),AbTG̃(e)(s)

}
,

ReTH̃(e)(s) = max
{
ReTF̃ (e)(s),ReTG̃(e)(s)

}
,

ReFH̃(e)(s) = min
{
ReFF̃ (e)(s),ReFG̃(e)(s)

}
,

AbFH̃(e)(s) = min
{
AbFF̃ (e)(s),AbFG̃(e)(s)

}
.

Definition 2.10. [61] Let (F̃ , É) and (G̃, É) be two QPNS sets
over the key setM such that (F̃ , É) , (G̃, É). Then their inter-
section is denoted by (F̃ , É) ⋒ (G̃, É) = (H̃ , É) and is defined
as:

(H̃ , É) =


e, ⟨s,AbTH̃(e)(s),ReTH̃(e)(s),

ReFH̃(e)(s),AbFH̃(e)(s)
⟩

 : s ∈ M, e ∈ É

 ,
where

AbTH̃(e)(s) = min
{
AbTF̃ (e)(s),AbTG̃(e)(s)

}
,

ReTH̃(e)(s) = min
{
ReTF̃ (e)(s),ReTG̃(e)(s)

}
,

ReFH̃(e)(s) = max
{
ReFF̃ (e)(s),ReFG̃(e)(s)

}
,

AbFH̃(e)(s) = max
{
AbFF̃ (e)(s),AbFG̃(e)(s)

}
.

Definition 2.11. [61] Let (F̃ , É) and (G̃, É) be two QPNS sets
over the key setM such that (F̃ , É) , (G̃, É). Then, their dif-
ference is denoted by (H̃ , É) = (F̃ , É) \ (G̃, É) and is defined
as:

(H̃ , É) = (F̃ , É) ⋒ (G̃, É)c,

such that

(H̃ , É) =


e, ⟨s,AbTH̃(e)(s),ReTH̃(e)(s),

ReFH̃(e)(s),AbFH̃(e)(s)
⟩

 : s ∈ M, e ∈ É

 ,
where

AbTH̃(e)(s) = min
{
AbTF̃ (e)(s),AbFG̃(e)(s)

}
,

ReTH̃(e)(s) = min
{
ReTF̃ (e)(s),ReFG̃(e)(s)

}
,

ReFH̃(e)(s) = max
{
ReFF̃ (e)(s),ReTG̃(e)(s)

}
,

AbFH̃(e)(s) = max
{
AbFF̃ (e)(s),AbTG̃(e)(s)

}
.

Definition 2.12. [61] Let {(F̃i, É) : i ∈ I} be a family of QPNS
sets over the key setM. Then, the union and intersection of this
family are defined as follows:

⋃
i∈I

(F̃i, É) =


e, ⟨

s, sup
i∈I

AbTF̃i(e)
(s), sup

i∈I
ReTF̃i(e)

(s),

inf
i∈I

ReFF̃i(e)
(s), inf

i∈I
AbFF̃i(e)

(s)
⟩

 : s ∈ M, e ∈ É

 ,

⋂
i∈I

(F̃i, É) =



e, ⟨
s, inf

i∈I
AbTF̃i(e)

(s),

inf
i∈I

ReTF̃i(e)
(s), sup

i∈I
ReFF̃i(e)

(s),

sup
i∈I

AbFF̃i(e)
(s)

⟩

 : s ∈ M, e ∈ É


.

3. Some operations on complex triple-valued neutrosophic
soft sets

This section exhibits the newly defined operations of union,
intersection, difference, AND, and OR on CTVNS sets which
are indispensable for the upcoming sections.

Definition 3.1. Let E be the set of parameters and X be the key
set. Let P(X) represent the power set of X. Then, a CTVNS set
(F̃ , É) over X is a mapping F̃ : E → P(X), where F̃ is the
function of the CTVNS set (F̃ , É). Symbolically,

(F̃ , É) =


e, ⟨x, TF̃ (e)(x),RTF̃ (e)(x),CF̃ (e)(x),

RFF̃ (e)(x), FF̃ (e)(x)
⟩

 : x ∈ X, e ∈ É
 ,

where TF̃ (e)(x), RTF̃ (e)(x), CF̃ (e)(x), RFF̃ (e)(x) and FF̃ (e)(x)
are such that

TF̃ (e)(x) = pÉ(x)eiµ
É

(x), RTF̃ (e)(x) = qÉ(x)eiϑ
É

(x),

CF̃ (e)(x) = rÉ(x)eiω
É

(x), RFF̃ (e)(x) = sÉ(x)eiσ
É

(x),

FF̃ (e)(x) = tÉ(x)eiρ
É

(x),

pÉ(x), qÉ(x), rÉ(x), sÉ(x), tÉ(x) ∈ [0, 1] and
µÉ(x), ϑÉ(x), ωÉ(x), σÉ(x), ρÉ(x) ∈ [0, 2π], such that the
condition 0 ≤ pÉ(x) + qÉ(x) + rÉ(x) + sÉ(x) + tÉ(x) ≤ 5 is
satisfied.

Definition 3.2. Let (F̃1, É) and (F̃2, É) be two CTVNS sets over
the universe set X. Then their union is represented by (F̃1, É)⋓
(F̃2, É) = (F̃3, É) is defined by:

(F̃3, É) =


e, ⟨x,TF̃3(e)(x),RTF̃3(e)(x),CF̃3(e)(x),

RFF̃3(e)(x), FF̃3(e)(x)
⟩ : x ∈ X

 : e ∈ É

 ,
where

TF̃3(e)(x) = max{TF̃1(e)(x),TF̃2(e)(x)},

RTF̃3(e)(x) = max{RTF̃1(e)(x),RTF̃2(e)(x)},

CF̃3(e)(x) = max{CF̃1(e)(x),CF̃2(e)(x)},

RFF̃3(e)(x) = min{RFF̃1(e)(x),RFF̃2(e)(x)},

FF̃3(e)(x) = min{FF̃1(e)(x), FF̃2(e)(x)}.
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Definition 3.3. Let (F̃1, É) and (F̃2, É) be two CTVNS sets over
the universe set X. Then their intersection is represented by
(F̃1, É) ⋒ (F̃2, É) = (F̃3, É) is defined by:

(F̃3, É) =


e, ⟨x,TF̃3(e)(x),RTF̃3(e)(x),CF̃3(e)(x),

RFF̃3(e)(x), FF̃3(e)(x)
⟩ : x ∈ X

 : e ∈ É

 ,
where

TF̃3(e)(x) = min{TF̃1(e)(x),TF̃2(e)(x)},

RTF̃3(e)(x) = min{RTF̃1(e)(x),RTF̃2(e)(x)},

CF̃3(e)(x) = min{CF̃1(e)(x),CF̃2(e)(x)},

RFF̃3(e)(x) = max{RFF̃1(e)(x),RFF̃2(e)(x)},

FF̃3(e)(x) = max{FF̃1(e)(x), FF̃2(e)(x)}.

Definition 3.4. Let (F̃ , É) be a CTVNS set over the universe
set X. The complement of (F̃ , É) is denoted by (F̃ , É)c and is
defined by:

(F̃ , É)c =


e, ⟨x, FF̃ (e)(x),RFF̃ (e)(x), 1 −CF̃ (e)(x),

RTF̃ (e)(x), TF̃ (e)(x)
⟩

 : x ∈ X, e ∈ É
 .

It is obvious that, ((F̃ , É)c)c = (F̃ , É).

Definition 3.5. Let (F̃1, É) and (F̃2, É) be two CTVNS sets over
the universe set X. Then, (F̃1, É) difference (F̃2, É) operation
on them is denoted by (F̃1, É) \ (F̃2, É) = (F̃3, É) and is defined
by (F̃3, É) = (F̃1, É) ⋒ (F̃2, É)c as follows:

(F̃3, É) =


e, ⟨x,TF̃3(e)(x),RTF̃3(e)(x),CF̃3(e)(x),

RFF̃3(e)(x), FF̃3(e)(x)
⟩ : x ∈ X

 : e ∈ É

 ,
where

TF̃3(e)(x) = min{TF̃1(e)(x), FF̃2(e)(x)},

RTF̃3(e)(x) = min{RTF̃1(e)(x),RFF̃2(e)(x)},

CF̃3(e)(x) = min{CF̃1(e)(x),CF̃2(e)(x)},

RFF̃3(e)(x) = max{RFF̃1(e)(x),RTF̃2(e)(x)},

FF̃3(e)(x) = max{FF̃1(e)(x),TF̃2(e)(x)}.

Definition 3.6. Let {(F̃i, É) : i ∈ I} be a family of CTVNS sets
over the universe set X. Then,

⋃
i∈I

(F̃i, É) =



e, ⟨
x, sup

i∈I
TF̃i(e)

(x),

sup
i∈I

RTF̃i(e)
(x), sup

i∈I
CF̃i(e)

(x),

inf
i∈I

RFF̃i(e)
(x), inf

i∈I
FF̃i(e)

(x)

⟩ : x ∈ X

 : e ∈ É


,

⋂
i∈I

(F̃i, É) =



e, ⟨
x, inf

i∈I
TF̃i(e)

(x),

inf
i∈I

RTF̃i(e)
(x), inf

i∈I
CF̃i(e)

(x),

sup
i∈I

RFF̃i(e)
(x), sup

i∈I
FF̃i(e)

(x)

⟩ : x ∈ X

 : e ∈ É


.

Definition 3.7. Let (F̃1, É) and (F̃2, É) be two CTVNS sets over
the universe set X. Then, the AND operation on them is denoted
by (F̃1, É) ∧ (F̃2, É) = (F̃3, É × É) and is defined by:

(F̃3, É × É) =
{(

(e1, e2), ⟨x,TF̃3(e1,e2)(x),RTF̃3(e1,e2)(x),CF̃3(e1,e2)(x),

RFF̃3(e1,e2)(x), FF̃3(e1,e2)(x)⟩ : x ∈ X
)

: (e1, e2) ∈ É × É
}
,

where

TF̃3(e1,e2)(x) = min
{
TF̃1(e1,e2)(x),TF̃2(e1,e2)(x)

}
,

RTF̃3(e1,e2)(x) = min
{
RTF̃1(e1,e2)(x),RTF̃2(e1,e2)(x)

}
,

CF̃3(e1,e2)(x) = min
{
CF̃1(e1,e2)(x),CF̃2(e1,e2)(x)

}
,

RFF̃3(e1,e2)(x) = max
{
RFF̃1(e1,e2)(x),RFF̃2(e1,e2)(x)

}
,

FF̃3(e1,e2)(x) = max
{
FF̃1(e1,e2)(x), FF̃2(e1,e2)(x)

}
.

Definition 3.8. Let (F̃1, É) and (F̃2, É) be two CTVNS sets over
the universe set X. Then, the OR operation on them is denoted
by (F̃1, É) ∨ (F̃2, É) = (F̃3, É × É) and is defined by:

(F̃3, É × É) =
{(

(e1, e2), ⟨x,TF̃3(e1,e2)(x),RTF̃3(e1,e2)(x),CF̃3(e1,e2)(x),

RFF̃3(e1,e2)(x), FF̃3(e1,e2)(x)⟩ : x ∈ X
)

: (e1, e2) ∈ É × É
}
,

where

TF̃3(e1,e2)(x) = max
{
TF̃1(e1,e2)(x),TF̃2(e1,e2)(x)

}
,

RTF̃3(e1,e2)(x) = max
{
RTF̃1(e1,e2)(x),RTF̃2(e1,e2)(x)

}
,

CF̃3(e1,e2)(x) = max
{
CF̃1(e1,e2)(x),CF̃2(e1,e2)(x)

}
,

RFF̃3(e1,e2)(x) = min
{
RFF̃1(e1,e2)(x),RFF̃2(e1,e2)(x)

}
,

FF̃3(e1,e2)(x) = min
{
FF̃1(e1,e2)(x), FF̃2(e1,e2)(x)

}
.

Definition 3.9. A CTVNS set (F̃ , É) over the universe set X is
said to be a null CTVNS set if

TF̃ (e)(x) = 0, RTF̃ (e)(x) = 0, CF̃ (e)(x) = 0, ∀e ∈ É,∀x ∈ X,

RFF̃ (e)(x) = 1, FF̃ (e)(x) = 1, ∀e ∈ É,∀x ∈ X.

It is denoted by 0(X,É).

Definition 3.10. A CTVNS set (F̃ , É) over the universe set X is
said to be an absolute CTVNS set if

TF̃ (e)(x) = 1, RTF̃ (e)(x) = 1, CF̃ (e)(x) = 1, ∀e ∈ É,∀x ∈ X,

5
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RFF̃ (e)(x) = 0, FF̃ (e)(x) = 0, ∀e ∈ É,∀x ∈ X.

Clearly,

0c
(X,É)
= 1(X,É), 1c

(X,É)
= 0(X,É).

Proposition 1. Let (F̃1, É), (F̃2, É) and (F̃3, É) be three CTVNS
sets over the universe set X. Then,

(i). (F̃1, É)⋓[(F̃2, É)⋓(F̃3, É)] = [(F̃1, É)⋓(F̃2, É)]⋓(F̃3, É)and
(F̃1, É)⋒[(F̃2, É)⋒(F̃3, É)] = [(F̃1, É)⋒(F̃2, É)]⋒(F̃3, É);

(ii). (F̃1, É)⋓[(F̃2, É)⋒(F̃3, É)] = [(F̃1, É)⋓(F̃2, É)]⋒[(F̃1, É)⋓
(F̃3, É)]and
(F̃1, É) ⋒ [(F̃2, É) ⋓ (F̃3, É)] = [(F̃1, É) ⋒ (F̃2, É)] ⋓
[(F̃1, É) ⋒ (F̃3, É)];

(iii). (F̃1, É) ⋓ 0(X,É) = (F̃1, É)and(F̃1, É) ⋒ 0(X,É) = 0(X,É);

(iv). (F̃1, É) ⋓ 1(X,É) = 1(X,É) and (F̃1, É) ⋒ 1(X,É) = (F̃1, É).

Proof. Obvious.

Proposition 2. Let (F̃1, É) and (F̃2, É) be two CTVNS sets over
the universe set X. Then,

(i). [(F̃1, É) ⋓ (F̃2, É)]c = (F̃1, É)c ⋒ (F̃2, É)c.

(ii). [(F̃1, É) ⋒ (F̃2, É)]c = (F̃1, É)c ⋓ (F̃2, É)c.

Proof. (i). For all e ∈ É and x ∈ X,

(F̃1, É) ⋓ (F̃2, É) = {⟨x,max{TF̃1(e)(x),TF̃2(e)(x)},

max{RTF̃1(e)(x),RTF̃2(e)(x)},max{CF̃1(e)(x),CF̃2(e)(x)},

min{RFF̃1(e)(x),RFF̃2(e)(x)},min{FF̃1(e)(x), FF̃2(e)(x)}⟩},

[(F̃1, É) ⋓ (F̃2, É)]c = {⟨x,min{FF̃1(e)(x), FF̃2(e)(x)},

min{RFF̃1(e)(x),RFF̃2(e)(x)},

1 −max{CF̃1(e)(x),CF̃2(e)(x)},

max{RTF̃1(e)(x),RTF̃2(e)(x)},

max{TF̃1(e)(x),TF̃2(e)(x)}⟩}.

Now,

(F̃1, É)c = {⟨
x, FF̃1(e)(x),RFF̃1(e)(x), 1 − CF̃1(e)(x),

RTF̃1(e)(x),TF̃1(e)(x)
⟩},

(F̃2, É)c = {⟨
x, FF̃2(e)(x),RFF̃2(e)(x), 1 − CF̃2(e)(x),

RTF̃2(e)(x),TF̃2(e)(x)⟩}.

Then,

(F̃1, É)c ⋒ (F̃2, É)c = {⟨x,min{FF̃1(e)(x), FF̃2(e)(x)},

min{RFF̃1(e)(x),RFF̃2(e)(x)},

min{1 − CF̃1(e)(x), 1 − CF̃2(e)(x)},

max{RTF̃1(e)(x),RTF̃2(e)(x)},

max{TF̃1(e)(x),TF̃2(e)(x)}⟩}

(F̃1, É)c ⋒ (F̃2, É)c = {⟨x,min{FF̃1(e)(x), FF̃2(e)(x)},

min{RFF̃1(e)(x),RFF̃2(e)(x)},

1 −max{CF̃1(e)(x),CF̃2(e)(x)},

max{RTF̃1(e)(x),RTF̃2(e)(x)},

max{TF̃1(e)(x),TF̃2(e)(x)}⟩}.

Therefore, [(F̃1, É) ⋓ (F̃2, É)]c = (F̃1, É)c ⋒ (F̃2, É)c.
(ii). It is obtained in a similar way.

Proposition 3. Let (F̃1, É) and (F̃2, É) be two CTVNS sets over
the universe set X. Then,

(i). [(F̃1, É) ∨ (F̃2, É)]c = (F̃1, É)c ∧ (F̃2, É)c.

(ii). [(F̃1, É) ∧ (F̃2, É)]c = (F̃1, É)c ∨ (F̃2, É)c.

Proof. (i). For all e ∈ É and x ∈ X,

(F̃1, É) ∨ (F̃2, É) = {⟨x,max{TF̃1(e)(x),TF̃2(e)(x)},

max{RTF̃1(e)(x),RTF̃2(e)(x)},

max{CF̃1(e)(x),CF̃2(e)(x)},

min{RFF̃1(e)(x),RFF̃2(e)(x)},

min{FF̃1(e)(x), FF̃2(e)(x)}⟩},

[(F̃1, É) ∨ (F̃2, É)]c = {⟨x,min{FF̃1(e)(x), FF̃2(e)(x)},

min{RFF̃1(e)(x),RFF̃2(e)(x)},

1 −max{CF̃1(e)(x),CF̃2(e)(x)},

max{RTF̃1(e)(x),RTF̃2(e)(x)},

max{TF̃1(e)(x),TF̃2(e)(x)}⟩}.

Now,

(F̃1, É)c = {⟨
x, FF̃1(e)(x),RFF̃1(e)(x), 1 − CF̃1(e)(x),

RTF̃1(e)(x),TF̃1(e)(x)
⟩},

(F̃2, É)c = {⟨
x, FF̃2(e)(x),RFF̃2(e)(x), 1 − CF̃2(e)(x),

RTF̃2(e)(x),TF̃2(e)(x)
⟩}.

Then,

(F̃1, É)c ∧ (F̃2, É)c = {⟨x,min{FF̃1(e)(x), FF̃2(e)(x)},

min{RFF̃1(e)(x),RFF̃2(e)(x)},

min{1 − CF̃1(e)(x), 1 − CF̃2(e)(x)},

max{RTF̃1(e)(x),RTF̃2(e)(x)},

max{TF̃1(e)(x),TF̃2(e)(x)}⟩}

(F̃1, É)c ∧ (F̃2, É)c = {⟨x,min{FF̃1(e)(x), FF̃2(e)(x)},

min{RFF̃1(e)(x),RFF̃2(e)(x)},

1 −max{CF̃1(e)(x),CF̃2(e)(x)},
6
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max{RTF̃1(e)(x),RTF̃2(e)(x)},

max{TF̃1(e)(x),TF̃2(e)(x)}⟩}.

Therefore, [(F̃1, É) ∨ (F̃2, É)]c = (F̃1, É)c ∧ (F̃2, É)c.
(ii). It is obtained in a similar way.

Example 3.1. Suppose that, the universe set X given by X =
{x1, x2, x3, x4} and the set of parameters E = (e1, e2). Let us
consider CTVNS sets (F̃1, É)and(F̃2, É) over the universe set X
as follows

(F̃1, É) =



e1 = ⟨x1, 0.3eιπ(0.2), 0.4eιπ(0.3), 0.5eιπ(0.3), 0.3eιπ(0.2), 0.6eιπ(0.5)⟩,

⟨x2, 0.4eιπ(0.3), 0.2eιπ(0.1), 0.4eιπ(0.4), 0.1eιπ(0.1), 0.8eιπ(0.7)⟩,

⟨x3, 0.6eιπ(0.5), 0.2eιπ(0.1), 0.3eιπ(0.3), 0.2eιπ(0.1), 0.5eιπ(0.4)⟩,

⟨x4, 0.2eιπ(0.1), 0.3eιπ(0.2), 0.6eιπ(0.5), 0.2eιπ(0.1), 0.4eιπ(0.3)⟩

e2 = ⟨x1, 0.4eιπ(0.3), 0.3eιπ(0.2), 0.4eιπ(0.2), 0.3eιπ(0.2), 0.8eιπ(0.7)⟩,

⟨x2, 0.3eιπ(0.2), 0.4eιπ(0.3), 0.5eιπ(0.3), 0.3eιπ(0.2), 0.2eιπ(0.1)⟩,

⟨x3, 0.3eιπ(0.2), 0.2eιπ(0.1), 0.6eιπ(0.7), 0.1eιπ(0.1), 0.7eιπ(0.6)⟩,

⟨x4, 0.1eιπ(0.1), 0.2eιπ(0.1), 0.4eιπ(0.3), 0.2eιπ(0.1), 0.9eιπ(0.8)⟩


,

(F̃2, É) =



e1 = ⟨x1, 0.6eιπ(0.5), 0.3eιπ(0.2), 0.7eιπ(0.6), 0.3eιπ(0.2), 0.8eιπ(0.7)⟩,

⟨x2, 0.2eιπ(0.1), 0.5eιπ(0.4), 0.6eιπ(0.3), 0.4eιπ(0.3), 0.8eιπ(0.7)⟩,

⟨x3, 0.1eιπ(0.1), 0.1eιπ(0.1), 0.2eιπ(0.3), 0.1eιπ(0.1), 0.4eιπ(0.3)⟩,

⟨x4, 0.5eιπ(0.4), 0.2eιπ(0.1), 0.4eιπ(0.4), 0.2eιπ(0.1), 0.3eιπ(0.2)⟩

e2 = ⟨x1, 0.7eιπ(0.6), 0.5eιπ(0.4), 0.8eιπ(0.3), 0.4eιπ(0.3), 0.6eιπ(0.5)⟩,

⟨x2, 0.4eιπ(0.3), 0.2eιπ(0.1), 0.6eιπ(0.6), 0.2eιπ(0.1), 0.3eιπ(0.2)⟩,

⟨x3, 0.5eιπ(0.4), 0.3eιπ(0.2), 0.3eιπ(0.3), 0.2eιπ(0.1), 0.4eιπ(0.3)⟩,

⟨x4, 0.4eιπ(0.3), 0.2eιπ(0.1), 0.4eιπ(0.5), 0.1eιπ(0.1), 0.6eιπ(0.5)⟩


.

Then, their union, intersection, AND, and OR operations are
given as follows:

(F̃1, É) ⋓ (F̃2, É) =



e1 = ⟨x1,
0.6eιπ(0.5), 0.4eιπ(0.3), 0.7eιπ(0.6), 0.3eιπ(0.2),

0.6eιπ(0.5)
⟩,

⟨x2,
0.4eιπ(0.3), 0.5eιπ(0.4), 0.6eιπ(0.3), 0.1eιπ(0.1),

0.8eιπ(0.7)
⟩,

⟨x3,
0.6eιπ(0.5), 0.2eιπ(0.1), 0.3eιπ(0.3), 0.1eιπ(0.1),

0.4eιπ(0.3)
⟩,

⟨x4,
0.5eιπ(0.4), 0.3eιπ(0.2), 0.6eιπ(0.5), 0.2eιπ(0.1),

0.3eιπ(0.2)
⟩

e2 = ⟨x1,
0.7eιπ(0.6), 0.5eιπ(0.4), 0.8eιπ(0.3), 0.3eιπ(0.2),

0.6eιπ(0.5)
⟩,

⟨x2,
0.4eιπ(0.3), 0.4eιπ(0.3), 0.6eιπ(0.6), 0.2eιπ(0.1)

, 0.2eιπ(0.1)
⟩,

⟨x3,
0.5eιπ(0.4), 0.3eιπ(0.2), 0.6eιπ(0.7), 0.1eιπ(0.1)

, 0.4eιπ(0.3)
⟩,

⟨x4,
0.4eιπ(0.3), 0.2eιπ(0.1), 0.4eιπ(0.5), 0.1eιπ(0.1),

0.6eιπ(0.5)
⟩



,

(F̃1, É) ⋒ (F̃2, É) =



e1 = ⟨x1,
0.3eιπ(0.2), 0.3eιπ(0.3), 0.5eιπ(0.3), 0.3eιπ(0.2),

0.8eιπ(0.7)
⟩,

⟨x2, 0.2eιπ(0.1), 0.2eιπ(0.1), 0.4eιπ(0.4), 0.4eιπ(0.3), 0.8eιπ(0.7)⟩,

⟨x3,
0.1eιπ(0.1), 0.1eιπ(0.1), 0.2eιπ(0.3), 0.2eιπ(0.1),

0.5eιπ(0.4)
⟩,

⟨x4,
0.2eιπ(0.1), 0.2eιπ(0.2), 0.4eιπ(0.4), 0.2eιπ(0.1),

0.4eιπ(0.4)
⟩

e2 = ⟨x1,
0.3eιπ(0.2), 0.3eιπ(0.3), 0.4eιπ(0.2), 0.3eιπ(0.2),

0.8eιπ(0.7)
⟩,

⟨x2,
0.2eιπ(0.1), 0.2eιπ(0.1), 0.5eιπ(0.3), 0.4eιπ(0.3),

0.8eιπ(0.7)
⟩,

⟨x3,
0.1eιπ(0.1), 0.1eιπ(0.1), 0.3eιπ(0.3), 0.2eιπ(0.1),

0.5eιπ(0.4)
⟩,

⟨x4,
0.2eιπ(0.1), 0.2eιπ(0.2), 0.4eιπ(0.3), 0.2eιπ(0.1),

0.4eιπ(0.3)
⟩



,

(F̃1, É) \ (F̃2, É) =



e1 = ⟨x1,
0.3eιπ(0.2), 0.3eιπ(0.2), 0.5eιπ(0.3), 0.3eιπ(0.2),

0.6eιπ(0.5)
⟩,

⟨x2,
0.4eιπ(0.3), 0.2eιπ(0.1), 0.4eιπ(0.4), 0.5eιπ(0.4),

0.8eιπ(0.7)
⟩,

⟨x3,
0.4eιπ(0.3), 0.1eιπ(0.1), 0.2eιπ(0.3), 0.2eιπ(0.1),

0.5eιπ(0.4)
⟩,

⟨x4,
0.2eιπ(0.1), 0.2eιπ(0.1), 0.4eιπ(0.4), 0.2eιπ(0.1),

0.5eιπ(0.4)
⟩

e2 = ⟨x1,
0.4eιπ(0.3), 0.3eιπ(0.2), 0.4eιπ(0.2), 0.5eιπ(0.4),

0.8eιπ(0.7)
⟩,

⟨x2,
0.3eιπ(0.2), 0.2eιπ(0.1), 0.5eιπ(0.3), 0.3eιπ(0.2),

0.4eιπ(0.3)
⟩,

⟨x3,
0.3eιπ(0.2), 0.2eιπ(0.1), 0.3eιπ(0.3), 0.3eιπ(0.2),

0.7eιπ(0.6)
⟩,

⟨x4,
0.1eιπ(0.1), 0.1eιπ(0.1), 0.4eιπ(0.3), 0.2eιπ(0.1),

0.9eιπ(0.8)
⟩



,

(F̃1, É) ∧ (F̃2, É) =



(e1, e1) = ⟨x1,
0.3eιπ(0.2), 0.3eιπ(0.3), 0.5eιπ(0.3), 0.3eιπ(0.2),

0.8eιπ(0.7)
⟩,

⟨x2,
0.2eιπ(0.1), 0.2eιπ(0.1), 0.4eιπ(0.4), 0.4eιπ(0.3),

0.8eιπ(0.7)
⟩,

⟨x3,
0.1eιπ(0.1), 0.1eιπ(0.1), 0.2eιπ(0.3), 0.2eιπ(0.1),

0.5eιπ(0.4)
⟩,

⟨x4,
0.2eιπ(0.1), 0.2eιπ(0.2), 0.4eιπ(0.4), 0.2eιπ(0.1),

0.4eιπ(0.4)
⟩

e2 = ⟨x1,
0.3eιπ(0.2), 0.3eιπ(0.3), 0.4eιπ(0.2), 0.3eιπ(0.2),

0.8eιπ(0.7)
⟩,

(e1, e2) = ⟨x1,
0.3eιπ(0.2), 0.4eιπ(0.3), 0.5eιπ(0.3), 0.4eιπ(0.3),

0.6eιπ(0.5)
⟩,

⟨x2,
0.4eιπ(0.3), 0.2eιπ(0.1), 0.4eιπ(0.4), 0.2eιπ(0.1),

0.8eιπ(0.7)
⟩,

⟨x3,
0.5eιπ(0.4), 0.2eιπ(0.1), 0.3eιπ(0.3), 0.2eιπ(0.1),

0.5eιπ(0.4)
⟩,

⟨x4,
0.2eιπ(0.1), 0.2eιπ(0.1), 0.4eιπ(0.5), 0.2eιπ(0.1),

0.6eιπ(0.5)
⟩

(e2, e1) = ⟨x1,
0.4eιπ(0.3), 0.3eιπ(0.2), 0.4eιπ(0.2), 0.3eιπ(0.2),

0.8eιπ(0.7)
⟩,

⟨x2,
0.2eιπ(0.1), 0.4eιπ(0.3), 0.5eιπ(0.3), 0.4eιπ(0.3),

0.8eιπ(0.7)
⟩,

⟨x3,
0.1eιπ(0.1), 0.1eιπ(0.1), 0.2eιπ(0.3), 0.1eιπ(0.1),

0.7eιπ(0.6)
⟩,

⟨x4,
0.1eιπ(0.1), 0.2eιπ(0.1), 0.4eιπ(0.3), 0.2eιπ(0.1),

0.9eιπ(0.8)
⟩

(e2, e2) = ⟨x1,
0.3eιπ(0.2), 0.3eιπ(0.3), 0.4eιπ(0.2), 0.3eιπ(0.2),

0.8eιπ(0.7)
⟩,

⟨x2,
0.2eιπ(0.1), 0.2eιπ(0.1), 0.5eιπ(0.3), 0.4eιπ(0.3),

0.8eιπ(0.7)
⟩,

⟨x3,
0.1eιπ(0.1), 0.1eιπ(0.1), 0.3eιπ(0.3), 0.2eιπ(0.1),

0.5eιπ(0.4)
⟩,

⟨x4,
0.2eιπ(0.1), 0.2eιπ(0.2), 0.4eιπ(0.3), 0.2eιπ(0.1),

0.4eιπ(0.3)
⟩



,
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(F̃1, É) ∨ (F̃2, É) =



(e1, e1) = ⟨x1,
0.6eιπ(0.5), 0.4eιπ(0.3), 0.7eιπ(0.6),

0.3eιπ(0.2), 0.6eιπ(0.5)
⟩,

⟨x2,
0.4eιπ(0.3), 0.5eιπ(0.4), 0.6eιπ(0.3),

0.1eιπ(0.1), 0.8eιπ(0.7)
⟩,

⟨x3,
0.6eιπ(0.5), 0.2eιπ(0.1), 0.3eιπ(0.3),

0.1eιπ(0.1), 0.4eιπ(0.3)
⟩,

⟨x4,
0.5eιπ(0.4), 0.3eιπ(0.2), 0.6eιπ(0.5),

0.2eιπ(0.1), 0.3eιπ(0.2)
⟩

(e1, e2) = ⟨x1, 0.7eιπ(0.6),
0.5eιπ(0.4), 0.8eιπ(0.3),

0.3eιπ(0.2), 0.8eιπ(0.7)
⟩,

⟨x2,
0.4eιπ(0.3), 0.2eιπ(0.1), 0.6eιπ(0.6),

0.1eιπ(0.1), 0.3eιπ(0.2)
⟩,

⟨x3,
0.6eιπ(0.5), 0.3eιπ(0.2), 0.3eιπ(0.3),

0.2eιπ(0.1), 0.4eιπ(0.3)
⟩,

⟨x4,
0.4eιπ(0.3), 0.3eιπ(0.2), 0.6eιπ(0.5),

0.1eιπ(0.1), 0.4eιπ(0.3)
⟩

(e2, e1) = ⟨x1,
0.6eιπ(0.5), 0.3eιπ(0.2), 0.7eιπ(0.6),

0.3eιπ(0.2), 0.8eιπ(0.7)
⟩,

⟨x2,
0.3eιπ(0.2), 0.5eιπ(0.4), 0.6eιπ(0.3),

0.3eιπ(0.2), 0.2eιπ(0.1)
⟩,

⟨x3,
0.3eιπ(0.2), 0.2eιπ(0.1), 0.6eιπ(0.7),

0.1eιπ(0.1), 0.4eιπ(0.3)
⟩,

⟨x4,
0.5eιπ(0.4), 0.2eιπ(0.1), 0.4eιπ(0.4),

0.2eιπ(0.1), 0.3eιπ(0.2)
⟩

(e2, e2) = ⟨x1,
0.7eιπ(0.6), 0.5eιπ(0.4), 0.8eιπ(0.3),

0.3eιπ(0.2), 0.6eιπ(0.5)
⟩,

⟨x2,
0.4eιπ(0.3), 0.4eιπ(0.3), 0.6eιπ(0.6),

0.2eιπ(0.1), 0.2eιπ(0.1)
⟩,

⟨x3,
0.5eιπ(0.4), 0.3eιπ(0.2), 0.6eιπ(0.7),

0.1eιπ(0.1), 0.4eιπ(0.3)
⟩,

⟨x4,
0.4eιπ(0.3), 0.2eιπ(0.1), 0.4eιπ(0.5),

0.1eιπ(0.1), 0.6eιπ(0.5)
⟩



.

4. Complex triple-valued neutrosophic soft topological
spaces

This section exhibits a newly defined structure, which is
known as CTVN soft topological space. In addition to this, its
basic operations are given. Interior and closures of CTVNS sets
are defined. In continuation, the linkages between these oper-
ations are studied. Some examples are also installed for better
understanding.

Definition 4.1. Let CTVNS S (X, É) be the family of all CTVNS
sets over the universe set X and τ ⊂ CTVNS S (X, É). Then τ is
said to be a CTVNS topology on X if

(i). 0(X,É) and 1(X,É) ∈ τ,

(ii). The union of any number of CTVNS sets in τ belongs to τ,

(iii). The intersection of a finite number of CTVNS sets in τ
belongs to τ.

Then, (X, τ, É) is said to be a CTVNS topological space (CTVN-
STS) over X. The members of τ are called CTVNS open sets.

Definition 4.2. Let (X, τ, É) be a CTVNS topological space
over X and (F̃ , É) be a CTVNS set over X . Then (F̃ , É) is
said to be a CTVNS closed set iff its complement is a CTVNS
open set.

Proposition 4. Let (X, τ, É) be a CTVNS topological space over
the universe set X. Then,

(i). 0(X,É) and 1(X,É) are CTVNS closed sets over X,

(ii). The union of a finite number of CTVNS sets is a CTVNS
closed set over X,

(iii). The intersection of an arbitrary number of CTVNS sets is
a CTVNS closed set over X.

Definition 4.3. Let CTVNS S (X, É) be the family of all CTVNS
sets over the universe set X.

(i). If τ = {0(X,É), 1(X,É)}, then τ is said to be CTVNS indiscrete
topology and (X, τ, É) is said to be a CTVNS indiscrete
topological space over X.

(ii). If τ = CTVNS S (X, É), then τ is said to be CTVNS dis-
crete topology and (X, τ, É) is said to be a CTVNS dis-
crete topological space over X.

Proposition 5. Let (X, τ1, É) and (X, τ2, É) be two CTVNS
topological spaces over the same universe set X. Then (X, τ1 ⋒
τ2, É) is a CTVNS topological space over X.

Proof. (i). Since 0(X,É), 1(X,É) ∈ τ1 and 0(X,É), 1(X,É) ∈ τ2, then
0(X,É), 1(X,É) ∈ τ1 ⋒ τ2.
(ii). Suppose that {(F̃i, É)|i ∈ I} be a family of CTVNS sets in
τ1 ⋒ τ2.
Then (F̃i, É) ∈ τ1 and (F̃i, É) ∈ τ2 for all i ∈ I, so ⋓i∈I(F̃i, É) ∈
τ1 and ⋓i∈I(F̃i, É) ∈ τ2. Thus ⋓i∈I(F̃i, É) ∈ τ1 ⋒ τ2. (iii). Let
{(F̃i, É)|i = 1, n} be a family of finite number of CTVNS sets in
τ1 ⋒ τ2.
Then (F̃i, É) ∈ τ1 and (F̃i, É) ∈ τ2 for all i = 1, n, so⋂n

i=1(F̃i, É) ∈ τ1 and
⋂n

i=1(F̃i, É) ∈ τ2. Thus
⋂n

i=1(F̃i, É) ∈
τ1 ⋒ τ2.

Remark 4.1. The union of two CTVNS topologies over X may
not be a CTVNS topology on X.

Example 4.1. Let X = {x1, x2, x3} be an initial universe set,
E = {e1, e2} be a set of parameters and:

τ1 = {0(X,É), 1(X,É), (F̃1, É), (F̃2, É), (F̃3, É)},

τ2 = {0(X,É), 1(X,É), (F̃2, É), (F̃4, É)},

be two CTVNS topologies over X. Here, the CTVNS sets
(F̃1, É), (F̃2, É), (F̃3, É) and (F̃4, É) are defined as follows:

(F̃1, É) =



e1 = ⟨x1, 0.9eιπ(0.9), 0.6eιπ(0.8), 0.9eιπ(0.8), 0.2eιπ(0.4), 0.3eιπ(0.5)⟩,

⟨x2, 0.7eιπ(0.7), 0.6eιπ(0.5), 0.8eιπ(0.7), 0.3eιπ(0.3), 0.5eιπ(0.4)⟩

⟨x3, 0.4eιπ(0.3), 0.5eιπ(0.2), 0.8eιπ(0.8), 0.3eιπ(0.4), 0.4eιπ(0.2)⟩;

e2 = ⟨x1, 0.7eιπ(0.9), 0.3eιπ(0.8), 0.7eιπ(0.9), 0.3eιπ(0.1), 0.4eιπ(0.7)⟩,

⟨x2, 0.6eιπ(0.5), 0.5eιπ(0.7), 0.6eιπ(0.8), 0.3eιπ(0.3), 0.4eιπ(0.2)⟩,

⟨x3, 0.7eιπ(0.8), 0.4eιπ(0.4), 0.9eιπ(0.8), 0.2eιπ(0.3), 0.3eιπ(0.4)⟩.


,

(F̃2, É) =



e1 = ⟨x1, 0.7eιπ(0.8), 0.5eιπ(0.4), 0.8eιπ(0.7), 0.4eιπ(0.4), 0.5eιπ(0.5)⟩,

⟨x2, 0.6eιπ(0.4), 0.5eιπ(0.5), 0.7eιπ(0.7), 0.4eιπ(0.4), 0.7eιπ(0.6)⟩

⟨x3, 0.3eιπ(0.2), 0.4eιπ(0.2), 0.6eιπ(0.7), 0.5eιπ(0.7), 0.6eιπ(0.8)⟩;

e2 = ⟨x1, 0.6eιπ(0.6), 0.2eιπ(0.6), 0.6eιπ(0.9), 0.4eιπ(0.3), 0.5eιπ(0.7)⟩,

⟨x2, 0.5eιπ(0.4), 0.4eιπ(0.1), 0.5eιπ(0.7), 0.4eιπ(0.5), 0.6eιπ(0.7)⟩,

⟨x3, 0.4eιπ(0.3), 0.3eιπ(0.3), 0.8eιπ(0.8), 0.6eιπ(0.7), 0.5eιπ(0.4)⟩.


,

8



Hatamleh et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3261 9

(F̃3, É) =



e1 = ⟨x1, 0.5eιπ(0.6), 0.4eιπ(0.2), 0.7eιπ(0.7), 0.5eιπ(0.4), 0.6eιπ(0.5)⟩,

⟨x2, 0.4eιπ(0.2), 0.3eιπ(0.1), 0.6eιπ(0.6), 0.5eιπ(0.6), 0.7eιπ(0.7)⟩

⟨x3, 0.2eιπ(0.1), 0.3eιπ(0.2), 0.5eιπ(0.6), 0.6eιπ(0.8), 0.8eιπ(0.9)⟩;

e2 = ⟨x1, 0.4eιπ(0.3), 0.2eιπ(0.1), 0.5eιπ(0.7), 0.5eιπ(0.4), 0.6eιπ(0.8)⟩,

⟨x2, 0.4eιπ(0.3), 0.2eιπ(0.1), 0.4eιπ(0.6), 0.5eιπ(0.6), 0.8eιπ(0.9)⟩,

⟨x3, 0.3eιπ(0.2), 0.3eιπ(0.1), 0.6eιπ(0.8), 0.7eιπ(0.9), 0.6eιπ(0.5)⟩.


,

(F̃4, É) =



e1 = ⟨x1, 0.6eιπ(0.7), 0.3eιπ(0.2), 0.5eιπ(0.6), 0.1eιπ(0.1), 0.2eιπ(0.1)⟩,

⟨x2, 0.5eιπ(0.4), 0.3eιπ(0.3), 0.5eιπ(0.5), 0.6eιπ(0.6), 0.8eιπ(0.9)⟩

⟨x3, 0.2eιπ(0.2), 0.3eιπ(0.1), 0.4eιπ(0.5), 0.7eιπ(0.8), 0.9eιπ(0.9)⟩;

e2 = ⟨x1, 0.3eιπ(0.3), 0.2eιπ(0.1), 0.4eιπ(0.7), 0.6eιπ(0.5), 0.7eιπ(0.8)⟩,

⟨x2, 0.4eιπ(0.2), 0.1eιπ(0.1), 0.3eιπ(0.5), 0.7eιπ(0.8), 0.9eιπ(0.9)⟩,

⟨x3, 0.2eιπ(0.2), 0.2eιπ(0.1), 0.6eιπ(0.7), 0.8eιπ(0.9), 0.7eιπ(0.8)⟩.


.

Since (F̃1, É) ⋓ (F̃4, É) < τ1 ⋓ τ2, then τ1 ⋓ τ2 is not a CTVNS
topology over X.

Proposition 6. Let (X, τ, É) be a CTVNS topological space over
X and

τ = {(F̃i, É) : (F̃i, É) ∈ CTVNS S (X, É)},

= {[e, F̃i(e)]e∈É : (F̃i, É) ∈ CTVNS S (X, É)},

where

F̃i(e) = {⟨x,TF̃i(e)(x),RTF̃i(e)(x),CF̃i(e)(x),RFF̃i(e)(x), FF̃i(e)(x)⟩ : x ∈ X}.

Then

τ1 = {[TF̃i(e)(X)]
e∈É}

τ2 = {[RTF̃i(e)(X)]
e∈É}

τ3 = {[CF̃i(e)(X)]
e∈É}

τ4 = {[RFF̃i(e)(X)]
e∈É}

τ5 = {[FF̃i(e)(X)]
e∈É},

define complex fuzzy soft topologies on X.

Proof. (i). 0(X,É), 1(X,É) ∈ τ ⇒ 0, 1 ∈ τ1, 0, 1 ∈ τ2, 0, 1 ∈
τ3, 0, 1 ∈ τ4and0, 1 ∈ τ5. (ii). Suppose that (F̃i, É)|i ∈ I be a
family of CTVNS sets in τ. Then {[TF̃i(e)(X)]

e∈É}i∈I is a family
of complex fuzzy soft sets in τ1, {[RTF̃i(e)(X)]

e∈É}i∈I is a family
of complex fuzzy soft sets in τ2, {[CF̃i(e)(X)]

e∈É}i∈I is a family
of complex fuzzy soft sets in τ3, {[RFF̃i(e)(X)]

e∈É}i∈I is a family
of complex fuzzy soft sets in τ4, {[FF̃i(e)(X)]

e∈É}i∈I is a family
of complex fuzzy soft sets in τ5. Since τ is a CTVNS topology,
then ⋓i∈I(F̃i, É) ∈ τ1. That is,

⋓i∈I(F̃i, É) = {⟨sup[TF̃i(e)(X)]e∈É, sup[RTF̃i(e)(X)]e∈É, sup[CF̃i(e)(X)]e∈É,

inf[RFF̃i(e)(X)]e∈É, inf[FF̃i(e)(X)]e∈É⟩}i∈I ∈ τ.

Therefore,

{sup[TF̃i(e)(X)]
e∈É}i∈I ∈ τ1

{sup[RTF̃i(e)(X)]
e∈É}i∈I ∈ τ2

{sup[CF̃i(e)(X)]
e∈É}i∈I ∈ τ3

{inf[RFF̃i(e)(X)]
e∈É}i∈I ∈ τ4

{inf[FF̃i(e)(X)]
e∈É}i∈I ∈ τ5.

(iii). Suppose {(F̃i, É)|i = 1, n} be a family of finite number of
CTVNS sets in τ.
Then {[TF̃i(e)(X)]

e∈É}i=1,n is a family of complex fuzzy soft sets
in τ1, {[RTF̃i(e)(X)]

e∈É}i=1,n is a family of complex fuzzy soft sets
in τ2, {[CF̃i(e)(X)]

e∈É}i=1,n is a family of complex fuzzy soft sets
in τ3, {[RFF̃i(e)(X)]

e∈É}i=1,n is a family of complex fuzzy soft sets
in τ4, {[FF̃i(e)(X)]

e∈É}i=1,n is a family of complex fuzzy soft sets
in τ5. Since τ is a CTVNS topology, then ⋒n

i=1(F̃i, É) ∈ τ1. That
is,

⋒n
i=1(F̃i, É) = {⟨min[TF̃i(e)(X)]

e∈É,min[RTF̃i(e)(X)]
e∈É,

min[CF̃i(e)(X)]
e∈É,max[RFF̃i(e)(X)]

e∈É,

max[FF̃i(e)(X)]
e∈É⟩}i=1,n ∈ τ.

Therefore,

{min[TF̃i(e)(X)]
e∈É}i∈I ∈ τ1

{min[RTF̃i(e)(X)]
e∈É}i∈I ∈ τ2

{min[CF̃i(e)(X)]
e∈É}i∈I ∈ τ3

{min[RFF̃i(e)(X)]c
e∈É
}i∈I ∈ τ4

{min[FF̃i(e)(X)]c
e∈É
}i∈I ∈ τ5.

This completes the proof.

Remark 4.2. Generally, converse of the above proposition is
not true.

Example 4.2. Let X = {x1, x2, x3} be an initial universe set,
E = {e1, e2} be a set of parameters and:

τ1 = {0(X,É), 1(X,É), (F̃1, É), (F̃2, É), (F̃3, É)},

be a family of CTVNS sets over X. Here, the CTVNS sets
(F̃1, É), (F̃2, É) and (F̃3, É) are defined as follows:

(F̃1, É) =



e1 = ⟨x1, 0.9eιπ(0.9), 0.6eιπ(0.8), 0.9eιπ(0.8), 0.2eιπ(0.4), 0.3eιπ(0.5)⟩,

⟨x2, 0.7eιπ(0.7), 0.6eιπ(0.5), 0.8eιπ(0.7), 0.3eιπ(0.3), 0.5eιπ(0.4)⟩

⟨x3, 0.4eιπ(0.3), 0.5eιπ(0.2), 0.8eιπ(0.8), 0.3eιπ(0.4), 0.4eιπ(0.2)⟩;

e2 = ⟨x1, 0.7eιπ(0.9), 0.3eιπ(0.8), 0.7eιπ(0.9), 0.3eιπ(0.1), 0.4eιπ(0.7)⟩,

⟨x2, 0.6eιπ(0.5), 0.5eιπ(0.7), 0.6eιπ(0.8), 0.3eιπ(0.3), 0.4eιπ(0.2)⟩,

⟨x3, 0.7eιπ(0.8), 0.4eιπ(0.4), 0.9eιπ(0.8), 0.2eιπ(0.3), 0.3eιπ(0.4)⟩.


,

(F̃2, É) =



e1 = ⟨x1, 0.7eιπ(0.8), 0.5eιπ(0.4), 0.8eιπ(0.7), 0.4eιπ(0.4), 0.5eιπ(0.5)⟩,

⟨x2, 0.6eιπ(0.4), 0.5eιπ(0.5), 0.7eιπ(0.7), 0.4eιπ(0.4), 0.7eιπ(0.6)⟩

⟨x3, 0.3eιπ(0.2), 0.4eιπ(0.2), 0.6eιπ(0.7), 0.5eιπ(0.7), 0.6eιπ(0.8)⟩;

e2 = ⟨x1, 0.6eιπ(0.6), 0.2eιπ(0.6), 0.6eιπ(0.9), 0.4eιπ(0.3), 0.5eιπ(0.7)⟩,

⟨x2, 0.5eιπ(0.4), 0.4eιπ(0.1), 0.5eιπ(0.7), 0.4eιπ(0.5), 0.6eιπ(0.7)⟩,

⟨x3, 0.4eιπ(0.3), 0.3eιπ(0.3), 0.8eιπ(0.8), 0.6eιπ(0.7), 0.5eιπ(0.4)⟩.


,

(F̃3, É) =



e1 = ⟨x1, 0.5eιπ(0.6), 0.4eιπ(0.2), 0.7eιπ(0.7), 0.5eιπ(0.4), 0.6eιπ(0.5)⟩,

⟨x2, 0.4eιπ(0.2), 0.3eιπ(0.1), 0.6eιπ(0.6), 0.5eιπ(0.6), 0.7eιπ(0.7)⟩

⟨x3, 0.2eιπ(0.1), 0.3eιπ(0.2), 0.5eιπ(0.6), 0.6eιπ(0.8), 0.8eιπ(0.9)⟩;

e2 = ⟨x1, 0.4eιπ(0.3), 0.2eιπ(0.1), 0.5eιπ(0.7), 0.5eιπ(0.4), 0.6eιπ(0.8)⟩,

⟨x2, 0.4eιπ(0.3), 0.2eιπ(0.1), 0.4eιπ(0.6), 0.5eιπ(0.6), 0.8eιπ(0.9)⟩,

⟨x3, 0.3eιπ(0.2), 0.3eιπ(0.1), 0.6eιπ(0.8), 0.7eιπ(0.9), 0.6eιπ(0.5)⟩.


.
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Then,

τ1 = {⟨TF̃0(X,É) (e)
(X),TF̃1(X,É) (e)

(X),TF̃1(e)(X),TF̃2(e)(X),TF̃3(e)(X)⟩
e∈É
},

τ2 = {⟨RTF̃0(X,É) (e)
(X),RTF̃1(X,É) (e)

(X),RTF̃1(e)(X),RTF̃2(e)(X),RTF̃3(e)(X)⟩
e∈É
},

τ3 = {⟨CF̃0(X,É) (e)
(X),CF̃1(X,É) (e)

(X),CF̃1(e)(X),CF̃2(e)(X),CF̃3(e)(X)⟩
e∈É
},

τ4 = {⟨RFF̃0(X,É) (e)
(X),RFF̃1(X,É) (e)

(X),RFF̃1(e)(X),RFF̃2(e)(X),RFF̃3(e)(X)⟩
e∈É
},

τ5 = {⟨FF̃0(X,É) (e)
(X), FF̃1(X,É) (e)

(X), FF̃1(e)(X), FF̃2(e)(X), FF̃3(e)(X)⟩
e∈É
},

are complex fuzzy soft topologies on X. For example,

τ1 = {⟨(0, 0, 0), (1, 1, 1), (0.9eιπ(0.9), 0.7eιπ(0.7), 0.4eιπ(0.3)),

(0.7eιπ(0.8), 0.6eιπ(0.4), 0.3eιπ(0.2)), (0.8eιπ(0.8), 0.4eιπ(0.2), 0.2eιπ(0.1))⟩e1 ,

⟨(0, 0, 0), (1, 1, 1), (0.7eιπ(0.9), 0.6eιπ(0.5), 0.7eιπ(0.8)),

(0.6eιπ(0.6), 0.5eιπ(0.4), 0.4eιπ(0.3)), (0.4eιπ(0.3), 0.4eιπ(0.3), 0.3eιπ(0.2))⟩e2 },

τ2 = {⟨(0, 0, 0), (1, 1, 1), (0.6eιπ(0.8), 0.6eιπ(0.5), 0.5eιπ(0.2)),

(0.5eιπ(0.4), 0.5eιπ(0.5), 0.4eιπ(0.2)), (0.4eιπ(0.2), 0.3eιπ(0.1), 0.3eιπ(0.2))⟩e1 ,

⟨(0, 0, 0), (1, 1, 1), (0.3eιπ(0.8), 0.5eιπ(0.7), 0.4eιπ(0.4)),

(0.2eιπ(0.6), 0.4eιπ(0.1), 0.3eιπ(0.3)), (0.2eιπ(0.1), 0.2eιπ(0.1), 0.3eιπ(0.1))⟩e2 },

τ3 = {⟨(0, 0, 0), (1, 1, 1), (0.9eιπ(0.8), 0.8eιπ(0.7), 0.8eιπ(0.8)),

(0.8eιπ(0.7), 0.6eιπ(0.7), 0.7eιπ(0.7)), (0.7eιπ(0.7), 0.6eιπ(0.6), 0.5eιπ(0.6))⟩e1 ,

⟨(0, 0, 0), (1, 1, 1), (0.7eιπ(0.9), 0.6eιπ(0.8), 0.9eιπ(0.8)),

(0.6eιπ(0.9), 0.5eιπ(0.7), 0.8eιπ(0.8)), (0.5eιπ(0.7), 0.4eιπ(0.6), 0.6eιπ(0.8))⟩e2 },

τ4 = {⟨(1, 1, 1), (0, 0, 0), (0.2eιπ(0.4), 0.3eιπ(0.3), 0.3eιπ(0.4)),

(0.4eιπ(0.4), 0.4eιπ(0.4), 0.5eιπ(0.7)), (0.5eιπ(0.3), 0.5eιπ(0.6), 0.6eιπ(0.8))⟩e1 ,

⟨(1, 1, 1), (0, 0, 0), (0.3eιπ(0.1), 0.3eιπ(0.3), 0.2eιπ(0.3)),

(0.4eιπ(0.3), 0.4eιπ(0.5), 0.6eιπ(0.7)), (0.5eιπ(0.4), 0.5eιπ(0.6), 0.7eιπ(0.9))⟩e2 },

τ5 = {⟨(1, 1, 1), (0, 0, 0), (0.3eιπ(0.7), 0.5eιπ(0.4), 0.4eιπ(0.2)),

(0.5eιπ(0.8), 0.7eιπ(0.6), 0.6eιπ(0.8)), (0.6eιπ(0.8), 0.7eιπ(0.7), 0.8eιπ(0.9))⟩e1 ,

⟨(1, 1, 1), (0, 0, 0), (0.4eιπ(0.7), 0.4eιπ(0.2), 0.3eιπ(0.4)),

(0.5eιπ(0.8), 0.6eιπ(0.7), 0.5eιπ(0.4)), (0.6eιπ(0.8), 0.8eιπ(0.9), 0.6eιπ(0.5))⟩e2 }.

Since (F̃2, É) ⋒ (F̃3, É) < τ, τ is not a CTVNS topology on X.

Proposition 7. Let (X, τ, É) be a CTVNS topological space over
X. Then

τ1e = {[TF̃ (e)(X)] : F̃ , E ∈ τ}

τ2e = {[RTF̃ (e)(X)] : F̃ , E ∈ τ}

τ3e = {[CF̃ (e)(X)] : F̃ , E ∈ τ}

τ4e = {[RFF̃ (e)(X)] : F̃ , E ∈ τ}

τ5e = {[FF̃ (e)(X)] : F̃ , E ∈ τ},

for each e ∈ É define complex fuzzy topologies on X.

Remark 4.3. Generally converse of the above proposition is
not true.

Example 4.3. Let us consider the Example 3. Then,

τ1e1 = {⟨
TF̃0(X,É) (e1)

(X),TF̃1(X,É) (e1)
(X),TF̃1(e1)(X),

TF̃2(e1)(X),TF̃3(e1)(X)
⟩},

τ2e1 = {⟨
RTF̃0(X,É) (e1)

(X),RTF̃1(X,É) (e1)
(X),RTF̃1(e1)(X),

RTF̃2(e1)(X),RTF̃3(e1)(X)
⟩},

τ3e1 = {⟨
CF̃0(X,É) (e1)

(X),CF̃1(X,É) (e1)
(X),CF̃1(e1)(X),

CF̃2(e1)(X),CF̃3(e1)(X)
⟩},

τ4e1 = {⟨
RFF̃0(X,É) (e1)

(X),RFF̃1(X,É) (e1)
(X),RFF̃1(e1)(X),

RFF̃2(e1)(X),RFF̃3(e1)(X)
⟩},

τ5e1 = {⟨
FF̃0(X,É) (e1)

(X), FF̃1(X,É) (e1)
(X), FF̃1(e1)(X),

FF̃2(e1)(X), FF̃3(e1)(X)
⟩},

are complex fuzzy soft topologies on X. For example,

τ1e1
= {⟨(0, 0, 0), (1, 1, 1), (0.9eιπ(0.9), 0.7eιπ(0.7), 0.4eιπ(0.3)),

(0.7eιπ(0.8), 0.6eιπ(0.4), 0.3eιπ(0.2)), (0.8eιπ(0.8), 0.4eιπ(0.2), 0.2eιπ(0.1))⟩},

τ2e1
= {⟨(0, 0, 0), (1, 1, 1), (0.6eιπ(0.8), 0.6eιπ(0.5), 0.5eιπ(0.2)),

(0.5eιπ(0.4), 0.5eιπ(0.5), 0.4eιπ(0.2)), (0.4eιπ(0.2), 0.3eιπ(0.1), 0.3eιπ(0.2))⟩},

τ3e1
= {⟨(0, 0, 0), (1, 1, 1), (0.9eιπ(0.8), 0.8eιπ(0.7), 0.8eιπ(0.8)),

(0.8eιπ(0.7), 0.6eιπ(0.7), 0.7eιπ(0.7)), (0.7eιπ(0.7), 0.6eιπ(0.6), 0.5eιπ(0.6))⟩},

τ4e1
= {⟨(1, 1, 1), (0, 0, 0), (0.2eιπ(0.4), 0.3eιπ(0.3), 0.3eιπ(0.4)),

(0.4eιπ(0.4), 0.4eιπ(0.4), 0.5eιπ(0.7)), (0.5eιπ(0.3), 0.5eιπ(0.6), 0.6eιπ(0.8))⟩},

τ5e1
= {⟨(1, 1, 1), (0, 0, 0), (0.3eιπ(0.7), 0.5eιπ(0.4), 0.4eιπ(0.2)),

(0.5eιπ(0.8), 0.7eιπ(0.6), 0.6eιπ(0.8)), (0.6eιπ(0.8), 0.7eιπ(0.7), 0.8eιπ(0.9))⟩}.

Here, {τ1e1 , τ2e1 , τ3e1 , τ4e1 , τ5e1 } and {τ1e2 , τ2e2 , τ3e2 , τ4e2 , τ5e2 } are
complex fuzzy quadri-topology on X. But τ is not a CTVNS
topology on X.

Definition 4.4. Let (X, τ, É) be a CTVNS topological space
over X and (F̃ , É) ∈ CTVNS S (X, É) be a CTVNS set. Then,
the CTVNS interior of (F̃ , É), denoted by (F̃ , É)◦ is defined as
the CTVNS union of all the CTVNS open subsets of (F̃ , É).
Clearly (F̃ , É)◦ is biggest CTVNS open set that is contained by
(F̃ , É).

Example 4.4. Let τ1 be the CTVNS topology given in Example
4.2, and let

(F̃ , É) ∈ CTVNS S (X, É),

be a CTVNS set. Then

(F̃ , É) =



e1 = ⟨x1, 0.9eιπ(0.9), 0.7eιπ(0.8), 0.9eιπ(0.9), 0.1eιπ(0.2), 0.2eιπ(0.1)⟩,

⟨x2, 0.8eιπ(0.7), 0.6eιπ(0.6), 0.9eιπ(0.8), 0.2eιπ(0.2), 0.4eιπ(0.3)⟩

⟨x3, 0.5eιπ(0.6), 0.6eιπ(0.4), 0.8eιπ(0.9), 0.2eιπ(0.3), 0.3eιπ(0.1)⟩;

e2 = ⟨x1, 0.8eιπ(0.9), 0.5eιπ(0.8), 0.8eιπ(0.9), 0.3eιπ(0.1), 0.3eιπ(0.6)⟩,

⟨x2, 0.7eιπ(0.6), 0.6eιπ(0.8), 0.7eιπ(0.8), 0.2eιπ(0.3), 0.4eιπ(0.1)⟩,

⟨x3, 0.7eιπ(0.9), 0.5eιπ(0.5), 0.9eιπ(0.9), 0.1eιπ(0.1), 0.3eιπ(0.3)⟩.


.
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Then 0(X,É), (F̃2, É), (F̃3, É) ⊆ (F̃ , É). Therefore, (F̃ , É)◦ =
0(X,É) ⋓ (F̃2, É) ⋓ (F̃3, É) = (F̃2, É).

Theorem 4.1. Let (X, τ, É) be a CTVNS topological space over
X and (F̃ , É) ∈ CTVNS S (X, É). (F̃ , É) is a CTVNS open set
if and only if (F̃ , É) = (F̃ , É)◦.

Proof. Let (F̃ , É) be a CTVNS open set. Then the largest
CTVNS open set contained in (F̃ , É) is equal to (F̃ , É). Hence,
(F̃ , É) = (F̃ , É)◦

Conversely, it is known that (F̃ , É)◦ is a CTVNS open set and
if (F̃ , É) = (F̃ , É)◦, then (F̃ , É) is a CTVNS open set.

Theorem 4.2. Let (X, τ, É) be a CTVNS topological space over
X and (F̃1, É), (F̃2, É) ∈ CTVNS S (X, É). Then,

(i). [(F̃ , É)◦]◦ = (F̃ , É)◦,

(ii). (0(X,É))
◦ = 0(X,É) and (1(X,É))

◦ = 1(X,É),

(iii). (F̃1, É) ⊆ (F̃2, É)⇒ (F̃1, É)◦ ⊆ (F̃2, É)◦,

(iv). [(F̃1, É) ⋒ (F̃2, É)]◦ = (F̃1, É)◦ ⋒ (F̃2, É)◦,

(v). (F̃1, É)◦ ⋓ (F̃2, É)◦ ⊆ [(F̃1, É) ⋓ (F̃2, É)]◦.

Proof. (i). Let (F̃1, É)◦ = (F̃2, É) Then (F̃2, É) ∈

τi f f (F̃2, É) = (F̃2, É)◦. So [(F̃1, É)◦]◦ = (F̃1, É)◦.

(ii). Since 0(X,É) and 1(X,É) are always CTVNS open sets, we
have:

(0(X,É))
◦ = 0(X,É), and (1(X,É))

◦ = 1(X,É).

(iii). It is known that (F̃1, É)◦ ⊆ (F̃1, É) ⊆ (F̃2, É) and
(F̃2, É)◦ ⊆ (F̃2, É). Since (F̃2, É)◦ is the biggest CTVNS
open set contained in (F̃2, É) and so (F̃1, É)◦ ⊆ (F̃2, É)◦.

(iv). Since (F̃1, É) ⋒ (F̃2, É) ⊆ (F̃1, É) and (F̃1, É) ⋒ (F̃2, É) ⊆
(F̃2, É), then [(F̃1, É)⋒(F̃2, É)]◦ ⊆ (F̃1, É)◦ and [(F̃1, É)⋒
(F̃2, É)]◦ ⊆ (F̃2, É)◦ and so,

[(F̃1, É) ⋒ (F̃2, É)]◦ ⊆ (F̃1, É)◦ ⋒ (F̃2, É)◦.

On the other hand, since (F̃1, É)◦ ⊆ (F̃1, É) and
(F̃2, É)◦ ⊆ (F̃2, É), then:

(F̃1, É)◦ ⋒ (F̃2, É)◦ ⊆ (F̃1, É) ⋒ (F̃2, É).

Besides,[(F̃1, É)⋒ (F̃2, É)]◦ ⊆ (F̃1, É)⋒ (F̃2, É) and is the
biggest CTVNS open set. Therefore, (F̃1, É)◦⋒(F̃2, É)◦ ⊆
[(F̃1, É)⋒(F̃2, É)]◦. Thus, [(F̃1, É)⋒(F̃2, É)]◦ = (F̃1, É)◦⋒
(F̃2, É)◦.

(v). Since (F̃1, É) ⊆ (F̃1, É) ⋓ (F̃2, É) and (F̃2, É) ⊆ (F̃1, É) ⋓
(F̃2, É), then:

(F̃1, É)◦ ⊆ [(F̃1, É)⋓(F̃2, É)]◦, and (F̃2, É)◦ ⊆ [(F̃1, É)⋓(F̃2, É)]◦.

Therefore,

(F̃1, É)◦ ⋓ (F̃2, É)◦ ⊆ [(F̃1, É) ⋓ (F̃2, É)]◦.

Definition 4.5. Let (X, τ, É) be a CTVNS topological space
over X and (F̃ , É) ∈ CTVNS S (X, É) be a CTVNS set. Then,
the CTVNS closure of (F̃ , É), denoted by (F̃ , É) is defined as
the CTVNS intersection of all the CTVNS closed supersets of
(F̃ , É).
Clearly (F̃ , É) is the smallest CTVNS closed set containing
(F̃ , É).

Example 4.5. Consider the CTVNS topology τ1 given in Ex-
ample 4.2. Let

(F̃ , É) ∈ CTVNS S (X, É),

be a CTVNS set defined as follows:

(F̃ , É) =



e1 = ⟨x1,
0.5eιπ(0.4), 0.2eιπ(0.2), 0.4eιπ(0.5), 0.6eιπ(0.7),

0.7eιπ(0.6) ⟩,

⟨x2,
0.4eιπ(0.3), 0.3eιπ(0.3), 0.5eιπ(0.4), 0.7eιπ(0.7),

0.8eιπ(0.9) ⟩

⟨x3,
0.1eιπ(0.1), 0.2eιπ(0.1), 0.3eιπ(0.4), 0.8eιπ(0.8),

0.9eιπ(0.9) ⟩;

e2 = ⟨x1,
0.2eιπ(0.2), 0.2eιπ(0.1), 0.4eιπ(0.6), 0.6eιπ(0.6),

0.7eιπ(0.8) ⟩,

⟨x2,
0.3eιπ(0.1), 0.1eιπ(0.1), 0.2eιπ(0.4), 0.8eιπ(0.9),

0.9eιπ(0.9) ⟩,

⟨x3,
0.1eιπ(0.2), 0.2eιπ(0.1), 0.5eιπ(0.6), 0.9eιπ(0.9),

0.7eιπ(0.9) ⟩.



.

Obviously, (0(X,É))
c, (1(X,É))

c, (F̃1, É)c, (F̃2, É)c, and(F̃3, É)c are
all CTVNS closed sets over (X, τ1, É).

(0(X,É))
c = 1(X,É), (1(X,É))

c = 0(X,É),

(F̃1, É)c =



e1 = ⟨x1,
0.3eιπ(0.5), 0.2eιπ(0.4), 0.1eιπ(0.2), 0.6eιπ(0.8),

0.9eιπ(0.9) ⟩,

⟨x2,
0.5eιπ(0.4), 0.3eιπ(0.3), 0.2eιπ(0.3), 0.6eιπ(0.5),

0.7eιπ(0.7) ⟩

⟨x3,
0.4eιπ(0.2), 0.3eιπ(0.4), 0.2eιπ(0.2), 0.5eιπ(0.2),

0.4eιπ(0.3) ⟩;

e2 = ⟨x1,
0.4eιπ(0.7), 0.3eιπ(0.1), 0.3eιπ(0.1), 0.3eιπ(0.8),

0.7eιπ(0.9) ⟩,

⟨x2,
0.4eιπ(0.2), 0.3eιπ(0.3), 0.4eιπ(0.2), 0.5eιπ(0.7),

0.6eιπ(0.5) ⟩,

⟨x3,
0.3eιπ(0.4), 0.2eιπ(0.3), 0.1eιπ(0.2), 0.4eιπ(0.4),

0.7eιπ(0.8) ⟩.



,
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(F̃2, É)c =



e1 = ⟨x1,
0.5eιπ(0.5), 0.4eιπ(0.4), 0.2eιπ(0.3), 0.5eιπ(0.4),

0.7eιπ(0.8) ⟩,

⟨x2,
0.7eιπ(0.6), 0.4eιπ(0.4), 0.3eιπ(0.3), 0.5eιπ(0.5),

0.6eιπ(0.4) ⟩

⟨x3,
0.6eιπ(0.8), 0.5eιπ(0.7), 0.4eιπ(0.3), 0.4eιπ(0.2),

0.3eιπ(0.2) ⟩;

e2 = ⟨x1,
0.5eιπ(0.7), 0.4eιπ(0.3), 0.4eιπ(0.1), 0.2eιπ(0.6),

0.6eιπ(0.6) ⟩,

⟨x2,
0.6eιπ(0.7), 0.4eιπ(0.5), 0.5eιπ(0.3), 0.4eιπ(0.1),

0.5eιπ(0.4) ⟩,

⟨x3,
0.5eιπ(0.4), 0.6eιπ(0.7), 0.2eιπ(0.2), 0.3eιπ(0.3),

0.4eιπ(0.3) ⟩.



,

(F̃3, É)c =



e1 = ⟨x1,
0.6eιπ(0.5), 0.5eιπ(0.4), 0.3eιπ(0.3), 0.4eιπ(0.2),

0.5eιπ(0.6) ⟩,

⟨x2,
0.7eιπ(0.7), 0.5eιπ(0.6), 0.4eιπ(0.4), 0.3eιπ(0.1),

0.4eιπ(0.2) ⟩

⟨x3,
0.8eιπ(0.9), 0.6eιπ(0.8), 0.5eιπ(0.4), 0.3eιπ(0.2),

0.2eιπ(0.1) ⟩;

e2 = ⟨x1,
0.6eιπ(0.8), 0.5eιπ(0.4), 0.5eιπ(0.3), 0.2eιπ(0.1),

0.4eιπ(0.3) ⟩,

⟨x2,
0.8eιπ(0.9), 0.5eιπ(0.6), 0.6eιπ(0.4), 0.2eιπ(0.1),

0.4eιπ(0.3) ⟩,

⟨x3,
0.6eιπ(0.5), 0.7eιπ(0.9), 0.4eιπ(0.2), 0.3eιπ(0.1),

0.3eιπ(0.2) ⟩.



.

Then (1(X,É))
c, (F̃1, É)c, (F̃2, É)c, (F̃3, É)c ⊇ (F̃ , É). Therefore,

(F̃ , É) = (1(X,É))
c ⋒ (F̃1, É)c ⋒ (F̃3, É)c ⋒ (F̃2, É)c = (F̃1, É)c.

Theorem 4.3. Let (X, τ, É) be a CTVNS topological space over
X and (F̃ , É) ∈ CTVNS S (X, É). (F̃ , É) is a CTVNS closed set
if and only if (F̃ , É) = (F̃ , É)

Proof. Let (F̃ , É) be a CTVNS closed set. Then the smallest
CTVNS closed set containing (F̃ , É) is equal to (F̃ , É). Hence,

(F̃ , É) = (F̃ , É)
Conversely, it is known that (F̃ , É) is a CTVNS closed set and

if (F̃ , É) = (F̃ , É), then (F̃ , É) is a CTVNS closed set.

Theorem 4.4. Let (X, τ, É) be a CTVNS topological space over
X and (F̃1, É), (F̃2, É) ∈ CTVNS S (X, É). Then,

(i). [(F̃ , É)] = (F̃ , É),

(ii). (0(X,É)) = 0(X,É) and (1(X,É)) = 1(X,É),

(iii). (F̃1, É) ⊆ (F̃2, É)⇒ (F̃1, É) ⊆ (F̃2, É),

(iv). [(F̃1, É) ⋓ (F̃2, É)] = (F̃1, É) ⋓ (F̃2, É),

(v). (F̃1, É) ⋒ (F̃2, É) ⊆ [(F̃1, É) ⋒ (F̃2, É)].

Proof. (i). Let (F̃1, É) = (F̃2, É) Then (F̃2, É) is a CTVNS
closed set. Hence (F̃2, É) and (F̃2, É) are equal. There-

fore [(F̃1, É)] = (F̃1, É).

(ii). Since 0(X,É) and 1(X,É) are always CTVNS closed sets, we
have:

(0(X,É)) = 0(X,É), and (1(X,É)) = 1(X,É).

(iii). It is known that (F̃1, É) ⊆ (F̃1, É) and (F̃2, É) ⊆ (F̃2, É),
so (F̃1, É) ⊆ (F̃2, É) ⊆ (F̃2, É). Since (F̃2, É) is the small-
est CTVNS closed set containing (F̃1, É), then (F̃1, É) ⊆

(F̃2, É).

(iv). Since (F̃1, É) ⊆ (F̃1, É) ⋓ (F̃2, É) and (F̃2, É) ⊆ (F̃1, É) ⋓
(F̃2, É), then (F̃1, É) ⊆ [(F̃1, É) ⋓ (F̃2, É)] and (F̃2, É) ⊆
[(F̃1, É) ⋓ (F̃2, É)] and so,

(F̃1, É) ⋓ (F̃2, É) ⊆ [(F̃1, É) ⋓ (F̃2, É)].

Conversely, since (F̃1, É) ⊆ (F̃1, É) and (F̃2, É) ⊆ (F̃2, É),
then:

(F̃1, É) ⋓ (F̃2, É) ⊆ (F̃1, É) ⋓ (F̃2, É).

Besides, [(F̃1, É) ⋓ (F̃2, É)] is the smallest CTVNS
closed set containing (F̃1, É) ⋓ (F̃2, É). There-

fore, [(F̃1, É) ⋓ (F̃2, É)] ⊆ (F̃1, É) ⋓ (F̃2, É). Thus,
[(F̃1, É) ⋓ (F̃2, É)] = (F̃1, É) ⋓ (F̃2, É).

(v). Since

(F̃1, É)⋒(F̃2, É) ⊆ [(F̃1, É) ⋒ (F̃2, É)], and [(F̃1, É) ⋒ (F̃2, É)].

is the smallest CTVNS closed set containing (F̃1, É) ⋒
(F̃2, É). Then,

[(F̃1, É) ⋒ (F̃2, É)] ⊆ (F̃1, É) ⋒ (F̃2, É).

Theorem 4.5. Let (X, τ, É) be a CTVNS topological space over
X, and let (F̃ , É) ∈ CTVNS S (X, É). Then:

(i). [(F̃ , É)]c = [(F̃ , É)c]◦,

(ii). [(F̃ , É)◦]c = [(F̃ , É)c].

Proof. (i).

(F̃ , É) = ⋒{(G̃, É) ∈ τc : (G̃, É) ⊇ (F̃ , É)}

⇒ [(F̃ , É)]c =
[
⋒{(G̃, É) ∈ τc : (G̃, É) ⊇ (F̃ , É)}

]c
= ⋓{(G̃, É)c ∈ τ : (G̃, É)c ⊆ (F̃ , É)c}

= [(F̃ , É)c]◦.
12
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(ii).

(F̃ , É)◦ = ⋓{(G̃, É) ∈ τ : (G̃, É) ⊆ (F̃ , É)}

⇒ [(F̃ , É)◦]c =
[
⋓{(G̃, É) ∈ τ : (G̃, É) ⊆ (F̃ , É)}

]c
= ⋒{(G̃, É)c ∈ τc : (G̃, É)c ⊇ (F̃ , É)c}

= [(F̃ , É)c].

5. AI-driven cotangent similarity framework for triple-
valued neutrosophic soft sets

The Cotangent Similarity Measure (CSM), a technique that
discusses the geometric orientation of two data vectors to de-
termine how similar they are, is the brains behind an AI-based
system. Depending on the orientation of the data points, CSM
is far more effective than simple distance measures at uncov-
ering some hidden patterns and relationships, which makes it
a valuable tool for comparative research. In a military setting,
CSM is used to classify potential targets according on surveil-
lance data. This is accomplished by comparing an unknown
target’s operating characteristics with a database that contains
threat profiles that have already been stored. It is a method
that calculates how similar the target is to known designs, so
there is a good likelihood that the danger will be correctly clas-
sified and categorized. A vast array of statistical and machine
learning elements are added to this pattern identification capa-
bility. Heatmaps, bar graphs, 3D surface plots, correlation anal-
ysis, spline-smoothed functional curves, and K-Means cluster-
ing (with normalizations for each) are examples of a basic set
of approaches. Important elements in the working process, like
data preparation, model validation, and above all the intuitive
human interpretation of outcomes, are worked with using such
a toolbox. The CSM engine and visualization techniques are in-
tended to provide a comprehensive artificial intelligence system
for classifying military targets. The end result provides military
decision-makers with a solution that is not just computationally
sound but also operationally understandable and useful.

5.1. Cotangent similarity measures
Let Ti = (Tik,RTik,Cik,RFik, Fik),C j =

(T jk,RT jk,C jk,RF jk, F jk) are two CTVNSSs. Each set is
represented by three components for each feature k:
Tik: Truth membership of feature k f or Ti.
RTik: Relative truth membership of feature k f or Ti.
Cik: Contradiction of feature k f or Ti.
RFik: Relative false membership of feature k f or Ti.
Fik: False membership degree of feature k f or Ti.
The values typically satisfy: Tik,RTik,Cik,RFik, Fik ∈ [0, 1]
Similarly, for object C j:
T jk: Truth membership of feature k f or C j.
RT jk: Relative truth membership of feature k f or C j.
C jk: Contradiction of feature k f or C j.
RF jk: Relative false membership of feature k f or C j.
F jk: False membership degree of feature k f or C j.

The values typically satisfy: T jk,RT jk,C jk,RF jk, F jk ∈ [0, 1]
CotangentT NS S (Ti,C j) =

1
n

n∑
k=1

{
cot[
π

4
+
π

12
(|Tik − T jk | + |RTik − RT jk |+

|Cik − C jk | + |RFik − RF jk | + |Fik − F jk |)]
}.

5.2. Multi-source target classification using cotangent similar-
ity in a cotangent-type complex triple-valued neutrosophic
framework

Effective target classification in contemporary surveillance
and reconnaissance settings is a challenging task owing to the
multi-source, uncertain and even contradictory characteristics
of the data. This research focuses on the classification of a col-
lection of operational targets using multiple data sources (radar,
thermal, and electronic) to obtain signal observations. The un-
certainty, vagueness and possible contradictions in such data
require a powerful mathematical model that can simultaneously
address truth, falsity, relative truth, relative falsity, and contra-
diction. In pursuit of this goal, we present a new classification
approach based on the Cotangent Type Complex Triple-valued
Neutrosophic Set. This method involves a cotangent similar-
ity measure that assesses the association between targets and
operational classes, considering five key attributes: truth mem-
bership, relative truth, contradiction, relative falsity, and fal-
sity. These attributes are structured within a multi-dimensional
operational classification matrix, which captures the complex
relationships between targets, sources of signals and multiple
classes in an event-driven environment. The new cotangent
similarity measure can deal with nonlinear associations and un-
certainty in the data. Through normalization and weighting of
the multi-dimensional attributes, this approach yields compar-
ative similarity scores for each target class combination, thus
facilitating ranking and decision-making. The experimental re-
sults show that the proposed approach offers a holistic and flex-
ible approach to modeling complex surveillance data, thus im-
proving the performance and reliability of multi-source target
classification systems.

5.3. A computational example of multi-source signal-based
target classification

In today’s fast-paced world of surveillance and recon-
naissance, the ability to identify operational targets T =

{T1, T2, T3, T4} from multi-source signal samples S =

{S 1, S 2, S 3, S 4}, and classify them into their proper operational
status C = {C1,C2,C3,C4}, is a primary and challenging task.
This challenge arises due to the uncertain nature of the infor-
mation. Data obtained from radar, thermal, electronic and other
types of sensing technologies can be uncertain, inexact and
highly variable. This presents challenges for consistent clas-
sification. A complex mathematical approach is needed to deal
with the uncertainty, which must be able to simultaneously ac-
count for degrees of truth, falsity, relative truth, relative falsity,
and contradiction. This enables a more realistic understand-
ing of the signal data. The multi-faceted relationships between

13
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targets, signals and classification classes (especially when as-
sessed with event-based measures and evaluations) are effec-
tively captured within the operational classification matrix (Ta-
ble 2).
Nevertheless, the straightforward comparison of raw signal re-
sponse to targets and classes is unsuitable because of similar-
ity values, unreliability and nonlinear correlation between at-
tributes. To overcome this, the similarity measure between a
target and a class, called Cotangent similarity measure, within
the framework of the CTVNS set (Cotangent TNSS)is imple-
mented, which permits measuring the similarity between any
target-class pair. In both pairs (Ti,C j), the approach uses the
joint impact of truth membership, relative truth membership,
contradiction, relative false membership and false membership
functions, which are normalized by n = 5 attributes. This pro-
duces cotangent similarity scores which can be used to rank
candidate target profiles comparatively with operational class
templates. The raw surveillance parameters for each target
Ti, as gathered from each data source S i, are displayed in Ta-
ble 1, while Table 2 presents the operational classification ma-
trix. These are represented by the 5-dimensional feature vec-
tors found in each cell, giving each target-source combination
a thorough feature profile for preliminary analysis and threat
modeling.

Table 2 illustrates how multi-dimensional representation
can be used to organize complex, noisy and diverse data. The
model does not ignore the uncertainty, but includes it, thereby
producing a more accurate and realistic model for classification.
The cotangent values that were calculated for every pair of
targets and categorized profiles are then added to average all
target-classification pairs.
The computed cotangent similarities have the following values:
CotangentT NS S (T1,C1) = 0.0520
CotangentT NS S (T1,C2) = 0.0953
CotangentT NS S (T1,C3) = 0.0462
CotangentT NS S (T1,C4) = 0.1530
CotangentT NS S (T2,C1) = 0.0038
CotangentT NS S (T2,C2) = 0.0336
CotangentT NS S (T2,C3) = 0.0031
CotangentT NS S (T2,C4) = 0.1250
CotangentT NS S (T3,C1) = 0.0605
CotangentT NS S (T3,C2) = 0.0390
CotangentT NS S (T3,C3) = 0.1257
CotangentT NS S (T3,C4) = 0.0856
CotangentT NS S (T4,C1) = 0.1103
CotangentT NS S (T4,C2) = 0.2348
CotangentT NS S (T4,C3) = 0.1542
CotangentT NS S (T4,C4) = 0.0895

The cotangent-similarity result indicates that there is a clear
preference for Template T4, which is present in every situation
and, to the greatest extent possible, is comparable to Subjects
S 1 − S 3. S 2 is a clear-cut, high-confidence match with no dis-
cernible ambiguity. Signal alignment but less support is implied
by the moderate but reasonable relationship between S 1 and T4.
S 3 and S 4 are borderline decisions; they narrowly concur with

T4 and T1, respectively. Any final assignment should be fol-
lowed by a formal tie-break process.
Furthermore, Template T2 performs poorly as well and most
likely has to be expanded or changed (e.g., enrichment of fea-
tures). Finally, before downstream interpretation, the persis-
tently low S 1 scores should be preprocessed to remove noise or
misregistration and scale mismatch.

6. Statistical and AI techniques

The cotangent similarity analysis and visualization, normal-
ization, interpolation, and clustering approaches are employed
in this study to evaluate the connection of the signals (S 1-S 4)
and templates (T1-T4).

6.1. Cotangent similarity computation

Cotangent similarity, a trigonometric measure based on an-
gular connections among vectors, was used to calculate pair-
wise similarity between signals and templates. Due to their ef-
fectiveness in directional similarity, cosine similarity and other
angular similarity metrics are mainly used in pattern recogni-
tion and information retrieval [52].

6.2. Heatmap visualization

Segmented and gradient colormaps were used to produce
two-dimensional heatmaps that displayed similarity matrices.
The visualizations are commonly used in exploratory data anal-
ysis and can be used to intuitively illustrate relationships be-
tween matrices [53].

6.3. Normalization

To make it easier to compare similarity values among tem-
plates and interpret the results, similarity values were standard-
ized using min-max to lie within the range [0,1]. Pipelines for
data mining and machine learning frequently employ this pre-
processing [54].

6.4. Bar plot analysis

Three-dimensional bar charts and grouped bar plots were
used to compare the similarity values between signal-template
pairs. When communicating the relative values of structured
data, certain graphical techniques are suitable [55].

6.5. Correlation analysis

Correlation heatmaps with a value between -1 and 1 were
made in order to analyze the relationship between signals. De-
termining the dependence, clusters, and inverses of variables is
made easier by correlation analysis [56].

6.6. Curve modeling and interpolation

To produce a continuous representation of the discrete sim-
ilarity data, cubic representations were used for interpolation
and spline representations for smoothing. These techniques re-
duce noise and highlight some of the data’s underlying patterns
[57].
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Table 1. Matrix of target intelligence features based on cotangent similarity (T × S ).
S 1 S 2 ... S n

T1 T11,RT11,C11,RF11, F11 T12,RT12,C12,RF12, F12 ... T1n,RT1n,C1n,RF1n, F1n

T2 T21,RT21,C21,RF21, F21 T22,RT22,C22,RF22, F22 ... T2n,RT2n,C2n,RF2n, F2n

... ... ... ... ...

Tm Tm1,RTm1,Cm1,RFm1, Fm1 Tm2,RTm2,Cm2,RFm2, Fm2 ... Tmn,RTmn,Cmn,RFmn, Fmn

Table 2. Operational classification matrix for target surveillance data (T × S → C).
Row-I S 1 S 2 S 3 S 4 Row-II C1 C2 C3 C4

T1


0.6eιπ(0.7)

0.4eιπ(0.9)

0.5eιπ(0.6)

0.8eιπ(0.8)

0.2eιπ(0.9)




0.4eιπ(0.6)

0.7eιπ(0.9)

0.6eιπ(0.6)

0.9eιπ(0.8)

0.3eιπ(0.2)




0.5eιπ(0.2)

0.6eιπ(0.5)

0.5eιπ(0.5)

0.7eιπ(0.9)

0.4eιπ(0.2)




0.7eιπ(0.7)

0.2eιπ(0.8)

0.9eιπ(0.6)

0.4eιπ(0.4)

0.6eιπ(0.9)

 S 1


0.6eιπ(0.1)

0.8eιπ(0.3)

0.7eιπ(0.4)

0.3eιπ(0.8)

0.1eιπ(0.9)




0.5eιπ(0.6)

0.1eιπ(0.8)

0.9eιπ(0.6)

0.7eιπ(0.8)

0.9eιπ(0.1)




0.4eιπ(0.2)

0.6eιπ(0.1)

0.2eιπ(0.3)

0.5eιπ(0.4)

0.1eιπ(0.1)




0.2eιπ(0.7)

0.4eιπ(0.4)

0.3eιπ(0.2)

0.7eιπ(0.7)

0.1eιπ(0.5)


T2


0.8eιπ(0.8)

0.5eιπ(0.2)

0.6eιπ(0.3)

0.9eιπ(0.8)

0.4eιπ(0.3)




0.2eιπ(0.2)

0.6eιπ(0.1)

0.7eιπ(0.9)

0.8eιπ(0.1)

0.9eιπ(0.2)




0.3eιπ(0.4)

0.7eιπ(0.6)

0.6eιπ(0.4)

0.9eιπ(0.8)

0.4eιπ(0.3)




0.6eιπ(0.5)

0.8eιπ(0.9)

0.4eιπ(0.5)

0.3eιπ(0.7)

0.5eιπ(0.1)

 S 2


0.2eιπ(0.3)

0.7eιπ(0.2)

0.5eιπ(0.6)
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Table 3. Cotangent similarity scores between class templates/targets (T1–T4)
and signal samples (S 1–S 4).

Cot SM S 1 S 2 S 3 S 4

T1 0.0520 0.0953 0.0462 0.1530
T2 0.0038 0.0336 0.0031 0.1250
T3 0.0605 0.0390 0.1257 0.0856
T4 0.1103 0.2348 0.1542 0.0895

6.7. Surface visualization

Three-dimensional surface plots were used to display the
distributions of signal and template similarity across surface
plots. The peaks, valleys, and global maxima of the multivariate
data can be identified using such maps [58].

6.8. Clustering and dimensionality reduction

Unsupervised learning techniques were used to employ
structural patterns:
• Signals were grouped together in a similar way using K-
Means Clustering [59].
• The dimensionality was reduced and visualized using Princi-
pal Component Analysis (PCA) [56].

6.9. Benchmark dataset validation
The Iris Dataset, a common benchmark dataset in a cluster-

ing and classification study, was used to validate the approach
[60].

7. Results and discussion

A segmented color map (red, yellow, green, cyan, and blue)
is used in Figure 1 to create 2D cotangent similarity-matrix
heatmap that shows how well signals (S 1−S 4) correspond with
templates (T1 − T4). Very low similarity is (0.052) indicated
by deep red shades, and the gradient color’s strength is directly
correlated with the alignment’s strength. The most plausible
mapping is shown by the white highlights on the T4 − S 2 match
(0.235), which is the strongest and most decisive in the ma-
trix. Additionally, there is close resemblance between T1 − S 4

(0.153) and T4 − S 3 (0.154), both of which are shown by the
color cyan, which denotes a confident connection between the
template and the signal. Green colors (less than 0.12–0.13),
which are seen in T2 − S 4 (0.125) and T3 − S 3 (0.126), indi-
cate moderate resemblance. All of these suggest the potential,
but they are not all definitive matches, thus more research may
be required before they can be regarded as strong alignments.
Yellow dots (∼ 0.06 − 0.11), such as T2 − S 2 (0.095), T3 − S 1

15



Hatamleh et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3261 16

Figure 1. 2D cotangent similarity matrix heatmap.

(0.060), and T4 − S 1 (0.110), indicate less similarity. A border-
line or transitional similarity, with little certainty, is implied by
these values. Last but not least, dark red spots, such as those
for T2S 1 (0.004) and T2S 3 (0.003), indicate very weak matches
and suggest a lack of alignment and most likely a failure to
categorize. All things considered, the heatmap provides a grad-
able and intuitive depiction of the classification’s dependability
based on color intensity. It allows for more thorough analysis of
the distribution of signals across weaker and stronger templates,
revealing which templates are strong (T4) and which contribute
little to the signal (T2), as well as instant visual assessment,
where the majority of T4 is immediately apparent.

To display the similarity between signals (S 1−S 4) and tem-
plates (T1 − T4), a normalized cotangent similarity heatmap is
created using the fast colormap (blue to cyan to green to yel-
low to red) of Figure 2. The warmer shades of green, yellow,
and red show increasing signs of linkage, whereas deep blue
and near-black are thought to have very low similarities (0.01–
0.15). The color’s intensity is directly correlated with the simi-
larity value. T2S 4 (0.755), the most conclusive match in the ma-
trix, is highlighted by being ringed in magenta and tinted a sat-
urated red, highlighting the fact that it is the most frequent and
legitimate signal template coupling. Additionally, T1S 4 shows
a close relationship (0.442, circled in black, green-yellow in
color, confirming a steady and reliable fit). T4S 2 (0.399, in
brilliant green) and T3S 3 (0.404, in orange) show a moderate
resemblance with greenish color (=0.39041). These numbers
are useful for classification reliability even though they are less
accurate coincidences. Blue hues (cyan and lighter blue) (0.20–
0.28), such as T1S 2 (0.275), T2S 2 (0.203), and T3S 1 (0.195),
indicate reduced similarity. These suggest borderline or transi-
tional matches that might contribute little to the categorization
confidence. Last but not least, deep blue (= 0.02–0.15), T2S 1 (=
0.023), T2S 3 (= 0.019), and T1S 3 (=0.133) represent the least

Figure 2. Normalized cotangent similarity heatmap.

strong alignments. These scores are extremely low, exhibit neg-
ligible similarity, and are unlikely to produce any reliable and
significant matches. All things considered, this Heatmap makes
it possible to quickly and visually identify the most prevalent
matches, with T2S 4 serving as the most evident classification
anchor. Secondary but important matches (T1S 4, T3S 3, and
T4S 2) add to this structure, whereas the remaining low values
show that there isn’t much alignment in other pairs. At first
glance, strong and weak similarities can be distinguished be-
cause to the rapid colormap, which highlights contrast between
extremes. Cotangent similarity scores are shown in Figure 3 as
grouped bar plots that illustrate how well four signals (S 1 − S 4)
and four templates (T1−T4) match. The template is represented
by each color in the color codes (red = T1, orange = T2, green
= T3, blue = T4), and the cotangent similarity score is shown
by the height of the bar. The dataset’s most notable matches
are indicated by magenta ellipses. The highest blue bar, encir-
cled by emphasis, is in S 2 −T4 (0.235), which has the strongest
and most conclusive fit. This number is the most reliable and
shows that template T4 best represents signal S 2. Magenta el-
lipses are used to suggest other potential stable pairs, and sec-
ondary strong correspondences between S 3 − T4 (0.154) and
S 4 − T1 (0.153) are also observed. Moderate resemblance is
seen by the range of bar heights between 0.126 and 0.13 (as
in S 3T2 and S 4T2). Despite their importance, these matches
are not yet definitive and may require verification before be-
ing deemed strong. Lower similarity is shown by smaller bar
heights (= 0.06–0.11), which include S 1–T3 (0.060) and S 1–
T4 (0.110). These are ambiguous fits that can be indicative of
less stable or transitory fits. The lowest alignments (0.0034) are
found for S 2T2(0.034), T3 (0.039), and S 3T2 (0.003). The bar
heights are extremely low, nearly matching the baseline. These
values display negligible parallels and most likely unworkable
categories. Overall, the signal template alignment strength is
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Figure 3. Cotangent similarity scores.

effectively compared in this bar chart. T4 is clearly superior,
especially when S 2 and S 3 are present, while T2 consistently
performs worse with extremely low scores. In addition to mak-
ing it possible to quickly identify the top matches, this format
can also be used to convey the distribution of weak and aver-
age matches in the dataset. The normalized scores of cotangent
similarities are shown as grouped bar plots in Figure 4, which
shows the alignment between the signals (S 1−S 4) and the tem-
plates (T1 − T4). The height of the bars is proportional to the
normalized similarity value, and the colour of the bar corre-
sponds to the corresponding template (red: T1, blue: T2, green:
T3, yellow: T4). The dataset’s most significant matches are in-
dicated with magenta ellipses, with the strongest and most de-
cisive match between S 2 − T4 (0.58) as the tallest yellow bar in
the graph. The score is clearly dominant in the matrix, indicat-
ing that the template T4 and S 2 have the strongest correlation.
Consistent signal-template couplings are indicated by the cir-
cles surrounding S 1T4 (0.49), S 3T4 (0.47), and S 4T1 (0.34),
which also show some good alignments. Moderate similarity
is defined as a value of around 0.27 to 0.38, such as S 1 − T3

(0.27), S 3 − T3 (0.38), and S 4 − T2 (0.28). These are helpful
classifications that need to be demonstrated; they are likely but
less certain matches. At values of 0.14–0.24, such as S 2 − T1

(0.24) and S 3−T1 (0.14), there is less resemblance. Poor corre-
spondence, which may contribute only somewhat to the classi-
fication’s reliability, is shown by the borderline values. S 1T2 (=
0.02), S 2T2 (= 0.08), and S 3T2 (= 0.01) are the signals that have
the weakest alignments (= −0.10–0.01) with template T2. The
near-baseline values demonstrate that T2 has a minor impact on
successful categorization and are signs of negligible alignment.
With the highest similarity scores across the three signals (S 1,
S 2, and S 3), T4 is the most prevalent template overall, accord-
ing to this normalized comparison. While templates T1 and T3

are moderate matches and occasionally exhibit stronger perfor-
mance (e.g., S 4T1, S 3T3), template T2 consistently performs
below expectations. Normalization highlights T4’s relative pri-
macy and clarifies the other templates’ less important responsi-
bilities. The findings of cotangent similarities are displayed in
a three-dimensional bar chart (Figure 5) as a template (T1 − T4)

Figure 4. Normalized scores of cotangent similarities.

versus signal (S 1 − S 4). Each bar’s height represents its sim-
ilarity score, and each template and signal pair’s contributions
are distinguished using color coding. The top of each bar dis-
plays numerical values that aid in precise interpretation. The
highest bar on the entire chart represents (T4 − S 2)(0.2348), the
most significant and potent match. As was previously demon-
strated in the 2D Heatmaps, this is a definite sign that S 2 fits T4

nicely. significant secondary matches are indicated by a signif-
icant peak formed by additional high matches between T4 − S 3

(0.1542) and T1−S 4 (0.1530). Moderate and comparable scores
fall into the range of 0.1103 to 0.1257 (T4S 1) and 0.1250 to 0.13
(T2S 4). Although they require confirmation, these intermediate
bars show believable but weaker pairings with which classifica-
tion reliability is added. T3S 1 (0.0605) and T3S 4 (0.0856) are
examples of the lower similarity that falls within the range of
0.06–0.09. Only in cases when there are no strong alignments
can these borderline matches be employed. The worst matches,
such as T2S 1 (0.0038), T2S 3 (0.0031), and T3S 2 (0.0390), are
at the bottom of the chart with extremely low scores (= 0.00–
0.04). These template signal pairs are essentially misclassi-
fications since the near-baseline bars show negligible resem-
blance. All things considered, this 3D visualization shows
that T4 and S 2 in particular are the most validated templates
in the collection. Additionally, it shows that T4 consistently
provides stronger matches across a range of signals in contrast
to T2, which has the worst matching. The 3D format makes
the strongest peaks (like T4 − S 2) immediately visible in the
topography of signal-template interactions by spatially differ-
entiating relative magnitudes. Normalized cotangent similarity
scores are displayed in a bar graph (3D) in Figure 6, where the
templates (T1−T4) and signals (S 1−S 4) are represented by sym-
bols. Normalized similarity values are shown by bar heights,
and distinct templates are indicated by each color-coded group
(green, light blue, yellow, and red). To ensure precise reading,
some values are printed on the top of the charts. The tallest
bar in red, T1S 2 (1.00), indicates the highest normalized asso-
ciation of the whole collection of data and is the most conclu-
sive match. T1 is a very representative template of S 2 because
this couplet dominates the chart. T3S 3 (0.65), T2S 3 (0.54), and
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Figure 5. Cotangent similarity.

T1S 3 (0.47) are secondary strong alignments with high peaks
that improve correlations between stable template signals. Val-
ues between 0.35 and 0.53, such as T4S 3 (0.53), T1S 4 (0.66),
and T4S 4 (0.38), show middle similarity. These can nonetheless
offer useful classification information because they show con-
stant but less noticeable correspondences than the most notice-
able peaks. T2S 1 (0.26), T3S 2 (0.17), and T3S 1 (0.14) had the
least amount of similarities. These numbers represent transi-
tional matches, which provide the template-based classification
with less support. Finally, T2S 2 (0.02), T3S 4 (0.01), and al-
most baseline bars have the lowest alignments (≈ 0.01 − 0.02).
Implicitly non-contributory coincidences, which are unlikely to
be helpful in any meaningful classification, are indicated by
these negligible values. All things considered, this normal-
ized 3D visualization highlights that T1S 2 is the most promi-
nent alignment and has a larger dominance in relation to S 2.
T2, T3, and T4 have prominent secondary peaks that demon-
strate their selective involvement in the remaining signals. The
strongest match (like T1S 2) stands out clearly and explains the
small contribution of weakly aligned pairs, while the normal-
ization technique accentuates the relative difference. A corre-
lation heatmap of signals (S 1 − S 4) based on cotangent sim-
ilarity values ranging from -1.0 to 1.0 is shown in Figure 7.
Red indicates a strong negative association, yellow indicates a
mild link, and green indicates a high positive correlation. The
circled cells highlight the most important relationships. The
strongest and most definitive self-correlations are the diagonal
ones (S 1−S 1, S 2-S 2, S 3-S 3, S 4-S 4), which are all equal to 1.00.
As expected, these are encircled and show a perfect match in ev-
ery signal. There is a strong positive association between S 1S 3

(0.92), S 1S 2 (0.86), and S 2S 3 (0.64). The fact that these values
are green-shaded indicates that the signals are highly compara-

Figure 6. Normalized cotangent similarity scores (3D bar graph).

ble and that S 1, S 2, and S 3 are all a member of the cohesive
cluster of patterns that support one another. Their close cor-
relation is increased by the strength of the S 1S 3 pair (0.92).
Yellow indicates weak or moderate correlations (S 2S 4, -0.28).
These values suggest a slight or close resemblance and may
indicate transitional links between signals that belong to sepa-
rate groups otherwise. The red-stained cells, like S 3S 4 (-0.79)
and S 1S 4 (-0.52), have a very significant negative correlation.
Because S 4 has significantly diverse properties and does not be-
long to the cluster of signals S 1 − S 3, these numbers show how
opposed S 4 is to the other signals. In conclusion, the heatmap
shows a clear structural cluster: S 4 is anti-connected and gen-
erally anti-correlated with respect to other signals, while S 1,
S 2, and S 3 form a highly correlated positive cluster. In con-
trast to the strong dependency of the other three signals, this
duality suggests that S 4 can be understood as a unique type of
signal. Normalized correlation heatmaps of signals (S 1 − S 4)
based on cotangent similarity are shown in Figure 8. The color
scale’s darkest and lightest points are orange/yellow (moderate
correlation, (0.7–0.8) and cyan/purple (weak or no correlation,
(0.0–0.3), respectively (deep red is strongly correlated, around
1.0). Circles highlight significant relationships. As expected,
the diagonal elements (S 1 − S 1, S 2 − S 2, S 3 − S 3, S 4 − S 4) are
surrounded by the colors green, orange, blue, and magenta, re-
spectively, and exhibit a perfect self-correlation of 1.00. These
values serve as normalization references. Bright red cells show
close connections with S 1T3 (0.95) and S 1T2 (0.92). This sug-
gests that there is a narrowing band of signals that support one
another since S 1, S 2, and S 3 are highly connected. Similarly,
a substantial correlation exists between S 2T3 (0.80), which is
marginally lower than the others and demonstrates the group-
ing’s unity. The S 1S 4 (0.15) and S 2S 4 (0.29) pairs have moder-
ate correlations. The faint but noticeable connections between
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Figure 7. Correlation heatmap.

Figure 8. Normalized correlation heatmap.

S 4 and the other cues that these cyan values show may sug-
gest incomplete and inconsistent conformance. S 3 − S 4 (0.00),
which is deep purple, shows little to no association. According
to this result, S 4 is essentially independent of the S 1–S 3 cluster
with respect to cotangent similarity. S 4 is nearly alone, with
little to no association to the other three, while S 1, S 2, and S 3

are all highly associated (0.80–0.95), as the heatmap illustrates.
The normalization, which suggests that S 4 is an independent
signal pattern while S 1–S 3 form a coherent group, highlights
these contrasts. When comparing templates (T1 − T4) with sig-
nals (S 1 − S 4), Figure 9 displays the initial values of cotangent
similarity, spline-smoothing functional curves, and cubic inter-
polants. The original discrete states (open markers), smooth
spline curves (solid lines), and cubic interpolant approxima-
tions (dashed lines) are the three states in which each template
is shown. Direct comparison of the raw similarity values and

Figure 9. Spline-smoothed functional curves.

observation of functional bottom trends are made possible by
this layer-based format. T4 (orange) exhibits the steepest curve,
beginning with a high value at S 1 (= about 0.11), rising abruptly
to peak at S 2 (= roughly 0.23), and then falling steadily at S 3 (=
roughly 0.15), and S 4 (= roughly 0.09). With consistently high
similarity among the signals, this overriding curve indicates that
T4 is the most active template overall. Less grandiose in style,
Template T1 (red) starts with S 1 (0.05), peaks at S 2S 3 (0.10%),
dips somewhat at S 3 (0.05), and then returns to S 4 (0.15%).
More wave-form indicates different but significant T1 contri-
butions to the signals. At S 1–S 2 (=0.06–0.04), Template T3

(green) shows a rising trend with low similarity. At S 3 (=0.13),
it rises to a mid-range level, and then falls again at S 4 (=0.09).
A selected yet potent portion of T3 in recognizing similarity
surrounding that signal is indicated by this positive slope to
S 3. The worst curve is always produced by template T2 (blue),
which starts at S 1 at 0.01 and has little peaks between S 2–S 4

(0.03–0.12). Its weak classification position is demonstrated by
the fact that its low amplitude is consistently determined to be
low in comparison to the other templates. Generally speaking,
the smoothed functional curves exhibit three distinct behaviors:
1. Of all the signals, T4 is the most dominant and stable.
2. With peaks near S 2 and S 3, respectively, T1 and T3 make a
selective but secondary contribution.
3. There is little indication of strong signal alignment, and T2

is continuously weak.
Interpretability is enhanced by smoothing out local changes and
emphasizing structural responses through the use of cubic in-
terpolants and smoothing splines, making the strengths of T4

and the deficiencies of T2 both statistically and visually evi-
dent. The values of the normalized cotangent similarity curves
between templates (T1–T4) and signals (S 1 − S 4) are scaled per
template using minmax normalization, as shown in Figure 10.
Discrete normalized points (open markers), spline smoothing
curves (solid lines), and curves of cubic interpolants (dashed
lines) are used to model each template. Better form and tra-
jectory comparisons are made possible by this approach, which
displays the trends within templates in a relative way rather than
absolute magnitudes. Template T4 (yellow) has the highest in-
crease, beginning close to S 1 (about 0.15), peaking at S 2 (about
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Figure 10. Spline-smoothed functional curves (normalized).

1.0), and then gradually declining throughout S 3 (about 0.45),
ending at S 4 (about 0.0). This vertical curve shows that T4 is
the most decisive of that signal since it applies its greatest force
in the vicinity of S 2.
With an initial moderate value at S 1 (about 0.25), a value below
zero at S 2 (about -0.2), a peak value at S 3 (about 1.15), and a
fall to the value at S 4 (about 0.6), Template T3 (in green) dis-
plays a sinusoidal kind of journey. This pattern of alternating
indicates that T3 is significantly associated with S 3 and mildly
or even anti-correlated with S 2. A wave-like trajectory is de-
picted in Template T1(red): starting low at S 1(0.1), it rises grad-
ually to S 2(0.45), falls to S 3(0.0), and then rises to S 4(0.9). This
pattern suggests that T1 makes a variable and balanced contri-
bution, with S 2 and S 4 receiving the largest contributions. Low
to medium values are found throughout Template T2 (blue): low
(nearing zero) at S 1, higher at S 2 (around 0.8), lower near S 3,
and highest at S 4 (1.0). It ends with a peak at S 4, indicating
particular significance to that region, although it is not intru-
sive at any of the intermediate signals. Generally speaking, the
normalized curves show the existence of particular behavioral
characteristics:
1. The most noticeable single alignment at S 2 is T4, which is
also the most dominant.
2. With selective matching, T3 is strongest at S 3.
3. Although T1 is notable at S 2 and S 4, its contributions are
equal.
4. T2 has a last peak at S 4 and is often weak.
Relative within-template variation is increased by the normal-
ization process, which also enhances the complimentary fea-
tures of template involvement in different signals and visually
accentuates peaks (T4 − S 2, T3 − S 3) and troughs (T3 − S 2).
A surface plot of signals (S 1 − S 4) against templates (T1 − T4)
in three dimensions using cotangent similarity scores is shown
in Figure 11. Additionally, the surface is color-coded accord-
ing to the degree of resemblance: poor correlation is shown by
red patches (= -0.00–0.06), medium similarity is indicated by
yellow and green areas (= -0.06–0.15), and deeper similarity
is indicated by pink areas (= -0.15–0.23). The world’s max-
imum is encircled by blue, and the numerical values are in-
dicated at significant spots. The most important match takes

Figure 11. 3D surface plot.

place at T4S 2 (0.235), the surface’s highest point and the world-
wide maximum. This clearly demonstrates that, in accordance
with earlier Heatmaps and bar chart assessments, S 2 would be
best represented by T4. Localized peaks that enhance classifi-
cation reliability are shown by the second elevations, T4 − S 3

(0.154) and T1 − S 4 (0.153). Yellow-green regions on the
surface indicate moderate increases in T4S 1 (0.110) and T3S 3

(0.126). In the case that dominant peaks are absent, these align-
ments which are supporting but less definitive play a significant
role. The most important match takes place at T4S 2 (0.235),
the surface’s highest point and the worldwide maximum. This
clearly demonstrates that, in accordance with earlier Heatmaps
and bar chart assessments, S 2 would be best represented by
T4. Localized peaks that enhance classification reliability are
shown by the second elevations, T4 − S 3 (0.154) and T1 − S 4

(0.153). Yellow-green regions on the surface indicate moder-
ate increases in T4S 1 (0.110) and T3S 3 (0.126). In the case that
dominant peaks are absent, these alignments which are support-
ing but less definitive play a significant role.

In order to illustrate the relative amplitude of the signals
(S 1 − S 4) and templates (T1 − T4), Figure 12 displays a surface
plot of the normalized cotangent similarity in 3D with vivid col-
ors.
The color map contrasts the magenta/green/yellow (moderate
resemblance, 0.3, 0.5) and cyan/blue (highest similarity, 0.55,
1.0) with the reds (low similarity, 0.1, 0.2). The world’s maxi-
mum has been represented with a blue circle. At T1S 2 (1.00),
the largest point in the whole data set and the tallest cyan peak
on the surface, the most conclusive pairing is observed. In con-
trast to the earlier unaffinity raw similarity graphs where T4

predominated, this suggests that S 2 will have the highest cor-
relation with T1 upon normalization. Bright yellow patches at
T3 − S 3 (0.652) and T1 − S 4 (0.466) represent secondary peaks.
Categorization relationships can be extended outside the domi-
nant peak; there are a few moderate-similarity matches. Mod-
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Figure 12. Normalized 3D surface plot.

erate similarities show as magenta regions at T4S 4 (0.373) and
T4S 1 (0.211), respectively. These values are very low and show
a partial match between the signal and template, but are not
as high as the principal peak, and so are secondary matching
regions. Although useful, these numbers exhibit some partial
coincidence and are not as significant as the dominating peaks.
Weak areas predominate on the lower surface, particularly in
the vicinity of T2S 1 ( = 0.00) and T2S 3 ( = 0.00), and low sim-
ilarity is shown by flat depressions in red. This confirms the
poor template performance of T2, which was corroborated by
further visualizations. The surface topology demonstrates that
the highest peak in raw scores (T4) is converted to the highest
peak in normalized scores (T1) as a result of the normalizing
of template dominance. This demonstrates how scaling can al-
ter how significance is perceived: normalization makes cross-
template comparison more balanced while placing greater em-
phasis on T1’s relative peak, even though T4 has high absolute
scores. Signals S 1 − S 4 are shown in two principal component
axes (PCA 1 and PCA 2) in a K-means cluster output (K = 2)
in Figure 13. Each signal is depicted as a red point with yel-
low X markers denoting the cluster centers and cotangent sim-
ilarity values to the templates (T1 − T4). Through the discov-
ery of latent structure in the data, this technique is utilized to
group signals according to similarity patterns. The signals are
separated into two groups by the clustering process (Cluster 1
(left cluster)) has S 1, S 2, and S 3, but the PCA map shows that
these are all more closely clustered. Comparable cotangent sim-
ilarity profiles are displayed by their coordinates, particularly
moderate-to-strong matches with many templates. For instance,
S 3 is most connected with T4 (0.1542) and T3 (0.1257), while
the highest value of S 2 is seen with T4 (0.2348). This group-
ing demonstrates how T3 and T4 share the S 1 − S 3 capture. S 4,
which is isolated and aligned with another centroid, is found
in Cluster 2 (right cluster). In contrast to the robust T4-based
matches of S 2 and S 3, the similarity distribution (particularly

Figure 13. K-means clustering.

T1 = 0.153, T2 = 0.125, T3 = 0.0856, and T4 = 0.0895) shows
a more balanced but weaker profile. S 4 factors this out as func-
tioning independently of the other signals. Centroid positions
support this structure: S 4 is characterized by a more flattened
distribution (the left centroid), whereas S 1 is less dominating
and T4 dominance is equalized (via S 2 and S 3). This cluster-
ing, in summary, suggests that these signals are divided into
two groups: S 1 − S 2 − S 3-into a coherent cluster that shares a
dependency on T4 / T3, and S 4-into an independent signal that
forms its own cluster. This outcome is in line with earlier cor-
relation heatmaps (Figures 8 and 9), which showed that S 2 had
weak or negative associations while S 1, S 3, and S 4 had high
positive correlations. Plotting the results of K-Means cluster-
ing on the Iris dataset in two-dimensional PCA space (PC1 vs.
PC2) is shown in Figure 14. Depending on which cluster it
belongs to, each point represents a sample of a flower and is
colored differently (blue = cluster 0, orange = cluster 1, green
= cluster 2). Additionally, the markers encode the names of
the species: Setosa is denoted by circles, Versicolor by crosses,
and Virginica by squares. The combination of those representa-
tions enables one to compare directly K-Means partitions with
biological classes of species. The clustering shows three clus-
ters: Cluster 1 (orange, left), Cluster 0 (blue, right), and Cluster
2 (green, lower-left). This cluster contains nearly all circular
markers, demonstrating that K-Means has successfully identi-
fied this species’ uniqueness. The tiny size of this group in-
dicates that within-cluster similarity is considerable. Virginica
and Versicolor dominate Cluster 0 (blue, right group). In this
case, crosses and squares mix, indicating that K-Means is not
very effective at distinguishing between these two species be-
cause their feature distributions overlap. Nonetheless, the clus-
ter illustrates how Setosa differs greatly from the other two
species. A smaller split, Cluster 2 (green, lower-left group) has
a subgroup of Virginica and maybe confused Versicolor sam-
ples. It is believed to be a transitional group that captures edge
cases when feature distributions overlap because it is situated
between the orange and blue clusters. Overall, the PCA pro-
jection demonstrates that Setosa is easily differentiated from
the other species and that Versicolor and Virginica share many
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Figure 14. K-means clustering on the Iris dataset.

characteristics, which is also in line with the findings found in
the Iris dataset. While K-Means successfully isolates Setosa, it
only partially separates the other two, demonstrating the advan-
tages and disadvantages of unsupervised clustering on mixed-
class data.

8. Aspect-method hybrid analysis of signal-template corre-
lation patterns

By combining aspect-related output with method-related
analysis, this section’s hybrid model of analysis allows it to
provide a thorough explanation of the signal-template interac-
tion. The most significant correspondences are identified by the
aspect-based approach, which also assigns varying degrees of
similarity strength and identifies which signal-template align-
ments are most important and which are merely incidental. On
the other hand, the method-based analysis illustrates how these
relationships are emphasized, normalized, or compared with
the several potential viewpoints using a collection of visual-
ization tools, including Heatmaps, bar plots, 3D surfaces, and
spline-based curves. When combined, these viewpoints provide
a more comprehensive image that combines statistical accuracy
with visual clarity, enabling both quantification and interpreta-
tion of the analysis.

8.1. Aspect-based analysis

The amount of the data and the way the data is presented us-
ing the given readings and visuals allow for two levels of analy-
sis of the correlation/similarity between the four signal samples
(S 1−S 4) and the four class templates (T1−T4). The most impor-
tant findings and patterns are highlighted by the aspect-based
analysis. As the most definitive mapping that can be accom-
plished, the most important pairing is the T4S 2 (0.235; the nor-
malized views always enhance its counterpart peak), which is
present throughout. S 4 matches well with T1 (0.153) and S 3 fits
well with T4 (0.154), indicating that it can be reliably matched

out of the primary maximum. This is another secondary but
constant pattern. A weak band (= about 0.00–0.06; for exam-
ple, T2S 1=0.004, T2S 3=0.003), a moderate band (= approx-
imately 0.06–0.13; for example, T1S 2=0.095, T3S 1=0.060,
T2S 4=0.125, T3S 3=0.126), and a strong band (= approxi-
mately 0.13–0.24; for example, T4S 2=0.235, T4S 3=0.154, and
T1S 4=0.153). The categorization importance of weak link-
ages is negligible, especially when T2 is involved. Further-
more, inter-signal structure shows that S 4 is widely distributed
(weak/negative correlations), while S 1 −S 3 is a close-knit clus-
ter. In other words, T4 (and T4S in particular) dominance, T1S 4

and T4S 3, and T2’s sub par performance are all common.

8.2. Method-based analysis

Each method has its own advantages and disadvantages,
and the method-based analysis is a mechanism to examine how
these characteristics are visualized. (Figures 1, 2) Heatmaps:
Color gradients instantly provide overviews. Global sever-
ity (T4S 2 pop) is shown in Figure 1 (absolute), whereas the
most typical template for each signal is highlighted in Figure
2 (row/normalized fast color map). 2D Grouped Bars (Figures
3, 4): These make it possible to precisely compare the sever-
ity of toxins side by side. Strong pairings, such S 2 − T4, are
highlighted in the normalized chart, which also clarifies the
template rankings in raw or normalized signal, like T4 − S 2

in raw and T1 − S 2 in normalized signal. (Figures 5, 6) 3D
Bars: Allow peaks (such as T4 − S 2 in raw; T1 − S 2 in normal-
ized signal) to have depth and visual emphasis. Dominant and
3D Surfaces (Figures 11, 12): These provide a topographical
picture with identifiable ridges/peaks in raw and a normalized
reshaping where the tallest peak is placed on T1S 2. Topogra-
phies can interfere with precise precision. Excellent reading
of a complete landscape. Functional and Spline Curves (Fig-
ures 9, 10): Where each template performs best is indicated by
smooth trends: T1 achieves its maximum values at S 2 and S 4,
T2 tends to be weaker except for increasing to high levels in
S 4, T4 reaches its highest value at S 2, T3 at S 3, and T4 at S 4.
They emphasize trends rather than values. K-means (Figure 13)
and correlation maps (Figures 7, 8): Illuminate the latent struc-
ture between signals and confirm the isolation of S 1, S 3, and
S 4, which template-centric plots are unable to disclose on their
own. The set of visuals’ complementary activity in producing a
quick reconnaissance map and a more comprehensive compari-
son analysis is indicated by the combination of an absolute and
normalized scale: Splines, surfaces, bars, and Heatmaps.

9. Five-dimensional evaluation of analytical techniques

A five-factor model correlation, visibility, associativity, dy-
namicity, and scalability is used to assess each technique. Ad-
herence to numerical relations, interpretability, the ability to
identify relationships or groups, the capacity to follow changes
or trends, and the capacity to extend to greater or denser data
are all represented by these dimensions, respectively. When
taken as a whole, they offer a fair basis for assessing not only
the pattern capture but also its interpretability and usefulness.
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Table 4. Factor-based comparison of analytical techniques.
Factors Heat Map Grouped Bar Normalized

Bar
3D Plot Normalized

3D
Surface Plot Normalized

Surface
Spline Normalized

Spline
Correlation

Map
K-Means
Clustering

Correlation Strong Strong Very Strong Strong Very Strong Strong Very Strong Strong Very Strong Strong Strong
Visibility Strong Strong Strong Strong Strong Strong Strong Strong Very Strong Strong Strong
Associativity Medium Medium Strong Strong Very Strong Strong Very Strong Strong Very Strong Very Strong Very Strong
Dynamicity Medium Medium Strong Medium Strong Strong Very Strong Strong Very Strong Strong Strong
Scalability Medium Strong Very Strong Medium Very Strong Very Strong

N/A N/A N/A N/A N/A

Figure 15. Factor-based comparison of analytical techniques.

Figure 16. Normalized factor-based comparison of analytical techniques.

10. Conclusion

This work provides a stringent Complex Triple-Valued Neu-
trosophic Soft Set (CTVNSS) framework and invests the latter
with the basic set of operations (union, intersection, comple-
ment) and a neutrosophic soft topology (interior/closure) that
can collectively yield a stable foundation to the analysis of un-
certainty through complex, triple-valued memberships. Com-
bining this base with a Cotangent Similarity Measure (Cot SM)
provides a feasible pipeline of signal classification and pattern

recognition with hybrid visualization of data (2D Heatmaps,
grouped bars, 3D surfaces, spline curves, clustering). Exper-
imentally, Cot SM reveals a prevailing S 2 − T4 interaction, sec-
ondary pairing (S 3−T4, S 4−T1), and a uniformly minor position
of T2. Dimensionality reduction and clustering also indicate an
intrinsic structure where S 1, S 2, and S 3 compose a coherent
group and S 4 is more distinct. Combined, these findings sug-
gest that the suggested topology-conscious, similarity-oriented
solution not only measures match strengths but also gives ex-
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Figure 17. 3D bar graph.

Figure 18. Normalized 3D bar graph.

plicable, multi-view information on reliability of classification.

10.1. Limitations

The study, while providing a rigorous development of op-
erations and topological structures for Complex Triple-Valued
Neutrosophic Soft Sets (CTVNS), remains largely theoretical,
with limited validation on real-world datasets or practical appli-
cations. The signal-template analysis is conducted on a small
and controlled dataset consisting of only four signals and four
templates, which may not adequately represent the complex-
ity of larger, real-world problems. Furthermore, the analysis
relies primarily on the cotangent similarity measure, and the
absence of comparisons with alternative similarity or distance
metrics may restrict the generalizability of the results. The find-
ings also reveal sensitivity to normalization techniques, as scal-
ing significantly alters template dominance, which may affect
consistency and interpretability. In addition, the computational
complexity associated with complex-valued triple neutrosophic
structures and their associated operations could pose challenges
when extending the framework to large-scale datasets. The
study does not extensively explore the impact of parameter se-
lection, such as spline smoothing, interpolation methods, or
clustering configurations, which may influence the robustness
and reproducibility of the results. The use of K-means cluster-
ing with a fixed number of clusters may oversimplify the un-
derlying data structure, potentially overlooking more nuanced
patterns. Moreover, the reliance on max-min rules for defin-
ing neutrosophic components may not fully capture all forms of
uncertainty present in complex systems. Finally, although the
study employs various visualization techniques for interpreta-
tion, it leans more toward qualitative insights rather than com-
prehensive quantitative validation, and its applicability across
diverse domains remains to be empirically established.

10.2. Future work

The results of the construction of Complex Triple Valued
Neutrosophic Soft Sets (CTVNS) and the corresponding topo-
logical framework (CTVN-STS), together with the application
of an AI approach to signal-template analysis, raise several
lines of promising research for uncertainty modelling and in-
telligent decision systems. The algebraic structure of CTVNS
could be further extended by considering higher order uncer-
tainty parameters and more generalized neutrosophic represen-
tations based on the recent developments in neutrosophic the-
ory, fuzzy systems, topology, fixed point theory, fractional cal-
culus, and soft computing [61-85]. These upgrades would en-
able the framework to model complex, dynamic, and real-world
environments. At the same time, it is necessary to analyze in
greater depth the topological characteristics of CTVN-STS, es-
pecially continuity, compactness, connectedness, separation ax-
ioms. Improving these properties will give a more solid math-
ematical basis and a greater scope of application of the frame-
work in mathematical analysis and uncertainty-based decision
making. In addition, based on recent developments in artificial
intelligence and soft computing applications, future research
could include the incorporation of AI in signal-template anal-
ysis with the CTVNS framework. Such an integration would
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allow an adaptive learning-based modeling, in which uncer-
tain signals can be modeled, matched, classified and interpreted
by neutrosophic soft topological structures in an efficient man-
ner. Such a hybrid strategy is predicted to be very effective
in fields like Biomedical signal processing, pattern recognition,
fault diagnosis and communication systems. Besides, the pro-
posed cotangent similarity measure can be further compared
with some existing similarity and distance measures in vari-
ous uncertainty contexts to examine its robustness, sensitivity
and computation efficiency. It would be even more relevant if
it could be validated on a large scale with complex datasets.
Last, but not least, the marriage between machine learning and
deep learning techniques with CTVNS is a promising future
approach. This integration will facilitate the creation of models
for intelligent decision-making that are driven by data and more
accurate and interpretable when dealing with high-dimensional
and uncertain data. Based on the above, the following di-
rections are suggested for future research on Complex Triple-
Valued Neutrosophic Soft Sets and its topological framework
for improving its theory and effectiveness in the field of signal-
template analysis in artificial intelligence and its applications in
the real world.
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