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Abstract

A new higher-implicit block method for the direct numerical solution of fourth order ordinary differential equation is derived in this research
paper. The formulation of the new formula which is 15-step, is achieved through interpolation and collocation techniques. The basic numerical
properties of the method such as zero-stability, consistency and A-stability have been examined. Investigation showed that the new method is zero
stable, consistent and A-stable, hence convergent. Test examples from recent literature have been used to confirm the accuracy of the new method.
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1. Introduction reactions are all carried out by studying and solving ordinary
differential equations. The most interesting and most important

Ordinary differential equations (ODEs) have important  ;nications of these equations are in the theory of oscillations,
applications and are a powerful tool in the study of many  ,hyical ship dynamic theory and in automatic control theory.
problems in the natural sciences and in technology; they are These applied problems in turn produce new formulations
extensively employed in mechanics, astronomy, physics, and ¢ sroblems in the theory of ordinary differential equations
in many problems of chemistry and biology. Mathematical 51 first, second, third, fourth, fifth, e.t.c, to other higher
models in these vast range of disciplines, describe how derivatives in ODEs Conti, Graffi and Sansone[1]. However,
quantities change. This leads naturally to the language of e golutions to some of these varieties of higher order ODEs
ordinary differential equations (ODEs). For instance, Newton’s problems do not exist explicitly. Hence, the need to develop
laws in mechanics make it possible to reduce the description of | 1erical methods in the form of implicit linear multistep
the motion of mass points or solid bodies to solving ordinary methods (LMMs) to solve these numerous problems in the form
differential equations. The computation of radiotechnical of ODEs. Therefore, in this research paper, we shall consider

circuits or satellite tragetories, studies of the stability of  he general fourth order ordinary differential equation of the
a plane in flight, and explaining the course of chemical form:
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y(iv) — f(x, ¥, yl’ y//’ y///)’

ya) =€,y (@ =¢€,y"(a) =6,y"(@=¢e (1)

where, R X R" X R — R™ and ¢, €], &, 5 € R. However,
interpolation and collocation techniques have been used
overtime for developing implicit linear multistep methods using
power series as a basis function. Such authors as Raymond,
Skwame and Adiku [2] formulated a four-step one off-grid
block method using interpolation and collocation approach for
the solution of fourth derivative ordinary differential equations.
Two-step hybrid linear multistep block method for solving
second, third and fourth order initial value problems of
ordinary differential equations directly has also been derived
by Abolarin, Kuboye, Adeyefa and Ogunware [3]. Hermite
interpolation polynomial as a basis function has extensively
been used also for the formulation of implicit block methods.
Two point implicit block method of uniform order 6 has
been derived for solving fourth-order initial value problems
directly by Allogmany, Ismail, Majid and Ibrahim [4] using the
aforementioned basis function. In addition, in order to avoid
order reduction at solving higher order ODEs, such authors
as Kuboye [5], Jena, Mohanty and Mishra [6], Adoghe and
Omole [7], Omar and Kuboye [8], Duromola [9], Adesanya,
Momoh, Adamu and Tahir [10], Awoyemi, Kayode and Adoghe
[11], Awoyemi [12] and Ukpebor, Omole and Adoghe [13]
have solved equation (1) directly. Similarly, Omole and
Ukpebor [14] and Kuboye, Elusakin and Quadri [15] have
both formulated a 4-point and 5-point hybrids block formulae
for the solution of system and linear fourth order initial value
problems in ordinary differential equations using power series
as a basis function via interpolation and collocation techniques
with uniform order 4 and 7 respectively. Therefore, we are
motivated to improve on Jena et al. [6] who have formulated
a 9-point block method of a uniform order /2 for the direct
solution of equation (1) by proposing a new special 15-step
block numerical method for the direct approximation of (1).
Consequently, in section two, we carry out the formulation of
15-step block formula, section three provides the analysis of
basic numerical properties, section four considers numerical
examples, its implementation and discussion of results and in
section five, the conclusion is drawn.

2. Materials and Methods of 15-Step Block Method

In this section, we shall consider the formulation of a 15-
step block method for the numerical approximation of equation

(D).

2.1. Formulation of 15-Step Block Method

Let us consider the power series approximations of the

form:
k+4

y(x) = Z ajxj 2

=0

which approximates equation (1), so thata, j = 0(1)(k+4) are

parameters to be found and k is the step-number. Thus, the first,

second, third and fourth derivatives of equation (2) become:
k+4

Y= jap! 3)
j=0

k+4

V@) =) = Dal? @)

=0

k+4

V') = G = DG = 2)a 5)

/=0

k+4

YO0 = G = DG = 2 = Bad (6)

7=0
Theref?rf, equating equation (1) and (6) gives:
+
DG =G =20 =D = fnyyy ") (D)
J=0

Thus, equation (2), (3), (4) and (5) are then interpolated at
Xntis I = (k—15) and equation (7) is collocated at x,,4;,7 = O(1)k
to give system of linear equations in the form:

Where,
Mo 2 x x  O . k4
0 1 2 32 4 5xb & + 43
0 0 2 6y 1233 20x) k + 4k + 3k+2
00 0 6 24xp 602 k + #k + 3k + k!
C=100 0o 0o 240 1200 . &+4k+Hk+ 2%+ Dk
00 0 0 24 1205, . (k+ 4k + Ik + 2k + Dk
oo 0 0 24 120wy o K+ DK+ DK+ Dk + DK
r 1 Yn
ay ,
Yn
al 17
Yn
az 117
X = N D = y n
as f
n
| Ak+4 |
,f;Hk_

By solving equation (8) with £k = 15 and j = 0(1)(k+4) ( where C
is a 20-by-20 matrix), using Gaussian elimination method, a4, are
obtained and substitution into equation (2) is made to give a continuous
linear multistep method(LMM) of the form:

k
V(%) = agy,thay, +h2ayy! + azy?” +h* .Zoﬁff"*f 9)
=

Where, & = x—x,
ay =1 (10)
) = f (1 1)
e 12
Q) = Ef ( )
@=L (13)

76



Atabo and Adee / J. Nig. Soc. Phys. Sci. 3 (2021) 308-333 310

!
T 24

119575785 13215487 &5 35118025721 ¢ 2065639 £8 277382447 ¢°
43243200k 1009008000 42> 7628100480000 /43 1676505600 * 1086375628800 /3
N 2271089 £1° 54576553 e N 4783 ¢12 324509 s N 109 &1
54867456000 h°  10346434560000 A7 9053130240 h% 7846046208000 1° 43589145600 h'°
_ 26921 é-_-lS . é-_-l() B 47 4:17 . é:lS
235381386240000 4'! * 261534873600 !> 533531142144000 413~ 800296713216000 A'4

Bo &

é_-l‘)
121645100408832000 115

(14)

1 & 835397¢£5 60461593 ¢ 146723651 £8 8548607 & 28162523 £10
P = 8 h 8648640 i * 141261120043 11176704000 A* * 2874009600 k5 54867456000 h°
L 4759536 73460574 597360160 24599¢% 223 ¢15
21555072000 47 1034643456000 A% 10461394944000 1° 697426329600 ~'0 ~ 135862272000 h'!
B 2329 é:lﬁ N 71 517 B §18 . §19
41845579776000 h'2  54721142784000 ~'3  53801459712000 1'%~ 8109673360588800 A'>

s)

785 1015577&° 2084854747 1546697837¢" 1494663076 664545493 ¢
161 2471040 100900800 43 22353408000 /* 89413632004 219469824000 h®
(289311887 5795249¢" 13792516 40549¢M  5231¢"
689762304000 /7 129330432000 /4% 3736212480004° 174356582400 A0 475517952000 A'!
. 989 §;16 B 61 é;l7 N 59 §18 B 519
2615348736000 412 6840142848000 h'3  457312407552000 '*  1158524765798400 h'S

B =

(16)

_91&°_1075637¢° 281523559¢7  23857083361&% 32534861339 617568593 £"
721 85536042 41912640043 100590336000 4* 543187814400 /5 54867456000 A
2078884511 55227311 66465877¢  1989607¢M
129330432000 47 31352832000 /4% ' 4483454976000/° 2092278988800 /10
L 390953£5  66571¢" N 6229 ¢V B 13¢'8
8559323136000 411 41845579776000 112 " 164163428352000 4>  23451918336000 41

Bs

19
N ¢
267351869030400 A1

an

91& 1105667£° 18107311&7 3269363347¢£8  6129294103&° 3229334839 £1°
T32h " 38016042 1128960043 5588352000 k% 4023613440045 ' 109734912000 46
2970738131¢"1 31183253 ¢12 15450997 £13 235087 £!4
T 68976230400077 | 64665216000/4% 373621248000 4% 87178291200 h'0
o 6o483gt 12121 139¢£" . 29¢18
475517952000 7' 2615348736000 412 1243662336000 4" ' 17588938752000 /1'%

By =

S‘::19

- 18
89117289676800 h'> (18)

10018 22473765 103207793&7 221496517£% 176798693 &° 3138934651 £1°
ST 200k 4320017 | 35280000/° 203212800 k" | 60963840045 54867456000 k6
230071601 €' 201455717¢" 1268494036 3917983 ¢ L 1319249 &1
2694384000047 206928691200 /48 ' 1494484992000 4° 697426329600 410 4755179520000 /'!
15074 . 1201 &7 ~ 23¢18 . £
152165744640 112 ' 4974649344000 43 6395977728000 4% 40507858944000 h'5

19)

310



Atabo and Adee / J. Nig. Soc. Phys. Sci. 3 (2021) 308-333 311
_1001&° 1135697&° 158534377¢7 287766506418 84007238759 £
Bo = ~qan T 15552017 381004007 18289152000/ 197522841600 I
L 2079145531610 26754892001¢'" 193584983 21199931V
24385536000 4° 2069286912000 47 ' 129330432000 4% 160123392000 /°
L, 46458011 1900739£"  1271¢° 737 &Y
523069747200 110 4279661568000 411 79252992000 412 1865493504000 /13
19 é;18 S{1;19
+ - (20)
3197988864000 /14 24304715366400 h'5
429 1144277&5 15356659¢7 603869969 &% 297351533 &£°
B = e T 141120/ T 329280017 3386880001 T 609638400 /%
181107592310 , 218600713 £ 4306835671 £ . 557256047 £13
18289152000 /° ' 14370048000/ 2414168064000 48 3487131643000 /°
2522719 ¢ 174023 £'5 25411 £'° 827 ¢V
232475443200 710 317011963000 411 1268047872000 412 1658216448000 /113
_ 113 §]8 . §19 (2])
14923948032000 4% ' 18903667507200 /15
4295 143839¢5 1088706537 337263918 178809037 &
Bs = == T 301601~ 2634240077 T 21168000/ 206425600/
| 825125941 £0 4601762891 , 2237897 £2 131166143¢1
9144576000 k5 3284582400047 ' 13471920004% 871782912000 1°
L 75043 g4 83719¢Y L 193 ge 29¢£17
7264857600 110 158505984000 /41 ' 990662400042 59222016000 /'3
. é:ls B §19 (22)
133249536000 /"4~ 18903667507200 /15
1001&5  128413&° 1099504737 3413334089&° 15383980811 &°
Po= i6h 250204 ' 3810240077 3048192000/ 49380710400 /5
353485376910 6526622231 1249849571 ¢12 495342143 £'3
54867456000 75 64665216000 47 1034643456000 18 4483454976000 1°
 1780879¢'4 L, 338608365 56057 £ . 5581&17
232475443200 110 ' 8559323136000 4! 3804143616000 412 14923948032000 /13
37 é:lS é:l()
6395977728000 4 | 2430471536640045 >
_ 100185 1159721&° 13852667¢7 249027661 &8 1254757531 &°
Bio = ==400n ¥ 43200042 ~ 8820000/° ' 406425600 &' 7315660800 5
L 156763150361  19442163553¢'1 175044836 23443657¢"
438939648004 3448811520000 47 ' 25866086400 4% 373621248000 /°
L J65371&M 54393760 409¢° 137&7
174356582400 110 2377589760000 41 ' 47551795200 212 621831168000 413
11 518 fl‘)
24)

* 3197988864000 4% 40507858944000 /!5

311



Atabo and Adee / J. Nig. Soc. Phys. Sci. 3 (2021) 308-333 312

_91&8 105727¢° 1013986387 28606977316 160975931 ¢°

B = g T 950407 T 15523200/7 11176704000/ T 2235340800 1
_ 827528203¢°  103295831&'  301248457£7  40445413¢°
54867456000 4° ' 4311014400047 1034643456000 k8 1494484992000 /°
__1331119£% 104944168 159209 £16 . 5381¢&17
697426329600 710 ' 10461394944000 211 41845579776000 112 " 54721142784000 113
B 109 é;lS . é;l‘) (25)
70355755008000 414 ' 89117289676800 /15
91&5 1165727&° 67283585347 3969230807 &8 24226741543 ¢°
P2 = = esh T 342144012 3353011200/ T 50205168000 /4% 1086375628800
515061979 £0 1551629011 ¢" , 1976179 g2 9616213¢1
109734912000 46 2069286912000 47 ' 2155507200048 1120863744000 h°
. 144916% 1381691 . 3229 £16 ~ 1321¢7
23775897600 410 4279661568000/ ' 2615348736000 412 41040857088000 /213
. 518 B é;l9 (26)
1954326528000 414 267351869030400 /15
76 89849&5  8665381¢7  189340169£8 96662087 &
Bis = 104 123552072 T 20180160077 11176704000/ | 20118067200 %
557235534 , 1757123 g1 20736923£" L 400847 &£
54867456000 4° ' 1077753600047 1034643456000 4% ' 213497856000 1°
. 94109¢" .\ 684765 11611 &1 .\ 5189¢!7
697426329600 41° ' 951035904000 411 41845579776000 412 " 711374856192000 /'3
_ 107 §18 . §19 (27)
914624815104000 4% 1158524765798400 h'5
& 1170017¢5 8077807 ¢ 50565173 &8 17264887 &
B = 137 121080060 12 141261120072 T 22353408000 /7 26824089600/
29969773 £10 15185081 &!! 2461967 £12 673219 ¢"3
219469824000 425 689762304000 47 ' 905313024000 48 2615348736000 1°
322064 473 15 . 101 £16 ~ &
174356582400 110 475517952000 411 ' 2615348736000 412 977163264000 /13
53 518 é:l‘)
+ - (28)
3201186852864000 4% 8109673360588800 /115
8 1171733 & 30946717 £ 406841 & 21939781 &°
P1s = 18004 194504400072 * 8663296000077 2874000600/ * 543187814400 1
3209 £10 899683 £!1 324712 515261 ¢
737324800045 ' 6466521600004 1881169920048 ' 31384184832000 /°
B 71 §l4 . 2747 515 B flﬁ N 617
59779399680 410 " 42796615680000 /' 398529331200 412 1492394803200 /'3
18 19
3 ¢ 29)

" 914624815104000 h1* - 121645100408832000 'S

Substituting equation (10) — (29) into equation (9), interpolating and collocating at x,.;, j = 0,1;0,2;0,3;...,0,kj and x,.;, j = 0(1)k gives
the solution to equation (1) and is given explicitly below:
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Thus, equation (30) — (44) is the new method named (NS4015M). Therefore, we take the first derivative of equation (9) and evaluate at
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Similarly, the second derivative of equation (9) is found and then evaluated at x,.;, j = O(1)k to give:
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Also, we take the third derivative of equation (9) and evaluate at x,,;, j = 0(1)k to give:
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3. Analysis of the Basic Properties
Theorem 3.1 (Source: Lambert [21]).
No zero-stable linear multistep method of step number k can have order exceeding k+1 when k is odd, or k+2 when & is even.

Remark: For a proof of this theorem, the reader is referred to [18].
3.1. Order of the Block Method

We define the linear operator associated with the new method, (NS4015M) as:

L(y(x); h) = AgYu=A1Y,1—hALY,, \=h*BoY,_ =’ B\ Y,/ \=h*(CoFy+C1 F1) (90)
where,
Yn+1 Yn—k+1 y:,_k“-
Yn+2 Ynke2| Viks2
Ym = sIm—1 = s X, 1 = bl
Vntk Vn Vi
y;/7k+l y;,,:kﬂ fn+l- Skt
y;,’karz y,/l’i/ﬁz Sz Jnka2
Y),;:—l: . ’Yr’riilz . s Fn = . 1 = .
N4 A/ Sk f

Taylor series expansion of equation (90) gives:
Ly(x);h) = Egy(x) + hE\y'(x) + BEY'(x) + ... + KWEY(x) + b VE,y"™D) + ... 1)

The new method, (NS4015M) and its linear operator equation (90) are said to be of order p if andonly if Ey = Ey = E; = ... = E, = E,,; =
Eppr =0,E,3 =0,E,.4 # 0in equation (91). Thus, the new method, (NS4015M) is of a uniform order /6 with the error constants:
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Hence, our new derived method (NS4015M) is inline with
theorem 3.1.

_ 27085200034

91
_ 366465164205771 _ 65088565318
1038275510272000° ~ 13304932857216°
_ 514075874669 _ 14142409239375
372979728000 8306204082176

3.2. Consistency

A numerical method, according to Lambert [20], [21], is said to
be consistent if its order, that is, p > 1. Therefore, the new method
(NS4015M), whose order is 16, is certainly consistent.

3.3. Zero Stability

The new method (NS4015M) is said to be zero stable if no roots
of the first characteristic polynomial, |r;| > 1,Vs = 1,2,..., N and that
one of its roots is simple. That is,

p(r) = ©2)

(rAo — Al)'
Where,
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Figure 1. Absolute Stability Region of NS4015M(16)

So that equation (92) is evaluated and solved for r to give:
r 1,0,0,0,0,0,0,0,0,0,0,0,0,0,0. Thus, the new method
(NS4015M) is zero stable.

3.4. Convergency

According to Lambert [21], a numerical method is convergent if it
is both zero stable and consistent. Hence, the new method (NS4015M)
is certainly convergent inline with (3.2) and (3.3)

3.5. Absolute Stability

Definition 3.5.1 (Source: Lambert [20]).

The LMM (NS4015M) is said to be A-Stable if the region of
absolute stability includes the entire left half of the z-plane (that is z €
(—c0,0)). Therefore, the absolute stability region for the new method
(NS4015M) is plotted in the spirit Lambert [20], [21] and Okuonghae
and Ikhile [22] using MATLAB. Hence, the stability polynomial is
given by:

. 141760259867125 |, —, 1125 ,, —,
Rem = To3sa7ss10072 + P F k)
225 4,
22 4,
+ > (h)
+15M) + ¢ - D (93)
Where, h=2h

Since A-stability is a severe property that is desired by all
numerical methods, by Definition (3.5.1) the new method (NS4015M)
is A-Stable. Therefore, it is certain that Dahlquist barrier no longer
posses restrictions on the use of step sizes in the method. Also, it is
clear from Figure 1 that the new method has small unstable region
and a wider region of absolute stability which proved its convergence
with approximate solutions having little or no deviation from the true
solution as a result of small change in input data Lambert [20]. Hence,
the new method is numerically stable and it is investigated in section
four below.
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4. Numerical Examples

The new method (NS4015M) employed Taylor series approach to
incorporate all the initial values for the solution of (1). The following
numerical examples are used to test the accuracy of the new method
and comparison are made with some selected numerical methods in
recent literature. All numerical iterations are carried out on MATLAB
Software environment.

Problem 4.1 (Source: Jena et al. [6]).

Y =€ (2 + 1423 +492 + 322 - 12), h=0.1,
y(0)=0, y(0)=0, y(0) =2, y(0) = -6,

Exact Solution: y (z) = 22 (1 — 2)* ¢,

The numerical results for Problem 4.1 is as shown in Table 1

Problem 4.2 (Source: Ukpebor et al. [13]).

Consider the special fourth order below
W =x, u(0) =0, w =1 u"©0)=0, u"(0)=0, h=0.1

Exact Solution: 1 (0) = % + x

The numerical results for Problem 4.2 is as shown in Table 2

Problem 4.3 (Source: Ukpebor et al. [13]).

Consider the linear differential equation of fourth order:
u®™ +u’ =0,

M(O) — 07 u (O) — —1.1 , u’ (0) — 4’ u” (0) —

72-50n 144-100% h =
0.01,

1.2
144-1007

1—x—cos(x)—1.2 sin(x)

Exact Solution: u (x) = 144-100 7

The numerical results for Problem 4.3 is as shown in Table 3

Problem 4.4.

To confirm the application of the new method NS4015M(16), we
solve a physical problem from ship dynamics. As stated by Familua
and Omole [17], when a sinusoidal wave of frequency € passes long a
ship or offshore structure, the resultant fluid actions vary with time .
Therefore, consider the fourth-order problem as:

Y + 3y + 92 + gcos(Q) =0, t >0

Is subjected to the following initial conditions:
0) = 1, Y(0) =0, y(0) = 0, y"(0) = 0, h = 35

where ¢ = 0, for the existence of the theoretical solution: y(f) =

2 cos(t) — cos(z V(2)).

Problem 4.5 (Source: Allogmany et al., [4]).

We shall consider a nonlinear initial value problem of the form:
YW= -y —4x* +e*(1 —4x+ x2),0<x< 1
yO0) =1 y0) =1 y"0) =3, y"(0) =1

Exact Solution: y(x) = x* + ¢*

We also compare the results for this problem that has been solved
by [19]. The results are shown in Table 5. To further illustrate the

Table 1. Comparison of Absolute Maximum Error for Problem 4.1 when h=0.1

x  Errorin Error in Error in
ODE45  Jenaetal. [6] NS4015M
0.1 1.0326e-07 1.5370e-14 1.7347 e-18
0.2 1.6792e-07 8.2021e-14 1.6653 e-16
0.3 2.5340e-07 3.6666e-13 4.3715e-16
0.4 3.6477e-07 6.3424e-13 8.3267 e-16
0.5 5.0816e-07 6.7024e-13 52736 e-16
0.6 6.9093 e-07 5.2608e-13 3.7748 e-15
0.7 9.2191e-07 3.3906e-13 4.6629 e-15
0.8 1.2116e-06 1.9011e-13 5.1209 e-15
0.9 1.5727e-06 9.6152e-14 1.3854e-14
1.0 4.1649¢-06 4.4983e-14 1.9791e-14

—@— Error in ODE45
¥-= Errorin Jena et al.[6]
=—de— Error in NS4015M

log(MaxEmr)

Figure 2. Efficiency Curves for Test Problem 4.1

accuracy of (NS4015M) with comparison to other recent existing
methods such as Jena et al. [6], Ukpebor et al. [13] and Familua et
al. [17], we have also presented the efficiency curves for Problem 4.1,
4.3 and 4.4 and are given below:

5. Results and Discussions

This research paper has considered five special fourth order ODEs
problems in recent literature. Problems 4.1 and 4.2 are solved using
a step size, h=0.1, Problem 4.3 has been solved using a step-size,
h=0.01 while Problem 4.4 and 4.5 have been solved using a step-
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X Error in Error in Error in

Omar et al. [8§] Ukpeboretal. [13] NS4015M
0.1 1.002087 e-12 0.00 e-00 0.00 e+00
0.2 0.000000 e+00 0.00 e-00 0.00 e+00
0.3 0.000000 e+00 0.00 e-00 0.00 e+00
0.4 0.000000 e+00 0.00 e-00 0.00 e+00
0.5 1.002087 e-12 0.00 e-00 0.00 e+00
0.6 2.755907 e-12 0.00 e-00 0.00 e+00
0.7  3.507306 e-12 0.00 e-00 0.00 e+00
0.8 3.507306 e-12 2.00e-18 0.00 e+00
0.9 4.175569 e-12 2.00 e-18 1.11e-16
1.0 4.175569 e-12 1.00 e-17 0.00 e+00

Table 3. Comparison of Absolute Maximum Error for Problem 4.3 when

h=0.01
x Error in Error in Error in
Adesanya et al. [10] Ukpeboretal. [13] NS4015M
0.01 8.5052 e-19 8.0000 e-20 5.4210 e-20
0.02 1.3010e-18 9.1500 e-19 5.4210 e-20
0.03 4.7704 e-18 3.4150 e-18 2.7105 e-19
0.04 1.7347 e-17 8.2220 e-18 1.0842 e-19
0.05 4.3368 e-17 1.5965 e-17 3.2526 -19
0.06 9.5409 e-17 2.7404 e-17 3.2526 e-19
0.07 1.8127 e-16 3.4329 e-17 3.2526 e-19
0.08 3.1571 e-16 3.2551 e-17 4.3368 e-19
0.09 5.1868 e-16 6.5927 e-17 2.1684 e-19
0.10 8.0491 e-16 1.1919 e-16 6.5052 e-19
size of h = ﬁ Jena et al. [6] has solved Problem 4.1 using 9-step

block method with uniform order /2 in comparison with ODE45 and
Awoyemi et al. [11]. Similarly, Ukpebor et al. [13] derived a 7-step
block formula for solving fourth order ODEs with a uniform order 4
and results compared with Duromola [9]. However, results for our test
problems are shown in Tables 1, 2 and 3 respectively. Also, Familua
et al. [17] formulated a five point mono hybrid block method for
the solution of nth order ordinary differential equations and results
compared in Table 4 with direct block and predictor-corrector block
methods and also compared with our new method. Results from Tables
4, 5 and Figure 4, showed that the new method is considerably efficient
at solving application problems as ship dynamics and nonlinear IVPs.
It is certain from the tables that the new derived method (NS4015M)
gave better accuracy than Jena et al. [6], ODE45 Omar et al. [8],
Adesanya et al. [10], Awoyemi et al. [11], Ukpebor et al. [13]
and Familua et al. [17] respectively. Generally, the new method,
(NS4015M) showed improved approximations as # — 0 on some
of the test examples considered. Further analysis using the efficiency

331

331

Table 4. Comparison of Absolute Maximum Error for Problem 4.4 when i =
ﬁ (Application problem arising from ship dynamics)

x Error in block Error in PC- Error in method

method, p=7,in [17] method, p=7, [17] NS4015M(16)
0.003125 6.685763 e-13 5.685763 e-10 0.000000e+00
0.006250 1.458489 e-11 1.767654 e-10 1.110223e-16
0.009375 1.082968 e-10 5.909878 e-09 0.000000e+00
0.001250 3.917803 e-10 5.767654 e-09 2.220446e-16
0.015625 1.025145 e-09 1.100202 e-08 7.771561e-16
0.018750 2.217319 e-09 6.898767 e-08 2.886580e-15
0.021875 4.226068 e-09 4.636354 ¢-08 8.548717e-15
0.025000 7.358019 e-09 5.787654 e-07 2.187139e-14
0.028125 1.196868 e-08 2.245763 e-07 4.951595¢e-14
0.031250 1.846249 e-08 2.846249 e-07 1.035838e-13

Table 5. Comparison of Absolute Maximum Error for Problem 4.5 when h =
1
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X IHBS [19] I2PBDOG6 [4] NS4015M(16)
0.003125 4.261834 e-14  0.0000000 e+00  2.220446 e-16
0.006250 7.314820e-13  3.9099252e-16  0.000000 e+00
0.009375 1.625321e-12  7.2441945e-16  2.220446 e-16
0.001250 6.568972e-12  9.9936929 e-16  0.000000 e+00
0.015625 2.849147e-12  1.2947886 e-15  0.000000 e+00
0.018750 4.231457 e-12  0.0000000 e+00  2.220446 e-16
0.021875 1.246852e-11 1.5163355e-15 6.661338 e-16
0.025000 5.146142e-11 2.8632323 e-15  1.332268 e-15
0.028125 3.765423 e-11  4.5622733 e-15  2.886580 e-15

@— Error in Adesanya, et al. [10]
i E 10T IN Ukpebor, et al. [13]
==—ge==Errr in NS4015M
34
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Figure 3. Efficiency Curves for Test Problem 4.3

curves in Figures 2, 3 and 4 showed that the new method has small
scale errors unlike other existing methods compared.
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6. Conclusion
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Figure 4. Efficiency Curves for Test Problem 4.4
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In this research paper, a new block method that approximates
15-step simultaneously for the solution of (1) has been formulated.
The new method is derived through interpolation and collocation
techniques using power series as a basis function. The numerical
properties of the method have been investigated and proven to be
zero stable, consistent and A-stable. Test results showed that the new
method is capable of solving general fourth order ODEs including
physical problems from ship dynamics and nonlinear [VPs with better
accuracy than other existing methods considered in this research paper.
Therefore, the new method 15-step with uniform higher order 16,
proved better accuracy over 7-step with uniform order 4 and 9-step
with uniform higher order /2, among others. Hence, the new method
(NS4015M) should be considered as a viable alternative for solving
general fourth order ODEs.
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