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Abstract

In digital image processing, edge detection is a fundamental operation used to identify intensity discontinuities in an image. In this paper, we
propose a novel one-parameter generalization of an entropy measure for intuitionistic fuzzy sets (IFSs). IFSs provide additional flexibility by
incorporating membership, non-membership, and hesitation information. A proof of validity is given for the proposed measure, together with
numerical and graphical demonstrations. The entropy measure is applied to generate an edge map in which pixels exhibiting higher uncertainty are
marked as image edges. Experimental results for standard benchmark images and real photographic images demonstrate superior edge localization
and improved quantitative performance compared with existing fuzzy-entropy-based techniques.
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1. Introduction across various applications; however, they are often suscepti-

) ) ) ) ble to noise, parameter sensitivity, and degraded performance
In image analysis, edge detection plays an important role i Jow-contrast or textured scenarios [3, 4]. These limitations

because it highlights discontinuities in image features and struc-  have motivated the exploration of uncertainty-driven methods
tural contours. Many engineering applications require edge de- that are inherently capable of modeling the ambiguity present
tection for advanced vision tasks, such as object recognition, in digital images.

medical diagnosis, scene interpretation, and image segmenta- Entropy is a fundamental concept used as a quantitative

tion [1, 2]. Edge strength estimation and edge enhancement  measure of information in probability distributions. This work
are key components of digital image edge detection. In the a5 pioneered by Shannon [5], and several generalizations of
process of edge enhancement the local edges of an image are entropy measures were later developed. Rényi [6], Havrda and
highlighted by using an edge operator. The various traditional Charvét [7], Mathai and Haubold [8—11] defined one-parameter
gradient-based edge operators such as Sobel, Prewitt, Lapla-  entropy as a generalization of Shannon entropy. In parallel, the
cian, and Canny have demonstrated considerable effectiveness notion of a fuzzy set was introduced by Zadeh [12] to deal with
non-statistical or vague data. This phenomenon became very
important, as it is extensively used in different disciplines such
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decision-making and many such real-life problems in engineer-
ing. De Luca and Termini [13] established a set of axioms for
the entropy measure of fuzzy sets aligned with the axioms in-
troduced by Shannon for checking the validity of entropy mea-
sures in probability distributions.

Classical fuzzy sets cannot handle hesitation or incomplete
information because they assign only one membership value.
Atanassov [14, 15], coined the concept of intuitionistic fuzzy
sets as a generalization of fuzzy sets. An intuitionistic fuzzy
set (IFS) is characterized by two elements, a membership func-
tion and a non-membership function such that their sum does
not exceed one. It effectively represents uncertainty by in-
corporating a hesitation degree, reflecting the lack of precise
knowledge about membership. Burillo and Bustince [16] were
among the first to define an entropy function for intuitionistic
fuzzy sets (IFSs) to quantify imprecision and hesitation. Szmidt
and Kacprzyk [1] later formulated distance-based entropy mea-
sures to capture the divergence between an IFS and its crisp or
complementary forms. Vlachos and Sergiadis [17] proposed a
generalized IFS that incorporated both membership and non-
membership degrees, emphasizing their interrelation and the
role of hesitation in uncertainty modeling. Subsequently, vari-
ous parametric entropy measures, including those developed by
Hung and Yang [18], Arya Kumar [19], Chai et al. [20], and
many others, extended the concept to Shannon-type, logarith-
mic, and power-based frameworks to enhance flexibility and
adaptability in several real-life applications such as image pro-
cessing, decision-making and pattern recognition. These de-
velopments collectively enriched the theoretical foundation of
intuitionistic fuzzy information measures and broadened their
practical relevance.

In the literature, gradient operator was pioneered by So-
bel [21] developed in 1968. In addition to it, Prewitt [3], de-
veloped a method for edge detection of an image in 1970.
Hildreth [22], in 1980 has given method for edge detection
titled " Theory of Edge detection". Later, Canny [4], pre-
sented a method entitled " A computational approach to edge
detection" in 1986. This method is considered as a standard
edge detector operator. This paper investigates a one-parameter
entropy measure for intuitionistic fuzzy sets as a generaliza-
tion of the Zhang—Jiang entropy [23]. The proposed gener-
alized entropy function is introduced within the intuitionistic
fuzzy framework, and its mathematical validity and properties
are established. The novelty of this work lies in formulating
a flexible entropy measure for intuitionistic fuzzy information
and demonstrating its applicability in image processing. In
the domain of edge detection, intuitionistic fuzzy entropy has
emerged as an effective tool due to its capability to highlight re-
gions of high uncertainty, where structural transitions are most
prominent [2, 9, 24-28]. Edge pixels inherently exhibit con-
flicting membership behavior and substantial hesitation, mak-
ing entropy-enhanced IFS-based techniques desirable for pro-
ducing noise-resilient and well-localized edge maps. Existing
entropy measures may not be able to detect weak edges or re-
duce noise in an image. To address such issues, we introduce
a novel one-parameter intuitionistic fuzzy entropy measure de-
signed to magnify uncertainty around edge boundaries in im-
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Figure 1: Behavior of the proposed entropy measure for se-
lected values of m.

age edge detection. This measure is incorporated into an edge
detection framework, and the experimental outcomes on stan-
dard images show improved edge continuity, sharper localiza-
tion, and enhanced robustness. The structure of this paper is
as follows. In Section 2, the outline of the essential prelim-
inaries related to entropy, fuzzy sets, intuitionistic fuzzy sets,
and existing entropy measures in the intuitionistic fuzzy con-
text is given. Section 3 introduces the proposed one-parameter
generalized entropy measure for intuitionistic fuzzy sets, estab-
lishes its axiomatic framework, and presents its graphical rep-
resentation, numerical examples, and key properties. Section 4
demonstrates the application of the proposed entropy measure
to image edge detection, while Section 5 concludes the paper
with a summary of findings and potential directions for future
research.

The graphical, numerical, and experimental materials used
in the subsequent sections are presented in Figures 1-13 and
Tables 1-5.



Table 1: Proposed entropy for different values of m.
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Table 2: Comparison of MSE and PSNR values obtained by different edge-detection methods.

Image Proposed Prewitt Sobel Canny
MSE PSNR MSE PSNR MSE PSNR MSE  PSNR
Cameraman 17962.0 5.583 175559 5.678 17568.9 5.679 18237.7 5.513
Lena 244144 4262 244009 4253 24362.0 4.254 24812.0 4.181
Cell 6566.5 9.954 69042 9.737 68853  9.747  7899.0 9.148
Man 14972.0 6.374 14907.8 6.469 146624 6469 15624.8 6.188
Saturn 3963.3  12.145 39374 12.170 3950.5 12.161 7664.1  9.261
Cake 7124.8  9.601 7714.1 9.255 7762.0  9.229 10963.4 7.729
Coin 8010.3  9.091 76114 9312  7599.8 9319 93427 8.422
Butterfly 28356.3 3.602 29326.8 3.455 29318.2 3456 29971.3 3.361

Table 3: Comparison of edge-detection methods using ground-truth-based metrics. Higher values indicate better performance.

Image Method Precision Recall F-measure = FOM
Proposed  0.6842  0.5931 0.6354 0.7218
Cameraman Prewitt 0.6512  0.5847 0.6162 0.6953
Sobel 0.6489  0.5963 0.6214 0.7001
Canny 0.6103  0.5412 0.5737 0.6544
Proposed  0.6215  0.5738 0.5967 0.6891
Lena Prewitt 0.5982  0.5521 0.5742 0.6712
Sobel 0.5974  0.5508 0.5731 0.6703
Canny 0.5641  0.5213 0.5419 0.6318
Proposed  0.7423  0.6891 0.7147 0.7934
Cell Prewitt 0.7151  0.6542 0.6834 0.7611
Sobel 0.7138  0.6538 0.6825 0.7597
Canny 0.6834  0.6012 0.6397 0.7102

Table 4: Recommended parameter m values for different image types and uncertainty scenarios.

Image/scenario type Image characteristics Recommended Rationale
m

High-contrast structured Sharp intensity 0.2-0.6 High sensitivity to strong edges;
transitions, low noise suppresses background noise
(e.g., Saturn, coin)

Moderate-contrast general Balanced 0.8-1.0 Reduces to Zhang—Jiang entropy at
uncertainty, mixed m = 1; stable performance
features (e.g.,
cameraman, Lena)

Low-contrast/textured Subtle edges, high 1.2-1.6 Less aggressive weighting
hesitation (e.g., rice preserves fine details
grain, cake)

Medical/fine-structure Weak boundaries, 0.6-0.8 Moderate sensitivity for weak-edge
high noise enhancement

susceptibility (e.g.,
cell)
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Table 5: Sensitivity of F-measure to the parameter m for benchmark images. Bold values indicate the best performance per image.

Parameter m

Image 0.2 0.4 0.6 0.8 1.0 1.2 1.4 1.6

Cameraman 0.6101 0.6213 0.6289 0.6354 0.6308 0.6195 0.6042 0.5847
Lena 0.5712  0.5809 0.5891 0.5967 0.5934 0.5826 0.5693 0.5498
Cell 0.6934 0.7021 0.7094 0.7147 0.7089 0.6923 0.6741 0.6509
Saturn’ 0.8234 0.8189 0.8051 0.7943 0.7802 0.7601 0.7388 0.7112
Rice grain*  0.4812 0.5031 0.5289 0.5517 0.5734 0.5921 0.5876 0.5702

T High-contrast image

: lower m yields higher F-measure, confirming Table 4.

# Textured image: higher m yields better performance, confirming Table 4.
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Figure 2: Behavior of the entropy function and partial derivative
in (0, 1).
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Figure 3: Entropy curve for various values of the parameter m.
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Figure 4: Proposed entropy versus the parameter m for different
values of n.

2. Preliminaries

In this section, the fundamental concepts of fuzzy set the-
ory, fuzzy entropy, and intuitionistic fuzzy set theory with
their corresponding entropy measures are reviewed, providing
a foundation for the subsequent development of the proposed
work.

To measure the uncertainty in information content, Shan-
non [5] introduced a mathematical formula as H(T) =
— iz telog(t), where 1, is the probability corresponding to
anevente, fork=1,2,...nonT = {t1,1,...,1,}. Various gen-
eralizations of Shannon entropy were studied. Some of them
are listed below: Rényi entropy [6], of order m.

H™T) =

]_mlog;tf,m;&l,m>0. (1

Havrda-Charvat [7] entropy of order m,

1 n
Hm(T)zﬁZt”;—Lm;el,mw. )
k=1

—m

Mathai—Haubold entropy [8], of order m

1 n
H™(T) = — Z;g*m —lLm#l,—co<m<2. (3
k=1
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Figure 5: Edge detection of the cameraman image using the proposed entropy measure.
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Figure 6: Edge detection of the Lena image using the proposed entropy measure.

1

m—1

H™T) = zogsz—m,m £1,—co<m<2. (4
k=1

Definition 2.1. A fuzzy set P, defined on finite universe of dis-
course T = {t1, 1, ..., 1,} is given by P = {(¢, up(t))/t € T} where
up(t) : T — [0, 1] is the membership function of P and up(t)
defines the membership of belongingness of ¢ € T in a fuzzy set
P.

De Luca and Termini [13], introduced the measure of Fuzzy
entropy corresponding to Shannon’s entropy as

n

H(P) = - Z up(t)log(up(ty)) + (1 — up(tp))log(l — up(ty))-

k=1
(%)

Later on, Bhandari and Pal [11], defined generalized parametric
measure of fuzzy entropy

H(P) = = ) (up(t)loglup(i0))" + (1 = up(t)log(l — up(t))".
k=1

(©)

J. Kapur [10], measure of fuzzy entropy

n

H(P) = = (up(te)" + (1 = up(t)" = 1),

k=1

(N

In practical problems, complement of membership value is not
same as the non-membership value. To resolve this, Atanassov
instigated the generalization of fuzzy sets which is known as
intuitionistic fuzzy sets(IFSs). It is defined as below:
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Edge detection of the two-dimensional cell image using the proposed entropy measure.
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Figure 8: Edge detection of the rice-grain image using the proposed entropy measure.

Definition 2.2. An intuitionistic fuzzy set defined as P =
{(t,up(t),vp())/t € T}, X = {t1,12,...,1,} where up(t) : T —
[0,1T,vp(®) : T — [0,1] and O < up(r) + vp(t) < 1,Vt € T.
Here the numbers up(¢) and vp(f) are membership and non-
membership of ¢t € T in fuzzy set P.

Definition 2.3. For each intuitionistic fuzzy set P in T, the in-
tuitionistic fuzzy index / hesitation degree is defined as mp(f) =
L = up(t) — vp(2).

If the intuitionistic fuzzy index is zero then, intuitionistic
fuzzy set becomes a traditional fuzzy set, hence fuzzy sets are
the special case of intuitionistic fuzzy sets.

Definition 2.4. Set Operations in intuitionistic fuzzy sets: Let
P and Q be any two intuitionistic fuzzy sets defined on uni-
verse of discourse T, P = {(t,up(t),vp(t))/t € T} and Q =

6

{(t,ug(1),vo(t))/t € T} then some operations on sets are defined
as follows: (i) P C Q if and only if up(t) < up(t) and vp(t) >
vo(t),Vt € T (ii) P = Qif and only if P € Q and Q C P (iii)
P ={(t,vp(0), up(1))/t € T} (iv) PUQ = {(t, up(t)Vug(1), ve(H) A
vo()/t € T} (v) PN Q = {(t, up(t) Aug(t), vp(t) V vo(1))/t € T}
where V and A denote the maximum and minimum operators.

Later, Szmidt and Kacprzyk [1], defined the axioms for en-
tropy in intuitionistic fuzzy sets. These axioms are stated as
below.

Definition 2.5. Axioms of Entropy in intuitionistic fuzzy sets:
A real valued function H : IFS(T) — [0, 1] is called entropy on
intuitionistic fuzzy set (IFS) on set T, if it satisfies the following
four axioms Al : H(P) = 0 if and only if P is a crisp set, that
is up(t) = 0,vp(t) = L orup(t) = 1,vp(t) = 0A2: H(P) = 1
if and only if up(¥) = vp(r),Vt € T A3 :H(P) < H(Q) if and
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Figure 9: Edge detection of the person photograph using the proposed entropy measure.
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Figure 10: Edge detection of the cake image using the proposed entropy measure.

only if P C Q thatis if up(t) < ug(t) and vp(t) > vp(t) for
ug(t) < vo(t) orif up(t) > up(t) and vp(t) < vp(f) forany t € T.
Ad: H(P) = H(P°)

Li et al [20], introduced a method for transforming
Atanassov’s IFSs into fuzzy sets by equal distribution of hes-
itation degree with membership and non-membership values. It
is defined as,

Definition 2.6. Let P = {(¢, up(t), vp(t))/t € T} be an intuition-
istic fuzzy set defined on finite set 7, the fuzzy membership
function up(¢) to P* is defined as

mp() _ up(®) + 1 - vp(®)

2 2 ’
where P* be the fuzzy set corresponding to intuitionistic fuzzy
set P.

®)

up-(x) = up(t) +

This area has attracted attention of many researchers for fur-
ther studies. Some generalized measure of intuitionistic fuzzy
entropy based on a generalization of the fuzzy entropy are listed
below:

(a) Zhang and Jiang [23]

Ho(P) = —71 Z [( up(t) + 1 - vP(rk))log(upm) +1- vp(tk))+

2 2
=1
(Vp(fk) + ;— up(lk)) log (VP(tk) + ; - uP([k))]. ©)
(b) Ye [27]
3 1 S| (upt) + 1= vp(t)
H,(P) = —n(20-5 m_ ; [smn( 1 )+
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Figure 11: Edge detection of the coin image using the proposed entropy measure.
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Figure 12: Edge detection of the Saturn image using the proposed entropy measure.

sinn(VP(tk) +1- up(tk)) 3 1] (10) (d) Hung and Yang[18]
1 )
1 n
H,(P) = a—m) Z [logz(unpq(tk) +Vp(t) + mp ()|,
1 n |- =1
Hm(P):mZ[cosn(uP(tk)+4 VP(Z"))+ 0<m<1. (13)
i1
Cosn(vp(tk) +1- up(tk)) ~ 1] (0 (e) Arya and Kumar[19]
1 )
1 - m! m! m!
(c) Wei et al. [28] HnP) = = kz; [(up () +Vp () + 78 (8))-
HoP) = o Z [(zo.s)cosﬂ(w) _ 1} , W (0) + VIt + n;"(zk))],m S0,m# 1.
e = Do
(12) a4
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Figure 13: Edge detection of the butterfly image using the proposed entropy measure.

(f) Burillo and Bustince [16]

n

1
H(P)= ~ > |1 = up(t) = vp(to)l. (15)

k=1

With these basic concepts, we have introduced an entropy mea-
sure in IFSs of order m which is given in the next section.

3. Proposed intuitionistic fuzzy entropy of order m

A proposed parametric entropy in IFSs as a generalization
of Zhang and Jiang entropy as follows.

Let P be an IFS on finite set 7. We propose an entropy for
intuitionistic fuzzy sets (IFSs) of order m as

(P =S

(Mp(lk) +1- VP(tk))z_m

k=1 2
“%JWWHQ_WWU+VAM+;ﬂMMYW
log, (VP(tk) hl ; - ”P(t"))],o <m<2. (16)

Theorem 3.1. The generalized IFSs entropy of order m,

1 & [(upte) + 1= vpr) )"
n2m-1 kZ=1: [( 2 )

oo (10 + 1 = ve(t) vpte) + 1 = up(te)\ "
0g, ) + )

1
«log, (VP(fk) + : MP(tk))}’O “m<2,

H,(P) = -

is a valid measure of intuitionistic fuzzy entropy.

Proof 3.1. To prove H,(P) a valid fuzzy entropy measure. Ax-
iom 1: Let P be a crisp set that is up(#;) = 0,vp(tz) = 1 or
up(ty) = Lvp(ty) = 0, Vi € T Let 1y, = w, as 1y
tends to zero (up(fy) = 0,vp(tx) = 1) the value of ()" log,(?)
tends to zero (using L’Hospital rule). This implies H,,(P) = 0
Conversely, if H,,(P) = 0 then, =

n2m : Z [(up(tk) +1- Vp(lk)) 10g2 (up(tk) + ; - Vp(tk))

N (VP(fk) +1- MP(fk)) log, (VP(tk) +1- uP(tk))] 0.

2 2

-

—wmq“ﬂ%(wmwﬁ—wmﬂ
2
2

i (MP(l‘k) +1
2

k=1

+( vp(ty) + ; — up(ty) )2_;" log, (VP(tk) + ; — up(t) )] 0.

-

up(i) + 1= vp) ™" (upl) + 1= (@)
5 0g, 5 =0,

and

wmﬂw—wm)Hﬂ vp(t) + 1 —up(t)\]
> 0g, > =0,

up(ty) = 1L,vp(ty) = 0 or up(ty) = 0,vp(ty) = 1. Therefore, P
is a crisp set. Axiom 2: We prove that H,,(P) = 1 if and only
if up(t;) = vp(t;) Substituting up(#;) = vp(t;) in the proposed
measure

H,(P) = _— Z [( up(tp) +1 - VP(tk))
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up(ty) + 1 —vp(t) Vo) + 1 —up(t)\ " up(ty) + 1 —vp(t) Vo)) + 1 —up(t)\' ™"
x log, + X log, -
2 2 2 2
1, 1- 1, 1- 1,
«log, (VP( )+ : up(tk))] _ 1L x log, (VP( i) + : up( k))]+
Thus, it Hy(P) = 1 then l[( up(ty) + 1 - VP(fk))lm B (VP(tk) +1- up(tk))lm]
R o ORI IO ? g ?
n2m-1 £ 2
n 1-m
up(t) +1 = ve)\ | (vt + 1 = up(t)\ " OB 1 2= ’"[ - (“"“") +1- V”(’k))
x log, > + > Ovp(ty) n2mt L2 2
1-m
«log, vp(t) + 1 — up(t) _1 x log, up(t) + 1 —vp(1) N vp(ti) + 1 —up(ty)
2 2 2
o g (120 + 1= up@\| 1] (up(n) +1 = ve(w)) "
I |[up(ti) +1—vp(t) up(tp) + 1 —vp(t) x 108, ) T3 ) +
- log,
om 1 2 2 1-m
2-m VP(tk) +1- MP(tk)
vp(ti) + 1 — up(fy) vp(t) + 1 —up(t)\| 2 :
+ log, =1
2 2
.. . BHW(P) _
This holds when up(t,) = vp(t;). Differentiating partially H,,(P) In order to find the critical point of H,,(P), we set 7e0= = 0
with respect to up(#;), we obtain and % = 0. This gives up(t;) = vp(t).
u lem From these equations, we have
O0H,,(P) 1 Z 2 — m[(up(tk) +1- Vp(tk)) s
Sp— H,, (P
Oup(t) — n2mt 2 2 . 0, when up(ty) < vp(te), 17)
o Oup(ty)
up(ty) + 1 —vp(fy) vp(te) + 1 — up(ty)
x log, > - > AH,,(P)
———— <0, when up(t;) = vp(ty), (18)
em Oup(ty)
) vp(fp) + 1 — up(t) I{fup(te) + 1 —vp(t)
% log, 3 + ) ) for any up(t), vp(ty) € [0,1]. Thus, H,,(P) increases with
em respect to up(ty) when up(ty) < vp(t;) and decreases when
3 (VP(tk) +1- MP(tk)) ] up(ty) = vp(ty).
2 Similarly, we obtain
Again differentiating with respect to up(#;), O0H,,(P
£ ¢ pect i drth ) IHnP) 6, when upt) < vp(te) (19)
asz(P) _ 1 i (2 - m)(l - m) [(I/tp(lk) +1- Vp(tk)) " avP(tk)
o)  n2ml 4 2 OH . (P
(1) =l . nP) 5 0, when up(t) > va(ty) (20)
« log (MP(fk) +1- VP(l‘k)) B (VP(tk) +1- uP(fk)) ovp(te)
? 2 2 Consider two sets P and Q in IFSs X with P C Q. Suppose
vp(te) + 1 — up(ty) that the set T is partitioned into two disjoint sets 7 and T,
10g2( 3 ) such that Ty U T, = T. Suppose that the set T is defined as
—m —m Ty = {tilup(t;) < ug(t;) < vo(t) < vp(t)} while Ty = {tilup(t;) 2
+ G —2m) [( up(t) +1 - V”(tk)) + (VP(tk) +1- “P(tk)) } ug(t;) > vo(t;) > vp(t;)} holds, then from monotonicity of the
4 2 2 function H,,(P) < H,,(Q). Axiom 4: To prove H,,(P) = H,,(P°)

Si th 1 t of P = {(tx, up(ty),vp(ty))/tx € T} i
The value of ZHn® <0, for all ; € T. Hence H,,(P) is a con- inee the complemert (i, up(ti), ve (i) 1 s

du () P = {(tx, ve(tr), up(tr))/tr € T} that is [up(f)]® = vp(#) and

cave function and has a maximum value at up(;) = vp(t;). (Fig- et = up(ty).
ure 3) Axiom 3: To prove that the proposed entropy function
is increasing with respect to up(¢) and decreasing with respect . 1 & [[ubm) + 1= vi(n) 2om
to vp(t) respectively, where up(#;) € [0, 1] and vp(#;) € [0, 1] H,(P°) = T om1 Z ( 5 )
(Figure 2). k=1

Now, Differentiating the proposed measure partially with up(te) + 1= vip(te) Vo) + 1 — 1S (1)) ™"
respect to up(t;) and vp(f;) respectively, we get x log ( 2 ) ( 2 )

(P 12 m[( up(t) + 1 - vP(m)“” «log, (V;(”‘) t1- ”;(t"))] = H(P).

dup(ty) ~ n2nl &2 2 2

10
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cto, (004 =00

Therefore, we get H,,(P) = H,,(P°). Hence, the proposed mea-
sure in intuitionistic fuzzy sets is a valid intuitionistic fuzzy en-
tropy measure.

Particular Case: It is interesting to note that for m = 1,
this proposed measure reduces to the Zhang and Jiang entropy
[23].

Rp—— Z[(up(rk>+ 1-a —upuk)))

X log, (up(tk) +1-(d- up(tk)))

2
L (L= up) + 1= up(i)) ™"
2
x log, ((1 - MP(l‘k))2+ 1- MP(fk))]

The proposed measure is expressed in terms of membership and
nonmembership functions, the influence of hesitation degree is
inherently embedded in the transformed quantities appearing in
the proposed measure. The uncertainty arises from hesitation
degree directly contributes to the entropy value, even though it
does not appears explicitly in the equation.

If an intuitionistic fuzzy set is an ordinary fuzzy set, that is,
forall tp € T, vp(ty) = 1 — up(t;) then the proposed measure
of intuitionistic fuzzy entropy reduces to De Luca and Termini
fuzzy entropy [13]

n

1
Hn(P) = =~ Z [up(tk)IOg(uP(tk)) + (L = up(n))log(1 - up(tk))]~

k=1

The proposed intuitionistic fuzzy entropy of order m satis-
fies the following properties:

Theorem 3.2. Let P and Q be two intuitionistic fuzzy sets
in set T where, P = {(t,up(ty),vp(ty))/tx € T} and Q =
{((t), up(tr), vo((t)))/tx € T}, such that for any #; € T either
PCQ or QCP,then

Hyu(PU Q) + Hy(P N Q) = Hu(P) + Hy(Q).

Proof 3.2. Let T be separated in two parts 7| and 7, where,
Ty ={tx € T/P(tx) € Q)} T2 = {tx € T/Q(t) S P(t)} That
means Y, € T, up(ty) < ug(ty) and vp(ty) > vo(tx) Also Vi
€ Ta,ug(ty) < up(fy) and vo(t) = vp(fy).

n 2-m
H,(PUQ) = _nzrln—l Z [(upug(tk) +1- VPUQ(tk))
k=1

2

)+ 1- t W+ 1- V"
Xlng(uPUQ( ) . vpeug( k))+(VPuQ( 9 : upug( k))

X log, (VPuQ(lk) +1- MPuQ(lk))]

> ,0<m< 2.

: { (MQ(fk) +1- VQ(tk))
- 2m 1 =

11

(VQ(fk) + ; — ug(tr) )M log, (

2—-m
) log, (

up(ty) + 1 —vp(t)

[

(vp(tk) +1- up<rk))2"”1 (
3 0g,

Similarly,

H,(Pn

vo(tr) +1 - MQ(lk))]+

2

vp(te) + 1 — up(ty)

2

2

up(ty) +1 - VQ(fk)) N

I

1 n
Q=-—5>

k=1

[

2

upno(ti) + 1 = vpao(te) )2_m

) +1-— t
log, (MPnQ( ©) veno ()

2

)+ 1
log, (VPnQ( ©)

n2m 1

2

- MPnQ(fk))

J

,0<m<2.

) (Mp(tk) +1- VP(tk))
0g, B

N (VP(fk) + 1 —up(ty)

€T,

2-m
> ) log, (

)

Z (I/LQ(tk) +1- VQ(l‘k
2

VQ(Ik) +1- MQ(lk) 2om
2

H,(PUQ)+Hu(PN Q) =

1

log, (

)2_
g,

{ (upak) +1- vp(m)
teT

2

veno(t) + 1 — upno(ti) )2_m

2

vp(ti) + 1 — MP(fk)) ]+

vo(tr) + 1 —ugp(tr)

2

m 10g2 (MQ(tk) +1- VQ(tk)) N

2

el

ug(ty) + 1 —vo(te)

2

N (VQ(lk) + 1 —up(ty)

1€T>

2-m
B ) log, (

up(ty) + 1 —vp(ty)

> (=5

N (VP(fk) + ; — up(ly) )Z_m log, (

1

log, (

2-m
) log, (

vp(te) + 1 — upak))}}

up(t) + 1= vo(t) "™
| )

|

I

2

vo(t) +1 - MQ(lk))]

2

up(fy) + 1 - VP(lk))

1eT

up(t) + 1 —vp(ty)

2

|

up(t) + 1 —vp(t) |~
- n2m—1 {Z |:( 2 )

2
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(vP(tk) +1- upak))z‘"' (vpak) +1- up(tk))]
+ log,

2 2

() + 1= vo) V™" (1) + 1 = vo(te)
D R
vo(t) + 1 — ug(t) ™" vo(te) + 1 — ug(ty)
I e |

m(P) + Hu(Q).

Hence proved.

Example 3.1. Consider an intuitionistic fuzzy set

P ={(a,0.1,0.8),(»,0.3,0.5),(c,0.5,0.4),
(d,0.7,0.2),(e, 0.9,0.1)}.

The value of H,,(P) at m = 0.8 is 0.7334.

Theorem 3.3. The entropy function H,,(P) attains maximum
value when the set is most intuitionistic fuzzy set and minimum
when the set is crisp set. Moreover, maximum and minimum
vales are independent of parameter m.

Proof 3.3. It has already seen that H,,(P) has a maximum if and
only if up(#;) = vp(t;), YVt € T and minimum when the set P is
crisp set. So, it is enough to show that maximum and minimum
values are independent of m. Case I: Maximum Value: When
up(ty) = vp(ty) then the equation becomes

(MP(fk) +1- MP(tk))z_m

2
x log, (MP(fk) + ; - MP(tk)) . (
x log, (Mp(lk) + ; - ”P(tk))]

;”1[(;)”"_ o2 (3 2
Sy ]

Case II: Minimum value. When A is a crisp set, that is, if
up(t) = 0,vp(tr) = Lorup(ty) = 1, vp(f) = 0, then H,,(P) = 0.
In both cases, the result does not contain the parameter m.

H,(P) = —nz}n_l Z

k=1

up(t) + 1 - up<rk>)2‘"“
2

=1

Note: The proposed parametric measure H,,(P), for 0 <
m < 2 is continuous and bounded in ([0, 1]). For this let
us considerf(x) = —x*>™ log,(x) where x = M As
2 —m > 0, the function is continuous in (0,1). Further,
lim_yor (—x27 log,(x)) = 0, by using L’Hospital’s rule and
f(17) = 0. Therefore the function f(x) is continuous in (0, 1).
Since the finite sum of continuous functions is continuous, fol-
lows that H,,(P) is continuous in (0, 1). Boundedness of the
measure follows from the theorem 3.3 — 0 < H,,(P) <1

12

12

Example 3.2. Consider an IFS A defined on X = {a, b, c,d, e},
where

A ={(a,0.1,0.8), (b,0.3,0.5), (c, 0.5,0.4),
(d,0.7,0.2), (e, 0.8,0.1)}.

The set A" = {(x;, uj(x;), 1 = (1 = va(x;))")lx; € X} As per
the assistance of process demonstrated in the subsequent intu-
itionistic fuzzy sets are formed. The set A, A2, A3, A% follows:
A = ‘"Large", A> = "Very Large", A> = " Quite
Very Large" and A* = " Very Very Large". The proposed
entropy measure is then applied to these intuitionistic fuzzy
sets, and the entropy values are computed for different values
of the parameter m. The obtained results are presented in Ta-
ble 1. From the table, it is evident that the proposed entropy
measure preserves the natural human logical ordering, namely
En(A) > E,(A%) > E,(A%) > E,(A%). This indicates that en-
tropy decreases as the linguistic intensity increases, which is
consistent with intuitive reasoning. The behavior of the entropy
measure for various values of the parameter m is illustrated in
Figure 4.

4. Application of the proposed measure in image edge de-
tection

Edge detection is a fundamental and indispensable opera-
tion in digital image processing. It significantly reduces com-
putational complexity by simplifying image data while preserv-
ing essential structural information. The extraction of edge in-
formation plays a crucial role in numerous applications such
as image segmentation, image enhancement, object detection,
image compression, medical diagnosis, military surveillance,
pattern recognition, and geographical information systems [1—
3,9, 25, 26]. Chaira and Ray [29] introduced an important intu-
itionistic fuzzy entropy measure and demonstrated its applica-
bility to edge detection of an image. Their contribution marked
a significant advancement in uncertainty-based image analysis.
Motivated by this direction, the present work proposes a novel
parametric intuitionistic fuzzy entropy measure and investigates
its effectiveness in edge detection.

Digital images constitute one of the most dominant forms
of information representation. The primary objective of dig-
ital image processing is to develop mathematical models and
computational techniques for extracting meaningful informa-
tion while suppressing irrelevant data or noise. However, the
presence of noise remains a major challenge in image segmen-
tation and edge detection tasks, as digital images are highly sus-
ceptible to various degradations.

Conventional edge detectors identify edges by locating
abrupt intensity variations using gradient operators. In con-
trast, the proposed framework detects edges through uncer-
tainty modeling in the intuitionistic fuzzy domain. Instead of
relying solely on intensity gradients, edges are characterized
as regions exhibiting significant variations in entropy. Since
the method operates in the intuitionistic fuzzy domain, minor
intensity fluctuations are naturally suppressed, thereby reduc-
ing false edge responses in noisy regions. Hence, the proposed
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entropy-based measure serves as a robust alternative to classi-
cal gradient-based detectors such as Canny, Sobel, and Prewitt
operators.

In this section, the proposed entropy measure is applied to
various benchmark images and the results are compared with
existing edge detection operators.

4.1. Methodology

Consider a digital image I(x,y). The stepwise procedure
for edge detection using the proposed parametric IFSs is given
below.

(Step 1) Image Acquisition and Preprocessing:

1. Consider a digital image 1(x, y).

2. If the input image is a color image, convert it into its
grayscale representation I,(x, y).

3. Convert pixel intensity values into double precision for-
mat to ensure numerical stability.

4. Compute the statistical parameters:
Tnax = maX(Ig), Innin = IIlil’l(Ig), (2D
Tnax + I
Inig = % (22)

(Step 2) Construction of Intuitionistic Fuzzy Representa-
tion:

The grayscale image is transformed into the intuitionistic
fuzzy domain by defining the membership function u(x,y) us-
ing an S-shaped nonlinear function derived from image inten-
sity statistics. This ensures smooth transition between dark and
bright regions. The non-membership function is defined as:

v(x,y) = A1 = u(x,y)),

where A is a regulating parameter. The hesitation degree is com-
puted as:

0<A<l, (23)

m(x,y) = 1 = u(x,y) = v(x,y). (24)

(Step 3) Intuitionistic fuzzy entropy and Local Dispersion:

The proposed intuitionistic fuzzy entropy is computed at
each pixel to generate an entropy image. Then a 3 x 3 slid-
ing window is applied to evaluate local entropy variation. Edge
strength is calculated using local entropy dispersion. Regions
exhibiting high entropy dispersion correspond to significant un-
certainty transitions and are identified as potential edge loca-
tions.

(Step 4) Adaptive Thresholding:

A threshold value calculated by using the mean and stan-
dard deviation of the entropy variation image as follows:

TZﬂD+O'D, (25)

where up and op denote the mean, standard deviation of the
dispersion image, respectively. All these image pixels which
satisfy D(x,y) > T are classified as edge pixels which results in
final binary edge map.

13

4.2. Experimental setup

All experimental results were obtained using MATLAB
(R2021a) software (MathWorks Inc., USA). The input images
are converted to grayscale images using Image Processing Tool-
box available in MATLAB. Grayscale conversion is performed
because it has a single intensity channel, whereas identifying
true edges in color images can be more difficult The experi-
ments were performed on a Windows 10 system, Intel Core i3
processor and RAM 6 GB.

The proposed methodology generates several intermedi-
ate representations, including the grayscale image, member-
ship image, non-membership image, entropy image, and the
final edge map. The membership image is obtained by apply-
ing the S-shaped membership function to the grayscale image,
whereas the non-membership image is computed as a scaled
complement of the corresponding membership values. The per-
formance of the proposed parametric intuitionistic fuzzy en-
tropy measure was evaluated using a variety of benchmark and
real-world photographic images. Representative results for the
Cameraman, Lena, Cell, Rice Grain, Man, Saturn, Coin, Cake,
and Butterfly images are presented in Figures 5 to 13. The ex-
perimental results demonstrate that the proposed entropy mea-
sure effectively detects significant and well-defined edges. The
images are not normalized to [0, 1]. All the pixel values are
maintained in the standard 8-bit integer range [0,255]. To as-
sess the performance of the proposed measure quantitatively,
the Mean Squared Error (MSE), Peak Signal-to-Noise Ratio
(PSNR) Precision, Recall, F measure and Pratt’s Figure of
Merit (FOM) were computed. These metrics provide an ob-
jective evaluation of the quality and accuracy of the detected
edges. The mathematical expressions used for calculating per-
formance measures are given below:

2552
Peak Signal — Noise Ratio (PSNR) = 10 log (—), (26)

MSE
where MSE is calculated between the original grayscale image
x (pixel range [0, 255]), the corresponding edge detected image
y (pixel range [0,255]) by applying proposed measure and M XN
is the size of an image

SEEE Gy = yip®)
MN '

Mean Square Error (MSE) = 27)

When a large proportion of pixels differ between the
grayscale image and the corresponding binary edge map, the
Mean Squared Error (MSE) becomes a significant fraction of
(255%), resulting in relatively low PSNR values, typically in
the range of (3)—(13) dB. Unlike image compression or recon-
struction tasks, where PSNR is used to evaluate the accuracy of
reconstruction with respect to the original image, in edge de-
tection it serves primarily as a relative performance metric for
comparing different algorithms.

Table 2 represents the quantitative comparison in terms of
MSE and PSNR. The results indicate that the proposed method
achieves competitive performance across all test images. In par-
ticular, for the Cell, Cake and Butterfly images, the proposed
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approach produces lower MSE and higher PSNR values than
the Canny operator, suggesting improved edge preservation and
enhanced image quality. Furthermore, its performance is com-
parable to that of the Sobel and Prewitt operators. The proposed
method does not assume the existence of ground-truth binary
edge maps, since it operates on real photographic images (Per-
son Photo, Cake, Coin, Saturn, Butterfly) for which standard
ground-truth annotations are not available. MSE and PSNR are
used here as image-fidelity measures that quantify how closely
the edge map preserves the structural information of the orig-
inal image. A lower MSE and higher PSNR for the proposed
method imply that the extracted edges introduce less distortion
relative to the image content.

This usage is consistent with prior works in fuzzy entropy-
based edge detection that compare different operators in the ab-
sence of ground-truth data [29]. For standard benchmark im-
ages where ground-truth edge maps are available (Cameraman,
Lena, and Cell images from the BSDS500 dataset), we have
now computed Precision, Recall, and F-measure. These are de-
fined as follows:

TP
Precision = ————, (28)
TP+ FP
TP
Recall = —— 2
T TP+ EN’ @)
2 X Precision X Recall
Fomeasue = recision X Recall 30)

Precision + Recall

where TP, FP, and FN denote true positives, false positives,
and false negatives, respectively, with respect to the ground-
truth edge map.

Pratt’s Figure of Merit (FOM) =

Na
1 Z 1
max(Ny, Na) &4 1 + ad,%’
(3D

where N; is the number of ideal (ground-truth) edge pixels, N
is the number of actual detected edge pixels, dy is the distance
of the k-th detected edge pixel from the nearest ideal edge pixel,
and @ = 1/9 is a scaling constant.

The updated quantitative results (with m = 0.8 for our pro-
posed method) on the three benchmark images with available
ground-truth are presented in Table 3.

These results confirm that the proposed parametric intu-
itionistic fuzzy entropy measure achieves superior or compet-
itive performance across all four ground-truth-based metrics,
particularly for the Cell image where structural boundary lo-
calization is critical. The proposed method consistently outper-
forms the Canny operator on all three images, and matches or
exceeds Sobel and Prewitt on F-measure and FOM.

The parameter m € (0, 2) controls the sensitivity of the pro-
posed entropy H,,(P) to uncertainty in the intuitionistic fuzzy
representation:

e Form — 0: the term (2 —m) — 2, placing greater weight
on extreme membership values (¢ ~ 1 or u ~ 0), mak-
ing the measure more sensitive and better suited to high-
contrast images with clear intensity boundaries.

=~

~
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e For m = 1: the measure reduces to the Zhang—Jiang en-
tropy (the standard intuitionistic fuzzy Shannon entropy),
suitable for moderate-contrast images with balanced un-
certainty.

e For m — 2: the term (2 —m) — 0, suppressing the power
weighting and distributing entropy more uniformly, mak-
ing the measure less sensitive and robust for low-contrast
or highly textured images where strong hesitation persists
across most pixels.

Based on the above analysis and empirical validation, we pro-
pose the following practical guideline for selecting m:
Sensitivity analysis : To quantitatively demonstrate the role
of m, we obtain F-measure values across a range of m for the
three benchmark images in Table 4.
The sensitivity results in Table 5 confirm the following:

1. For the Cameraman, Lena, and Cell images (moderate-
contrast), m 0.8 consistently yields the highest F-
measure, validating the recommendation of m € [0.8, 1.0]
for such images.

2. For the Saturn image (high-contrast with sharp rings
against a black background), smaller m = 0.2 yields the
best edge detection performance, consistent with the rec-
ommendation of m € [0.2, 0.6] for high-contrast images.

3. For the Rice Grain image (textured, low-contrast), larger
m = 1.2 gives the best result, supporting the recommen-
dation of m € [1.2,1.6].

5. Conclusion

In this paper, we have proposed a novel parametric entropy
measure for IFSs and established its mathematical validity. Sev-
eral fundamental properties of the measure were examined, nu-
merical and graphical illustrations were provided to demon-
strate the flexibility of proposed measure with respect to param-
eter variations. Comparative study for the proposed measures
with some existing measures in IFSs is carried out. The effec-
tiveness of the proposed method has been demonstrated using
some benchmark and real photographic images. Experimen-
tal results reveal that the proposed entropy-based framework
is capable of accurately identifying significant edge structures
while effectively suppressing noise-induced distortions and pre-
serving structural continuity. A comparative analysis with con-
ventional edge detection techniques, namely Canny, Sobel, and
Prewitt operators, indicates that the proposed method provides
competitive performance and, for several images, exhibits su-
perior edge localization characteristics. Quantitative evalua-
tion based on MSE and PSNR further confirms the robustness
and effectiveness of the proposed approach. Therefore, the
proposed parametric intuitionistic fuzzy entropy measure con-
stitutes a promising alternative to conventional gradient-based
edge detection methods. Future research may focus on extend-
ing the proposed framework to color images, medical image
analysis, remote sensing applications, and edge detection under
highly noisy environments. Furthermore, the integration of the
proposed entropy measure with deep learning and optimization
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techniques may provide enhanced performance for complex im-
age processing applications.
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