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Abstract

This paper introduces bipolar soft (BS) neighborhood structures within the framework of soft set theory. First, several properties associated with
lower and upper approximations based on a binary BS relation are examined, and the proposed approximation operators are shown to satisfy
several fundamental properties. Next, an additional structure formulated through BS neighborhoods is explored. The concept of bipolar soft
NJ’?S -neighborhood spaces is investigated, and their main characteristics are analyzed. Two types of topologies, T{ and T, induced by bipolar
soft reflexive relations are then characterized. These topological structures are used to approximate rough sets, and a direct method is proposed
to generate such topologies from the underlying relations. Finally, a numerical example is provided to illustrate the applicability of the proposed
approach to decision-making.
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1. Introduction Ref. [11], Fatimah ef al. introduced the concept of the N-soft
set as an extended model of the soft set. Fadel and Dzul-Kifli
In 1999, the novel concept of soft set was offered by (12 defined the bipolar soft topological spaces and some appli-

Molodtsov [1] as an alternative mathematical strategy to han-  cagions. Binary bipolar soft sets have also been studied [13].
dle inaccuracies and uncertainties. There has been heightened In Ref. [14], Pawlak defined lower and upper approxima-
interest in soft set theory. Maji et al. [2] launched algebraic op- tions based on equivalence relation. Later, lower and upper ap-

erations of soft set theory. Shabir and Naz [3] offered the idea  proximations were generalized using arbitrary binary relations.
of soft topological spaces. Akdag and Ozkan [4, 5] defined soft  Apbd ElMonsef ef al. [15] defined j-neighborhoods and j-NS,
a-open and introduced the soft b-open and continuous functions then constructed new approximations based on these neighbor-
of them. The strongly soft b*-separation axioms, strongly soft hoods. In 2022, Abu-Gdairi et al. [16] defined the j-adhesion
b*-connectedness, N-bipolar soft connectedness, disconnected- neighborhoods and formed other approximations through them.
ness and strongly soft b”-ideal were studied [6-9]. The notion 1 2020, Shabir et al. [17] defined a soft binary relation, intro-
of a bipolar soft set was proposed by Shabir and Naz [10]. In  gyced a new type of neighborhood based on this relation, con-
structed lower and upper approximations based on this neigh-
borhood, and defined a generalized soft approximation space.
According to Dubois and Prada [18], decision-making was
structured around two aspects: the positive and the negative.
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Ref. [19] developed the idea of bipolar soft minimal structures.
Then, Shbair et al. [20] also offered the notions of rough sets
through minimal neighborhoods. Fuzzy soft set-valued maps
have been introduced and applied to homotopy [21]. Some in-
formation measures have been discussed with applications to
decision-making problems and diagnostic analysis [22]. Varol
et al. [23] investigated the neighborhood structures in bipo-
lar fuzzy settings. Hosny et al. [24] introduced new defini-
tions for generalized rough set models based on the concepts
of initial neighborhoods and ideals. In Ref. [25] Mustafa et al.
introduced eight soft neighborhood types built from parameter-
ized relations, generalizing existing models, enabling flexible
approximations. Also, they developed refined lower and upper
approximation operators by constructing topologies from these
neighborhoods.

In the present work, we introduce lower and upper approxi-
mations based on binary bipolar soft relations, study the proper-
ties of these approximations, and generate new topologies from
them. In addition, we explore their characterizations and prop-
erties. The paper is organized as follows. Section 2 introduces
the definitions needed for the study. Section 3 introduces a new
type of bipolar soft lower and upper approximations and stud-
ies some of their properties. Section 4 discusses bipolar soft
neighborhoods. Section 5 studies the topologies generated from
bipolar soft N;-neighborhoods. In the final section, we apply
the concept of BS -sets to model a real-world decision-making
problem. We propose a structured algorithm designed to facil-
itate the selection of the optimal object based on the available
information set.

2. Preliminaries

In this section, we review the fundamental definitions and
terminology essential for the subsequent sections of this paper.

Definition 2.1. (Shabir and Naz [10]) Let X be a universal set,
E be a set of attributes, and p C E. We say that (£, p) is a soft
set (S-set) over X if £ : p — P(X).

Definition 2.2. (Shabir and Naz [10]) Let X and D be universal
sets, (£, 9) be an S -set over X X D. then (£, p) is called a binary
soft relation (BS -relation) from X to D.

Definition 2.3. (Shabir and Naz [10]) Let X be a universal set,
E be a set of attributes, and  C E. We say that a triple (£, £, p)
is a bipolar soft set (BS -set) on Xif £ : 9 — P(X)andL : —-p —
P(X) with the property that for each V € p, £(V) N L(=V) = ¢.

Definition 2.4. (Shabir and Naz
&1, L1, 91),(£2, 10, 92) be BS - sets on X, then:

[10])  Let

1. (£1,L1,91) is said to be a BS-subset of (£,,%1,,9,) de-
noted by (£1,£1,91) € (£2,1,92) if o1 C 92, £1(V) C
£,(V)and £,(=V) CLi(=V),YVepandV =V € —p.

2. (£1,£1,91) and (£2,%9, 92) are equal if (£1,£1,91) C
(£2,12,92) and (£2, 12, 92) € (£1, L1, 90).

3. The complement of (£,k;,9;) is defined by
EL, L) = (£i,L§,g{)1) where the two mappings
£] and L{ are defined by £{(V) = £L(=V) and
E{(=V)=£1(V),YVepandV =V € -p.

4. (£1,L1,91) is called a null bipolar soft setif V V € g,
£1(V) = ¢ and =V € g, L{(=V) = X, we denote it by
(D, X, 9).

5. (£1,L4, 91) is called an absolute bipolar soft setif V V €
9, £1(V) = X and =V € =p, L{(=V) = ¢, we denote it by
(X,D,p).

6. The union (intersection) of (£1,L, 91) and (£,,1,, 97) is
the BS -set (¥, &,0) on X where o = 91 U ¢,, denoted by
E1,L1, 91) UM)(E2, La, 92) = ¥, €, 0), 1s defined as:

£1(V), ifVep \gps,
Y(V) = £2(V), iftVep\p, (D
£1(V) U (ﬂ)£2(V), if Ve 1 NP

L1(=V),
£(=V) = (L (=V),
Li(=V) U (N)L(=V),

if =V € =Vgp; \ =Vg,,
if =V € =V, \ =Vp,,
if =V € =V, N ~Vg,.

2

Definition 2.5. (Fadel and Dzul-Kifli [12]) Let (£,t, ) be BS -
set and I" be a family of BS -subsets from (£, L, p). " is called a
bipolar soft topology (BST) on (£,L, p) if:

L &L, 9).(D,X,p) €T,

2. If {(£,Li,p) <
UierEi Liy9i) €T,

3. If {(€i,ki,p) € (E,1,90),1 <i < 4,4 €N} CT, then
mf=1(£i, L;, 50) erl.

&L, 9),i € I} C T, then

Then, (£,T, p, —p) is said to be bipolar soft topological spaces
(BST,).

Definition 2.6. (Mustafa and Wassefa [25]) Let (£, ) be a
BS -relation from X to X, V € g, then the soft N; neigh-
borhoods (N}s -neighborhoods) of w € X are defined for each
jedrLi,u,(r), (), i), u)} as follows:

L NP (w) = {9 € X2 (w,0) € £V},
2. NfP(w) = {p € X: (p.w) € £V)),
3. NV (w) = NV (w) "NV (w),
4. NSV (w) = NV (w) u NP (w),

5.

NV (w) = {ﬂweme(m N V), if3 we N V),

\ 0, otherwise.

3
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NO() = ﬂwewa)(g,) N;f-(V)( o), ifdwe N;C.(V) @),
b o, otherwise,
“)

£V), N _ AEY) £(9)
7. N<l.> (w) = N<r> (w)N N(l> (w),

8. Ny (w) = N\ (@) UNy ().

3. Generalized bipolar soft approximations

In this section, we introduce lower and upper approxima-
tions based on binary bipolar soft relations and study their prop-
erties.

Definition 3.1. If (£, L, p) is BS-set over X X D, then (£,L, p)
is called a binary bipolar soft relation (BBS -relation) from X to
D.

Definition 3.2. Let { C D and ¢ = (£,L, p) be a BBS -relation,
then we can define lower approximation ¥¢ = (£, (£¢) and up-
per approximation 7 = (EZ, E'[) by:

1 £(V) = (weX: 0+ wkV)C ),

(V) = {we X: wkh(=V)N{ # ¢).

2. E (V)= {weX:wb(V)N{ % ¢),

E(-V) = (weX:¢#wh(=V)C ).

Where w£(V) = {p € D : (w,p) € £V)} and wL(=V) = {p €
D:(p,w) e L(=V)}forall V € p and =V € —p.
Moreover, £(V) : 9 — PX),E(V) : p — PX),L5(-V) :
-p — P(X) and E{(—'V) 1 —p — P(X). Wesay (X,D,(£,L, 9))
a generalized bipolar soft approximation space (GBS s ).

Example 33. LetX = {’lD'l, w»,, W3, W4, E'S} and P = {V], Vz},
—p = {=V,=V,}. Let © = {o,n, w, b}. Suppose { C D defined
as:

¢ ={o,n}, ¢ = {w, b} and define a BBS -relation (£, £, p) by
£(V1) = {(@1,0), (@1, b), (w2, M)}, L(=V1) = (w4, b), (ws,n)}.

£V2) = {(@2,0), (w2, n),(w3,0)},
{(’ZD'], W)’ (TU], b)s (’(D'4, W)}

L(=Vy)

Now, @ £(V)) = {o,b}, w£(Vy) = {(n}, @:£(V))
¢, wa£(V1) = ¢ and ws£(Vy) = ¢.

@ £(Vy) = ¢, @E(Vy) =
{0}, @4£(V2) = ¢ and @s£(V3) = ¢.

{o,n}, @3£(V,)

and
@ L(=V)) = ¢, mL(=V)) = ¢, w3L(=V)) = ¢, w4k (=V)) =
{b} and ws L(=Vy) = {n}.

@ L(=Vy) = {w,b}, mk(=Vy) =
¢, w4k(=V3) = {w} and wsL(=V3) = ¢.

¢, @3k(=V,)

Then, ££(V)) = {@2},£/(V2) = (>} and E(=V))
(@4}, (=) = (@), D4}

Also, £(V) = (@), E(Vy) =
E'(<V) = oy}, £ (V) = (o1, o).

{@2, w3} and

Definition 3.4. Let (X, D, (£,L,9)) be a GBS 45 over X and
{6 C ¥and 9 = (£4,1), then

1. 9 c 9 iff ££ C £° and £° C EL.
2. 9 n# =ENLLE UL,
3. U = UL R NL),

Proposition 3.5. Let (X,D, (£,£,¢)) be a GBS ss over X and
£,6 C X and 9 = (£5,E°), then

1. If C 6 then 9 C 9°

2. 9C U C

3. ¥ N =9
Proof. 1. We show that £5(V) C £° and E°(~V) C L£(=V).
By Ref. [17], ££(V) C £.
Now, we show that if ¢ C ¢’ then £°(=V) C L¢(=V) for
all =V € —p. Let w € E°(~V), then, wk(=V) N & # ¢.

As ¢ C ¢, wehave wk(=V)N{ # ¢. Thus, w € L£(=V).
Hence, £°(~V) C E£(—V). Therefore, #¢ C °.

2. By Ref. [17], ££(V) U £(V) C £Y(V). Now, we show
that £4%°(=V) C L£(=V) UL’ (=V).
Let w € E€Y9(-V), this implies that wE(-V) N (L U §) =
Wb(-V) N (' Ud) # ¢. So, wk(=V) N # ¢ and
wh(=V) N # ¢. Hence, w € E4(—~V) and w € L(=V).
Therefore, w € L£(=V) N L (=V).
Now, Qg U Qé — @g U gﬁ’L{ n Lé) c @gu&’gua) — ﬁ{Ué.

3. By Ref. [17], ££(V) N £2(V) = £(V). Now, we show
that E°°(=V) = L£(=V) UL’ (=V).
Let w € £ (V) = wb(=V) N NS) = ¢
= wL(-V)N[L U] #¢
= wL(=V)N{ # por wk(=V)N§ # ¢.
= weki(=V)orweLi(=V)
= w e L(=V) UL’(-V).
Hence, L¢Y)(=V) = E£(=V) U L°(=V) Now, 9 N #° =
(EN£,E UL € (7, 14) = 9.

O

Definition 3.6. Let (X, D, (£,L,p)) be a GBS 45 over X and
6CXand & = E,E), then:

1.3 cdif € cE andE cE.
2.5 nT = EnE.E U
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3. 908 =@ uE EnE).
Proposition 3.7. Let (X, D, (£,£,)) be a GBS ss over X and
£,0 C Xand 5{ = (Z{,Zg), then

1 If7Csthend ¢

2.8 = 7.

3.9 cH U,

Proof. 1. The part: E‘[(V) - fs(V) is already proved in Ref.
[17].
Now, we show that if 6 C ¢’ then L_(s(ﬁV) C Eg(—'V) for
all =V € —p. Letw € £ (=V), then ¢ # wk(=V) C & As
§ € ¢, wehave ¢ # WE(=V) C . Thus, w € £ (V).
and, hence Eﬁ(—'V) c Eg(—'V). Therefore, 54 c 56.

2. The part: E'm&(V) - Eg(V) n Eé(V) is already proved in

Ref. [17].

Now, we show that £ *(=V) € £ (=V) UE (=),

Letw € £ (<V) and so ¢ # WE(V) € (£ N 6)

— ¢ #WE(-V)CL UGS

= ¢+ wL(—|V) C g or¢ * wL(ﬂV) cs.

= weL (ﬂV)orweL (=V)

— weE (=V)UE (=)
Now. m& (£m§ ma) then
o’ R cEnE B uE) =

7 = (& 7T,

3. The part: £ (V) € £(V) U £(V) is already proved in

Ref. [17].. Now, we show that E- (=V) = E°(=V) N
E V).

Then w € L (~V), this implies that ¢ # wE(-V) C
(Cus)y = uUs.

= ¢+ wh(-V)C and ¢ # WEL(=V) C &
—uwe E{(—-V) and w € £ (=V).
— we B (=V) nE (=)

Now, 3 = @ B c @B E nE) =9 u¥d.

O

The following example shows that the inclusions in part (2)
of Proposition 3.5 and Proposition 3.7 may be proper.

Example 3.8. Let X = {w, w,, @3, w4} and p = {Vy, V2},
-9 = {=V,=V,}. Let © = {o,n, w, b}.
Define a BBS -relation (£, L, p) by
£(Vy) = {(0,m1), (0, @3), (n, @2)}, E(=V)) =
{w, @3), (W, @1), (b, @4)}.

£(V2) = {(W9 ’ZUZ), (W’ wZ)’ (b7 03)}’ L(_'VZ) =
{(0, @1), (0, @3), (n, @4)}.

Now, o£(Vy) = {w, @3}, n£(V1)) = {@2}, wk(V)) =

¢, bE(V,) = ¢ and

ob(=Vy) = ¢, nk(=Vy) = ¢, wk(=V)) =
(@1, @3}, BL(=V)1) = {4}
Suppose £,0 € D, defined as: { = {wl,wz},{' = (w3, w4},
8 ={wr, m3},6 = (w1, m4).

Then, [ NS = (@), { NS = {wy)and UGS =

(@, @, @3}, { UGS ={w1, @3, w4}

Now, £7°(Vy) = {n}, £7°V)) = {o.n}), E(V)) =
foon), BV = {on) £V = (n), £V) = {nh
and E°(-V)) = (w.b}, 0=V = {b), L{(-V) =
{w, b}, E(~V) = (w, b}, E'(=V) = (b}, E'(<V) = {b}.

Hence, £(V) N E(V) = {on} ¢ {n} = £ °(V)) and
E°(AV)) = {w.b} & (b} = E°(<V)) UE (<)), £79(V))
{o,n} € {n} = £4V) U £(V)) and E£(-V)) N E2(=V))
{w, b} ¢ b} = EE0(=V)),

Proposition 3.9. Ler (X, D, (£,£,9)) be a GBS 45. Let {; be any
family of subsets of © and Q-( = (f,f_f, ©) and # = (ZK, Z(, ).
Then:

1076 = N Q»‘f
n:ex(:
2. = ﬂles
Proof. 1. The part: gm“?*»("(V) = Niey £4(V) is already

proved in Ref. [17]. Now, we show that £ ¢ (V) =

Uies K (V). ,
Let w € L4 (=V) &= wb(-V) Uiy &) # ¢.
& WL(=V)NUie &) # ¢-
= wb(-V)N{ # ¢forallie I = w e L4 (=V) for
alli e 3.
& w € Uisk¥=V). Hence, L"94(=V) =
Uie3 Iz:(i(_‘V). Thus, Qﬁiesé = (£0f53(i7Lﬁiesli)
(miefs £§" Uief\ Lgi) = mies Qgi‘

2. The part: £ (V) C iy £'(V) is already proved
in Ref. [17]. Now, we show that £ Le‘a( V) C

=i

Uze 3 L (_‘V)
Letw e £ 9(aV) &= wk(<V) € (Uis &) # ¢.

& ¢ # wk(=V) € (Uie3 £)-
= ¢-~wL(-V)N{ forallie I=> we E5(=V) for all

i€3J.

= we U £ (V).

Hence, 1—9(\[53\4 _ (£mg\§ —Nie3di ) C (ﬂ,‘53 E{f’Uies E{/) _
ﬂiefs 1_94

O

Definition 3.10. If (£,L,, p) is a BS - set over XX X then (£, L, p)
is called a binary BS - relation (BBS -relation) from X to X. The
set of all smooth soft binary relations from X to X will be known
as 0BpS Br(X).

Definition 3.11. A BBS -relation (£,t., ) from X to X is said
to be BS -reflexive relation from X to X if £(V) and L(=V) are
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reflexive relation from X to X for all V € p and =V € —p.
In this case, each w£(V) and wt(=V) are non-empty with w €
w£(V) and w € wk(=V).

Definition 3.12. Define a map 7r§ = (7r 7rL) where 7T£ :
P(X) and ﬂi : —p — P(X) such thatni = ¢ and nL
V e p and =V € —p, where £ C X.

0 —
=/ for all

Theorem 3.13. Let £: 9 - P(X X X)and L : —=p — P(X X X)
be a BS -reflexive relation from X to X. Let ¢ #+ { C X, then:

e e
1. ¥ Cmy,
. 3%
2.y €.
(HDV)

3. 9% = (X, @, ) =9

Proof. 1. The part: £/(V) C (V) is proved already in
Ref. [17]. Now, we show that nL(ﬂV) C LS(-V). Let
w € ﬂL(—!V). This implies w € { and so w € L(=V) N .
Then wk(=V) N ¢ # ¢ and therefore w € ££(=V). Thus,
¢ CEA(=V). Thatis 75 (<V) € E£(=V).

Hence, # = (£, 1) C ((,.¢) = (n5,n0) = 7.

2. The part: ﬂ'i(V) C E{(V) is proved already in Ref. [17].
Now, we show that E{(—'V) c n{(—'V).
Let w € E°(=V). Then wk(=V) C Z. But w € wk(=V),
0w e g’ Thus, E'(=V) C £, that is £ (=V) C 7 (V).
Hence, 75 = (76, 7)) = ((,{) € (€, E) C '

3. It is direct.
O

Definition 3.14. A BBS-relation (£, L, p) from X to X is said to
be a BS-symmetric relation from X to X if £(V) and L(=V) are
symmetric relations from X to X for all V € g and =V € —p.

Lemma 3.15. If (£,L,¢) is a BS-symmetric relation from X
to X, then w € w£(V) implies w € w£(V) and w € wk(=V)
implies w € wk(=V).

Theorem 3.16. £ : p > P(X X X)and £ : —p — P(X X X)
be a BS -symmetric relation from X to X. For ¢ # { C X, the
following properties hold:

(LY
ﬂi c L(’ ) .

\Y%
L Let o ¢ £ Ly,

wb(=V) ¢ L (=V). So there exists at least one w; €
E(=V) such that w; ¢ ££(—=V) and hence w E(=V)N ¢ =
¢. There are three possibilities:

Proof. This implies that

() If =¢pthenw ¢ .

(i) If w1L(—=V) = ¢ then this is no possible since w; €

WE(=V) implies w € wE(=V).
(iii) If wiB(=V) C ¢ while @ € wE(=V), then w € ¢
—(L l(ﬁ(V))
(=V).

which implies w ¢ ¢'. Thus, /' CE~

Lllﬁ(v))
Hence, 7r£(—|V) cL (=V).

2 Let w € EE V' (=V). This implies that wE(=V) N
E((—'V) # ¢ and so there exists at least one w; €
wbL(=V) N E'((—'V). Hence, w; € whk(=-V) and w; €
E'(=V). Now, w; € E°(=V) implies ¢ # wL(=V) C 7.
Since w; € wh(—V) and the relation is BS- symmet-
ric, then w € w L(=V). Thus w e .. Therefore,

—{(=
LE (49) € ¢ and hence, LTV (<) € L (~V).
0

Definition 3.17. A BBS -relation (£,1., ) from X to X is said
to be a BS -transitive relation from X to X if £(V) and £.(=V) are
transitive relation from X to X for all V € p and =V € —p.

Theorem 3.18. Let £: 9 —» P(X X X)and £ : -p — P(X X X)

be a BS -transitive relation from X to X. For { C X, Z((—'V) c
Z(ﬁV) ’
A
7{(“V))r

Proof. Assume that w ¢ E (=V). This implies that ¢ #
wb(=V) ;(_ E{(—'V), so there exists at least one w; € wk(=V)

such that w; € E‘Z(—'V). Hence, wE(=V) C ¢ and so there

exists at least one w € wL(=V) such that w ¢ §'. But w €

wiL(=V) and w; € wb(=V) implies w € wk(—V), since the

relation is BS - transitive. This implies that ¢ ¢ wk(=V) C Z'.
((*V) ’

So,w ¢ E(=V). Thus, L' (=V) c £~ (=v). O

Theorem 3.19. If a BS B-relation £ : 9 — P(X X X) and L. :
-9 — P(X X X) from X to X be a BS -reflexive relation. Then

_( FEENy
(=V).

for any subset { C X, L (=V) =

Proof. Since the relation is BS-reflexive, then by Theorem
3.13(2) E4(=V) € . So, ¢ € (£ (~V)). Hence, E(~V) C

_ L((ﬁV) ’
" @)

—{(=V) s

)
Now, we show that L
—((=V) ,

(-V) ¢ E(-v).
—& Y

L (=V), then w € wWhL(=V) C Eg(—'V). Since the relation
is BS -reflexive, then w € wk(—=V) and hence w € Eg(—'V). So,

—{(=9)
E(-v) = (=V). O

Let w €

(L)

4. Bipolar soft neighborhoods

In this section, we discuss and explore one of the most im-
portant properties of neighborhoods, called bipolar soft neigh-
borhoods.
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Table 1: BS —Nf.‘(v")(w)—neighborhoods.

Definition 4.1. Let (£,L, p) be a binary BS -relation over X, V €
¢, then the bipolar soft N; neighborhoods (N fs -neighborhoods)
of w € X are defined for each j € {r,[,i,u,{r),{l),{i),(u)} as
follows: let & = (£, 1, p) and NI9 (N£ NL) Then:

1. NV(w) = {p € X : (w,9) € £V)},

NE(w) = {p € X2 (p,w) € L(=V)},
2. NNV(w) = {p € X: (p,w) e £V)},

NIL(ﬁV)(a)) ={peX:(w,p) cL(=V)},
3. N'V(w) = N\ V() N NV (w),

N (@) = M) U N ),

4. NyV(w) = NfV(w) u N V(w),
N V@) = NV @) 0N @),
5.
NED() = NoeniP oy N N (), ifAwe N V(p),
Ny b, otherwise,
NED () = Upent9 o NL( ), ifdwe N V()
n = 9, otherwise,
6.
£(V)( )= ﬂweNuw(@) NV (), ifdwe Nf(v)(g)),
Mo o, otherwise,

&)

<l> o, otherwise,

(6)

L(V) L(V) £(V)
7. Ny (@) = Nipy (@) O Ny (@),

N @) = N V0 U o

&

£(V) _ £(V) £(V)
8. NV(w) = N. (@) U N (),

L(—|V) L(—|V) (=V)
Ny (@) = N (@) 0 N ™ (@),

Definition 4.2. Let (£,L, ) be a BBS -relation over X, and 7;
be a mapping from X to P(X) which associates each w € X with
its Nfs -neighborhood in P(X), then (X, (£, £, 9),I1)) is called
an Nfs -neighborhood space (briefly BS ;N;).

Proposition 4.3. Let(X, (£,£, p),11;) be an Nfs -neighborhood
space, Nﬂ (N£ NL) Then

1 N?(a)) c N?(w) € N (w),
2. N!(w) € N} (w) € N} (w),
3. Njy(w) € N () € NJ (),

4. Njy(w) € Nj(w) € N, (w),

NAV(w) = {UMEN,L“V)(@) NIL (), fdwe NZL(W)( o).

W N;{(Vl)(w) Nf(vl)(w) Nf(Vl)(CL)) N,f(Vl)(CL))
@ {@2} {@2} {@2} {@2}
@, @, @3} {@1} {@1} (@, @3}
@3 é {@2} é {@2}
4 £(Vg?) £(V(?) £(Vl ) £(V(?)

@ Ny P@) Noy (@) Ny @) Ny (@)
o o, w3} (oo} (o), o3} (@1, @3}
(2p) {2} {2} {2} {2}
w3 ¢ (w1, @3} ¢ (w1, @3}
@y [ ¢

w Nf(vz)(w) Nlﬁ(Vz)(w) ;{(Vz)( ) le(Vz)(w)
@ {3} é ¢ {3}
@, |w, w3} {2} {2} (@2, @3}
w3 ¢ (@, @2} é (@, @2}
4 £(V¢;) £(Vq:) i(qus) i(qu)
@ Ny B Ny =) N =) Ny (@)
@ (@, @2} ¢ (@1, @3} (@1, @3}
@y |, @} {w, w3} {|o, w3} (@), T3}
w3 ¢ (@2, @3} é (@2, @3}
w4 ¢ ¢ ¢ ¢

5. If11; is symmetric, then N?(a)) = Nf(w) = N?(w).

NV w) ¢ N w) € NP ().
N w) ¢ N (W) ¢

Proof. 1. By Ref. [23], N
We prove the other part.
NECY (). Now,

NV = NV w) 0 N w)

N (w) UN V(W) = NFTV(w).

N"(w) n

N

The other parts can be proved similarly.
O

Example 4.4, Let X = {wl,wz,W3,W4} and O = {V], Vz},

—p = {=Vy,=V,}. Define £ : p — 2¥F and k. : =p — 2% by
£(V1) = {({m1, @2)), (@2, 1)), (@2, w3},

L(=V1) = {({@3, @4}), (@4, @3}), (@1, @)},

£(V2) =
L(=Vy) =

{({@1, @3}), (@2, @3}), (w2, @2},
{({@2, @4}), (@1, @4}), (@3, @3}

Then the BS —Nfs -neighborhoods of each of them, where
jedrLi,u,(r),{l), i), (u)} shown in Table 1 and Table 2.

5. Topologies generated by bipolar soft N; neighborhoods

In the following theorem, we will study the topologies gen-
erated from bipolar soft N; neighborhoods.

Theorem 5.1. Let (X,£,£,9,11;) be a Nfs -neighborhood
space on X. Let & = (£,L£,¢). Then the collection TN s =

{6 € X|VYw € 66 C NL“V)(w) forall =V € @} for all
JjedrLi,u,{(r), ), ), u)} is a topological space on X.
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Table 2: BS —Njf(ﬂv")(w)—neighborhoods.

W Nfa("vl)(w) NIL(_‘VI)((U) NZ.L(_‘VI)((U) Nli-("Vl)(w)
@ ¢ {@4} {4} ¢

(ap) ¢ ¢ ¢ ¢

w3 {@4) {@4) {@4) {@4)
oy @, w3} {3} (@1, @3} {3}

W <};(>"V1)( ) <L1§W1)( ) N<};§_‘Vl)(w) Na(;vl)(w)
@ ¢ {w1, @3} (@1, @3} ¢

@5 ¢ [ [ [

@3 w3} (@1, @3) (@1, @3} (@1, @3}
(o {@4) {@4) {@4) {@4)

w NrL(—'Vz)(w) NIL(—'Vz)(w) N;‘(_‘VZ)((U) N,’:‘(_‘VZ)((U)
@ ¢ {@4} {@4} ¢

(o)) ¢ {4} {4} ¢

@3 {@3} {@3} {@3} {@3}
@y w1, @2} ¢ (@1, @)

W <};(>"Vz)(w) Zg"Vz)( ) N(}Eg_‘VZ)(w) NZ;(;VZ)((U)
@ ¢ {@1, @2} (@1, @2} ¢

() ¢ {@1, @2} (@1, @2} ¢

w3 {3} {3} {3} {3}
@4 {@4) {@4) {4} {4}

Table 3: Results of the decision algorithm with respect to after-
sets.

V) @ wm w3 wy wWs W
F(Vy) 1 1 1 -1 -1 -1

IV 1 1 1 -1 -1 -1
9vy) 0 -1 0 0 0 -1
V) 0 0 0 0 0 -1
V) -1 0 1 0 -1 -1
9V -1 1 1 -1 1 0

a; 0 2 4 -3 -2 -5

Proof. 1. Clearly, X,® € Ty-s;

2. Let {0i}iey C
Let w € UJjez6i , this implies that there exists i e
such thatw € §;. So, 6 L(ﬁv)(w) Hence, ﬂles ;

NY"P(w). Therefore, (Uie\) ) = Niey6; € N/7V(w).
ie. Uiy 6i € N]?““(w).

Ty-s, we need to prove |Jey0i € Ty-s.
J ~ J

3

N

3. Let 81,0, € TN s and w € 0; N &, we have w € §; and

w € 5. So, (5 - NL(ﬁV)(w) and 6 C NL(ﬂV)(cu) Hence,

(61N82) = §,U8, C NJF“V)(w). Therefore, 5,15 € Ty-s.

O

Theorem 5.2. Let (X,£,L,9,I1;) be a Nfs-neighborhood

space on X. Let & = (£,L,9). Then the collection Ty» =
(Tpes, T;VTS) is a topology on (¥, X).

Proof. 1. Clearly, (X, @) and (D, X) € Typ»;

2. Let (6, pi)ies S Tpyo, we need to prove U;ex(0;, 1) =
(Uies 6is MNiex i) € Tyo. Since Ty+s and Ty-s are topolo-
™ ~ J j J
gies in X, we have Uiy 6i € Tyss and (Niey w)
U;e;ﬂ € TN s. Thus (e i € T s and consequently,
Uies (6 i) € TNw Similarly, we can prove that for every
(61, 1), (62, p12) e Ty (1, 41) (102, 42)) € Tyo.
O
Next, we study the relations between these different topolo-
gies.
Proposition 5.3. (X,£,£,9,11;) bea N fs -neighborhood space
over X. Let O = (£, L, 9) then
1. Tyw € Tye forall je{rl};
2. Tys € Tyo forall j € fr,l i}
3. Ty C Ty forall j € {(r), (D);
4. Ty C Ty forall j € (), (D, (i)

Proof. 1. By Ref. [17], TN(+_§ On the other

hand, assume that § € TN(f' SoVw € 6, § C
L(ﬂv)(u)) for all =V € —p. Hence, § C NL(ﬂV)(w) C
NEY(w )UNL“V)( ) = NF"(w). Therefore, § € Ty-s

and thus T . Consequently, TN» c TN# The

remaining part when j = I can be proved smnlarly
(2), (3) and (4) are similar to (1).

O

Proposition 5.4. (X,£,£,9,11;) be a Nfs -neighborhood space
over X. Let © = (£, L, 9) then Tys C Ty C Ty
Proof. Obvious by Proposition 5.3 O

In the following theorem, we will discuss two types of
topologies induced by bipolar soft reflexive relation.

Theorem 5.5. Let £: 9 —» P(XXX)and L : —p — P(XXX) be
a BS -symmetric relation from X to X. For ¢ ¢ { C X, If (£,£,9)
be a bipolar soft reflexive relation on X, then

Z; = {§§%:Q§ =7T§}(T§ ={CC %:5( =7r§})isatopology
on X.
Proof. 1. Since 9° = (£5,L%) = (X,®). Then X € T

Similar ® € T,..

2. Suppose that {¢i}iey € T, So, 9 = 7r19, Vi € 5. To show

that ;e € T, we must prove that QU‘E~\ G = ﬂg‘e“ “

Since QU"ET‘@ c ng‘:‘ b by Theorem 3.13, it is enough
to show that 71;""634' c 9Y=d. Since & C Uses G
then 95 C 9Y=% for i € J by Properties 3.5. Hence
] i iy Gi ’

Uiy 8¢ € 9Y=5. But ﬂ,L;J = (Ui G (Ui 8)) =
(Ui & Niex &) = Uies(@- &) = Uiy 8. Therefore,

U’E*g’ c ®Yi=34 and consequently 9V ¢ = ﬂU'E‘[' Thus
Uze 3 é’t € T
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3. Suppose that {1, € T, So, 9! = n§ and 9 = 7% By
Properties 3.5. Now, 91" = 96 N9 = nf; ﬂ”f;z =
7" S0, NG €T,

Similarly, we can show that T{ is a topology on X. O

6. Application in a decision-making problem

Decision-making is an important factor in all scientific ca-
reers, and experts use their knowledge of the field to make in-
formed decisions. We apply the concept of BS - sets to model a
given problem and then provide an algorithm for selecting the
best object based on the available information set.

Example 6.1. Let X = {w, @,, @3, @4, @5, Te} is the set of
t-shirts. ¢ = {V{,V,,V3,d} and —p = {=V{,-V,,-V3,d} is
the set of parameters, where V; : colorful,-V : plain,V, :
sport,=V, : classic,V3 : cheap,—V3 : expensive. Suppose
that C = {V{,V,,V3} and D = {d} where C and D are the sets
of condition parameters and decision parameters, respectively.
Let 9 = (£, L, ), define a BS E-relation £(V) : ¢ — P(X X X)
and L(# V) : =V — P(X x X) for each parameter V € ¢ and
-V e -p.

£(V) = {({w1, @2}), (@2, @2}), (w3, @3)}), (w1, @2}),
(w2, m3)), (w1, @3},

L(=V)) = {({w4, m4}), (w4, ws)), (w5, Te}), (T4, We}),

({ws, ws)), ({ws, @e})}

£(V2) = (({@3, w4}), (w1, w4)), ({4, Ts)),

({'ZD'4, 'ZD'4}), ({wh wS})}&

L(=V,) = {({ws, w6)}), (w2, ws}), ({6, @s)),

(@2, @s)), (w2, w21},

£(V3) = {({ws, ws)), (@2, ws}), (w5, @3)), (w2, @3}),

(@3, @3})},

L(=V3) = {({m4, ws)), (@6, @1}, (@1, @4)), (@6, w4}),

({we, we})}.
The following BSE-classes are gotten for each
BS E-relation: @ £(V)) = (o, @, w3}, mEV,) =
{2, w3}, w3£(Vy) = (w3}, wf(Vy) = ¢, ws£(Vy) = ¢

and we£(V) = ¢.

@1h(=V1) = ¢, @(=V1) = ¢, m3h(=V)) = ¢, mk(=V))
{@4, s, @6}, wsh(=V)) = {5, @e} and wet(=V1) = {6}
@£(Vy) = o4, w5}, @E(V2) = ¢, @3E(V2)
(@4}, @£(V2) = {4y, s}, @s£(V2) = ¢ and @w£(V2) = ¢.
@ h(=Vy) = ¢, @E(=V2) = {@, s, we}, m3k(=V2)

¢, @k (=V2) = ¢, msh(=V,) = ¢ and wek(=V2) = {@s5, w6}

@£(Vs) = ¢, @E(V3) = |3, @5} m3£(V3)
{@3}, @4£(V3) = ¢, w5£(V3) = ¢ and @we£(V3) = ¢.
@k(=V;3) = Aoy}, @b(=V3) = ¢, mk(=V;) =
¢, @t (=V3) = {ws},wskh(=V3) = ¢ and @wet(=V3)
(@1, @4, 6}

Suppose { C X, define as: (w1, w2, W3},

{ = w4, @5, W)

{ =

Describe the “the special features of the t-shirts” which Mr.
X is going to buy respectively.

Algorithm 1.

1. Input the lower soft approximation ©¥¢ and upper soft ap-
proximation 5{ of a BS -set { with respect to aftersets.

2. Corresponding to each w; € ¥, we calculate 9#¢ which is
1if w; € £4(V)), -1 if w; € L4(=V;) and 0 otherwise.
Similarly, we calculate & which is 1 if w; € £ (V,), =1 if
w; € Eg(—'V,') and 0 otherwise.

3. Compute the choice value a;; = Zf;] 9 + Zle 1_9§ with
respect to aftersets.

4. The best decision is w, € X if @, = max;a;,i =
1,2,3,...,]X|

5. The worst decision is w, € X if @ = min;a;,i =
1,2,3,...,]%X].

6. If € has more than one value, then we can equally choose
anyone of we.

Here in Table 3 the choice value a;; = Y5, 9¢ + 35 9 is
calculated with respect to aftersets. The t-shirt of @3 scores the
maximum choice value «, = 4, and decision is in favour of the
t-shirt of w3 for selection. In case that w3 cannot be chosen, @,
will be selected. Moreover, the t-shirt of @y is totally ignored.
Hence, Mr. X will choose the t-shirt @3 and @, for his personal
use.

7. Conclusion

In this work, we introduced lower and upper approxima-
tions based on binary BS relations, studied the properties
of these approximations, and generated new topologies from
them. We also explored their characterizations and properties
and introduced BS -Nfs -neighborhood spaces. Furthermore,
these spaces were used to obtain methods for approximating
rough sets and to provide a direct way of generating the corre-
sponding topologies from relations without using subbases or
bases. This technique may make several topological concepts
easier to apply in future research. Finally, the proposed struc-
tures open the way for further topological applications in rough
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contexts and for applications based on real-world data. In future
work, we will investigate additional topological applications in
rough contexts and real-world applications using the structure
proposed in this paper.
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