) Journal of the
Published hy
TY OF PHYSICAL SCIENCES Nigerian Society

. https:llinu;nal.nsps.nr’g.nélindax.’|;h7|llinsps 7 .
-~ = of Physical
=4 J. Nig. Soc. Phys. Sci. 8 (2026) 3346 w Sciences

Check for

updates |

Available online

On subgraph relationships between graph products

Jinta Jose®?2, Ninu S. Lal®®, Bobin George "

“Department of Mathematics, St. Teresa’s College (Autonomous), Ernakulam, India
bDepartment of Mathematics, SNM College, Maliankara, India
¢Department of Mathematics, Pavanatma College, Murickassery, India

Abstract

Graph products play an important role in graph theory by providing systematic methods for constructing complex graphs from simpler ones and
by revealing structural relationships among different graph classes. In this paper, we investigate subgraph relations among several standard graph
products, including the Cartesian, lexicographic, tensor, modular, co-normal, strong, homomorphic, and rooted products. By comparing their
defining adjacency conditions, we establish a collection of inclusion results between these products. In particular, we prove that the Cartesian
product is a subgraph of the lexicographic, co-normal, and strong products, while the lexicographic product is itself a subgraph of the co-normal
product. We further show that the tensor product is a subgraph of the lexicographic, modular, strong, and co-normal products. In addition, the
strong product is shown to be a subgraph of both the lexicographic and co-normal products. Finally, we establish that the rooted product forms a
subgraph of the Cartesian, lexicographic, co-normal, and strong products. Illustrative examples are included to visualise these relationships. The
results obtained provide a clearer understanding of the structural hierarchy among graph product operations and may support further investigations
in algebraic graph theory and network modelling.
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1. Introduction Among the different topics studied in graph theory, graph
products occupy an important position. A graph product is a
Graph theory is one of the most active areas of modern binary operation that combines two graphs to produce another
mathematics and has applications in computer science, engi-  graph whose structure depends on the properties of the original
neering, communication systems, biology, transportation net- graphs. Graph products are useful in the study of network de-
works, and the social sciences. A graph consists of a set of sign, parallel processing, coding theory, and structural graph
vertices together with a set of edges describing relationships analysis. Several standard graph products have been intro-
between pairs of vertices. Because of their ability to represent  qyced and investigated in the literature, including the Cartesian
complex structures in a simple mathematical form, graphs are product, lexicographic product, tensor product, strong product,
widely used in modelling and analysing real-world systems [1]. modular product, co-normal product, homomorphic product,
and rooted product [2, 3].
Many researchers have contributed to the development of
graph product theory. Bozovic and Peterin studied efficient
open domination in products of graphs [4], while Changat et al.
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Figure 1: Graph Q; = (A, E)).
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Figure 2: Graph Q; = (A, Z»).

examined boundary-type sets associated with strong products
[5]. Feigenbaum investigated factorisation properties of Carte-
sian products [6], and Manion analysed cancellation properties
related to lexicographic products [7]. Potocnik and Wilson also
discussed structural aspects of graph products and their varia-
tions [8]. More recently, George, Jose and Thumbakara studied
vertex and edge counts together with degree-related properties
of several graph products [9]. Jose et al. further explored prod-
uct operations and their properties in broader graph-theoretic
settings [10].

Although different graph products have been studied exten-
sively, comparatively less attention has been given to the sub-
graph relationships among these products. Understanding such
relationships helps in comparing their structural behaviour and
identifying how one product can be embedded within another.
Motivated by this observation, the present work investigates
subgraph relations among several standard graph products. In
particular, we establish inclusion relations involving Cartesian,
lexicographic, tensor, modular, co-normal, strong, and rooted
products. Illustrative examples are also provided to visualise
these relationships and support the theoretical results obtained
in this work.
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2. Product operations in graphs

2.1. Cartesian product

Definition 2.1. Let Q; = (A{,E;) and Q, = (A,, =) be two
graphs. Then the Cartesian product (or box product) of €, and
Q, denoted by Q;[1Q; is a graph with vertex set A(Q;[1Q,) =
A; X A, and edge set E(Q,0Q;), where e € E(Q;1Q,) is an
edge joining the vertices (91, 9)) and (¥, 9) if and only if

1. ¥ = 1, and the vertices ¥}] and 1%} are adjacent in 2, or
2. 9] = ¥, and the vertices ¢} and 1}, are adjacent in €2;.
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Figure 6: Q; X Q.
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Figure 7: Q; * Q.
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Figure 8: Q; x Q.

2.2. Lexicographic product

Definition 2.2. Let Q; = (A, E;) and Q, = (A,, E;) be two
graphs. Then the lexicographic product (or composition) of Q;
and Q, denoted by Q; o Q, is a graph with vertex set A(Q; o
Q) = A; X Ay and edge set Z(Q2; 0 Q,), where e € E(Q; 0 Q)
is an edge joining the vertices (&1, 9}) and (2, ) if and only
if

1. the vertices ©#; and ¢, are adjacent in Q; or
2. ¥ = ¥ and the vertices ¥}] and 1%, are adjacent in ;.
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Figure 9: Q; O Q,.
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Figure 10: Q; o, Q.

2.3. Modular product

Definition 2.3. Let Q; = (A(,E;) and Q, = (A,, =) be two
graphs. Then the modular product of Q; and ,, represented
by Q; O€Q; is a graph with vertex set A(QQ; OQ;) = A; XA, and
edge set E(Q; O Qy), where (¢1,9)) and (2, )) are adjacent
in Q; O Q, if and only if

1. ¥ and 1, are adjacent in © and | and ¥, are adjacent
in Q, or

2. ¥ and ¥, are not adjacent in Q; and ] and ¥, are not
adjacent in Q.

2.4. Co-normal product

Definition 2.4. Let Q; = (A(,E;) and Q, = (A;, =) be two
graphs. Then the co-normal product of Q; and Q,, represented
by Q; * ), is a graph with vertex set A(Q * Q) = A} X A, and
edge set E(Q * ), where (1, 1)) and (2, ¥} are adjacent in
Q %), if and only if #; and 7, are adjacent in £ or ¥} and ¥/,
are adjacent in €.

2.5. Strong product

Definition 2.5. Let Q; = (A;,Z;) and Q, = (A,,E;) be two
graphs. Then the strong product of Q; and ,, represented by
Q, X Q, is a graph with vertex set A(Q; X Q) = A} X A; and
edge set 2(Q X ), where (¥1,9)) and (2, 1)) are adjacent
in Q; X Q; if and only if
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1. ¥ = ¥, and 9] and %, are adjacent in £, or

2. ¥ and 1, are adjacent in Q; and ¥} = ¥, or

3. ¥ and ¥, are adjacent in Q; and ] and ¥} are adjacent
in Qz.

2.6. Tensor product

Definition 2.6. Let Q; = (A(,Z) and Q; = (A;,E>) be two
graphs. Then the tensor product of ) and €, represented by
Q) x €y, is a graph with vertex set A(Q; X Q) = A} X A, and
edge set () X Q,), where (1, 9]) and (12, ) are adjacent in
Q) x € if and only if #; and ¥, are adjacent in ; and ¥} and
), are adjacent in .

2.7. Homomorphic product

Definition 2.7. Let Q; = (A;,Z;) and ©Q, = (A, Z,) be two
graphs. Then the homomorphic product of Q; and €, repre-
sented by Q; x Q) is a graph with vertex set A(Q2; X Q) =
Ay X Ay and edge set E(€2; X Qy), where (¢1,7)) and (I, )
are adjacent in Q; x €, if and only if

1. 191 = 192 or
2. ¥ and ¥, are adjacent in | and ©¥| and 1, are not adja-
cent in Q.

2.8. Rooted product

Definition 2.8. Let Q) = (A, Z,) be a graph and Q, = (A, E»)
be a rooted graph with root vertex i},. Then, the rooted product
of Q; and Q, denoted by Q; oy, €, is a graph with vertex set
A(Q oy, Q) = A} X A, and edge set Z(Q; oy, Q), where
e € E(Q oy, Q) is an edge joining the vertices (¥1,%]) and
(},}) if and only if

1. ¥ = ¥ and the vertices ¥ and ¥, are adjacent in €2, or

2. the vertices ¢ and i, are adjacent in ; and | = ¥, =
I

3. Subgraph relations among graph products

Theorem 3.1. Let Q; = (A,E;) and Q; = (A, E,) be two
graphs. Then the Cartesian product Q;1Q; is a subgraph of

1. lexicographic product (composition) Q; o Q,
2. co-normal product Q = Q,
3. strong product Q; X Q,

Proof. 1. The vertex set of the Cartesian product Q,[1Q; is
Ay X A, and there is an edge in the product joining the
vertices (1, 9]) and (>, %)) if and only if
(a) ¥ = ¥, and the vertices 9| and ¥, are adjacent in
Q, or
(b) ¥} = ¥, and the vertices ¥}, and #, are adjacent in
Q.
The vertex set of the lexicographic product Q; o €, is
Aj X A,, and there is an edge in the product joining the
vertices (¢, %)) and (2, ¥)) if and only if
(a) the vertices ¥ and ¢, are adjacent in Q; or

(b) ¥ = ¥, and the vertices ¥ and ¥/, are adjacent in
Q.
Comparing the definitions of Cartesian and lexicographic
products, it follows that these two products have the same
vertex set A; X Ap. Also, the edge set Z(Q;L1Q,) is a
subset of the edge set E(Q; o ). Therefore, Q,0Q; is
a subgraph of Q; o Q.

2. The vertex set of the co-normal product Q; *xQ; is A} XA,
and there is an edge in the product joining the vertices
(¢1,97) and (2, 9)) if and only if ¢}; and }, are adjacent
in Q or ¥} and ¥, are adjacent in Q,. Comparing the def-
initions of Cartesian and co-normal products, it follows
that these two products have the same vertex set A; X A,.
Also, the edge set E(Q,01€,) is a subset of the edge set
E(Q * Q). Therefore, Q,[1Q; is a subgraph of Q; * .

3. The vertex set of the strong product Q; X Q; is A; X A,
and there is an edge in the product joining the vertices
(91,97) and (2,,) if and only if

(a) ¥ =1, and | and ) are adjacent in Q; or
(b) ¥ and ¥, are adjacent in Q; and 9| = ), or
(c) ¥ and ¥, are adjacent in ; and )| and ¥} are ad-
jacent in Q.
Comparing the definitions of Cartesian and strong prod-
ucts, it follows that these two products have the same ver-
tex set A} X A,. Also, the edge set Z(Q,[1€Q,) is a subset
of the edge set E(Q; X Q,). Therefore, Q;1Q; is a sub-
graph of Q) X Q.

O

Theorem 3.2. Let Q; = (A,E;) and Q; = (A;,E,) be two
graphs. Then the lexicographic product Q; o Q; is a subgraph
of the co-normal product Q; * ;.

Proof. The lexicographic and co-normal products have the
same vertex set A; X A,. Also, the edge set Z(Q; o () is a
subset of the edge set E(Q; * Q). Therefore, Q; o (), is a sub-
graph of Q * Q. O

Theorem 3.3. Let Q; = (A,E;) and Q; = (A;,E,) be two
graphs. Then the tensor product Q; X Q; is a subgraph of

1. lexicographic product (composition) € o Q,
2. modular product Q; O €,

3. strong product ; X Q,

4. co-normal product Q; * Q,

Proof. 1. The vertex set of the tensor product ; X € is
A; X A, and there is an edge in the product joining the
vertices (¢, 97) and (&, ) if and only if ¢} and 9, are
adjacent in ; and ] and ¥ are adjacent in Q,. Com-
paring the definitions of tensor and lexicographic (given
in part (1) of Theorem 3.1) products, it follows that these
two products have the same vertex set A; X A;. Also, the
edge set Z(Q X Q) is a subset of the edge set Z(Q; 0Qy).
Therefore, Q; X Q, is a subgraph of Q; o €.
2. The vertex set of the modular product Q; OQ; is A} X Ay
and there is an edge in the product joining the vertices
(1, 9)) and (2, 9) if and only if
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(a) ¥ and 1}, are adjacent in Q and ©¥| and 1) are ad-
jacent in Q; or
(b) ¥ and ¥, are not adjacent in  and ] and ¥ are
not adjacent in €2;.
Comparing the definitions of tensor and modular prod-
ucts, it follows that these two products have the same
vertex set A; X Ay. Also, the edge set Z(Q; X Q) is a
subset of the edge set Z(Q; O €),). Therefore, Q; X € is
a subgraph of Q; O Q5.

3. The tensor and strong products have the same vertex set
Ay X Ay. Also, the edge set Z(Q; x ) is a subset of the
edge set E(Q X ). Therefore, Q; X Q, is a subgraph
of Ql X Qz.

4. The tensor and co-normal products have the same vertex
set Aj X Ay. Also, the edge set Z(€2; X Q) is a subset of
the edge set Z(€ *€)). Therefore, Q; X Q;, is a subgraph
of Qp * Q5.

O

Theorem 3.4. Let Ql = (A],E]) and Qz = (Az,Ez) be two
graphs. Then the strong product Q; X Q, is a subgraph of

1. the lexicographic product (composition) Q; o Q,
2. the co-normal product Q; * Q;

Proof. 1. Comparing the definitions of lexicographic and

strong products, it follows that these two products have

the same vertex set A; XA,. Also, the edge set Z(Q; X Q)

is a subset of the edge set Z(Q; 0€,). Therefore, 2} XQ,

is a subgraph of Q; o Q.

2. The co-normal and strong products have the same vertex
set A X A,. Also, the edge set E(Q; X €),) is a subset of
the edge set Z(€2; *Q,). Therefore, Q; XQ; is a subgraph
of Qp % Q.

O

Theorem 3.5. Let Q; = (A,E;) and Q; = (A, E,) be two
graphs. Then the rooted product Q; oy €, (where ¥, is the root
vertex of {)y) is a subgraph of

the Cartesian product Q;[JQ,

the lexicographic product (composition) ; o
the co-normal product Q; * Q,

the strong product Q; X Q,

Ll o

Proof. 1. Comparing the definitions of rooted and Cartesian

products, it follows that these two products have the same

vertex set A X A,. Also, the edge set Z(2; oy, 5) is a

subset of the edge set Z(Q;[1€),). Therefore, Q; oy, Q>

is a subgraph of Q;[1€,.

2. The rooted and lexicographic products have the same ver-
tex set A| X Ay. Also, the edge set Z(€2 oy, £2,) is a subset
of the edge set Z(2; 0 Q,). Therefore, Q) oy, Q, is a sub-
graph of Q) o Q.

3. The rooted and co-normal products have the same vertex
set A; X Ay. Also, the edge set Z(2 oy, ;) is a subset
of the edge set Z(Q2; * Q). Therefore, Q) oy, Q, is a
subgraph of Q; * Q.

4. The rooted and strong products have the same vertex set
A X Ay. Also, the edge set Z(€2 oy, £2,) is a subset of the
edge set Z(Q; X Q,). Therefore, Q) oy, 5 is a subgraph
of Q] X Qz.

O

Example 1. Let Q; = (A;,E;) be a graph with vertex set
Ay = {v1,v2,v3} and edge set E; = {vivy, v1v3, Vov3}, as shown
in Figure 1. Let Q, = (A;,E,) be a graph with vertex set
Ay = {u;,up} and edge set =, = {u u,}, as shown in Figure 2.
Different products of the graphs Q) and Q, can then be formed
to analyse the subgraph relationships among them. The Carte-
sian product Q;0JQ; is shown in Figure 3. The lexicographic
product Q; o Q, is shown in Figure 4. The tensor product
Q) x Q, is shown in Figure 5. The strong product Q; X Q,
is shown in Figure 6. The co-normal product Q; * Q, is shown
in Figure 7. The homomorphic product Q; x Q, is shown in
Figure 8. The modular product Q; O €, is shown in Figure 9.
The rooted product Q; o,, € of the graphs ©; and €, where
u, is the root vertex of €, is shown in Figure 10.

From these figures, we can identify that the Cartesian prod-
uct of two graphs is a subgraph of the lexicographic, co-normal,
and strong products. The lexicographic product is a subgraph
of the co-normal product. The tensor product is a subgraph
of the lexicographic, modular, strong, and co-normal products.
The strong product is a subgraph of the lexicographic and co-
normal products. Also, the rooted product is a subgraph of the
Cartesian, lexicographic, co-normal, and strong products.

4. Conclusion

In this paper, we studied subgraph relations among differ-
ent graph products. By comparing the adjacency conditions
of various products, several inclusion relations were obtained.
It was shown that the Cartesian product is a subgraph of the
lexicographic, co-normal, and strong products. The lexico-
graphic product was also proved to be a subgraph of the co-
normal product. Furthermore, the tensor product was shown
to be a subgraph of the lexicographic, modular, strong, and
co-normal products. Similar relations involving strong and
rooted products were also established. The results presented
in this work provide a better understanding of the structural
connections among graph products. The examples included
in the paper help to visualise these relationships clearly. The
study may be extended by considering subgraph relations for
other graph products or by investigating similar properties in
weighted graphs, fuzzy graphs, soft graphs, and other general-
ized graph structures.
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