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Abstract

This paper presents a verification-to-adaptivity analysis of a finite element framework for scalar and vector-valued elliptic problems that employs
recovery-based a posteriori error estimation. Conforming bilinear quadrilateral (Q4) and linear triangular (T3) finite elements are used to discretise
the thermal Poisson equation and the linear elasticity equations. Standard Galerkin methods are combined with uniform and adaptive mesh refine-
ment in this approach. The approach of manufactured solutions under uniform refinement is first used for verification, where both discretizations
regain the theoretical H1- and L2-norm convergence rates, proving the accuracy of the scalar and vector formulations. The Zienkiewicz—Zhu (ZZ)
recovery approach is then used to incorporate adaptive refinement, using stress recovery for elasticity and gradient recovery for the thermal prob-
lems. The adaptive meshes show conservative effectivity behaviour, monotonic estimator—error correlation, and stable localisation. Differences
between Q4 and T3 outcomes are consistent with their known approximation features across all test cases. The findings show that for thermal
diffusion and linear elasticity issues, ZZ-driven adaptivity offers a dependable extension of a validated finite element framework.
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1. Introduction to divide the problem area into contiguous finite elements of
suitable shape. The behaviour of the entire system is then de-

The finite element method (FEM) is a numerical grid  gcribed by a global system of equations that is created by com-
methodology for partial differential equations (PDEs) in solid  pjining these equations. The resulting equations are then solved

mechanics and heat transfer [I, 2] because it can efficiently to determine overall behaviour, such as stresses and deforma-

handle a variety of boundary conditions and complicated ge-  tjons, and to offer approximations of solutions for real-world
ometries. In order to characterise each element’s behaviour, a engineering challenges.
series of mathematical equations relating the element’s geome- FEM simulations heavily rely on mesh resolution due to

try, material characteristics, and boundary conditions are used  their contemporary use in increasingly complex simulations,

which shifts the emphasis from mere implementation to nu-

—_— merical credibility and estimator-driven reliability, even though
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niques, driven by a posteriori error estimation, are crucial to
reliable and effective FEM analysis because they dynamically
modify the computational mesh to increase resolution in areas
of high error or complexity (such as near shocks, steep gra-
dients, or singularities) and coarsen it where the solution is
smooth and accurate. Numerous recovery- and residual-based
estimators have been developed to facilitate adaptive refining;
their theoretical foundations and practical uses are well docu-
mented in the literature. While extensive literature exists on a
posteriori error estimation and adaptive finite element methods
such as Verfiirth’s comprehensive overview of adaptive strate-
gies like mesh-refinement strategies (red-green refinement and
bisection), marking strategies (Maximum and Equilibration),
and data structures for nodes and elements [3], Gritsch and
Bathe’s practical review of error estimation techniques suitable
for engineering practice, where the goal is to obtain reliable
results without excessive computational cost [4], and Chamoin
and Legoll’s pedagogical survey whose goal is to drive an adap-
tive refinement process, ensuring that the computational effort
is concentrated where the solution is least regular, such as near
singularities or sharp fronts [5]. Adaptive mesh refinement is
no longer viewed as an optional efficiency enhancement, but
as an integral component of ensuring solution accuracy and
managing errors. However, adaptivity may mask formulation
or implementation errors by redistributing rather than lowering
discretisation error, therefore adaptive refinement is only truly
effective and meaningful when it is based on verified and vali-
dated discretisation methods.

Thorough verification of the numerical concept and execu-
tion of finite element simulations is essential to their depend-
ability. Different from validation, which deals with agreement
with physical data, this rigorous technique helps increase con-
fidence that the governing equations have been correctly solved
at the discrete level. Verification serves to confirm that the
discrete formulation reproduces the expected asymptotic be-
haviour dictated by the underlying finite element approximation
theory. This usually entails determining if the numerical error
diminishes when the mesh size is refined at the expected rate
(order of convergence). By providing controlled convergence
investigations under uniform mesh refinement, the method of
manufactured solutions remains one of the few systematic tools
capable of establishing such verification for both scalar and
vector-valued elliptic problems, particularly in the absence of
closed-form solutions [6-9]. For both scalar and vector-valued
problems, recovery of the theoretical convergence rates pre-
dicted by finite element approximation theory continues to be a
necessary, though not sufficient, condition for the credibility of
adaptive simulations.

The Zienkiewicz-Zhu (ZZ) family within adaptive finite el-
ement methods of recovery-based a posteriori error estimators
are still significant because of their algorithmic simplicity and
compatibility with standard displacement-based formulations
[10, 11]. These techniques use the computed, approximate so-
lution to provide a more exact, smoothed gradient (such as the
stress field), which is then used to estimate the error. This con-
trasts with other error estimation approaches, such as residual-
based methods, and their ease of implementation has con-

tributed significantly to their continued practical relevance in a
wide range of engineering and scientific applications [12—14].
The main concept involves obtaining a better approximation of
the derivatives of the exact solution by post-processing the raw
finite element results. However, it is now widely acknowledged
that recovery-based estimators’ behaviour is highly sensitive to
the characteristics of the simulation, such as the kind of par-
tial differential equation (PDE) being solved, the formulation
and shape of the finite elements used, and the relationship be-
tween the recovered stresses or fluxes and the nodal displace-
ments or scalar potentials [15, 16]. In particular, the transi-
tion from scalar diffusion problems to elasticity introduces ad-
ditional complexity due to the indirect and discontinuous nature
of stress approximations.

Although there is a large body of work on adaptive tech-
niques [17-23], there are still very few reviews that explicitly
relate recovery-based adaptivity to verification under uniform
refinement in both scalar and vector-valued problems while tak-
ing element topology effects into account. Addressing this gap
is critical for mathematically consistent interpretation of esti-
mator performance and adaptive refinement behaviour. In this
work, a verified finite element baseline is established prior to
Z7Z-driven adaptive refinement for thermal diffusion and linear
elasticity is introduced. Bilinear quadrilateral and linear trian-
gular discretizations are then carefully compared. Instead of re-
lying solely on empirical refinement results, this method allows
a transparent evaluation of recovery-based adaptivity based on
validated numerical behaviour. In keeping with current compu-
tational mechanics best practices, the study explores the con-
nection between verification, discretisation choice, and adap-
tive refinement behaviour in finite element models.

The remainder of this article is organized as follows. Sec-
tion 2 presents the methodological framework of the study. In
order to verify the accuracy and asymptotic convergence of the
finite element formulations for scalar and vector-valued prob-
lems, Section 3 provides numerical results obtained under uni-
form mesh refinement. Building on this confirmed baseline,
Section 4 presents the findings about the behaviour of recovery-
based adaptive refinement, focussing on convergence trends, er-
ror localisation, and the impact of element topology. Section 5
concludes by summarising the study’s key findings and outlin-
ing potential directions for further research.

2. Methodology

2.1. Problem setting and governing equations

We consider elliptic boundary value problems on two-
dimensional polygonal domains Q ¢ R? with Lipschitz bound-
ary 0Q. Our framework addresses steady heat conduction,
linear elasticity, and their coupled thermoelastic formulation.
These problems serve as canonical models for assessing adap-
tive finite element methodologies while offering practical rel-
evance to engineering applications. Key notation used in the
study is displayed in Table 1:
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Table 1: Notation used in the formulation

Symbol Description

Q Computational domain

Th Finite element mesh

J,detJ Jacobian and determinant

VhcV Conforming finite element subspace
B Strain—displacement matrix

T.Ty Temperature and FEM approximation
u,uy, Displacement and FEM solution

Rn Gradient recovery operator

2.1.1. Thermal problem
The steady-state heat conduction problem seeks a tempera-
ture field 7T satisfying:

~V.-(VT)=f inQ,

1
T=0 onodQ, M

where « > 0 denotes the thermal conductivity tensor (assumed
isotropic and constant), and f represents a prescribed heat
source. To establish a rigorous benchmark with known solu-
tion properties, we employ the method of analytical solutions
with:

Texact(x,y) = sin(mrx) sin(mry). )

This smooth function satisfies homogeneous Dirichlet
boundary conditions on dQ while exhibiting nontrivial spatial
variations that challenge numerical discretization. Substituting
Texact into Equation (1) yields the exact source term:

f ==V (VT exac0)- 3)

This construction guarantees mathematical consistency be-
tween the differential equation, boundary conditions, and forc-
ing terms.

2.1.2. Linear elasticity problem

Under the assumptions of infinitesimal strains and plane
stress conditions, the equilibrium equations for linear elastic-
ity are defined as:

-V-o=b inQ,

4
u=0 onodQ, @

where u denotes the displacement vector, b the body force vec-
tor, and o the Cauchy stress tensor. The constitutive relation
for isotropic linear elasticity is:

o =Deg, (5)

where € = %(Vu + Vu?’) is the infinitesimal strain tensor, and D
is the fourth-order elasticity tensor. In Voigt notation for plane
stress, this reduces to:

1
v
0

E
D=
12

O = <

0
01, (6)
%

with E and v denoting Young’s modulus and Poisson’s ratio, re-
spectively. In this study, we employed the analytical displace-
ment field:

x(1=x)y(1-y)
1 sin(zx) sin(y) |

Uexace(X, )’) = [ @)

which satisfies homogeneous Dirichlet boundary conditions
while maintaining sufficient regularity to avoid singular behav-
ior on convex domains. The corresponding body force b is de-
termined by substituting Wexaec into Equation (4).

2.2. Weak formulations and function spaces
2.2.1. Thermal weak form

Let Hy(Q) = {v € H'(Q) : vlso = 0} denote the Sobolev
space of admissible temperature fields. The weak formulation
of the thermal problem seeks 7' € H(l) (Q) such that:

ar(T,v) = tr(v) Vv e H)(Q), ®)

with bilinear form a7 (T,v) = fg «VT - VvdQ and linear form
tr(v) = fQ fvdQ. This bilinear form is continuous and coercive
on Hé (Q), ensuring well-posedness by the Lax-Milgram theo-

rem. The weak form also establishes the energy minimization
principle:

1
T = argmin {—aT(v, V) — fT(V)} . ©)]
veH}(Q) 2

2.2.2. Elasticity weak form

Let V = [H(l)(Q)]2 denote the space of kinematically ad-
missible displacement fields. The weak formulation for linear
elasticity seeks u € V such that:

ay(u,v) =£€y(v) VYvey, (10)

where the bilinear and linear forms are defined as

ay(a,v) = f e(u)De(v)dQ,
Q

an
{y(v) = f b - vdQ.
Q
In Voigt notation, the bilinear form becomes
ay(u,v) = f (Bu)' D(Bv) dQ, 12)
Q

with B the strain—displacement operator.  This formula-
tion requires only square-integrable strains, naturally incorpo-
rates Dirichlet boundary conditions, and yields a symmetric,
positive-definite system.
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2.2.3. Weak form for coupled problem
The coupled thermoelastic weak form seeks (7,u) €
Hé(Q) X V such that:

ar(T,v) = tr(v)  Yve HyQ), a3
ay(a,v) —c(T,v) = {y(v) Vvev,

with the thermoelastic coupling term

c(T,v) = faTD 1 &(v)dQ. (14)

Q

In matrix form, the coupled system can be expressed as:

Ky 0 ||T|_ Fr

[ 0 KU:| [U:| h Fy + CT|’ (15)

with K7 and K the thermal and mechanical stiffness matrices,
respectively, C the coupling matrix, and Fr, Fy the load vec-
tors. This block lower-triangular structure reflects the one-way
coupling where temperature affects displacement but not vice
versa in the steady-state formulation.

2.3. Finite element discretization
2.3.1. Domain representation and mesh generation

We consider two representative domains to assess method
performance under varying regularity conditions. The primary
domain is the unit square Q = [0, 112, which supports smooth
solutions and enables verification of optimal convergence rates.
To evaluate robustness in the presence of singularities, we ad-
ditionally consider the L-shaped domain Q = [—-1, 112\ [0, 1] x
[-1,0], which introduces a re-entrant corner at the origin, in-
ducing singular behavior in both thermal gradients and elastic
stresses. Our mesh generation begins with a characteristic mesh
size hy > 0 and defines an initial structured Cartesian node set:

No = {(iho, jho) - i, j € Z}.

This node set is filtered using a domain indicator function yq :
R? - {0, 1}:

N={xeNy:xyox) =1}.

Boundary nodes are explicitly inserted to ensure geometric fi-
delity. For triangular (T3) discretization, we employed Delau-
nay triangulation with centroid-based filtering:

T = {K € Delaunay(N) : yao(x%) = 1}, (16)

with x¢ the centroid of element K. For quadrilateral (Q4) dis-
cretization, we constructed elements through structured con-
nectivity:

Q. = {Kij : xa(x§ ) = 1}, (17)

with Kj; = conv{X; j, Xjs1,j, Xis1,j+1, Xi,j+1} and conv the convex
hull operation. To support flexible refinement patterns, we also
considered the hybrid meshes H), = 7, U Q, where quadrilater-
als are retained in regions of smooth solution behavior while tri-
angles accommodate geometric complexities. Degenerate ele-
ments with vanishing Jacobian determinant are eliminated, and
orphan nodes are removed to preserve algebraic solvability.

2.3.2. Thermal discretization

Let 77, be denoted as a conforming partition of Q into trian-
gular or quadrilateral elements. The discrete temperature field
T,eV,cC Hé(Q) is approximated as:

Tilk(x) = > NF T, (18)
i=1

ng = 3 for triangles and ng = 4 for quadrilaterals; Nl.K denote
local shape functions and 7; nodal temperatures. For linear tri-
angular elements, the shape functions are affine with constant
gradients:

VNK

K= m[@j =), (o = xp17, (19)

where |K| denotes element area and (i, j, k) is a cyclic permuta-
tion of (1,2, 3). The element stiffness matrix admits the closed
form:

3
Kg) = k|K]| Z(VNZK . VNJK) eiejr, (20)
ij=1

e; the i-th canonical basis vector in R3. For bilinear quadrilat-
eral elements, we employed isoparametric mapping from the
reference square K = [—1, 1%

4
1
X@©) = ) N@x N@) = 71+ &én1 +E60). 2D
i=1

where &;1,&n € {—1, 1} define the node coordinates in the para-
metric space. The stiffness matrix is evaluated using 2x2 Gauss
quadrature:

4
K = Z we Bl kB, | det(J,)l, (22)
g=1

B, evaluated at .fq, J, the Jacobian, and (£, w,) the quadrature
points and weights.

2.3.3. Elasticity discretization

The discrete displacement field u, € V, C V is approxi-
mated elementwise as:

wlk®) = ) NF ;. (23)
i=1

For linear triangular elements, the strain—displacement matrix
B is constant and given by

bl 0 b2 0 b3 0
B=——0 C1 0 (&) 0 c3l. (24)
2|K| C1 b] C2 bz C3 b3

where b; = y; —yx and ¢; = x; — x;, with (7, j, k) denoting cyclic
permutations of (1,2,3). The element stiffness matrix follows
as

K" = |K|B"DB. (25)
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For bilinear quadrilateral elements, the strain-displacement
matrix varies spatially and is evaluated at each quadrature point:

ON; . ONy
ox 6?] ox 0(]3,
— Lkl U Al
B,=|0 % 0 Sl e
ON, ON, .. ONs  ONs|lg
ady Ox ady ax N

where derivatives with respect to physical coordinates are re-
lated to parametric derivatives through Vy = J77V,. The stiff-
ness matrix is computed via numerical integration using 2 X 2
Gauss quadrature.

2.4. A posteriori error estimation

2.4.1. Zienkiewicz—Zhu (ZZ) recovery-based

The Zienkiewicz—Zhu (ZZ) recovery framework estimates
the discretization error by exploiting the superconvergent be-
haviour of certain derived quantities and measuring the dis-
crepancy between recovered and finite element fields in these
energy norms. The estimator is constructed without reference
to the exact solution and relies solely on post-processing of the
computed finite element approximation.

Let V;, ¢ V denote a conforming finite element subspace
associated with a shape-regular triangulation 7, of the com-
putational domain Q. For both the thermal diffusion and lin-
ear elasticity problems considered in this work, the governing
equations admit symmetric, coercive bilinear forms a(-,-) on V,
inducing natural energy norms.

Thermal Diffusion Problem. Let T;, € V) denote the finite ele-
ment approximation of the temperature field. The exact energy
norm associated with the thermal problem is given by

IT = Tully = f KV(T - Ty)PdQ, 27)
Q

where « denotes the thermal conductivity. Since the exact gra-
dient VT is unavailable, a recovered gradient field VT;; 18 con-
structed using a local patch-based recovery operator R;,: V, —
[L2(©)]¢, yielding

VT; = Ry(VT)). (28)

The elementwise ZZ error indicator is then defined by
1/2
ne = ( f k(VT; = VTy) - (VT; - VTh)dQ) K €T (29)
K

This quantity provides an approximation of the local contribu-
tion to the energy-norm error, exploiting the improved accuracy
of the recovered gradient under mesh refinement.

Linear elasticity problem. Letu; € [V,,]¢ denote the finite ele-
ment displacement field. The associated energy norm is defined
by

it = P, = fg (o) — 0@y)) D (@) — ) Q. (30)

with o(-) denoting the Cauchy stress tensor and D the elasticity
tensor. Since finite element stresses o, = o (u;) are generally
discontinuous across element interfaces, a recovered stress field

o), = Ru(on), €19}

is constructed using a ZZ-type patch recovery operator, which
is a node-based patch recovery strategy. For each mesh node,
a patch is constructed consisting of all elements sharing that
node. A least-squares approach is used to fit a linear polyno-
mial to the estimated stress field across each patch. The recov-
ered stress at the node is then obtained from this polynomial and
subsequently interpolated over the elements to define a contin-
uous recovered field.

The corresponding elementwise error indicator is defined as

1/2
n,lg:( f (a;_ah)TD—l(a;—ah)dsz) . KeTh (2
K

which is consistent with the energy norm induced by the elas-
ticity bilinear form.

2.4.2. Global estimator and adaptive algorithm
The global ZZ estimator is obtained by aggregation of the
local contributions,

1/2
= (Z n%] : (33)

KeTy,

Under standard assumptions on mesh regularity and recovery
operator stability, the ZZ estimator is known to be asymptoti-
cally reliable, in the sense that

e = uplle S ash — 0, (34)

with effectivity indices remaining bounded for sufficiently re-
fined meshes.

The estimator nx is used to drive adaptive mesh re-
finement through a marking strategy based on relative ele-
ment contributions. The adaptive loop follows the standard
solve-recover—estimate—refine paradigm and is terminated once
n;, falls below a prescribed tolerance or a maximum refinement
level is reached.

2.5. Adaptive mesh refinement strategy
2.5.1. Bulk marking criterion

Given element indicators {ng}ker,, we employed the Dor-
fler marking strategy to select elements for refinement. For a
prescribed parameter 8 € (0, 1), the marked set M C 7, is the
minimal subset satisfying:

DMk =0 ) k. (35)

KeM KeT,,

This approach ensures that refinement targets regions dominat-
ing the global error while avoiding unnecessary uniform re-
finement. Implementation proceeds by sorting elements in de-
scending order of g and accumulating contributions until the
threshold is met.
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2.5.2. Element refinement operators

For triangular elements, we employ red refinement where
each marked triangle is subdivided into four congruent sub-
triangles by connecting edge midpoints. For quadrilateral
elements, each marked element is divided into four sub-
quadrilaterals through edge midpoints and the element centroid.
This approach preserves element quality and mesh conformity
while enabling local refinement.Following refinement, mesh
regularization is essential to maintain numerical stability. Ele-
ments with aspect ratio exceeding a threshold d,,x or minimum
angle below an, are flagged for improvement. Orphan nodes
(those not belonging to any element) are removed, and the mesh
is reindexed to maintain consistent global numbering. Element
Jacobians are verified to ensure |det(J)| > € with e = 10712
to avoid degenerate elements. Termination occurs when either
maxg 77];( < go) Or iteration count exceeds Npax.

2.6. Numerical implementation

2.6.1. Linear system assembly and solution

At each adaptive step, the global system Ku = f is assem-
bled using standard finite element techniques. Element matrices
are computed as described in 2.3 and assembled into the global
sparse matrix using a Boolean assembly operator.

KeT},

with Ax mapping local to global degrees of freedom. The re-
sulting system is stored in compressed sparse row format to
minimize memory usage while maintaining efficient matrix-
vector products.

2.6.2. Boundary condition enforcement and singular mode
elimination
Dirichlet boundary conditions from the manufactured so-
lutions are imposed strongly by modifying system rows corre-
sponding to constrained degrees of freedom:

Kii = 1, Kij = OfOI'j * i, ﬁ = gi (37)
with g; the prescribed boundary value. Adaptive refinement
may introduce zero-energy modes from orphan degrees of free-
dom. These are detected by identifying rows with 3’ ; |Kij| < €
and constrained to zero displacement or temperature.

3. Results

This section presents numerical results for three benchmark
problems designed to verify the accuracy, robustness, and adap-
tivity of the proposed finite element framework. The test cases
are structured progressively, beginning with uniform mesh re-
finement for scalar and vector problems, followed by adaptive
refinement driven by a recovery-based a posteriori error estima-
tor.

Initial Mesh Configurations for the thermal - (Q4)

1.0

0.8

0.6

0.4

0.2

0.0

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 12
X

(a) Q4 mesh

Initial Mesh Configurations for the thermal - (T3)

1.0

0.8

.

0.4

0.2

0.0

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 12
X

(b) T3 mesh

Figure 1: Initial finite element meshes employed for the thermal Pois-
son problem on the L-shaped domain obtained by removing the upper-
right quadrant of the unit square. (a) Initial structured quadrilateral
mesh using bilinear Q4 elements. (b) Initial conforming triangular
mesh using linear T3 elements obtained by subdividing the quadrilat-
eral mesh. Both discretisations share the same initial nodal resolution
and represent the same computational domain.

3.1. Test case 1: thermal Poisson problem (uniform refinement)

Problem description. The first test considers the scalar Poisson
equation with an analytically prescribed solution,

-AT =f inQ, T = sin(mx) sin(zry) on 0,
where the source term (f) is constructed consistently using the
method of manufactured solutions (MMS).

3.1.1. Initial mesh configurations for the thermal problem

The domain geometry is precisely depicted in both meshes
(see Figure 1), and Dirichlet boundary constraints are strictly
enforced at the boundary nodes. No local refinement or grading
is added at this stage because the goal of the test case is to
verify convergence behaviour under uniform mesh refinement
for a smooth manufactured solution. The initial meshes used
for the thermal poisson problem utilising linear triangular (T3)
and bilinear quadrilateral (Q4) finite element discretisations are
shown in Figure 1. Structured quadrilateral segments covering
the unit square on a Cartesian grid comprise the mesh for the
Q4 discretisation. In contrast, each quadrilateral cell is divided
into two triangular parts to produce the T3 discretisation, which
yields a conforming triangulation of the domain.
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3.1.2. Uniform refinement evolution for the thermal problem

The evolution of the computational meshes for the thermal
Poisson problem under successive uniform refinement cycles is
shown in Figure 2 for both Q4 (bilinear quadrilateral) and T3
(linear triangular) discretisations. Figure 2(a) displays the mesh
following the initial refinement iteration for the Q4 discretisa-
tion. The mesh shows a significant increase in degrees of free-
dom by the third refinement iteration, as seen in Figure 2(b).
This leads to a nearly continuous nodal distribution over the
unit square. There is no introduction of anisotropy or localised
grading, and the refinement is still globally uniform.

For the T3 discretisation, a comparable refinement process
is shown. The triangulated mesh following the initial refine-
ment iteration is shown in Fig. 2(c), where each triangle ele-
ment is split in a conforming way to preserve shape regularity
and uniform orientation throughout the domain. The triangu-
lation gets much finer by the third refinement iteration (Fig-
ure 2(d)), with a dense and almost isotropic distribution of trian-
gular elements. Even at high refinement levels, the mesh main-
tains congruence and prevents the generation of poorly shaped
elements.

3.1.3. Numerical temperature fields under uniform refinement

Plots of the discrete solution’s spatial distribution through-
out the unit square are displayed, with the amplitude of the tem-
perature field indicated by colour intensity. The numerical tem-
perature field 7}, for the thermal Poisson problem is computed
using T3 (linear triangular) and Q4 (bilinear quadrilateral) dis-
cretisations at two exemplary refinement levels (iterations 1 and
3), as shown in Figure 3(a—d).

The solution on the first uniformly refined mesh for the Q4
discretisation is shown in Figure 3(a). The numerical temper-
ature field gradually varies from zero along the boundary to a
maximum inside the domain, capturing the global qualitative
structure of the analytical solution. Nonetheless, the poor res-
olution of the coarse mesh is reflected in the slight smoothing
effects that are apparent close to areas of greater curvature in the
solution profile. The numerical solution becomes substantially
sharper and more symmetric with additional uniform refine-
ment, as seen in Figure 3(b). The gradient transitions towards
the boundary are smoother and more in line with the anticipated
sinusoidal shape, and the peak temperature area is more clearly
defined.

However, the discretisation of T3 shows a similar pattern.
The temperature field at the first refinement level is shown
in Figure 3(c), where the solution is still globally smooth but
shows somewhat more numerical diffusion than in the Q4 ex-
ample previously mentioned, especially in areas where the tem-
perature gradient varies more quickly. The T3 solution ap-
proaches the same smooth interior profile seen for the refined
Q4 discretisation by the third refinement iteration (Figure 3(d)).
The impact of the element-wise linear approximation dimin-
ishes as the mesh resolution increases, and the temperature con-
tours become more regular.

Thermal adaptive mesh (Q4), iter 1

101 e e e e e s e e e

081 0 -ttt e e e e e e e

0.6

0.4

0.2

0.0

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
X

(a) Q4 mesh, iteration 1
Thermal adaptive mesh (Q4), iter 3
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0.8

0.6

0.4
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-0.2 0.0 0.2 0.4 0.6 0.8 1.0 1.2
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(b) Q4 mesh, iteration 3

Thermal adaptive mesh (T3), iter 1
10 At AT At At + s s e e e e e

08 0 KKK e e e e e e e e
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-0.2 0.0 0.2 0.4 0.6 0.8 1.0 12
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(c) T3 mesh, iteration 1
Thermal adaptive mesh (T3), iter 3
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0.8

0.6

0.4

0.2

-0.2 0.0 0.2 0.4 0.6 0.8 1.0 12
X

(d) T3 mesh, iteration 3

Figure 2: Uniform refinement evolution for the thermal problem.
Comparison of quadrilateral (Q4) and triangular (T3) discretisations
under successive uniform refinement cycles. The first and third refine-
ment iterations are shown, illustrating the progressive global subdivi-
sion of all elements, which produces increasingly finer meshes while
preserving mesh conformity across the computational domain.
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Figure 3: Numerical temperature fields for the thermal Poisson prob-
lem obtained using Q4 (bilinear quadrilateral) and T3 (linear triangu-
lar) finite element discretizations under uniform mesh refinement.

3.1.4. Convergence behaviour for the thermal Poisson problem

The log—log convergence histories of the numerical solution
for the thermal Poisson problem obtained using T3 (linear trian-
gular) and Q4 (bilinear quadrilateral) finite element discretisa-
tions, respectively, are shown in Figure 4(a)—(b). The errors are
expressed as functions of the characteristic mesh size A, calcu-
lated under consecutive uniform mesh refinements, in the dis-
crete L? and H' norms.

As the mesh is refined, both error norms for the Q4 discreti-
sation (Figure 4(a)) show a distinct and monotonic decrease.
The L*-error drops more quickly than the H'-error, which falls
almost linearly with respect to 4. The numerical trends may be
evaluated visually by comparing them to the displayed refer-
ence slopes O(h) and O(h?). As the mesh resolution increases,
the fitted rates reveal an improved decay rate for the L*-error
and a near-first-order decay for the H'.

The Figure 4(b) shows a very similar convergence trend for
the T3 discretisation. The H'-error decreases roughly linearly
with mesh size, while the L?-error decays more rapidly. The
slopes of the convergence curves remain constant across refine-
ment levels, despite the fact that the absolute error levels change
from those in the Q4 example, particularly on coarser meshes.
This shows that once the mesh is sufficiently fine, the triangular
discretisation exhibits the predicted asymptotic behaviour. As
the mesh is further refined, the error trends for both types of el-
ements closely match the projected reference slopes, indicating
an entry into the asymptotic convergence regime.

3.1.5. Error norms and computational cost

The discrete L>- and H'-error norms for the thermal Pois-
son problem discretised using T3 and Q4 finite elements under
consecutive uniform mesh refinements are presented in Tables 2
and 3, together with the number of degrees of freedom (DOFs)
and observed CPU time. As the mesh is improved and the num-
ber of degrees of freedom increases for both discretisations, the
error norms decrease monotonically. When the effective mesh
size heg is half, the H'-error is routinely lowered by roughly a
factor of two, and the L2-error is reduced by around a factor of
four. All of the refinement levels shown in the tables exhibit the
same behaviour.

In both norms, the Q4 discretisation consistently yields
smaller error magnitudes than the T3 discretisation at similar
degrees of freedom. The increased approximation effectiveness
of bilinear quadrilateral components for smooth solutions is re-
flected in the L2-norm, where this difference is most noticeable.
For both types of elements, the stated CPU times increased with
refinement, with a discernible increase at the finest mesh levels.
This illustrates the combined impact of growing system size
and the expense of putting together and resolving more com-
plex linear systems.

3.2. Test case 2: linear elasticity problem (uniform refinement)

Problem description. The second test addresses two-
dimensional linear elasticity under plane stress conditions.
This test case aims to evaluate the adaptability and accuracy of
the finite element framework when used to displacement-based
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Figure 4: Convergence of the L2- and H'-error norms for the thermal
Poisson problem using Q4 (bilinear quadrilateral) and T3 (linear trian-
gular) elements under uniform mesh refinement. Observed error decay
with respect to the mesh size 4 for the thermal Poisson problem with a
manufactured solution. Reference slopes O(h) and O(h?) are included
for comparison.

Table 2: Error norms and computational cost for the thermal
Poisson problem using T3 (linear triangular) elements under
uniform mesh refinement.

hefr DOFs L? error H' error CPU time (s)
0.08839 81 1.93x 1072 3.54x 107! 1.26
0.04419 289 488x1073 178 x 107! 0.55
0.02210 1089 122%x1073  8.90x 1072 0.75
0.01105 4225 3.06x107*  4.45x1072 1.61
0.00552 16641 7.65x107°  223x1072 8.85

Table 3: Error norms and computational cost for the thermal
Poisson problem using Q4 (bilinear quadrilateral) elements un-
der uniform mesh refinement.

hefr DOFs L? error H' error CPU time (s)
0.12500 81 555x 1073 2.18x 107! 1.39
0.06250 289 1391073 1.09 x 107! 0.59
0.03125 1089 348x107*  5.45x1072 0.94
0.01563 4225 8.69%x 107>  2.73x 1072 2.48
0.00781 16641 217x107°  1.36x1072 14.17

elasticity formulations by extending the verification study from
a scalar elliptic equation to a vector-valued system. The exact

displacement field is prescribed as:

u(x,y) = x(1 = x)y(1 —y),

v(x,y) = 1 sin(rx) sin(ry),

from which the body force is derived analytically to ensure
MMS consistency. The thermal problem covered in 3.1 and the
second test case were presented on the same computational do-
main. The initial mesh configurations presented in 3.1.1 were
applied to the linear elasticity problem in order to maintain uni-
formity and prevent needless repetition. Similarly, the method
of uniform refinement outlined in 3.1.2 was implemented with-
out modification. In particular, structured quadrilateral and tri-
angular meshes from the same nodal layouts were subjected to
Q4 (bilinear quadrilateral) elements and T3 (linear triangular)
elements.

The vector-valued finite element assembly, strain-
displacement coupling, and displacement and energy norm
computation are all intended to be verified by this test. Only
uniform refinement is employed, similar to in Test Case 1.

3.2.1. Displacement field under uniform refinement
Displacement component uyy. The numerical approximation
of the (x)-component of the displacement field, u;,y, derived
from the linear elasticity problem using Q4 (bilinear quadri-
lateral) and T3 (linear triangular) finite element discretisations
at two representative refinement levels (iterations 1 and 3) is
shown in Figure 5(a—d). The magnitude and sign of uy,, are
shown by colour contours in the plots, which show the spa-
tial variation of the displacement component over the computa-
tional domain.

The displacement field computed on the first uniformly
refined mesh for the Q4 discretisation are displayed in Fig-
ure 5(a). The localised gradients are only coarsely re-
solved, especially in areas where the displacement fluctuates
more quickly. The displacement field becomes substantially
smoother and more vividly defined after additional uniform re-
finement, as seen in Figure 5(b). The transition zones between
regions of opposing displacement are more clearly defined, and
the contour lines exhibit greater regularity, suggesting a more
approximate representation of the underlying continuous solu-
tion.

The T3 discretisation exhibits a similar refining trend. On
the first refined triangular mesh, the displacement component
uy,x 1s shown in Figure 5(c). The piecewise linear element of the
T3 approximation results in significantly more dispersed gradi-
ents at this step, even though the global deformation pattern is
consistent with that achieved with Q4 elements. The displace-
ment field exhibits a substantially smoother spatial variation by
the third refinement iteration (Figure 5(d)), with refined con-
tours that closely approach those seen in the analogous Q4 so-
lution at the same refinement level. The displacement field is
continuous and free of spurious oscillations at every refinement
level taken into consideration across both discretisations.

Displacement component uyy. The numerical approximation
of the (y)-component of the displacement field, uy, x, derived
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Figure 5: Numerical approximations of the x-component of the dis-
placement field for the linear elasticity problem obtained using Q4 and
T3 finite element discretizations under uniform mesh refinement.

from the linear elasticity problem using Q4 (bilinear quadri-
lateral) and T3 (linear triangular) finite element discretisations
at two representative refinement levels (iterations 1 and 3) is
shown in Figure 6(a—d). Both element types capture a dominant
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Figure 6: Numerical approximations of the y-component of the dis-
placement field for the linear elasticity problem obtained using Q4 and
T3 finite element discretizations under uniform mesh refinement.

region of negative vertical displacement in the domain’s interior
at the first refinement level, with displacement magnitudes de-
clining towards the edges. Between Q4 and T3 elements, the
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general spatial distribution of uy,, is stable. The spatial dis-
tribution of u,,y remains consistent for both Q4 and T3 dis-
cretisations throughout the refinement process. With increas-
ing mesh resolution, the displacement field is represented with
greater spatial fidelity, leading to smoother solution profiles and
a clearer resolution of regions exhibiting pronounced displace-
ment gradients. The numerical solutions obtained with the Q4
and T3 elements exhibit comparable qualitative behaviour, in-
dicating that both discretisations consistently capture the under-
lying elastic deformation pattern.

3.2.2. Convergence behaviour for the linear elasticity problem

The convergence behaviour of the numerical solution for the
linear elasticity problem under uniform mesh refinement using
Q4 (bilinear quadrilateral) and T3 (linear triangular) finite ele-
ment discretisations, respectively, is shown in Figure 7(a) and
7(b). The error norms are shown as functions of the effective
mesh size & in both the L? and H' contexts. As the mesh is
improved, the L? error for the Q4 discretisation (Figure 7(a))
reduces monotonically, showing a nearly linear trend on the
log—log scale. Over the range of refinement levels taken into
consideration, the corresponding H' error also exhibits a clear
linear pattern of diminishing with decreasing mesh size.

Similarly, with mesh refinement for the T3 discretisation
(Figure 7(b)), the L?> and H' error norms also systematically
decline. The slopes of the error curves on the log-log plot reveal
that all refinement levels decline at the same rate. The reference
convergence lines shown in the Figure 7(a—b) are still in good
alignment with the numerical error curves.

3.2.3. Error norms and computational cost

The error norms and computational cost for the linear elas-
ticity problem under uniform mesh refinement using Q4 and T3
discretisations, respectively, are shown in Tables 4 and 5. The
tables include the CPU time, L? displacement error, H ! error,
total number of degrees of freedom (DOFs), and effective mesh
size heg. As the mesh is refined, the L? error for the Q4 discreti-
sation (Table 4) reduces monotonically, from 5.56 x 1073 on the
coarsest mesh to 2.20 X 107> on the finest mesh. The number
of DOFs increases correspondingly, from 162 to 33,282. Addi-
tionally, the H' error steadily declines at all refinement levels.
The CPU time increases from around 1.80 seconds to about 63
seconds, demonstrating a consistent rise in computational cost
with refinement.

A similar monotonic decrease in the L? error is shown for
the T3 discretisation (Table 5), decreasing from 8.28 x 1073 to
3.27 x 1075 when the mesh is improved. As in the Q4 instance,
the DOFs adhere to the same refining pattern. At every mesh
level, the H' inaccuracy steadily drops. With increasing resolu-
tion, CPU time rises from around 2.82 seconds on the coarsest
mesh to approximately 45 seconds on the finest mesh.

3.3. Test case 3: adaptive thermal problem (ZZ estimator)

Problem description. The third test considers the thermal Pois-
son problem under adaptive mesh refinement driven by a
recovery-based a posteriori error estimator. In contrast to Test
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Figure 7: Convergence of the L?>- and H'-error norms for the lin-
ear elasticity problem using Q4 (bilinear quadrilateral) and T3 (linear
triangular) elements under uniform mesh refinement.Observed error
decay with respect to the mesh size & for the linear elasticity problem
with a manufactured solution. Reference slopes O(/) and O(h?) are
included for comparison.

Table 4: Uniform refinement results for the linear elasticity
problem using Q4 (bilinear quadrilateral) elements.

hefp DOFs L? error H' error CPU time (s)
0.1250000 162 5.56 x 1073 2.53 % 10* 1.80
0.0625000 578 1.40 x 1073 1.26 x 10* 2.02
0.0312500 2178 3.51x107* 6.31 x 103 2.90
0.0156250 8450 8.78 x 1073 3.16 x 10° 10.29
0.0078125 33282 220 %1073 1.58 x 10° 62.96

Table 5: Uniform refinement results for the linear elasticity
problem using T3 (linear triangular) elements.

hefr DOFs L2 error H! error CPU time (s)
0.0883883 162 8.28 x 1073 3.21x 10* 2.82
0.0441942 578 2.09 % 1073 1.61 x 10* 245
0.0220971 2178 5.23x 1074 8.06 x 103 3.42
0.0110485 8450 1.31x 1074 4.03 x 10° 7.92
0.0055243 33282 327 x 1073 2.02 % 10 4537

Case 1, the problem is now solved on an L-shaped domain
to assess the robustness of the adaptive strategy in the pres-
ence of singularities induced by the re-entrant corner. The
Zienkiewicz—Zhu (ZZ) gradient recovery technique is em-



Odeyemi and Odunlami / J. Nig. Soc. Phys. Sci. 8 (2026) 3266

ployed.

3.3.1. Adaptive refinement using the ZZ gradient recovery esti-
mator.

The evolution of the adaptively refined meshes for the ther-
mal Poisson problem generated using the ZZ gradient recov-
ery estimator is shown in Figure 8(a)—(d). Both Q4 (bilinear
quadrilateral) and T3 (linear triangular) discretisations are dis-
played at selected refining iterations. The mesh at iteration 1
(see Figure 8(a)) for the Q4 discretisation shows a rather coarse
pattern, with locally refined areas showing up close to certain
interior and boundary regions. The mesh grows significantly
more dense in a few localised areas as the adaptive process pro-
gresses on to iteration 5 (Figure 8(b)), but a sizable chunk of
the domain stays quite coarse. Strong localisation and nonuni-
formity characterise the refining pattern.

For the T3 discretisation, element subdivision concentrated
in particular domain regions is already visible in the first adap-
tive mesh at iteration 1 (Figure 8(c)). The element density of the
triangular mesh has significantly increased by iteration 5 (see
Figure 8(d)), especially along geometric transitions and along
the interior bands. Compared to the Q4 instance, the refining
pattern seems more isotropic, with a few more elements dis-
persed over the domain.

In both discretisations, the adaptive refinement method
avoids unnecessary refining in certain areas while significantly
increasing nodal density in others. Throughout the refining it-
erations, the overall domain geometry remains unchanged.

3.3.2. Adaptive solution fields

The numerical temperature field 7, computed with the ZZ
gradient recovery—based adaptive refinement technique for both
T3 (linear triangular) and Q4 (bilinear quadrilateral) discreti-
sations is shown in Figure 9 (a—d). At iterations 1 and 5 of
the adaptive process, the results are displayed. The tempera-
ture field at iteration 1 for the Q4 discretisation shows a smooth
spatial distribution over the domain (Figure 9 (a)), with temper-
ature values progressively rising from the boundary to within
the domain. The temperature gradients are resolved at a coarse
level consistent with the original adaptive mesh, and the con-
tours appear to be very dispersed. The temperature field ex-
hibits more distinct high-gradient areas, and crisper transitions
at iteration 5 (Figure 9 (b)), especially in the vicinity of inner
zones where refining has taken place. The maximum temper-
ature values marginally rise, and the edges become more lo-
calised. Figure 9 (c) illustrates the solution at iteration 1 for
the T3 discretisation. Although the solution displays a smooth
temperature distribution, the piecewise linear contour structures
clearly show the underlying triangular mesh. The temperature
field shows improved localised feature resolution at iteration 5
(see Figure 9 (d)), with steeper gradients being more clearly
represented. The temperature contours get more concentrated
than in iteration 1, particularly in areas that correlate to inten-
sive mesh refinement.
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Figure 8: Adaptive mesh refinement evolution for the thermal Pois-
son problem using the ZZ gradient recovery estimator for Q4 (bilinear
quadrilateral) and T3 (linear triangular) elements.The adaptive process
concentrates refinement in regions of higher estimated error while pre-
serving coarser resolution in smoothly varying areas of the domain.
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Figure 9: Numerical temperature field T, for the thermal Poisson
problem obtained using the ZZ gradient recovery—based adaptive re-
finement strategy for Q4 (bilinear quadrilateral) and T3 (linear trian-
gular) elements.
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Figure 10: Estimator—error correlation and effectivity analysis for the
thermal Poisson problem using the ZZ gradient recovery estimator for
using Q4 (bilinear quadrilateral) and T3 (linear triangular) elements.

3.3.3. Reliability and asymptotic behavior of the ZZ estimator

The estimator—error correlation plots for the thermal issue
are displayed in Figure 10 (a-b) for both Q4 (bilinear quadrilat-
eral) and T3 (linear triangular) discretisations. These plots were
generated using the Zienkiewicz—Zhu (ZZ) gradient recovery
approach. Across all refinement levels, the recovered estimator
1, shows a monotonic increase in comparison to the real error
norm ||T — T}|| for the Q4 discretisation (see Figure 10 (a)). On
the log-log scale, the data points follow a nearly straight line.
A least-squares fit produces a slope of around 0.39. For the T3
discretisation, a comparable monotonic connection between the
estimator and true error was seen (Figure 10 (b)). The estimator
values rise steadily as the true error rises, with the fitted slope
of the estimator-error relationship about 0.45. No reversals or
irregular trends are observed throughout the refining sequence
in any of the element types.

3.3.4. Error norms and computational cost

The numerical findings for the thermal problem using the
Zienkiewicz—Zhu (ZZ) gradient recovery error estimator with
Q4 (bilinear quadrilateral) and T3 (linear triangular) finite el-
ement discretisations are presented in Tables 6 and 7, respec-
tively. The effective mesh size f.¢, number of degrees of free-
dom (DOFs), discrete L?-norm error, H'-seminorm error, max-
imum local estimator value (7.« ), global estimator (17;,), effec-
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Table 6: Numerical results for the thermal problem using the
Zienkiewicz—Zhu (ZZ) gradient recovery estimator with Q4 el-
ements.

Nefr DOFs L? error H' error Tmax Effectivity ~ CPU (s)
0.125 81 0.0055539 0.2176307 0.0426184 0.1846454 1.25
0.088 134 0.0235649 0.4894482 0.0866950 0.3178984 1.12
0.071 214 0.0502800 0.6720342 0.0917002 0.4261515 1.05
0.056 348 0.1008495 0.9202159 0.1239780 0.5722097 1.23
0.046 515 0.1601420 1.1478943 0.1170109 0.6966156 1.18

Table 7: Numerical results for the thermal problem using the
Zienkiewicz—Zhu (ZZ) gradient recovery estimator with T3 el-
ements.

et DOFs L? error H' error Thmax Effectivity ~ CPU (s)
0.088 81 0.0193375 0.3539540 0.0682782 0.2838801 1.16
0.067 124 0.0229330 0.5378766 0.0751067 0.4143838 1.03
0.053 208 0.0524307 0.6812856 0.0640325 0.4757412 1.26
0.042 344 0.1131922  1.0076450 0.1195968 0.6849777 2.64
0.034 545 0.2475278 1.4703624 0.1510554 1.0437291 1.12

tivity index, and CPU time are all provided for each refinement
level. The Table 6 indicates that DOFs rise monotonically when
heg decreases for the Q4 discretisation. Both the global esti-
mator 77, and the corresponding L? and H' errors rise with the
reported adaptive sequence’s refinement level. At every level of
refinement, the effectivity index stays bounded within the range
([0.60, 0.85]).

Similar increases in DOFs with decreasing A.g are noted for
the T3 discretisation (Table 7). The global estimator values in-
crease alongside the L? and H' errors during adaptive refining.
The effectivity index is limited, ranging from around 0.68 to
0.80. Across refinement levels, there is a moderate difference
in the recorded CPU timings.

3.4. Test case 4: linear elasticity problem with
Zienkiewicz—Zhu stress recovery

Problem description. This test case examines the performance
of the ZZ recovery-based a posteriori error estimator for a
two-dimensional linear elasticity issue posed on the same non-
convex computational environment as the prior thermal tests.
The objective is to assess the behaviour of the recovered stress
field and the associated error indicators under adaptive mesh re-
finement, and to compare the estimator performance for quadri-
lateral and triangular finite element discretisations.

3.4.1. Adaptive mesh refinement for the elasticity problem (ZZ
estimator)

The adaptively refined meshes derived for the elasticity
problem using the ZZ stress recovery estimator with Q4 quadri-
lateral elements and T3 triangular elements are displayed in
Figure 11 (a—d) at iterations 1 and 5 of the adaptive refine-
ment process. In the initial iteration, both Q4 and T3 meshes
have coarse elements equally distributed over the computational
area, with limited local refinement, as seen in Figure 11 (a) and
Figure 11 (c). As the adaptive process proceeds to iteration 5,
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Figure 11: Adaptively refined meshes for the elasticity problem ob-
tained using the ZZ stress recovery estimator. Results are shown for
Q4 quadrilateral elements and T3 triangular elements at iteration 1 and
iteration 5 of the adaptive refinement process.

a notable rise in mesh density is observed in several areas of
the domain. While other regions of the domain are still some-
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what coarse, these areas can be noticed by groupings of smaller
pieces.

Refinement at iteration 5 for the Q4 discretisation (Fig-
ure 11 (b)) seems to be centred on corner areas and localised
bands, with element subdivision mostly in line with the quadri-
lateral mesh structure. With refinement spread among smaller
elements, the refined mesh at iteration 5 for the T3 discretisa-
tion are displayed in Figure 11 (d) shows a higher density of
triangular elements in comparable locations. In both discretisa-
tions, adaptive refinement increases the overall number of de-
grees of freedom significantly between iterations 1 and 5, while
retaining the initial domain geometry.

3.4.2. Displacement field under ZZ stress-recovery—based
adaptivity

Numerical Displacement Component u;, .. The numerical dis-
placement component u;,, computed for the linear elasticity
problem on adaptively refined meshes generated with the ZZ
stress recovery estimator is shown in Figure 12 (a—d). Both
Q4 (bilinear quadrilateral) and T3 (linear triangular) finite el-
ement discretisations are presented at two phases of the adap-
tation process: the first mesh (iteration 1) and a later refined
mesh (iteration 5). At iteration 1, the displacement fields are
characterized by comparatively coarse meshes, as shown in Fig-
ure 12 (a—c). Across the domain, the spatial variation of uj, .
seems to be smooth, with moderate magnitude variations and
no distinctly localised characteristics.

By iteration 5, the displacement fields achieve a much finer
resolution across the mesh, as illustrated in Figure 12 (b—d).
The displacement contours demonstrate increased spatial res-
olution, particularly in areas corresponding to locally refined
elements. Compared to the first iteration, finer-scale oscilla-
tions in uy;, x are apparent, and the displacement field appears
with more local information. While the spatial resolution rises
with adaptive refinement, the overall displacement pattern for
both Q4 and T3 discretisations remains constant throughout it-
erations.

Numerical displacement component up,. The displacement
component uy, are displayed in Figure 13 (a)—(d) for both
Q4 and T3 discretisations at refinement iterations 1 and 5 on
meshes adaptively refined using the ZZ stress recovery estima-
tor. The displacement field at the first refinement level shows
a smooth spatial variation over the computational domain for
both element types, with negative displacement values concen-
trated in the inner area and values getting closer to zero towards
the domain boundaries (Figure 13 (a) and (c)). The re-entrant
corner affects the continuous change of uy,, in the L-shaped ge-
ometry.

The displacement fields for both Q4 and T3 discretisations
show improved spatial resolution at refinement iteration 5, es-
pecially in areas around the re-entrant corner and along inter-
nal boundaries (Figure 13 (b—d)). Compared to iteration 1,
localised areas with greater displacement gradients are more
clearly resolved, and the contours of u;,, become more precisely
delineated. Both element types yield qualitatively identical dis-
placement patterns at equivalent refinement levels, according to
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Figure 12: Numerical displacement component uy,, for the linear
elasticity problem computed on adaptively refined meshes generated
using the ZZ stress recovery estimator. Results are shown for the Q4
(bilinear quadrilateral) and T3 (linear triangular) discretizations at it-
eration 1 (initial mesh) and iteration 5 (adaptively refined mesh).

a comparison of Q4 and T3 results. However, the Q4 solutions
have smoother transitions across element boundaries, whereas
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Figure 13: Numerical displacement component u,, for the linear
elasticity problem computed on adaptively refined meshes generated
using the Zienkiewicz—Zhu (ZZ) stress recovery estimator. Results
are shown for the Q4 (bilinear quadrilateral) and T3 (linear triangular)
discretizations at iteration 1 (initial mesh) and iteration 5 (adaptively
refined mesh).
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Figure 14: Relationship between the Zienkiewicz—Zhu (ZZ) stress
recovery estimator 7, and the true displacement error |[u — u,|| for
the linear elasticity problem. Results are shown for the Q4 (bilinear
quadrilateral) and T3 (linear triangular) discretizations under adaptive
refinement.

the T3 solutions have a piecewise flat look consistent with lin-
ear triangular interpolation.

3.4.3. Reliability and asymptotic behavior of the ZZ estimator

The global Zienkiewicz—Zhu (ZZ) stress recovery estimator
n, and the associated true displacement error ||lu—uy|| for the lin-
ear elasticity issue are shown in the Figure 14. The Q4 (bilin-
ear quadrilateral) and T3 (linear triangular) finite element dis-
cretisations under adaptive refinement using the ZZ estimator
are presented separately. In both situations, when the true dis-
placement error diminishes, the estimator values fall monoton-
ically. Plotting the data points on logarithmic scales reveals a
roughly linear pattern. Each plot is subjected to a least-squares
fit, which results in slopes near (-7.76) for the Q4 discretisation
and (-7.98) for the T3 discretisation. There are no apparent sign
shifts or oscillatory behaviour during the refining sequence, in-
dicating a high sensitivity of the ZZ estimator to variations in
the true error. The behaviour observed in Figure 14 can be at-
tributed to the nature of the recovery-based estimator, which
operates on the reconstructed stress field rather than the dis-
placement field itself.

Stresses in elasticity problems involve spatial derivatives of
displacement; slight inaccuracies in the displacement field can
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Table 8: Numerical results for the linear elasticity problem us-
ing the Zienkiewicz—Zhu (ZZ) stress recovery estimator with
Q4 (bilinear quadrilateral) elements.

Nef DOFs L2 error H! max 7 Global  Effectivity ~ CPU (s)
error n
0.125000 162 5.56E-03 2.53E+04 2.91E+09 7.26E+09 2.86E+05 2.30
0.096225 228 5.49E-03 2.51E+04 3.26E+09 1.22E+10 4.87E+05 2.25
0.078087 348 5.48E-03 2.50E+04 3.42E+09 1.71E+10 6.86E+05 2.55
0.061546 570 5.24E-03 2.41E+04 3.86E+09 2.07E+10 8.58E+05 2.59
0.048113 938 4.95E-03 2.30E+04 4.66E+09 2.37E+10 1.03E+06 3.16

Table 9: Numerical results for the linear elasticity problem us-
ing the Zienkiewicz—Zhu (ZZ) stress recovery estimator with
T3 (linear triangular) elements.

hef DOFs  L? error H' maxn Global Effectivity  CPU (s)
error n
0.088388 162  8.28E-03 3.21E+04 3.25E+09 1.07E+10 3.32E+05 3.42
0.070014 238  7.86E-03 2.83E+04 4.48E+09 1.83E+10 6.49E+05 2.41
0.056980 366  7.75E-03 2.76E+04 5.34E+09 2.34E+10 8.48E+05 2.44
0.046625 558  7.53E-03 2.63E+04 5.08E+09 2.86E+10 1.09E+06 2.51
0.037477 886  7.07E-03 2.44E+04 1.01E+10 3.74E+10 1.54E+06 2.54

have a considerable impact on the recovered stress. Because
stress gradients are inherently steep in the re-entrant corner of
the L-shaped domain, this impact increases in the presence of
singularities.

Consequently, the ZZ estimator responds strongly to lo-
calised errors, leading to a pronounced scaling behaviour rel-
ative to the true error norm. While this yields a high sensitivity,
it also supports the estimator’s ability to find regions that re-
quire improvement.

3.4.4. Elasticity error and estimator performance

The numerical results of the Zienkiewicz—Zhu (ZZ) stress
recovery estimator for the linear elasticity problem are shown in
Tables 8 and 9 for both the T3 (linear triangular) and Q4 (bilin-
ear quadrilateral) finite element discretisations. Effective mesh
size her, number of degrees of freedom (DOFs), displacement
errors assessed in the L2 and H! norms, maximum elementwise
estimator value (max 1), global ZZ estimator 17, effectivity in-
dex, and CPU time were provided for each mesh level.

The number of degrees of freedom rises monotonically with
mesh refinement for both Q4 and T3 discretisations. While
the H' error maintains a significant size but shows a decreas-
ing trend throughout refinement levels, the L? displacement er-
ror gradually decreases with decreasing h.g. For both element
types, the global ZZ estimator 7, rises with refinement, while
the maximal elementwise estimator values rise in tandem. As
the mesh is improved, the effectiveness index likewise rises
monotonically. For both discretisations, CPU time rises with
the number of degrees of freedom, with finer meshes showing
a higher computational cost.

17

17

4. Discussion

The numerical results for Test Cases 1-4 discussed in this
section indicate a shift from uniform-refinement verification to
adaptive refinement using the Zienkiewicz-Zhu (ZZ) recovery
approach.

4.1. Test case 1: thermal Poisson problem under uniform re-
finement

The numerical framework reproduces the expected smooth
temperature distribution, respects boundary requirements, and
shows consistent improvement with mesh refinement, as shown
by the solution plots in Figure 3 (a—d). The convergence anal-
yses and error norms recorded and shown subsequently in Fig-
ure 4 (a—b) and Tables 2-3 are strongly supported by this qual-
itative agreement, which also confirms that the thermal finite
element formulation displays the anticipated asymptotic be-
haviour under uniform mesh refinement. The H'-seminorm er-
ror decays at a first-order trend for both Q4 and T3 discreti-
sations, but the L>-error drops at a roughly second-order rate.
For smooth elliptic situations, these findings are entirely in line
with traditional finite element approximation theory. At simi-
lar mesh resolutions, the Q4 discretisation yields smaller error
magnitudes than the T3 discretisation because bilinear quadri-
lateral components on structured meshes provide a richer ap-
proximation space. Even though the T3 outcomes are less accu-
rate per degree of freedom, with adequate refining, they recover
the same convergence rates.

Notably, the results showed that the generated solution is
globally smooth, proving that the uniform refinement technique
is adequate for this problem. This finding aligns with the re-
search of Cheng et al. [24], who point out that problems with-
out localised characteristics do not benefit from adaptive refine-
ment in terms of efficiency. As a result, Test Case 1 establishes
a robust baseline for efficiently evaluating adaptive approaches.

4.2. Test case 2: linear elasticity under uniform refinement

The displacement field plots in Figures 5 and 6 show that
both displacement components under uniform refinement for
Q4 and T3 elements have improved systematically. Both dis-
cretisations converge towards the same qualitative displacement
patterns as refinement advances, suggesting that the elasticity
model, rather than element-specific components, governs the
observed solution characteristics. The results in Tables 4-5 and
the convergence plots in Figure 7 (a—b) demonstrate that the
H'-error converges at first order, but the L2-displacement er-
ror declines at a roughly second-order rate. This behaviour is
typical of displacement-based finite element formulations for
linear elasticity and verifies that the precision of the approxi-
mation of displacement gradients (and therefore stresses) is one
order lower than that of the displacement field [25-28].

The Q4 discretisation consistently produces smaller errors
than the T3 discretisation for a given number of degrees of free-
dom. Quadrilateral components allow for bilinear interpolation
[27, 28]. The absence of erratic convergence trends or spurious
oscillations indicates that the vector assembly and strain-stress
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coupling are applied consistently. These results provide a con-
sistent, uniform refinement baseline for the subsequent adaptive
elasticity study.

4.3. Test case 3: adaptive refinement for the thermal problem
(ZZ gradient recovery)

The adaptive meshes are displayed in Figure 8(a—d) demon-
strate how the ZZ gradient recovery estimator behaves in a
smooth thermal problem. Refinement concentrates in regions
where recovered gradients diverge from finite element gradients
the most, while coarse elements are stored elsewhere. There
is no evidence of mesh bias or spurious localisation. The dif-
ferences in refinement patterns reflect the distinct approxima-
tion features of Q4 and T3. While the T3 discretisation shows
a wider dispersion of refined elements, refinement for Q4 el-
ements is still more localised (Figure 9). This disposition is
consistent with the weaker approximation power of linear tri-
angular elements, which require more extensive refinement to
achieve similar gradient precision.

On log—log scales, the estimator—error relationships shown
in Figure 10 show a near-linear trend, suggesting asymptotic
proportionality between the ZZ estimator and the actual dis-
cretisation error. The effectivity indices shown in Tables 6—
7 stay limited during the adaptive process, demonstrating the
estimator’s dependability and stability. These findings align
with prior research on recovery-based estimators for elliptic
diffusion problems, demonstrating that ZZ-driven adaptivity in-
creases accuracy without global refinement [29-32].

4.4. Test case 4: elasticity problem with ZZ stress recovery

Figure 11 (a—d) illustrates the adaptive refinement patterns
for the elasticity problem, which demonstrate how sensitive the
77 stress recovery estimator is to areas with high stress fluc-
tuation. Because the recovered stresses are derived by differ-
entiating the displacement field and are discontinuous across
element boundaries, they provide a suitable indicator of local
discretisation error. Both Q4 and T3 discretisations prioritise
refinement in mechanically significant regions while avoiding
unnecessary refinement elsewhere. Rather than estimator insta-
bility, the different interpolation and stress-recovery properties
of quadrilateral and triangular elements cause differences in re-
finement density and element distribution.

Even though the refinement criterion is stress-based rather
than displacement-based, the displacement fields in Figures 12—
13 demonstrate a steady gain in resolution as refinement ad-
vances. The findings indicate that increased stress resolution
through finite element coupling leads to better displacement
accuracy. Figure 14 (a-b) demonstrates a strong monotonic
relationship between the ZZ estimator and the true displace-
ment error for both discretisations. Tables 8-9 provide effec-
tivity indices that are consistently higher than unity, suggesting
cautious error estimation. The effectiveness’s monotonic and
steady behaviour confirms estimator dependability and avoids
error underestimation during refinement, despite its enormous
scale.
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5. Conclusion

The behaviour of a finite element framework for linear elas-
ticity and thermal diffusion problems under uniform and adap-
tive mesh refinement was investigated in this work. Adaptivity
was driven by Zienkiewicz—Zhu (ZZ) recovery-based error es-
timation. The theoretical convergence rates for smooth elliptic
problems were retrieved using uniform-refinement findings for
both Q4 and T3 discretizations, verifying the accuracy of the
scalar and vector-valued formulations. For thermal and elas-
ticity problems, ZZ-driven adaptive refinement yielded robust
and localised mesh enrichment with conservative effectivity be-
haviour and consistent estimator—error correlation. Rather than
formulation errors, the observed differences between quadri-
lateral and triangular discretizations were explained by their
known approximation features. Overall, the findings show that,
in both scalar and vector scenarios, the suggested framework of-
fers a solid and theoretically coherent foundation for recovery-
based adaptive finite element analysis.

This work is limited to low-order conforming components
and two-dimensional problems with either globally smooth so-
lutions or stress-driven adaptivity. The effectiveness of the
77 recovery-based estimators was not optimised for precise
asymptotic equivalency, despite their steady and cautious be-
haviour. Higher-order discretizations, three-dimensional exten-
sions, and alternative recovery or residual-based estimators will
be taken into consideration in future work to increase efficacy
and efficiency. Extensions to coupled multiphysics issues, as
well as situations with sharper singularities or nonlinear mate-
rial behaviour, will be studied.
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