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Abstract

An injective mapping f : V(G) → {0, 2, 4, . . . , 2|E|} is said to satisfy the even vertex odd edge root square mean labeling (EVO-
ERSML) condition when vertices are assigned distinct even values and each edge uv ∈ E(G) receives a distinct odd label determined by⌈√

f (u)2+ f (v)2

2

⌉
or
⌊√

f (u)2+ f (v)2

2

⌋
. Graphs that admit such assignments are called EVOERSML graphs. The present study examines this label-

ing scheme on several graph structures closely related to cycles. Constructive methods are provided for families including ladder graphs, tadpole
graphs, polygon-chain graphs, dumbbell graphs, and sunlet graphs. The obtained results emphasize how parity restrictions influence labeling
existence and uniqueness. This work enriches the theory of root square mean labeling and opens further scope for studying EVOERSML-type
labelings in more complex graph families and applied network models.
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1. Introduction

The present work is restricted to the study of simple graphs.
The notions of root square mean labeling (RSML) and super
root square mean labeling (SRSML) were originally introduced
and developed in Refs. [1–4], and a comprehensive overview
of developments in this area has been provided by Gallian in
Ref. [5]. The concept of odd vertex even edge root square mean
labeling (OVEERSML) was later examined in Ref. [6]. Further-
more, Babu and Meenakshi explored the notion of even vertex
odd edge root square mean labeling (EVOERSML), with par-
ticular emphasis on path-related graphs, in Ref. [7]. Motivated
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by these earlier studies, the current work aims to advance and
broaden the theory of EVOERSML graphs.

This study primarily concentrates on graphs associated with
paths and cycles, for which several new properties, labeling cri-
teria, and existence results are derived. Explicit construction
methods are developed for selected families of graphs. Fur-
thermore, essential conditions and deficiency measures corre-
sponding to these labelings are investigated, offering a clearer
understanding of the structural characteristics of EVOERSML
graphs under different graph transformations.

The findings presented here add to the existing body of
graph labeling theory by expanding the collection of graph
classes known to support EVOERSML labelings. The work
also reveals connections among various labeling schemes,
thereby reinforcing the theoretical framework underlying
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vertex–edge labeling techniques. In addition, the approaches
employed in this study can be adapted to examine similar la-
beling problems and to formulate more generalized labeling
methodologies.

In conclusion, this research suggests several potential direc-
tions for future work. Extending the concept of EVOERSML
to broader categories of graphs, including trees, ladder graphs,
grid structures, and graph products, represents a fruitful area
for further exploration. The development of algorithmic proce-
dures for constructing EVOERSML labelings, along with pos-
sible applications in areas such as network analysis, communi-
cation models, and combinatorial designs, also merits further
attention. Collectively, the results of this study lay a strong
groundwork for continued research in graph labeling theory.

1.1. Definitions

According to Refs. [5, 6], a one-to-one relation f on V(G)
with integers between 1 and twice the size of the graph in-
creased by one is said to be an OVEERSML if the edge labels
can be determined by the ceiling or floor value of√

f (u)2 + f (v)2

2
, (1)

in which all vertices and edges are distinct odd and even num-
bers, respectively.

According to Refs. [5, 7], a one-to-one relation f on V(G)
with integers between 0 and twice the size of the graph is said
to be an EVOERSML if the edge labels can be determined by
the ceiling or floor value of√

f (u)2 + f (v)2

2
, (2)

in which all vertices and edges are distinct even and odd num-
bers, respectively.

A ladder graph is a simple connected graph obtained as the
Cartesian product of a path graph with a complete graph on two
vertices. Equivalently, it consists of two parallel paths of equal
length, where corresponding vertices of the paths are joined by
edges, resembling the rungs of a ladder. The ladder graph with
n rungs is commonly denoted by Ln.

A polygon-chain graph is obtained by joining m cycles con-
secutively such that consecutive cycles share exactly one com-
mon edge.

A dumbbell graph is a simple connected graph obtained by
joining two vertex-disjoint cycles by a path. Let Cm and Cn be
cycles of lengths m and n, respectively. The dumbbell graph,
denoted by D(m, n, k), is formed by connecting a vertex of Cm

to a vertex of Cn using a path of length k ≥ 1. When k = 1,
the two cycles are connected by a single edge; for k > 1, the
connecting structure is a path with k edges.

The T (m, n)-tadpole graph is uniquely constructed by con-
necting a cycle of m vertices to a path of n vertices using a
single edge.

Figure 1: Ladder graph L5.

Figure 2: Graphs of K3 and C3.

Figure 3: Graphs of C5 and C10.

Figure 4: Graph of T (5, 4).

2. Main results

2.1. Ladder graphs

Theorem 2.1. The ladder graph Lp admits an EVOERSML.

Proof. Let G denote the ladder graph Lp. Let

V(G) = {ui, vi : i = 1, 2, . . . , p}, (3)

and
E(G) ={(ui, ui+1), (vi, vi+1) : i ∈ [1, p − 1]}

∪ {(ui, vi) : i ∈ [1, p]}.
(4)

2
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Figure 5: Polygon-chain graph with cycles of orders 4, 5, 7, 4,
and 10 admitting an EVOERSML.

Figure 6: EVOERSML of the polygon chain formed by three
copies of C8.

Define a relation f from V(G) to {0, 1, 2, . . . , 2(3p − 2)} by

f (v1) = 0,
f (ui) = 2i, i = 1, 2,
f (ui) = 6i − 6, i = 3, . . . , p,
f (vi) = 6i − 4, i = 2, . . . , p,
f ∗(uiui+1) = 6i − 3, i = 1, . . . , p − 1,
f ∗(vivi+1) = 6i − 1, i = 1, . . . , p − 1,
f ∗(uivi) = 6i − 5, i = 1, . . . , p.

(5)

Hence, Lp is an EVOERSML graph.

Example 1. The ladder graph L5 can be labeled as an EVO-
ERSML, as presented in Figure 1.

Figure 7: Graph C9 ◦C11.

2.2. 2-regular graphs
Theorem 2.2. A 2-regular graph is an EVOERSML graph, ex-
cept when n = 3.

Proof. The graphs K3 and C3 are both 2-regular. In this case,
the edge labels 3 and 5 are repeated in Figure 2, which violates
the conditions required for an EVOERSML labeling.

For n > 3, let f be a labeling function that maps V(G) to the
range from 0 to 2q, assigning labels to the vertices of the graph.
Let

k =

√
f (u1)2 + f (un)2

2
. (6)

The set of vertex labels is given by

{0, 2, 4, . . . , k − 1, k + 3, k + 5, . . . , 2q}. (7)

Let k be the pivotal value determined by the above condition.
The remaining edge labels are assigned as follows: the labels
{1, 3, 5, . . . , k − 2} are allocated to a subset of the edges, while
the labels {k+2, k+4, . . . , 2q−1} are assigned to another subset.
The label k is designated to a specific edge. Since each vertex
and edge receives a unique label under this scheme, there is no
duplication of edge labels, and the graph adheres to the EVO-
ERSML condition. Thus, the theorem holds.

Example 2. The graphs C5 and C10 are EVOERSML graphs,
as illustrated in Figure 3.

2.3. Tadpole graphs
Theorem 2.3. Joining the first vertex of the path Pn with the
last vertex of the cycle Cm yields the tadpole graph T (m, n),
which is an EVOERSML graph.

Proof. Let T (m, n) = G. Define

V(G) = {x1, x2, . . . , xm} ∪ {x′1, x
′
2, . . . , x

′
n}, (8)

and
E(G) ={xixi+1 : 1 ≤ i ≤ m − 1} ∪ {xmx1}

∪ {x′jx
′
j+1 : 1 ≤ j ≤ n − 1} ∪ {xmx′1}.

(9)

3
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Figure 8: DB(C(10, 7)) with P3.

Figure 9: Structure of a sunlet graph.

Assign labels to the vertices with even integers from 0 to 2(m+
n). The labeling scheme follows. Let

k =

√
f (x1)2 + f (xm)2

2
, (10)

where k is an odd number, since the edge xmx′1 connects the
identified vertices. The labels of the vertices in G are defined as

{0, 2, . . . , k − 1} ∪ {k + 3, k + 5, . . . , 2m}

∪ {2m + 2, 2m + 4, . . . , 2(m + n)}.
(11)

The resulting edge labels are

{1, 3, . . . , k − 2} ∪ {k + 2, k + 4, . . . , 2m − 1, k}
∪ {2m + 1, 2m + 3, . . . , 2(m + n) − 1}.

(12)

Then the vertex and edge labels are distinct. Therefore, G satis-
fies the EVOERSML condition, as both the vertices and edges
are labeled without repetition. Hence, the theorem follows.

Example 3. Figure 4 illustrates that T (5, 4) is an EVOERSML
graph.

2.4. Polygon-chain graphs
Theorem 2.4. A polygon-chain graph is an EVOERSML
graph.

Proof. Case 1. If the order of the cycles is the same, let

X(G) = {x j
i : i ∈ [1, n] and j ∈ [1,m]}, (13)

and
Y(G) = {y j

i : i ∈ [1, n] and j ∈ [1,m]}. (14)

Assign labels to the vertices from 0 to 2mn under f . The label-
ing scheme of G proceeds as follows.

For the first copy, the vertices are assigned labels based on

k1 =

√
f (x1

1)2 + f (x1
n)2

2
, (15)

where f (x1
1) = 0 and f (x1

n) = 2n. The set of vertex labels is

f (x1
i ) ∈ {0, 2, 4, . . . , k1 − 1, k1 + 3, k1 + 5, . . . , 2n}, i ∈ [1, n].

(16)
For the second copy of the graph, the vertex labels are deter-
mined using

k2 =

√
f (x2

1)2 + f (x2
n)2

2
, (17)

with f (x2
1) = 2n and f (x2

n) = 4n. The vertex-labeling set be-
comes

f (x2
i ) ∈ {2(n + 1), 2(n + 2), . . . , k2 − 1,

k2 + 3, k2 + 5, . . . , 4n}, i ∈ [2, n].
(18)

For the m-th copy, the labeling follows

km =

√
f (xm

1 )2 + f (xm
n )2

2
, (19)

where f (xm
1 ) = 2(m− 1)n and f (xm

n ) = 2mn. The corresponding
vertex-label set is

f (xm
i ) ∈ {2n(m − 1) + 2, 2n(m − 1) + 4, . . . , km − 1,

km + 3, km + 5, . . . , 2mn}, i ∈ [2, n].
(20)

It is evident from the construction that the edge labels obtained
through this scheme are all distinct.

Case 2. If the order of the cycles is distinct, the order of each
cycle is q1, q2, . . . , qn. The function f is defined on V(G) with
0 to 2(q1 + q2 + · · · + qn). The set of labeled vertices in the first
copy can be identified by

k1 =

√
f (x1

1)2 + f (x1
n)2

2
, f (x1

1) = 0, f (x1
n) = 2q1, (21)

and

f (x1
i ) = {0, 2, 4, . . . , k1 − 1, k1 + 3, k1 + 5, . . . , 2q1; i ∈ [1, n]}.

(22)
4
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Figure 10: Sunlet graph S 18.

The vertices in the second copy are labeled as follows:

k2 =

√
f (x2

1)2 + f (x2
n)2

2
, f (x2

1) = 2q1, f (x2
n) = 2(q1 + q2),

(23)
and

f (x2
i ) ∈ {2q1, 2(q1 + 1), . . . , k2 − 1, k2 + 3, k2 + 5, . . . ,

2(q1 + q2)}, i ∈ [2, n].
(24)

In general, for the j-th copy, the vertices are labeled as follows:

k j =

√
f (x j

1)2 + f (x j
n)2

2
, (25)

where

f (x j
1) = 2

 j−1∑
i=1

qi

 , f (x j
n) = 2

 j∑
i=1

qi

 , (26)

and

f (x j
i ) =

2
 j−1∑

i=1

qi

 , . . . , k j − 1, k j + 3, k j + 5, . . . , 2

 j∑
i=1

qi


 .

(27)
Hence, f is an EVOERSML.

Example 4. The polygon-chain graph consisting of five cycles
of orders 4, 5, 7, 4, and 10, where both equal and distinct cycle
orders occur, admits an EVOERSML, as shown in Figure 5.

Example 5. The polygon chain formed by three copies of C8
is an EVOERSML graph, as illustrated in Figure 6.

2.5. Cycle graphs combined by an edge

Theorem 2.5. The graph Cn ◦ Cm, formed by combining two
copies of a cycle with an edge, is an EVOERSML graph.

Figure 11: Sunlet graph S 3.

Proof. Let G = Cn ◦Cm, where

V(Cn) = {u1, u2, . . . , un}, V(Cm) = {v1, v2, . . . , vm}, (28)

and

E(Cn) = {ei = uiui+1 : 1 ≤ i ≤ n − 1} ∪ {k = unu1},

E(Cm) = {e j = v jv j+1 : 1 ≤ j ≤ m − 1} ∪ {k1 = vmv1}.
(29)

Define a map f : V(G) → {0, 2, . . . , 2(n + m − 1)} as follows.
Fix the labels 0 and 2n for u1 and un, respectively. Then

k =
√

2 n, (30)

where k is either the ceiling value or the floor value, and k is
an odd integer. Fix the labels 0 and 2(m + n − 1) for v1 and vm,
respectively. Then

k1 =
√

2 (m + n − 1), (31)

where k1 is either the ceiling value or the floor value, and k1 is
an odd integer. The labeling schemes are defined as follows:

f (ui) = {0, 2, . . . , k − 1} ∪ {k + 3, k + 5, . . . , 2n − 2, 2n}, (32)

f (vi) = {0, 2n, 2n+2, . . . , k1−1}∪{k1+3, k1+5, . . . , 2(m+n−1)},
(33)

f ∗(ei) = {1, 3, . . . , k − 2} ∪ {k + 2, k + 4, . . . , 2n− 1} ∪ {k}, (34)

and

f ∗(e′i) ={2n + 1, 2n + 3, . . . , k1 − 2}
∪ {k1 + 2, k1 + 4, . . . , 2(m + n − 1) − 1} ∪ {k1}.

(35)

Hence, the graph Cn ◦Cm is an EVOERSML graph.

Example 6. The graph C9 ◦ C11, formed by combining two
copies of a cycle with an edge, is EVOERSML, as presented in
Figure 7.

2.6. Dumbbell graphs

Theorem 2.6. A dumbbell graph created by connecting two cy-
cles to the end points of a path satisfies the EVOERSML con-
dition.

5
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Proof. Let G = DB(C(m, n)). The vertex set consists of

{ui : 1 ≤ i ≤ m} ∪ {v j : 1 ≤ j ≤ n} ∪ {w1,w2, . . . ,wl}, (36)

and the edge set consists of

{(ui, ui+1) : i ∈ [1,m]} ∪ {(vi, vi+1) : i ∈ [1, n]}
∪ {(wi,wi+1) : i ∈ [1, l]}.

(37)

Let
f : V(G)→ {0, 2, . . . , 2(m + n + l − 1)}. (38)

The labels of the vertices in Cm, wl, and Cn are given as follows:

{0, 2, . . . , k − 1} ∪ {k + 3, k + 5, . . . , 2m}

∪ {2m + 2, 2m + 4, . . . , k1 − 1} ∪ {k1 + 3, . . . , 2(m + n + l − 1)}.
(39)

where

k =

√
f (u1)2 + f (um)2

2
, k1 =

√
f (v1)2 + f (vm)2

2
, (40)

with u1 = 0, um = 2m, v1 = 2(m+l−1), and vm = 2(m+n+l−1),
respectively.

The edge labels are

{1, 3, 5, . . . , k − 2} ∪ {k + 2, k + 4, . . . , 2m − 1, k}
∪ {2m + 1, 2m + 3, . . . , k1 − 2, k1 + 2, . . . , 2(m + n + l) − 3, k1}.

(41)
Hence, all vertex labels are even integers and all induced edge
labels are distinct odd integers. Therefore, G = DB(Cm,Cn)
admits an EVOERSML. Thus, DB(Cm,Cn) is an EVOERSML
graph.

Example 7. A dumbbell graph of C10 and C7 with P3 is an
EVOERSML graph, as given in Figure 8.

2.7. Sunlet graphs
Theorem 2.7. The sunlet graph S n admits an EVOERSML
whenever n > 3.

Proof. Let V(G) and E(G) denote the sets of vertices and edges
of S n, respectively:

V(G) = {vi, v′i : 1 ≤ i ≤ n}, (42)

and

E(G) = {(vivi+1) : 1 ≤ i ≤ n − 1} ∪ {vnv1} ∪ {(viv′i) : 1 ≤ i ≤ n}.
(43)

Let
f : V(G)→ {0, 2, 4, . . . , 4n}. (44)

The vertex labeling is defined by

f (v1) = 2 and f (vn) = 4n. (45)

Define
k =
√

2(1 + 4n2), (46)

where k is either the ceiling value or the floor value, and k is an
odd integer. Assign the value 0 to the first pendant vertex, say

v′1, 2 to the first vertex of the cycle, say v1, 4 to v2, and 6 to v′2.
Thus, the vertices can be ordered as

{v′1, v1, v2, v′2}, (47)

with
{ f (v′1), f (v1), f (v2), f (v′2)} = {0, 2, 4, 6}. (48)

Continuing in this fashion, the vertices are labeled in the fol-
lowing order:

{v′1, v1, v2, v′2, v
′
3, v3, v4, v′4, . . . , vi−1, v′i−1, v

′
i , vi, . . . , vn}, (49)

with labels under f as

{0, 2, 4, 6, . . . , k − 1} ∪ {k + 3, k + 5, . . . , 2n}. (50)

The ordinary graph of a sunlet is depicted in Figure 9. The
graph admits several EVOERSML patterns, which are given
below case-wise.

Case 1. If f (vi−2) = k − 3, then the labels of the vertices are
defined as follows:

{ f (v′1), f (v1), f (v2), f (v′2), . . . , f (vi−1), f (v′i−1), f (v′i), f (vi), . . . ,
f (vn−1), f (v′n−1), f (v′n), f (vn)}
= {0, 2, 4, 6, 8, . . . , k − 1, k + 3, k + 5, k + 7, . . . ,

4n − 6, 4n − 4, 4n − 2, 4n}.
(51)

Similarly, the induced edge labels are defined as follows:

{ f ∗(v′1v1), f ∗(v1v2), f ∗(v2v′2), f ∗(v2v3), f ∗(v3v′3), . . . ,
f ∗(vi−2vi−1), f ∗(vi−1v′i−1), f ∗(vi−1vi), . . . ,
f ∗(vn−2vn−1), f ∗(v′n−1vn−1), f ∗(vn−1vn),
f ∗(vnv′n), f ∗(vnv1)}
= {1, 3, 5, 7, . . . , k − 2, k + 2, k + 4, . . . ,

4n − 7, 4n − 5, 4n − 3, 4n − 1, k}.

(52)

Case 2. If f (vi−1) = k − 3, then the labels of the vertices are
defined as follows:

{ f (v′1), f (v1), f (v2), f (v′2), . . . , f (v′i−1), f (v′i), f (vi), f (vi+1), . . . ,
f (vn−1), f (v′n−1), f (v′n), f (vn)}
= {0, 2, 4, 6, 8, . . . , k − 1, k + 3, k + 5, k + 7, . . . ,

4n − 10, 4n − 8, 4n − 6, 4n − 4, 4n − 2, 4n}.
(53)

Similarly, the induced edge labels are defined as follows:

{ f ∗(v′1v1), f ∗(v1v2), f ∗(v2v′2), f ∗(v2v3), f ∗(v3v′3), . . . ,
f ∗(vi−1v′i−1), f ∗(vi−1vi), f ∗(viv′i), . . . ,
f ∗(vn−2vn−1), f ∗(v′n−1vn−1), f ∗(vn−1vn),
f ∗(vnv′n), f ∗(vnv1)}
= {1, 3, 5, 7, . . . , k − 2, k + 2, k + 4, . . . ,

4n − 7, 4n − 5, 4n − 3, 4n − 1, k}.

(54)
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Case 3. If f (v′i−1) = k − 3, then the labels of the vertices are
defined as follows:

{ f (v′1), f (v1), f (v2), f (v′2), . . . , f (vi), f (v′i), f (vi+1), f (v′i+1), . . . ,
f (vn−1), f (v′n−1), f (v′n), f (vn)}
= {0, 2, 4, 6, 8, . . . , k − 1, k + 3, k + 5, k + 7, . . . ,

4n − 10, 4n − 8, 4n − 6, 4n − 4, 4n − 2, 4n}.
(55)

Similarly, the induced edge labels are defined as follows:

{ f ∗(v′1v1), f ∗(v1v2), f ∗(v2v′2), f ∗(v2v3), f ∗(v3v′3), . . . ,
f ∗(viv′i), f ∗(vivi+1), f ∗(vi+1v′i+1), . . . ,
f ∗(vn−2vn−1), f ∗(v′n−1vn−1), f ∗(vn−1vn),
f ∗(vnv′n), f ∗(vnv1)}
= {1, 3, 5, 7, . . . , k − 2, k + 2, k + 4, . . . ,

4n − 7, 4n − 5, 4n − 3, 4n − 1, k}.

(56)

Case 4. If f (v′i) = k − 3, then the labels of the vertices are
defined as follows:

{ f (v′1), f (v1), f (v2), f (v′2), . . . , f (vi), f (vi+1), f (v′i+1), f (v′i+2), . . . ,
f (vn−1), f (v′n−1), f (v′n), f (vn)}
= {0, 2, 4, 6, 8, . . . , k − 1, k + 3, k + 5, k + 7, . . . ,

4n − 10, 4n − 8, 4n − 6, 4n − 4, 4n − 2, 4n}.
(57)

Similarly, the induced edge labels are defined as follows:

{ f ∗(v′1v1), f ∗(v1v2), f ∗(v2v′2), f ∗(v2v3), f ∗(v3v′3), . . . , f ∗(v′ivi),
f ∗(vivi+1), f ∗(vi+1v′i+1), . . . , f ∗(vn−2vn−1),
f ∗(v′n−1vn−1),
f ∗(vn−1vn), f ∗(vnv′n), f ∗(vnv1)}
= {1, 3, 5, 7, . . . , k − 2, k + 2, k + 4, . . . ,

4n − 7, 4n − 5, 4n − 3, 4n − 1, k}.
(58)

For each of the above four cases, all vertex labels and induced
edge labels are distinct for every value of n. Therefore, the
sunlet graph is an EVOERSML graph.

Example 8. Figure 10 illustrates the sunlet graph S 18 which
admits an EVOERSML..

Remark 1. The sunlet graph S 3 does not satisfy the EVO-
ERSML condition. The diagram is depicted in Figure 11.

3. Conclusion

In this work, several families of graphs were analyzed
with respect to the EVOERSML property. In particular, cy-
cle graphs, T (m, n) graphs, ladder graphs, dumbbell graphs,
polygon-chain graphs, Cn ◦Cm chain graphs, and sunlet graphs
were investigated. Explicit constructions were provided to es-
tablish the existence of EVOERSML labelings for these classes.
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