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Abstract

This paper introduces bipolar soft (BS) neighborhood structures within the framework of soft set theory. First, several properties associated with
lower and upper approximations based on a binary BS relation are examined, and the proposed approximation operators are shown to satisfy
several fundamental properties. Next, an additional structure formulated through BS neighborhoods is explored. The concept of bipolar soft
NBS

j -neighborhood spaces is investigated, and their main characteristics are analyzed. Two types of topologies, T ζ and T ζ , induced by bipolar
soft reflexive relations are then characterized. These topological structures are used to approximate rough sets, and a direct method is proposed
to generate such topologies from the underlying relations. Finally, a numerical example is provided to illustrate the applicability of the proposed
approach to decision-making.
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1. Introduction

In 1999, the novel concept of soft set was offered by
Molodtsov [1] as an alternative mathematical strategy to han-
dle inaccuracies and uncertainties. There has been heightened
interest in soft set theory. Maji et al. [2] launched algebraic op-
erations of soft set theory. Shabir and Naz [3] offered the idea
of soft topological spaces. Akdag and Ozkan [4, 5] defined soft
α-open and introduced the soft b-open and continuous functions
of them. The strongly soft b∗-separation axioms, strongly soft
b∗-connectedness, N-bipolar soft connectedness, disconnected-
ness and strongly soft b∗-ideal were studied [6–9]. The notion
of a bipolar soft set was proposed by Shabir and Naz [10]. In
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Ref. [11], Fatimah et al. introduced the concept of the N-soft
set as an extended model of the soft set. Fadel and Dzul-Kifli
[12] defined the bipolar soft topological spaces and some appli-
cations. Binary bipolar soft sets have also been studied [13].

In Ref. [14], Pawlak defined lower and upper approxima-
tions based on equivalence relation. Later, lower and upper ap-
proximations were generalized using arbitrary binary relations.
Abd ElMonsef et al. [15] defined j-neighborhoods and j-NS,
then constructed new approximations based on these neighbor-
hoods. In 2022, Abu-Gdairi et al. [16] defined the j-adhesion
neighborhoods and formed other approximations through them.
In 2020, Shabir et al. [17] defined a soft binary relation, intro-
duced a new type of neighborhood based on this relation, con-
structed lower and upper approximations based on this neigh-
borhood, and defined a generalized soft approximation space.
According to Dubois and Prada [18], decision-making was
structured around two aspects: the positive and the negative.
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Ref. [19] developed the idea of bipolar soft minimal structures.
Then, Shbair et al. [20] also offered the notions of rough sets
through minimal neighborhoods. Fuzzy soft set-valued maps
have been introduced and applied to homotopy [21]. Some in-
formation measures have been discussed with applications to
decision-making problems and diagnostic analysis [22]. Varol
et al. [23] investigated the neighborhood structures in bipo-
lar fuzzy settings. Hosny et al. [24] introduced new defini-
tions for generalized rough set models based on the concepts
of initial neighborhoods and ideals. In Ref. [25] Mustafa et al.
introduced eight soft neighborhood types built from parameter-
ized relations, generalizing existing models, enabling flexible
approximations. Also, they developed refined lower and upper
approximation operators by constructing topologies from these
neighborhoods.

In the present work, we introduce lower and upper approxi-
mations based on binary bipolar soft relations, study the proper-
ties of these approximations, and generate new topologies from
them. In addition, we explore their characterizations and prop-
erties. The paper is organized as follows. Section 2 introduces
the definitions needed for the study. Section 3 introduces a new
type of bipolar soft lower and upper approximations and stud-
ies some of their properties. Section 4 discusses bipolar soft
neighborhoods. Section 5 studies the topologies generated from
bipolar soft N j-neighborhoods. In the final section, we apply
the concept of BS -sets to model a real-world decision-making
problem. We propose a structured algorithm designed to facil-
itate the selection of the optimal object based on the available
information set.

2. Preliminaries

In this section, we review the fundamental definitions and
terminology essential for the subsequent sections of this paper.

Definition 2.1. (Shabir and Naz [10]) Let X be a universal set,
Ě be a set of attributes, and ℘ ⊆ Ě. We say that (£, ℘) is a soft
set (S -set) over X if £ : ℘→ P(X).

Definition 2.2. (Shabir and Naz [10]) Let X and D be universal
sets, (£, ℘) be an S -set over X×D. then (£, ℘) is called a binary
soft relation (BS -relation) from X to D.

Definition 2.3. (Shabir and Naz [10]) Let X be a universal set,
Ě be a set of attributes, and ℘ ⊆ Ě. We say that a triple (£,Ł, ℘)
is a bipolar soft set (BS -set) on X if £ : ℘→ P(X) and Ł : ¬℘→
P(X) with the property that for each ∇ ∈ ℘, £(∇) ∩ Ł(¬∇) = ϕ.

Definition 2.4. (Shabir and Naz [10]) Let
(£1,Ł1, ℘1),(£2,Ł2, ℘2) be BS - sets on X, then:

1. (£1,Ł1, ℘1) is said to be a BS -subset of (£2,Ł2, ℘2) de-
noted by (£1,Ł1, ℘1) ⊆ (£2,Ł2, ℘2) if ℘1 ⊆ ℘2, £1(∇) ⊆
£2(∇) and Ł2(¬∇) ⊆ Ł1(¬∇), ∀ ∇ ∈ ℘ and ∀ ¬∇ ∈ ¬℘.

2. (£1,Ł1, ℘1) and (£2,Ł2, ℘2) are equal if (£1,Ł1, ℘1) ⊆
(£2,Ł2, ℘2) and (£2,Ł2, ℘2) ⊆ (£1,Ł1, ℘1).

3. The complement of (£1,Ł1, ℘1) is defined by
(£1,Ł1, ℘1)c = (£c

1,Ł
c
1, ℘1) where the two mappings

£c
1 and Łc

1 are defined by £c
1(∇) = Ł1(¬∇) and

Łc
1(¬∇) = £1(∇), ∀ ∇ ∈ ℘ and ∀ ¬∇ ∈ ¬℘.

4. (£1,Ł1, ℘1) is called a null bipolar soft set if ∀ ∇ ∈ ℘ ,
£1(∇) = ϕ and ¬∇ ∈ ¬℘, Łc

1(¬∇) = X, we denote it by
(Φ,X, ℘).

5. (£1,Ł1, ℘1) is called an absolute bipolar soft set if ∀ ∇ ∈
℘, £1(∇) = X and ¬∇ ∈ ¬℘, Łc

1(¬∇) = ϕ, we denote it by
(X,Φ, ℘).

6. The union (intersection) of (£1,Ł1, ℘1) and (£2,Ł2, ℘2) is
the BS -set (ψ, ξ, ϱ) on X where ϱ = ℘1 ∪ ℘2, denoted by
(£1,Ł1, ℘1) ∪ (∩)(£2,Ł2, ℘2) = ψ, ξ, ϱ), is defined as:

ψ(∇) =


£1(∇), if ∇ ∈ ℘1 \ ℘2,

£2(∇), if ∇ ∈ ℘2 \ ℘1,

£1(∇) ∪ (∩)£2(∇), if ∇ ∈ ℘1 ∩ ℘2.

(1)

ξ(¬∇) =


Ł1(¬∇), if ¬∇ ∈ ¬∇℘1 \ ¬∇℘2,

Ł1(¬∇), if ¬∇ ∈ ¬∇℘2 \ ¬∇℘1,

Ł1(¬∇) ∪ (∩)Ł1(¬∇), if ¬∇ ∈ ¬∇℘1 ∩ ¬∇℘2.

(2)

Definition 2.5. (Fadel and Dzul-Kifli [12]) Let (£,Ł, ℘) be BS -
set and Γ be a family of BS -subsets from (£,Ł, ℘). Γ is called a
bipolar soft topology (BS T ) on (£,Ł, ℘) if:

1. (£,Ł, ℘), (Φ,X, ℘) ∈ Γ,

2. If {(£i,Łi, ℘i) ⊆ (£,Ł, ℘), i ∈ I} ⊆ Γ, then⋃
i∈I(£i,Łi, ℘i) ∈ Γ,

3. If {(£i,Łi, ℘) ⊆ (£,Ł, ℘), 1 ≤ i ≤ λ, λ ∈ N} ⊆ Γ, then⋂λ
i=1(£i,Łi, ℘) ∈ Γ.

Then, (£, Γ, ℘,¬℘) is said to be bipolar soft topological spaces
(BS Ts).

Definition 2.6. (Mustafa and Wassefa [25]) Let (£, ℘) be a
BS -relation from X to X, ∇ ∈ ℘, then the soft N j neigh-
borhoods (NS

j -neighborhoods) of ω ∈ X are defined for each
j ∈ {r, l, i, u, ⟨r⟩, ⟨l⟩, ⟨i⟩, ⟨u⟩} as follows:

1. N£(∇)
l (ω) = {℘ ∈ X : (ω, ℘) ∈ £(∇)},

2. N£(∇)
r (ω) = {℘ ∈ X : (℘,ω) ∈ £(∇)},

3. N£(∇)
i (ω) = N£(∇)

r (ω) ∩ N£(∇)
l (ω),

4. N£(∇)
u (ω) = N£(∇)

r (ω) ∪ N£(∇)
l (ω),

5.

N£(∇)
⟨r⟩ (ω) =


⋂
ω∈N£(∇)

r (℘) N£(∇)
r (℘), if ∃ ω ∈ N£(∇)

r (℘),
ϕ, otherwise.

(3)
2
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6.

N£(∇)
⟨l⟩ (ω) =


⋂
ω∈N£(∇)

l (℘) N£(∇)
l (℘), if ∃ ω ∈ N£(∇)

l (℘),

ϕ, otherwise,
(4)

7. N£(∇)
⟨i⟩ (ω) = N£(∇)

⟨r⟩ (ω) ∩ N£(∇)
⟨l⟩ (ω),

8. N£(∇)
⟨u⟩ (ω) = N£(∇)

⟨r⟩ (ω) ∪ N£(∇)
⟨l⟩ (ω).

3. Generalized bipolar soft approximations

In this section, we introduce lower and upper approxima-
tions based on binary bipolar soft relations and study their prop-
erties.

Definition 3.1. If (£,Ł, ℘) is BS -set over X × D, then (£,Ł, ℘)
is called a binary bipolar soft relation (BBS -relation) from X to
D.

Definition 3.2. Let ζ ⊆ D and ϑ = (£,Ł, ℘) be a BBS -relation,
then we can define lower approximation ϑζ = (£ζ , (Łζ) and up-

per approximation ϑ
ζ
= (£

ζ
,Ł

ζ
) by:

1. £ζ(∇) = {ω ∈ X : ϕ , ω£(∇) ⊆ ζ},

Łζ(¬∇) = {ω ∈ X : ωŁ(¬∇) ∩ ζ
′

, ϕ}.

2. £
ζ
(∇) = {ω ∈ X : ω£(∇) ∩ ζ , ϕ},

Ł
ζ
(¬∇) = {ω ∈ X : ϕ , ωŁ(¬∇) ⊆ ζ

′

}.

Where ω£(∇) = {ρ ∈ D : (ω, ρ) ∈ £(∇)} and ωŁ(¬∇) = {ρ ∈
D : (ρ, ω) ∈ Ł(¬∇)} for all ∇ ∈ ℘ and ¬∇ ∈ ¬℘.
Moreover, £ζ(∇) : ℘ → P(X), £

ζ
(∇) : ℘ → P(X),Łζ(¬∇) :

¬℘ → P(X) and Ł
ζ
(¬∇) : ¬℘ → P(X). We say (X,D, (£,Ł, ℘))

a generalized bipolar soft approximation space (GBS AS ).

Example 3.3. Let X = {ϖ1, ϖ2, ϖ3, ϖ4, ϖ5} and ℘ = {∇1,∇2},
¬℘ = {¬∇1,¬∇2}. Let D = {o, n,w, b}. Suppose ζ ⊆ D defined
as:
ζ = {o, n}, ζ

′

= {w, b} and define a BBS -relation (£,Ł, ℘) by
£(∇1) = {(ϖ1, o), (ϖ1, b), (ϖ2, n)},Ł(¬∇1) = {(ϖ4, b), (ϖ5, n)}.

£(∇2) = {(ϖ2, o), (ϖ2, n), (ϖ3, o)}, Ł(¬∇2) =

{(ϖ1,w), (ϖ1, b), (ϖ4,w)}.

Now, ϖ1£(∇1) = {o, b}, ϖ2£(∇1) = {n}, ϖ3£(∇1) =
ϕ, ϖ4£(∇1) = ϕ and ϖ5£(∇1) = ϕ.

ϖ1£(∇2) = ϕ, ϖ2£(∇2) = {o, n}, ϖ3£(∇2) =

{o}, ϖ4£(∇2) = ϕ and ϖ5£(∇2) = ϕ.

and
ϖ1Ł(¬∇1) = ϕ, ϖ2Ł(¬∇1) = ϕ, ϖ3Ł(¬∇1) = ϕ, ϖ4Ł(¬∇1) =
{b} and ϖ5 Ł(¬∇1) = {n}.

ϖ1Ł(¬∇2) = {w, b}, ϖ2Ł(¬∇2) = ϕ, ϖ3Ł(¬∇2) =
ϕ, ϖ4Ł(¬∇2) = {w} and ϖ5Ł(¬∇2) = ϕ.

Then, £ζ(∇1) = {ϖ2}, £ζ(∇2) = {ϖ2} and Łζ(¬∇1) =
{ϖ4},Łζ(¬∇1) = {ϖ1, ϖ4}.

Also, £
ζ
(∇1) = {ϖ1, ϖ2}, £

ζ
(∇2) = {ϖ2, ϖ3} and

Ł
ζ
(¬∇1) = {ϖ4}, Ł

ζ
(¬∇2) = {ϖ1, ϖ4}.

Definition 3.4. Let (X,D, (£,Ł, ℘)) be a GBS AS over X and
ζ,δ ⊆ X and ϑζ = (£ζ ,Łζ), then

1. ϑζ ⊆ ϑδ iff £ζ ⊆ £δ and Łδ ⊆ Łζ .

2. ϑζ ∩ ϑδ = (£ζ ∩ £δ,Łζ ∪ Łδ).

3. ϑζ ∪ ϑδ = (£ζ ∪ £δ,Łζ ∩ Łδ).

Proposition 3.5. Let (X,D, (£, Ł, ℘)) be a GBS AS over X and
ζ,δ ⊆ X and ϑζ = (£ζ , Łζ), then

1. If ζ ⊆ δ then ϑζ ⊆ ϑδ

2. ϑζ ∪ ϑδ ⊆ ϑζ∪δ.

3. ϑζ ∩ ϑδ = ϑζ∩δ.

Proof. 1. We show that £ζ(∇) ⊆ £δ and Łδ(¬∇) ⊆ Łζ(¬∇).
By Ref. [17], £ζ(∇) ⊆ £δ.
Now, we show that if δ

′

⊆ ζ
′

then Łδ(¬∇) ⊆ Łζ(¬∇) for
all ¬∇ ∈ ¬℘. Let ω ∈ Łδ(¬∇), then, ωŁ(¬∇) ∩ δ

′

, ϕ.
As δ

′

⊆ ζ
′

, we have ωŁ(¬∇)∩ ζ
′

, ϕ. Thus, ω ∈ Łζ(¬∇).
Hence, Łδ(¬∇) ⊆ Łζ(¬∇). Therefore, ϑζ ⊆ ϑδ.

2. By Ref. [17], £ζ(∇) ∪ £δ(∇) ⊆ £ζ∪δ(∇). Now, we show
that Łζ∪δ(¬∇) ⊆ Łζ(¬∇) ∪ Łδ(¬∇).
Let ω ∈ Łζ∪δ(¬∇), this implies that ωŁ(¬∇) ∩ (ζ ∪ δ)

′

=

ωŁ(¬∇) ∩ (ζ
′

∪ δ
′

) , ϕ. So, ωŁ(¬∇) ∩ ζ
′

, ϕ and
ωŁ(¬∇) ∩ δ

′

, ϕ. Hence, ω ∈ Łζ(¬∇) and ω ∈ Łδ(¬∇).
Therefore, ω ∈ Łζ(¬∇) ∩ Łδ(¬∇).
Now, ϑζ ∪ ϑδ = (£ζ ∪ £δ,Łζ ∩ Łδ) ⊆ (£ζ∪δ,Łζ∪δ) = ϑζ∪δ.

3. By Ref. [17], £ζ(∇) ∩ £δ(∇) = £ζ∩δ(∇). Now, we show
that Łζ∩δ(¬∇) = Łζ(¬∇) ∪ Łδ(¬∇).
Let ω ∈ Łζ∩δ(¬∇)⇒ ωŁ(¬∇) ∩ (ζ ∩ δ)

′

= ϕ
⇐⇒ ωŁ(¬∇) ∩ [ζ

′

∪ δ
′

] , ϕ
⇐⇒ ωŁ(¬∇) ∩ ζ

′

, ϕ or ωŁ(¬∇) ∩ δ
′

, ϕ.
⇐⇒ ω ∈ Łζ(¬∇) or ω ∈ Łδ(¬∇)
⇐⇒ ω ∈ Łζ(¬∇) ∪ Łδ(¬∇).
Hence, Ł(ζ∪δ)(¬∇) = Łζ(¬∇) ∪ Łδ(¬∇) Now, ϑζ ∩ ϑδ =
(£ζ ∩ £δ,Łζ ∪ Łδ) ⊆ (£ζ∩δ,Łζ∩δ) = ϑζ∩δ.

Definition 3.6. Let (X,D, (£,Ł, ℘)) be a GBS AS over X and
ζ,δ ⊆ X and ϑ

ζ
= (£

ζ
,Ł

ζ
), then:

1. ϑ
ζ
⊆ ϑ

δ
iff £

ζ
⊆ £

δ
and Ł

δ
⊆ Ł

ζ
.

2. ϑ
ζ
∩ ϑ

δ
= (£

ζ
∩ £

δ
,Ł

ζ
∪ Ł

δ
).

3
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3. ϑ
ζ
∪ ϑ

δ
= (£

ζ
∪ £

δ
,Ł

ζ
∩ Ł

δ
).

Proposition 3.7. Let (X,D, (£,Ł, ℘)) be a GBS AS over X and
ζ,δ ⊆ X and ϑ

ζ
= (£

ζ
,Ł

ζ
), then

1. If ζ ⊆ δ then ϑ
ζ
⊆ ϑ

δ

2. ϑ
ζ∩δ
= ϑ

ζ
∩ ϑ

δ
.

3. ϑ
ζ∪δ
⊆ ϑ

ζ
∪ ϑ

δ
.

Proof. 1. The part: £
ζ
(∇) ⊆ £

δ
(∇) is already proved in Ref.

[17].
Now, we show that if δ

′

⊆ ζ
′

then Ł
δ
(¬∇) ⊆ Ł

ζ
(¬∇) for

all ¬∇ ∈ ¬℘. Let ω ∈ Ł
δ
(¬∇), then ϕ , ωŁ(¬∇) ⊆ δ

′

. As
δ
′

⊆ ζ
′

, we have ϕ , ωŁ(¬∇) ⊆ ζ
′

. Thus, ω ∈ Ł
ζ
(¬∇)).

and, hence Ł
δ
(¬∇) ⊆ Ł

ζ
(¬∇). Therefore, ϑ

ζ
⊆ ϑ

δ
.

2. The part: £
ζ∩δ

(∇) ⊆ £
ζ
(∇) ∩ £

δ
(∇) is already proved in

Ref. [17].
Now, we show that Ł

ζ∩δ
(¬∇) ⊆ Ł

ζ
(¬∇) ∪ Ł

δ
(¬∇).

Let ω ∈ Ł
ζ∩δ

(¬∇) and so ϕ , ωŁ(¬∇) ⊆ (ζ ∩ δ)
′

=⇒ ϕ , ωŁ(¬∇) ⊆ ζ
′

∪ δ
′

=⇒ ϕ , ωŁ(¬∇) ⊆ ζ
′

or ϕ , ωŁ(¬∇) ⊆ δ
′

.
=⇒ ω ∈ Ł

ζ
(¬∇) or ω ∈ Ł

δ
(¬∇)

=⇒ ω ∈ Ł
ζ
(¬∇) ∪ Ł

δ
(¬∇).

Now, ϑ
ζ∩δ
= (£

ζ∩δ
,Ł

ζ∩δ
) then,

ϑ
ζ∩δ
= (£

ζ∩δ
,Ł

ζ∩δ
) ⊆ (£

ζ
∩ £

δ
,Ł

ζ
∪ Ł

δ
) = ϑ

ζ
∩ ϑ

δ
.

3. The part: £
ζ∪δ

(∇) ⊆ £
ζ
(∇) ∪ £

δ
(∇) is already proved in

Ref. [17],. Now, we show that Ł
ζ∪δ

(¬∇) = Ł
ζ
(¬∇) ∩

Ł
δ
(¬∇).

Then ω ∈ Ł
ζ∪δ

(¬∇), this implies that ϕ , ωŁ(¬∇) ⊆
(ζ ∪ δ)

′

= ζ
′

∪ δ
′

.
⇐⇒ ϕ , ωŁ(¬∇) ⊆ ζ

′

and ϕ , ωŁ(¬∇) ⊆ δ
′

.
⇐⇒ ω ∈ Ł

ζ
(¬∇) and ω ∈ Ł

δ
(¬∇).

⇐⇒ ω ∈ Ł
ζ
(¬∇) ∩ Ł

δ
(¬∇).

Now, ϑ
ζ∪δ
= (£

ζ∪δ
,Ł

ζ∪δ
) ⊆ (£

ζ
∪ £

δ
,Ł

ζ
∩ Ł

δ
) = ϑ

ζ
∪ ϑ

δ
.

The following example shows that the inclusions in part (2)
of Proposition 3.5 and Proposition 3.7 may be proper.

Example 3.8. Let X = {ϖ1, ϖ2, ϖ3, ϖ4} and ℘ = {∇1,∇2},
¬℘ = {¬∇1,¬∇2}. Let D = {o, n,w, b}.
Define a BBS -relation (£,Ł, ℘) by
£(∇1) = {(o, ϖ1), (o, ϖ3), (n, ϖ2)}, Ł(¬∇1) =

{(w, ϖ3), (w, ϖ1), (b, ϖ4)}.

£(∇2) = {(w, ϖ2), (w, ϖ2), (b, ϖ3)}, Ł(¬∇2) =

{(o, ϖ1), (o, ϖ3), (n, ϖ4)}.

Now, o£(∇1) = {ϖ1, ϖ3}, n£(∇1) = {ϖ2}, w£(∇1) =
ϕ, b£(∇1) = ϕ and

oŁ(¬∇1) = ϕ, nŁ(¬∇1) = ϕ, wŁ(¬∇1) =

{ϖ1, ϖ3}, bŁ(¬∇1) = {ϖ4}

Suppose ζ, δ ⊆ D, defined as: ζ = {ϖ1, ϖ2}, ζ
′

= {ϖ3, ϖ4},
δ = {ϖ2, ϖ3}, δ

′

= {ϖ1, ϖ4}.

Then, ζ ∩ δ = {ϖ2}, ζ
′

∩ δ
′

= {ϖ4} and ζ ∪ δ =
{ϖ1, ϖ2, ϖ3}, ζ

′

∪ δ
′

= {ϖ1, ϖ3, ϖ4}

Now, £
ζ∩δ

(∇1) = {n}, £ζ∩δ(∇1) = {o, n}, £
ζ
(∇1) =

{o, n}, £
δ
(∇1) = {o, n}, £ζ(∇1) = {n}, £δ(∇1) = {n},

and Ł
ζ∪δ

(¬∇1) = {w, b}, Łζ∩δ(¬∇1) = {b}, Łζ(¬∇) =

{w, b}, Łδ(¬∇) = {w, b}, Ł
ζ
(¬∇) = {b}, Ł

δ
(¬∇) = {b}.

Hence, £
δ
(∇1) ∩ £

ζ
(∇1) = {o, n} ⊈ {n} = £

ζ∩δ
(∇1) and

Ł
ζ∪δ

(¬∇1) = {w, b} ⊈ {b} = Ł
ζ
(¬∇1) ∪ Ł

δ
(¬∇1), £ζ∩δ(∇1) =

{o, n} ⊈ {n} = £ζ(∇1) ∪ £δ(∇1) and Łζ(¬∇1) ∩ Łδ(¬∇1) =
{w, b} ⊈ {b} = Łζ∩δ(¬∇1).

Proposition 3.9. Let (X,D, (£,Ł, ℘)) be a GBS AS . Let ζi be any
family of subsets of D and ϑζ = (£ζ , Łζ , ℘) and ϑ

ζ
= (£

ζ
,Ł

ζ
, ℘).

Then:

1. ϑ∩i∈Jζi =
⋂

i∈J ϑ
ζi

2. ϑ
∩i∈Jζi

=
⋂

i∈J ϑ
ζi

Proof. 1. The part: £∩i∈Jζi (∇) =
⋂

i∈J £ζi (∇) is already
proved in Ref. [17]. Now, we show that Ł∩i∈Jζi (¬∇) =⋃

i∈J Łζi (¬∇).
Let ω ∈ Ł∩i∈Jζi (¬∇)⇐⇒ ωŁ(¬∇)

⋂
(
⋃

i∈J ζi)
′

, ϕ.
⇐⇒ ωŁ(¬∇)

⋂
(
⋃

i∈J ζ
′

i ) , ϕ.
⇐⇒ ωŁ(¬∇)

⋂
ζ
′

i , ϕ for all i ∈ J ⇒ ω ∈ Łζi (¬∇) for
all i ∈ J.
⇐⇒ ω ∈

⋃
i∈J Łζi (¬∇). Hence, Ł∩i∈Jζi (¬∇) =⋃

i∈J Łζi (¬∇). Thus, ϑ∩i∈Jζi = (£∩i∈Jζi ,Ł∩i∈Jζi ) =

(
⋂

i∈J £ζi ,
⋃

i∈J Łζi ) =
⋂

i∈J ϑ
ζi .

2. The part: £
∩i∈Jζi (∇) ⊆

⋂
i∈J £

ζi (∇) is already proved

in Ref. [17]. Now, we show that Ł
∩i∈Jζi (¬∇) ⊆⋃

i∈J Ł
ζi (¬∇).

Let ω ∈ Ł
∩i∈Jζi (¬∇)⇐⇒ ωŁ(¬∇) ⊆ (

⋃
i∈J ζi)

′

, ϕ.
⇐⇒ ϕ , ωŁ(¬∇) ⊆ (

⋃
i∈J ζ

′

i ).

⇐⇒ ϕ¬ωŁ(¬∇)
⋂
ζ
′

i for all i ∈ J ⇒ ω ∈ Ł
ζi (¬∇) for all

i ∈ J.
⇐⇒ ω ∈

⋃
i∈J Ł

ζi (¬∇).

Hence, ϑ
∩i∈Jζi

= (£
∩i∈Jζi

,Ł
∩i∈Jζi ) ⊆ (

⋂
i∈J £

ζi
,
⋃

i∈J Ł
ζi ) =⋂

i∈J ϑ
ζi .

Definition 3.10. If (£,Ł, ℘) is a BS - set over X×X then (£,Ł, ℘)
is called a binary BS - relation (BBS -relation) from X to X. The
set of all smooth soft binary relations from X to Xwill be known
as ϱBBS Br(X).

Definition 3.11. A BBS -relation (£,Ł, ℘) from X to X is said
to be BS -reflexive relation from X to X if £(∇) and Ł(¬∇) are

4
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reflexive relation from X to X for all ∇ ∈ ℘ and ¬∇ ∈ ¬℘.
In this case, each ω£(∇) and ωŁ(¬∇) are non-empty with ω ∈
ω£(∇) and ω ∈ ωŁ(¬∇).

Definition 3.12. Define a map πζ
ϑ
= (πζ£, π

ζ
Ł) where πζ£ : ℘ →

P(X) and πζŁ : ¬℘ → P(X) such thatπζ£ = ζ and πζŁ = ζ
′

for all
∇ ∈ ℘ and ¬∇ ∈ ¬℘, where ζ ⊆ X.

Theorem 3.13. Let £ : ℘ → P(X × X) and Ł : ¬℘ → P(X × X)
be a BS -reflexive relation from X to X. Let ϕ , ζ ⊆ X, then:

1. ϑζ ⊆ πζ
ϑ
.

2. πζ
ϑ
⊆ ϑ

ζ
.

3. ϑ(X,Φ,℘) = (X,Φ, ℘) = ϑ
(X,Φ,℘)

Proof. 1. The part: £ζ(∇) ⊆ π
ζ
£(∇) is proved already in

Ref. [17]. Now, we show that πζŁ(¬∇) ⊆ Łζ(¬∇). Let
ω ∈ π

ζ
Ł(¬∇). This implies ω ∈ ζ

′

and so ω ∈ Ł(¬∇) ∩ ζ
′

.
Then ωŁ(¬∇) ∩ ζ

′

, ϕ and therefore ω ∈ Łζ(¬∇). Thus,
ζ
′

⊆ Łζ(¬∇). That is πζŁ(¬∇) ⊆ Łζ(¬∇).
Hence, ϑζ = (£ζ ,Łζ) ⊆ (ζ, ζ

′

) = (πζ£, π
ζ
Ł) = πζ

ϑ
.

2. The part: πζ£(∇) ⊆ £
ζ
(∇) is proved already in Ref. [17].

Now, we show that Ł
ζ
(¬∇) ⊆ πζŁ(¬∇).

Let ω ∈ Ł
ζ
(¬∇). Then ωŁ(¬∇) ⊆ ζ

′

. But ω ∈ ωŁ(¬∇),
so ω ∈ ζ

′

. Thus, Ł
ζ
(¬∇) ⊆ ζ

′

, that is Ł
ζ
(¬∇) ⊆ πζŁ(¬∇).

Hence, πζ
ϑ
= (πζ£, π

ζ
Ł) = (ζ, ζ

′

) ⊆ (£
ζ
,Ł

ζ
) ⊆ ϑ

ζ
.

3. It is direct.

Definition 3.14. A BBS-relation (£,Ł, ℘) from X to X is said to
be a BS -symmetric relation from X to X if £(∇) and Ł(¬∇) are
symmetric relations from X to X for all ∇ ∈ ℘ and ¬∇ ∈ ¬℘.

Lemma 3.15. If (£, Ł, ℘) is a BS -symmetric relation from X
to X, then ϖ ∈ ω£(∇) implies ω ∈ ϖ£(∇) and ω ∈ ϖŁ(¬∇)
implies ω ∈ ϖŁ(¬∇).

Theorem 3.16. £ : ℘ → P(X × X) and Ł : ¬℘ → P(X × X)
be a BS -symmetric relation from X to X. For ϕ , ζ ⊆ X, the
following properties hold:

1. πζ£ ⊆ Ł
(Łζ(¬∇))

′

.

2. Ł(Ł
ζ(¬∇)

)
′

⊆ π
ζ
Ł

Proof. 1. Let ω < Ł
(Łζ(¬(∇))

′

(¬∇). This implies that
ωŁ(¬∇) < Ł

ζ
(¬∇). So there exists at least one ω1 ∈

Ł(¬∇) such that ω1 < Łζ(¬∇) and hence ω1Ł(¬∇) ∩ ζ
′

=

ϕ. There are three possibilities:

(i) If ζ
′

= ϕ then ω < ζ
′

.

(ii) If ω1Ł(¬∇) = ϕ then this is no possible since ω1 ∈

ωŁ(¬∇) implies ω ∈ ω1Ł(¬∇).

(iii) If ω1Ł(¬∇) ⊆ ζ while ω ∈ ω1Ł(¬∇), then ω ∈ ζ

which implies ω < ζ
′

. Thus, ζ
′

⊆ Ł
(Łζ(¬(∇))

′

(¬∇).

Hence, πζ£(¬∇) ⊆ Ł
(Łζ(¬(∇))

′

(¬∇).

2. Let ω ∈ Ł(Ł
ζ(¬∇)

)
′

(¬∇). This implies that ωŁ(¬∇) ∩

Ł
ζ
(¬∇) , ϕ and so there exists at least one ω1 ∈

ωŁ(¬∇) ∩ Ł
ζ
(¬∇). Hence, ω1 ∈ ωŁ(¬∇) and ω1 ∈

Ł
ζ
(¬∇). Now, ω1 ∈ Ł

ζ
(¬∇) implies ϕ , ω1Ł(¬∇) ⊆ ζ

′

.
Since ω1 ∈ ωŁ(¬∇) and the relation is BS - symmet-
ric, then ω ∈ ω1Ł(¬∇). Thus, ω ∈ ζ

′

. Therefore,

Ł(Ł
ζ(¬∇)

)
′

(¬∇) ⊆ ζ
′

and hence, Ł(Ł
ζ(¬∇)

)
′

(¬∇) ⊆ πζŁ(¬∇).

Definition 3.17. A BBS -relation (£,Ł, ℘) from X to X is said
to be a BS -transitive relation from X to X if £(∇) and Ł(¬∇) are
transitive relation from X to X for all ∇ ∈ ℘ and ¬∇ ∈ ¬℘.

Theorem 3.18. Let £ : ℘ → P(X × X) and Ł : ¬℘ → P(X × X)
be a BS -transitive relation from X to X. For ζ ⊆ X, Ł

ζ
(¬∇) ⊆

Ł
(Ł

ζ(¬∇)
)
′

(¬∇).

Proof. Assume that ω < Ł
(Ł

ζ(¬∇)
)
′

(¬∇). This implies that ϕ ,
ωŁ(¬∇) ⊈ Ł

ζ
(¬∇), so there exists at least one ω1 ∈ ωŁ(¬∇)

such that ω1 ∈ Ł
ζ
(¬∇). Hence, ω1Ł(¬∇) ⊆ ζ

′

and so there
exists at least one ϖ ∈ ω1Ł(¬∇) such that ϖ < ζ

′

. But ϖ ∈
ω1Ł(¬∇) and ω1 ∈ ωŁ(¬∇) implies ϖ ∈ ωŁ(¬∇), since the
relation is BS - transitive. This implies that ϕ < ωŁ(¬∇) ⊆ ζ

′

.

So, ω < Ł
ζ
(¬∇). Thus, Ł

ζ
(¬∇) ⊆ Ł

(Ł
ζ(¬∇)

)
′

(¬∇).

Theorem 3.19. If a BS B-relation £ : ℘ → P(X × X) and Ł :
¬℘ → P(X × X) from X to X be a BS -reflexive relation. Then

for any subset ζ ⊆ X, Ł
ζ
(¬∇) = Ł

(Ł
ζ(¬∇)

)
′

(¬∇).

Proof. Since the relation is BS -reflexive, then by Theorem
3.13(2) Łζ(¬∇) ⊆ ζ

′

. So, ζ ⊆ (Ł
ζ
(¬∇))

′

. Hence, Ł
ζ
(¬∇) ⊆

Ł
(Ł

ζ(¬∇)
)
′

(¬∇).

Now, we show that Ł
(Ł

ζ(¬∇)
)
′

(¬∇) ⊆ Ł
ζ
(¬∇). Let ω ∈

Ł
(Ł

ζ(¬∇)
)
′

(¬∇), then ω ∈ ωŁ(¬∇) ⊆ Ł
ζ
(¬∇). Since the relation

is BS -reflexive, then ω ∈ ωŁ(¬∇) and hence ω ∈ Ł
ζ
(¬∇). So,

Ł
ζ
(¬∇) = Ł

(Ł
ζ(¬∇)

)
′

(¬∇).

4. Bipolar soft neighborhoods

In this section, we discuss and explore one of the most im-
portant properties of neighborhoods, called bipolar soft neigh-
borhoods.

5
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Definition 4.1. Let (£,Ł, ℘) be a binary BS -relation over X, ∇ ∈
℘, then the bipolar soft N j neighborhoods (NBS

j -neighborhoods)
of ω ∈ X are defined for each j ∈ {r, l, i, u, ⟨r⟩, ⟨l⟩, ⟨i⟩, ⟨u⟩} as
follows: let ϑ = (£,Ł, ℘) and Nϑ

j = (N£
j ,N

Ł
j ). Then:

1. N£(∇)
r (ω) = {℘ ∈ X : (ω, ℘) ∈ £(∇)},

NŁ(¬∇)
r (ω) = {℘ ∈ X : (℘,ω) ∈ Ł(¬∇)},

2. N£(∇)
l (ω) = {℘ ∈ X : (℘,ω) ∈ £(∇)},

NŁ(¬∇)
l (ω) = {℘ ∈ X : (ω, ℘) ∈ Ł(¬∇)},

3. N£(∇)
i (ω) = N£(∇)

r (ω) ∩ N£(∇)
l (ω),

NŁ(¬∇)
i (ω) = NŁ(¬∇)

r (ω) ∪ NŁ(¬∇)
l (ω),

4. N£(∇)
u (ω) = N£(∇)

r (ω) ∪ N£(∇)
l (ω),

NŁ(¬∇)
i (ω) = NŁ(¬∇)

r (ω) ∩ NŁ(¬∇)
l (ω),

5.

N£(∇)
⟨r⟩ (ω) =


⋂
ω∈N£(∇)

r (℘) N£(∇)
r (℘), if ∃ ω ∈ N£(∇)

r (℘),
ϕ, otherwise,

NŁ(¬∇)
⟨r⟩ (ω) =


⋃
ω∈NŁ(¬∇)

r (℘) NŁ(¬∇)
r (℘), if ∃ ω ∈ NŁ(¬∇)

r (℘),
ϕ, otherwise,

6.

N£(∇)
⟨l⟩ (ω) =


⋂
ω∈N£(∇)

l (℘) N£(∇)
l (℘), if ∃ ω ∈ N£(∇)

l (℘),

ϕ, otherwise,
(5)

NŁ(¬∇)
⟨l⟩ (ω) =


⋃
ω∈NŁ(¬∇)

l (℘) NŁ(¬∇)
l (℘), if ∃ ω ∈ NŁ(¬∇)

l (℘),

ϕ, otherwise,
(6)

7. N£(∇)
⟨i⟩ (ω) = N£(∇)

⟨r⟩ (ω) ∩ N£(∇)
⟨l⟩ (ω),

NŁ(¬∇)
⟨i⟩ (ω) = NŁ(¬∇)

⟨r⟩ (ω) ∪ NŁ(¬∇)
⟨l⟩ (ω),

8. N£(∇)
⟨u⟩ (ω) = N£(∇)

⟨r⟩ (ω) ∪ N£(∇)
⟨l⟩ (ω),

NŁ(¬∇)
⟨u⟩ (ω) = NŁ(¬∇)

⟨r⟩ (ω) ∩ NŁ(¬∇)
⟨l⟩ (ω).

Definition 4.2. Let (£,Ł, ℘) be a BBS -relation over X, and π j

be a mapping from X to P(X) which associates each ω ∈ X with
its NBS

j -neighborhood in P(X), then (X, (£,Ł, ℘),Π j) is called
an NBS

j -neighborhood space (briefly BS jNs).

Proposition 4.3. Let(X, (£, Ł, ℘),Π j) be an NBS
j -neighborhood

space,Nϑ
j = (N£

j ,N
Ł
j ). Then

1. Nϑ
i (ω) ⊆ Nϑ

r (ω) ⊆ Nϑ
u (ω),

2. Nϑ
i (ω) ⊆ Nϑ

l (ω) ⊆ Nϑ
u (ω),

3. Nϑ
⟨i⟩(ω) ⊆ Nϑ

⟨r⟩(ω) ⊆ Nϑ
⟨u⟩(ω),

4. Nϑ
⟨i⟩(ω) ⊆ Nϑ

⟨l⟩(ω) ⊆ Nϑ
⟨u⟩(ω),

Table 1: BS -N£(∇i)
j (ω)-neighborhoods.

ω N£(∇1)
r (ω) N£(∇1)

l (ω) N£(∇1)
i (ω) N£(∇1)

u (ω)
ϖ1 {ϖ2} {ϖ2} {ϖ2} {ϖ2}

ϖ2 {ϖ1, ϖ3} {ϖ1} {ϖ1} {ϖ1, ϖ3}

ϖ3 ϕ {ϖ2} ϕ {ϖ2}

ϖ4 ϕ ϕ ϕ ϕ

ω N£(∇1)
⟨r⟩ (ω) N£(∇1)

⟨l⟩ (ω) N£(∇1)
⟨i⟩ (ω) N£(∇1)

⟨u⟩ (ω)
ϖ1 {ϖ1, ϖ3} {ϖ1, ϖ3} {ϖ1, ϖ3} {ϖ1, ϖ3}

ϖ2 {ϖ2} {ϖ2} {ϖ2} {ϖ2}

ϖ3 ϕ {ϖ1, ϖ3} ϕ {ϖ1, ϖ3}

ϖ4 ϕ ϕ ϕ ϕ

ω N£(∇2)
r (ω) N£(∇2)

l (ω) N£(∇2)
i (ω) N£(∇2)

u (ω)
ϖ1 {ϖ3} ϕ ϕ {ϖ3}

ϖ2 {ϖ2, ϖ3} {ϖ2} {ϖ2} {ϖ2, ϖ3}

ϖ3 ϕ {ϖ1, ϖ2} ϕ {ϖ1, ϖ2}

ϖ4 ϕ ϕ ϕ ϕ

ω N£(∇2)
⟨r⟩ (ω) N£(∇2)

⟨l⟩ (ω) N£(∇2)
⟨i⟩ (ω) N£(∇2)

⟨u⟩ (ω)
ϖ1 {ϖ1, ϖ2} ϕ {ϖ1, ϖ3} {ϖ1, ϖ3}

ϖ2 {ϖ1, ϖ2} {ϖ2, ϖ3} {ϖ2, ϖ3} {ϖ1, ϖ2, ϖ3}

ϖ3 ϕ {ϖ2, ϖ3} ϕ {ϖ2, ϖ3}

ϖ4 ϕ ϕ ϕ ϕ

5. If Π j is symmetric, then Nϑ
i (ω) = Nϑ

l (ω) = Nϑ
u (ω).

Proof. 1. By Ref. [23], N£(∇)
i (ω) ⊆ N£(∇)

r (ω) ⊆ N£(∇)
u (ω).

We prove the other part. NŁ(¬∇)
i (ω) ⊆ NŁ(¬∇)

r (ω) ⊆
NŁ(¬∇)

u (ω). Now,
NŁ(¬∇)

u (ω) = NŁ(¬∇)
r (ω) ∩ NŁ(¬∇)

l (ω) ⊆ NŁ(¬∇)
r (ω) ∩

NŁ(¬∇)
r (ω) ∪ NŁ(¬∇)

l (ω) = NŁ(¬∇)
i (ω).

The other parts can be proved similarly.

Example 4.4. Let X = {ϖ1, ϖ2, ϖ3, ϖ4} and ℘ = {∇1,∇2},
¬℘ = {¬∇1,¬∇2}. Define £ : ℘→ 2X×X and Ł : ¬℘→ 2X×X by

£(∇1) = {({ϖ1, ϖ2}), ({ϖ2, ϖ1}), ({ϖ2, ϖ3})},
Ł(¬∇1) = {({ϖ3, ϖ4}), ({ϖ4, ϖ3}), ({ϖ1, ϖ4})},

£(∇2) = {({ϖ1, ϖ3}), ({ϖ2, ϖ3}), ({ϖ2, ϖ2})},
Ł(¬∇2) = {({ϖ2, ϖ4}), ({ϖ1, ϖ4}), ({ϖ3, ϖ3})}.

Then the BS -NBS
j -neighborhoods of each of them, where

j ∈ {r, l, i, u, ⟨r⟩, ⟨l⟩, ⟨i⟩, ⟨u⟩} shown in Table 1 and Table 2.

5. Topologies generated by bipolar soft N j neighborhoods

In the following theorem, we will study the topologies gen-
erated from bipolar soft N j neighborhoods.

Theorem 5.1. Let (X, £,Ł, ℘,Π j) be a NBS
j -neighborhood

space on X. Let ϑ = (£, Ł, ℘). Then the collection TN−S
j
=

{δ ⊆ X | ∀ω ∈ δ, δ
′

⊆ NŁ(¬∇)
j (ω), for all ¬∇ ∈ ℘} for all

j ∈ {r, l, i, u, ⟨r⟩, ⟨l⟩, ⟨i⟩, ⟨u⟩} is a topological space on X.
6
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Table 2: BS -NŁ(¬∇i)
j (ω)-neighborhoods.

ω NŁ(¬∇1)
r (ω) NŁ(¬∇1)

l (ω) NŁ(¬∇1)
i (ω) NŁ(¬∇1)

u (ω)
ϖ1 ϕ {ϖ4} {ϖ4} ϕ
ϖ2 ϕ ϕ ϕ ϕ
ϖ3 {ϖ4} {ϖ4} {ϖ4} {ϖ4}

ϖ4 {ϖ1, ϖ3} {ϖ3} {ϖ1, ϖ3} {ϖ3}

ω NŁ(¬∇1)
⟨r⟩ (ω) NŁ(¬∇1)

⟨l⟩ (ω) NŁ(¬∇1)
⟨i⟩ (ω) NŁ(¬∇1)

⟨u⟩ (ω)
ϖ1 ϕ {ϖ1, ϖ3} {ϖ1, ϖ3} ϕ
ϖ2 ϕ ϕ ϕ ϕ
ϖ3 {ϖ1, ϖ3} {ϖ1, ϖ3} {ϖ1, ϖ3} {ϖ1, ϖ3}

ϖ4 {ϖ4} {ϖ4} {ϖ4} {ϖ4}

ω NŁ(¬∇2)
r (ω) NŁ(¬∇2)

l (ω) NŁ(¬∇2)
i (ω) NŁ(¬∇2)

u (ω)
ϖ1 ϕ {ϖ4} {ϖ4} ϕ
ϖ2 ϕ {ϖ4} {ϖ4} ϕ
ϖ3 {ϖ3} {ϖ3} {ϖ3} {ϖ3}

ϖ4 {ϖ1, ϖ2} ϕ {ϖ1, ϖ2} ϕ

ω NŁ(¬∇2)
⟨r⟩ (ω) NŁ(¬∇2)

⟨l⟩ (ω) NŁ(¬∇2)
⟨i⟩ (ω) NŁ(¬∇2)

⟨u⟩ (ω)
ϖ1 ϕ {ϖ1, ϖ2} {ϖ1, ϖ2} ϕ
ϖ2 ϕ {ϖ1, ϖ2} {ϖ1, ϖ2} ϕ
ϖ3 {ϖ3} {ϖ3} {ϖ3} {ϖ3}

ϖ4 {ϖ4} {ϖ4} {ϖ4} {ϖ4}

Table 3: Results of the decision algorithm with respect to after-
sets.

ϑ(∇i) ϖ1 ϖ2 ϖ3 ϖ4 ϖ5 ϖ6

ϑ(∇1) 1 1 1 −1 −1 −1
ϑ(∇1) 1 1 1 −1 −1 −1
ϑ(∇2) 0 −1 0 0 0 −1
ϑ(∇2) 0 0 0 0 0 −1
ϑ(∇3) −1 0 1 0 −1 −1
ϑ(∇3) −1 1 1 −1 1 0
αi j 0 2 4 −3 −2 −5

Proof. 1. Clearly, X,Φ ∈ TN−S
j

;

2. Let {δi}i∈J ⊆ TN−S
j

, we need to prove
⋃

i∈J δi ∈ TN−S
j

.
Let ω ∈

⋃
i∈J δi , this implies that there exists i ∈ J

such thatω ∈ δi. So, δ
′

i ⊆ NŁ(¬∇)
j (ω) Hence,

⋂
i∈J δ

′

i ⊆

NŁ(¬∇)
j (ω). Therefore, (

⋃
i∈J δi)

′

=
⋂

i∈J δ
′

i ⊆ NŁ(¬∇)
j (ω).

i.e.
⋃

i∈J δi ∈ NŁ(¬∇)
j (ω).

3. Let δ1, δ2 ∈ TN−S
j

and ω ∈ δ1 ∩ δ2, we have ω ∈ δ1 and

ω ∈ δ2. So, δ
′

1 ⊆ NŁ(¬∇)
j (ω) and δ

′

2 ⊆ NŁ(¬∇)
j (ω) . Hence,

(δ1∩δ2)
′

= δ
′

1∪δ
′

2 ⊆ NŁ(¬∇)
j (ω). Therefore, δ1∩δ2 ∈ TN−S

j
.

Theorem 5.2. Let (X, £,Ł, ℘,Π j) be a NBS
j -neighborhood

space on X. Let ϑ = (£,Ł, ℘). Then the collection TNϑ
j
=

(TN+S
j
,T

′

N−S
j

) is a topology on (X,X
′

).

Proof. 1. Clearly, (X,Φ) and (Φ,X) ∈ TNϑ
j
;

2. Let (δi, µi)i∈J ⊆ TNϑ
j
, we need to prove

⋃
i∈J(δi, µi) =

(
⋃

i∈J δi,
⋂

i∈J µi) ∈ TNϑ
j
. Since TN+S

j
and TN−S

j
are topolo-

gies in X, we have
⋃

i∈J δi ∈ TN+S
j

and (
⋂

i∈J µi)
′

=⋃
i∈J µ

′

i ∈ TN−S
j

. Thus
⋂

i∈J µi ∈ T
′

N−S
j

and consequently,⋃
i∈J(δi, µi) ∈ TNϑ

j
. Similarly, we can prove that for every

(δ1, µ1), (δ2, µ2) ∈ TNϑ
j
, ((δ1, µ1)

⋂
(δ2, µ2)) ∈ TNϑ

j
.

Next, we study the relations between these different topolo-
gies.

Proposition 5.3. (X, £, Ł, ℘,Π j) be a NBS
j -neighborhood space

over X. Let ϑ = (£,Ł, ℘) then

1. TNϑ
j
⊆ TNϑ

i
for all j ∈ {r, l};

2. TNϑ
u
⊆ TNϑ

j
for all j ∈ {r, l, i};

3. TNϑ
⟨i⟩
⊆ TNϑ

j
for all j ∈ {⟨r⟩, ⟨l⟩};

4. TNϑ
⟨u⟩
⊆ TNϑ

j
for all j ∈ {⟨r⟩, ⟨l⟩, ⟨i⟩};

Proof. 1. By Ref. [17], TN+S
⟨r⟩
⊆ TN+S

⟨i⟩
. On the other

hand, assume that δ ∈ TN−S
⟨r⟩

. So ∀ω ∈ δ, δ
′

⊆

NŁ(¬∇)
r (ω). for all ¬∇ ∈ ¬℘. Hence, δ

′

⊆ NŁ(¬∇)
r (ω) ⊆

NŁ(¬∇)
r (ω)

⋃
NŁ(¬∇)

l (ω) = NŁ(¬∇)
i (ω). Therefore, δ ∈ TN−S

r

and thus T
′

N−S
i
⊆ T

′

N−S
r

. Consequently, TNϑ
j
⊆ TNϑ

i
. The

remaining part when j = l can be proved similarly.
(2), (3) and (4) are similar to (1).

Proposition 5.4. (X, £, Ł, ℘,Π j) be a NBS
j -neighborhood space

over X. Let ϑ = (£,Ł, ℘) then TNϑ
u
⊆ TNϑ

r
⊆ TNϑ

i
.

Proof. Obvious by Proposition 5.3

In the following theorem, we will discuss two types of
topologies induced by bipolar soft reflexive relation.

Theorem 5.5. Let £ : ℘→ P(X×X) and Ł : ¬℘→ P(X×X) be
a BS -symmetric relation from X to X. For ϕ < ζ ⊆ X, If (£,Ł, ℘)
be a bipolar soft reflexive relation on X, then
T ζ = {ζ ⊆ X : ϑζ = πζ

ϑ
} (T ζ = {ζ ⊆ X : ϑ

ζ
= π

ζ
ϑ
}) is a topology

on X.

Proof. 1. Since ϑX = (£X,ŁX) = (X,Φ). Then X ∈ T ζ .
Similar Φ ∈ T ζ .

2. Suppose that {ζi}i∈J ⊆ T ζ . So, ϑζi = π
ζi
ϑ

, ∀i ∈ J. To show

that
⋃

i∈J ζi ∈ T ζ we must prove that ϑ
⋃

i∈J ζi = π
⋃

i∈J ζi

ϑ
.

Since ϑ
⋃

i∈J ζi ⊆ π
⋃

i∈J ζi

ϑ
by Theorem 3.13, it is enough

to show that π
⋃

i∈J ζi

ϑ
⊆ ϑ

⋃
i∈J ζi . Since ζi ⊆

⋃
i∈J ζi,

then ϑζi ⊆ ϑ
⋃

i∈J ζi for i ∈ J by Properties 3.5. Hence⋃
i∈J ϑ

ζi ⊆ ϑ
⋃

i∈J ζi . But π
⋃

i∈J ζi

ϑ
= (
⋃

i∈J ζi, (
⋃

i∈J ζi)
′

) =
(
⋃

i∈J ζi,
⋂

i∈J ζ
′

i ) =
⋃

i∈J(ζi, ζ
′

i ) =
⋃

i∈J ϑ
ζi . Therefore,

π
⋃

i∈J ζi

ϑ
⊆ ϑ

⋃
i∈J ζi and consequently ϑ

⋃
i∈J ζi = π

⋃
i∈J ζi

ϑ
. Thus⋃

i∈J ζi ∈ T ζ .
7
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3. Suppose that ζ1, ζ2 ∈ T ζ . So, ϑζ1 = π
ζ1
ϑ

and ϑζ2 = π
ζ2
ϑ

. By

Properties 3.5. Now, ϑ(ζ1∩ζ2) = ϑζ1
⋂
ϑζ2 = π

ζ1
ϑ

⋂
π
ζ2
ϑ
=

π
(ζ1∩ζ2)
ϑ

. So, ζ1
⋂
ζ2 ∈ T ζ .

Similarly, we can show that T ζ is a topology on X.

6. Application in a decision-making problem

Decision-making is an important factor in all scientific ca-
reers, and experts use their knowledge of the field to make in-
formed decisions. We apply the concept of BS - sets to model a
given problem and then provide an algorithm for selecting the
best object based on the available information set.

Example 6.1. Let X = {ϖ1, ϖ2, ϖ3, ϖ4, ϖ5, ϖ6} is the set of
t-shirts. ℘ = {∇1,∇2,∇3, d} and ¬℘ = {¬∇1,¬∇2,¬∇3, d} is
the set of parameters, where ∇1 : color f ul,¬∇1 : plain,∇2 :
sport,¬∇2 : classic,∇3 : cheap,¬∇3 : expensive. Suppose
that C = {∇1,∇2,∇3} and D = {d} where C and D are the sets
of condition parameters and decision parameters, respectively.
Let ϑ = (£,Ł, ℘), define a BS E-relation £(∇) : ℘ → P(X × X)
and Ł(, ∇) : ¬∇ → P(X × X) for each parameter ∇ ∈ ℘ and
¬∇ ∈ ¬℘.

£(∇1) = {({ϖ1, ϖ2}), ({ϖ2, ϖ2}), ({ϖ3, ϖ3}), ({ϖ1, ϖ2}),
({ϖ2, ϖ3}), ({ϖ1, ϖ3})},

Ł(¬∇1) = {({ϖ4, ϖ4}), ({ϖ4, ϖ5}), ({ϖ5, ϖ6}), ({ϖ4, ϖ6}),
({ϖ5, ϖ5}), ({ϖ6, ϖ6})}

£(∇2) = {({ϖ3, ϖ4}), ({ϖ1, ϖ4}), ({ϖ4, ϖ5}),
({ϖ4, ϖ4}), ({ϖ1, ϖ5})},

Ł(¬∇2) = {({ϖ6, ϖ6}), ({ϖ2, ϖ6}), ({ϖ6, ϖ5}),
({ϖ2, ϖ5}), ({ϖ2, ϖ2})},

£(∇3) = {({ϖ5, ϖ5}), ({ϖ2, ϖ5}), ({ϖ5, ϖ3}), ({ϖ2, ϖ3}),
({ϖ3, ϖ3})},

Ł(¬∇3) = {({ϖ4, ϖ5}), ({ϖ6, ϖ1}), ({ϖ1, ϖ4}), ({ϖ6, ϖ4}),
({ϖ6, ϖ6})}.

The following BS E-classes are gotten for each
BS E-relation: ϖ1£(∇1) = {ϖ1, ϖ2, ϖ3}, ϖ2£(∇1) =

{ϖ2, ϖ3}, ϖ3£(∇1) = {ϖ3}, ϖ4£(∇1) = ϕ,ϖ5£(∇1) = ϕ
and ϖ6£(∇1) = ϕ.
ϖ1Ł(¬∇1) = ϕ,ϖ2Ł(¬∇1) = ϕ,ϖ3Ł(¬∇1) = ϕ,ϖ4Ł(¬∇1) =
{ϖ4, ϖ5, ϖ6}, ϖ5Ł(¬∇1) = {ϖ5, ϖ6} and ϖ6Ł(¬∇1) = {ϖ6}.
ϖ1£(∇2) = {ϖ4, ϖ5}, ϖ2£(∇2) = ϕ,ϖ3£(∇2) =

{ϖ4}, ϖ4£(∇2) = {ϖ4, ϖ5}, ϖ5£(∇2) = ϕ and ϖ6£(∇2) = ϕ.
ϖ1Ł(¬∇2) = ϕ,ϖ2Ł(¬∇2) = {ϖ2, ϖ5, ϖ6}, ϖ3Ł(¬∇2) =

ϕ,ϖ4Ł(¬∇2) = ϕ,ϖ5Ł(¬∇2) = ϕ and ϖ6Ł(¬∇2) = {ϖ5, ϖ6}.

ϖ1£(∇3) = ϕ,ϖ2£(∇3) = {ϖ3, ϖ5}, ϖ3£(∇3) =

{ϖ3}, ϖ4£(∇3) = ϕ,ϖ5£(∇3) = ϕ and ϖ6£(∇3) = ϕ.
ϖ1Ł(¬∇3) = {ϖ4}, ϖ2Ł(¬∇3) = ϕ,ϖ3Ł(¬∇3) =

ϕ,ϖ4Ł(¬∇3) = {ϖ5}, ϖ5Ł(¬∇3) = ϕ and ϖ6Ł(¬∇3) =
{ϖ1, ϖ4, ϖ6}.

Suppose ζ ⊆ X, define as: ζ = {ϖ1, ϖ2, ϖ3},
ζ
′

= {ϖ4, ϖ5, ϖ6}.

Describe the “the special features of the t-shirts” which Mr.
X is going to buy respectively.

Algorithm 1.

1. Input the lower soft approximation ϑζ and upper soft ap-

proximation ϑ
ζ

of a BS -set ζ with respect to aftersets.

2. Corresponding to each ωi ∈ X, we calculate ϑζ which is
1 if ωi ∈ £ζ(∇i), −1 if ωi ∈ Łζ(¬∇i) and 0 otherwise.

Similarly, we calculate ϑ
ζ

which is 1 if ωi ∈ £
ζ
(∇i), −1 if

ωi ∈ Ł
ζ
(¬∇i) and 0 otherwise.

3. Compute the choice value αi j =
∑k

i=1 ϑ
ζ +
∑k

i=1 ϑ
ζ

with
respect to aftersets.

4. The best decision is ωϵ ∈ X if αϵ = maxi αi, i =
1, 2, 3, . . . , |X|.

5. The worst decision is ωϵ ∈ X if αϵ = mini αi, i =
1, 2, 3, . . . , |X|.

6. If ϵ has more than one value, then we can equally choose
anyone of ωϵ .

Here in Table 3 the choice value αi j =
∑k

i=1 ϑ
ζ +
∑k

i=1 ϑ
ζ

is
calculated with respect to aftersets. The t-shirt of ϖ3 scores the
maximum choice value αϵ = 4, and decision is in favour of the
t-shirt ofϖ3 for selection. In case thatϖ3 cannot be chosen, ϖ2
will be selected. Moreover, the t-shirt of ϖ6 is totally ignored.
Hence, Mr. X will choose the t-shirt ϖ3 and ϖ2 for his personal
use.

7. Conclusion

In this work, we introduced lower and upper approxima-
tions based on binary BS relations, studied the properties
of these approximations, and generated new topologies from
them. We also explored their characterizations and properties
and introduced BS -NBS

j -neighborhood spaces. Furthermore,
these spaces were used to obtain methods for approximating
rough sets and to provide a direct way of generating the corre-
sponding topologies from relations without using subbases or
bases. This technique may make several topological concepts
easier to apply in future research. Finally, the proposed struc-
tures open the way for further topological applications in rough

8
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contexts and for applications based on real-world data. In future
work, we will investigate additional topological applications in
rough contexts and real-world applications using the structure
proposed in this paper.
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