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Abstract

Co-infection of schistosomiasis and typhoid fever presents a significant public-health challenge and complicates clinical management. Both
diseases are prevalent and endemic in African regions, particularly Nigeria, but their co-dynamics remain insufficiently studied. This study
developed a deterministic mathematical model to examine the co-dynamics of schistosomiasis and typhoid fever in Makurdi, Benue State, Nigeria.
The basic reproduction number (R0) for the sub-models and the full co-infection model was calculated to assess the stability of the disease-free
equilibrium and to conduct bifurcation analysis. The endemic equilibrium was derived. Global sensitivity analysis was conducted, and an
optimal-control model was formulated with five time-dependent controls: prevention of schistosomiasis, prevention of typhoid fever, screening
and treatment for schistosomiasis, screening and treatment for typhoid fever, and screening and treatment for co-infections. The model was
analysed using the Pontryagin maximum principle and the forward–backward sweep method. Numerical simulations included single, pairwise,
and combined interventions. The results indicate that prevention strategies for both diseases are more effective than treatment alone. The study
recommends implementing concurrent control interventions for both diseases to achieve optimal co-infection management.
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1. Introduction

Schistosomiasis, also referred to as bilharzia, is among the
most prevalent neglected tropical diseases (NTDs) in tropical
and subtropical regions, particularly in Africa, Asia, and parts
of South America [1]. The disease is caused by parasitic trema-
todes of the genus Schistosoma and is transmitted through con-
tact with freshwater contaminated by cercariae released from

∗Corresponding author: Tel. No.: +234-8039-523-389.
Email address: ce.madubueze@gmail.com (Chinwendu E.

Madubueze )

infected snail hosts [2]. Despite extensive global control ef-
forts, schistosomiasis remains a significant public health and
socio-economic challenge, ranking second only to malaria in
its impact among parasitic diseases [3]. The World Health Or-
ganisation (WHO) estimates that more than 240 million people
are infected, with over 700 million at risk worldwide, primar-
ily in communities without access to safe water, sanitation, and
healthcare services [4].

The disease manifests in acute and chronic forms, with
symptoms ranging from abdominal pain, blood in urine or stool,
and anaemia to long-term complications such as liver fibro-
sis, bladder carcinoma, and portal hypertension. Despite the
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Table 1: State variables of the model.

State variable Epidemiological interpretation Unit
S h(t) Susceptible human population at time, t Human population
Isc(t) Schistosomiasis only infected population at time, t Human population
It(t) Typhoid fever only infected and infectious population at time, t Human population
Itsc(t) Co-infected and infectious human population at time, t Human population
Rsc(t) Schistosomiasis only recovered human population at time, t Human population
Rt(t) Typhoid fever only recovered human population at time, t Human population
Rtsc(t) Co-infected recovered human population at time, t Human population
S s(t) Susceptible snail population at time, t Snail population
Is(t) Infected and infectious snail population at time, t Snail population
Bt(t) Bacteria concentration at time, t Bacteria concentration

Figure 1: Systematic Diagram of typhoid fever and schistosomiasis co-infection mechanisms.

widespread use of praziquantel as a chemotherapeutic interven-
tion, re-infection remains common due to persistent environ-
mental contamination, heterogeneity in snail populations, and
the lack of sustainable sanitation infrastructure [3, 5].

Schistosomiasis transmission involves a complex life cy-
cle in which humans and other mammals serve as definitive
hosts, while freshwater snails function as intermediate hosts [2].
Infected individuals contaminate water sources with parasite
eggs through urine or faeces; these eggs hatch into miracidia
that infect snails. The snails subsequently release cercariae,
which penetrate human skin upon contact. Chronic infection
frequently leads to anaemia, liver and kidney damage, blad-
der pathology, and reduced productivity [2]. The persistence
of schistosomiasis is primarily attributed to environmental con-
tamination, heterogeneity in snail populations, and recurrent re-
infection, all of which undermine chemotherapy-based control
efforts [1].

Typhoid fever remains a major public health concern in
many developing nations, particularly in sub-Saharan Africa
and parts of Asia, where inadequate sanitation, poor waste man-

agement, and contaminated water sources facilitate its persis-
tence [6]. The disease is a systemic bacterial infection caused
primarily by Salmonella enterica serovar Typhi, transmitted
through the faecal-oral route via ingestion of contaminated food
or water. Despite advances in antibiotic therapy and vaccina-
tion, typhoid continues to cause significant morbidity and mor-
tality, with millions of cases reported annually, especially in
low- and middle-income countries [7]. Globally, more than 21
million new cases and over half a million deaths occur annu-
ally, with the highest burden in sub-Saharan Africa and South
Asia [6]. Clinical symptoms such as high fever, headache, fa-
tigue, and gastrointestinal distress often overlap with malaria
and other febrile illnesses, leading to misdiagnosis and inappro-
priate treatment. Diagnostic challenges, particularly reliance on
the Widal test, have resulted in false positives and excessive an-
tibiotic use, contributing to multidrug-resistant Salmonella Ty-
phi [8].

The exact prevalence varies by region; co-infection with
Schistosoma mansoni and Salmonella species is often observed
in sub-Saharan Africa [4]. Co-infection with Schistosoma and
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Table 2: Description and parameter values of the model.

Parameter Description Unit Value per week Source

Λ Human recruitment rate Human population
time 175 Calculated

Λs Recruitment rate snail population Non-mammals population
time 10 Calculated

β2 Typhoid fever effective transmission rate from
environment-to-human population

time−1 3.6 × 10−8 Assumed

β1 Typhoid fever effective transmission rate from human-
to-human population

time−1 7.14 × 10−7 [9]

β3 Schistosomiasis effective transmission rate from in-
fected snail-to-human population through shedding of
cercariae in freshwater

time−1 5.8 × 10−7 [10]

β4 Schistosomiasis effective transmission rate from in-
fected human-to-snail population through shedding of
miracidia in freshwater

time−1 8.79 × 10−5 [10]

δ1 Disease induced death rate for Schistosomiasis infected
and infectious human population

time−1 0.00056 [11]

δ2 Disease induced death rate for Typhoid fever symp-
tomatic infected human population

time−1 0.000286 [12]

δ3 Disease induced death rate for Co-infected human pop-
ulation

time−1 0.000846 Estimated

K Carrying capacity for Bacteria
Bacteria

concentration 71428.57 [13]

d Disease induced death rate for infected snail population time−1 0.0209 [14]

µ Natural human death rate time−1 0.000343 [15]

µs Natural death rate for snail population time−1 0.00192 [16]

µB Bacteria decay rate time−1 0.0049 [17]

γ1, γ2 Bacteria shedding rates from It, and Itsc, respectively
into bacteria concentration Bt

Bacteria concentration
human population×time 0.1, 0.1 [9]

ω Recovery rate due to screening and treatment for schis-
tosomiasis only infected humans

time−1 0.00033 [5]

p Recovery rate due to screening and treatment for ty-
phoid fever only infected humans

time−1 0.0143 [18]

θ Recovery rate due to screening and treatment for co-
infected humans

time−1 0.0176 Estimated

ρ Proportion of population that move from S h to Isc Nil 0.45 Assumed

ϕ progression rate from Rtsc to S h due to loss of immunity time−1 0.1 Assumed

κ progression rate from Rsc to S h due to loss of immunity time−1 0.00186 [10]

ν progression rate from Rt to S h due to loss of immunity time−1 0.00013 [19]

ξ progression rate from Itsc to It due to screening and
treatment of schistosomiasis

time−1 0.0033 [5]

ϵ progression rate from Itsc to Isc due to screening and
treatment of typhoid fever

time−1 0.0143 [18]

Salmonella poses a significant public health concern and com-
plicates clinical management [20]. More than 20 Salmonella
species of human and animal origin are believed to be associ-
ated with schistosome infections [21].

Benue State in the North Central geopolitical zone of Nige-
ria is predominantly agrarian, hydrologically endowed by the
Benue River and its tributaries, and prone to water-related dis-
eases [22]. It is established that major parts of the state, in-
cluding Makurdi, face significant challenges in accessing safe
water, with risks of microbial contamination, poor sanitation,
and limited awareness of open defecation hazards, among oth-

ers [22].
Maxwell et al. [23] carried out research on water-related

diseases in Benue state, Nigeria, to analyse the trend and spatial
dimension of the diseases in the state. Their findings showed
that water related diseases were recorded in all the 23 local gov-
ernments of the states in order of magnitude of cases in the fol-
lowing order; malaria, diarrhea, dysentery, filariasis, onchocer-
ciasis, schistosomiasis, typhoid fever and cholera and they fur-
ther recommended for intensified, public education on personal
hygiene, provision of improved water supply in communities-
among others, for effective control of water-related disease in
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Figure 2: Plot of forward bifurcation of the schistosomiasis Sub-Model.

Figure 3: Plot of forward bifurcation of the Typhoid Fever Sub-Model.

the state. Refs. [24–26] also established the prevalence of schis-
tosomiasis and typhoid fever in the state. Meanwhile, Yandev et
al. [26] conducted a detailed study on the prevalence of typhoid
fever and schistosomiasis co-infection in the state and the need
for appropriate actions to combat these diseases. Hence, this
study will employ mathematical modelling and optimal con-
trol theory to examine the dynamics of schistosomiasis-typhoid
fever co-infection, using Makurdi’s demographic data for anal-

ysis and to provide appropriate control measures.
The mathematical modelling of infectious diseases is a vital

means for examining and investigating the spread of contagious
diseases. It is an essential tool for understanding and assist-
ing in formulating control interventions to predict appropriate
control measures Refs. [27, 28]. Optimal control is an aspect
of mathematics that specialises in providing suitable techniques
for managing or controlling dynamical systems Refs. [29]. Sev-
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Figure 4: Plots of (a) the human populations (S h, Isc, It, Itsc,Rsc,Rt,Rtsc), (b) the snail populations (S s, Is), and (c) the bacteria
pathogen population.

Figure 5: PRCCC results showing sensitivity indices of the schistosomiasis sub-model parameters on reproduction number, RS ch
0 .

eral authors have studied the dynamics of schistosomiasis and
typhoid disease as single models, respectively. For instance,
Refs. [29–33], have developed mathematical models of schis-
tosomiasis only-over the years while, Refs. [9, 34–39] worked
on mathematical model of typhoid fever only-over the years.
Also, detailed mathematical analyses of the co-infection models
between schistosomiasis and HIV/AIDS, schistosomiasis and
malaria, schistosomiasis and lymphatic filariasis, and schisto-
somiasis and tuberculosis were conducted by Refs. [40–43]. In
this same light, Refs. [17, 44–46] studied co-infection typhoid
fever with cholera, malaria, COVID-19 and hepatitis A, respec-
tively, while Refs. [9, 10, 47] carried out optimal control anal-

ysis in their studies. However, despite the prevalence and en-
demicity of co-infection between schistosomiasis and typhoid
fever in African regions, it remains insufficiently explored [4],
and to the best of our knowledge, no author has used mathemat-
ical modelling to investigate the dynamics of this co-infection.

Many African countries experience co-infections involv-
ing S. mansoni and Salmonella, both of which are waterborne
pathogens [4]. However, a review of the literature shows that
the prevalence and geographic distribution of this co-infection
in endemic African regions remain insufficiently explored [4].
Several researchers in the biological and clinical sciences, such
as Refs. [4, 20, 26, 48, 49], have investigated the co-infection
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Figure 6: PRCCC results showing sensitivity indices of the typhoid fever sub-model parameters on reproduction number, RT f
0 .

Figure 7: PRCCC results showing sensitivity indices of the co-infection model parameters on reproduction number, RS ch−T f
0 .

of schistosomiasis and typhoid fever, with valuable findings.
However, to the best of our knowledge, no study to date has ap-
plied mathematical modelling to analyse the transmission dy-
namics of co-infection with these two diseases. Therefore, this

study aims to employ a mathematical modelling approach to
examine the co-infection dynamics of schistosomiasis and ty-
phoid fever, and to identify possible solutions for the eradica-
tion of the diseases in society, using the demographic setting
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of Makurdi, Benue State, Nigeria. Hence, in this study, we de-
velop a co-infection model that captures the combined dynam-
ics of schistosomiasis and typhoid with ten (10) compartments,
S h(t), Isc(t), It(t), Itsc(t), Rsc(t), Rt(t), Rtsc(t), S s(t), Is(t), Bt(t),
to investigate the transmission dynamics of the schistosomiasis-
typhoid fever co-infection with a view of minimising this bur-
den in the population by providing optimum control interven-
tions.

The rest of the paper is arranged as follows: the model
formulation is presented in Section 2, while the mathemati-
cal/qualitative analysis of the model is carried out in Section
3. Numerical simulations comprising baseline plots and vary-
ing impact of parameters, and sensitivity analysis using Latin
Hypercube Sampling (LHS) with Partial Rank Correlation Co-
efficient (PRCC) method to identify the most influential param-
eters, were conducted in Section 4. In Section 5, based on
the sensitivity results in Section 4, we applied optimal control
theory using Pontryagin’s Maximum Principle with a forward-
backwards scheme to determine the most effective strategies to
control the co-infection dynamics. Also, numerical simulations
of optimal control strategies are conducted to identify the most
viable intervention and to inform the study’s findings. Finally,
Section 6 of the paper contains the conclusion and recommen-
dations.

2. Model description and formulation

In line with the epidemiology of schistosomiasis and ty-
phoid fever co-infection among human population, the human
population is sub-divided into susceptible human population,
S h(t), these are individuals that are yet to be infected but are
prone to the two diseases, Schistosomiasis-only Infected and
infectious human population, Isc(t), these are people that are in-
fected with only schistosomiasis and are capable of releasing
schistosoma eggs into the freshwater and hatch into miracidia
to infect snails (they can be symptomatic or asymptomatic),
Typhoid-only infected human population, It(t), these individ-
uals are infected with typhoid fever only and are infectious and
can shed the bacteria into the environment (they can be symp-
tomatic or asymptomatic), Co-infected and infectious human
population, Itsc(t), these are individuals who are infected with
both diseases, Schistosomiasis only recovered human popula-
tion, Rsc(t), these humans that have recovered from schistoso-
miasis due to screening and treatment, Typhoid fever only re-
covered human population, Rt(t), these humans who have re-
covered from typhoid fever due to screening and treatment,
Co-infected recovered human population, Rtsc(t), these are indi-
viduals who have concurrently recovered due to screening and
treatment. The total human population at any time, t, is given
as:

N(t) = S h(t) + Isc(t) + It(t) + Itsc(t) + Rsc(t) + Rt(t) + Rtsc(t).

Also, the snail population is divided into two classes, namely,
the susceptible snail population, S s(t), who are free of schis-
tosomiasis but risk infection through miracidia from infected
humans in the environment, and the infected snail population,

Is, who shed cercariae into fresh water and infect humans [1].
The total snail population is given by Ns = S s + Is. The Bt(t)
denotes the bacteria concentration in the environment, shed by
the infected individuals in It(t), and Itsc(t), respectively.
The susceptible population increases due to the recruitment
rate, Λ. Individuals in this category also increase as a result
of individuals joining from co-infected recovered class, Rtsc(t),
schistosomiasis only recovered class, Rsc(t), and typhoid fever
only recovered class, Rt(t), due to loss of immunity at the rates,
ϕ, κ and ν, respectively. This class reduces due to interac-
tion with typhoid fever-infected individuals or schistosomiasis-
infected individuals of proportions (1 − ρ) and ρ at the rates
λ1 and λ2, respectively. It is also declining due to the natural
death rate, µ. This yields

dS h

dt
= Λ + ϕRtsc + κRsc + νRt − ρλ2S h − (1 − ρ)λ1S h − µS h,

where λ1 =

[
β1(It + Itsc) + β2Bt

K+Bt

]
, with β1 as the typhoid

fever effective transmission rate from human-to-human, β2 is
the typhoid fever effective transmission rate from environment-
to-human and K is the carrying capacity. Also, λ2 = β3Is with
β3 as the schistosomiasis effective transmission rate from snail-
to-human through shedding of cercariae in the freshwater.
The schistosomiasis-only infected population increases due to
the proportion ρ of susceptible individuals being infected at a
rate, λ2, and people who progress from the co-infected class as
a result of screening and treatment for typhoid fever only at a
rate, ϵ. This class reduces due to infection of its individuals with
typhoid fever at a rate λ1, as well as due to the natural death rate
µ and the disease-related death rate δ1. It is also declining at a
rate ω due to screening and treatment. This dynamics gives:

dIsc

dt
= ρλ2S h + ϵItsc − λ1Isc − (µ + δ1 + ω)Isc.

The typhoid fever-only infected population increases at a rate λ1
due to the proportion (1−ρ) of susceptible individuals contract-
ing typhoid fever, and at a rate ξ due to people entering from the
co-infected class through screening and treatment for schistoso-
miasis. This class reduces at a rate λ2 when infected with schis-
tosomiasis, and then progresses to the co-infected class. The
class also declines due to screening and treatment at a rate, p,
as well as due to natural death and disease-induced death rates,
µ and δ2, respectively. This illustration yields:

dIt

dt
= (1 − ρ)λ1S h + ξItsc − λ2It − (µ + δ2 + p)It.

The co-infected population increases at the rates, λ1 and λ2
from Isc and It, respectively. It decreases when people in-
fected with typhoid fever only and schistosomiasis only are be-
ing screened and treated at the rates, ϵ and ξ, respectively.
It also reduces due to concurrent screening and treatment of
co-infected individuals at a rate, θ, together with natural and
disease-related death rates, µ and δ3, respectively. Thus,

dItsc

dt
= λ1Isc + λ2It − (µ + δ3 + ϵ + ξ + θ)Itsc.
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Figure 8: Plots showing the varying impact of typhoid fever effective transmission rate from human-to-human population, β1: (a)
Impact on Isc(t), (b) Impact on It(t), (c) Impact on Itsc(t), (d) Impact on Is(t) and (e) Impact on Bt(t).

The schistosomiasis-only recovered population increases when
individuals at Isc are screened and treated at a rate ω. It reduces

at rates κ and µ. This is represented as

dRsc

dt
= ωIsc − (κ + µ)Rsc.
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Figure 9: Plots showing the varying impact of typhoid fever effective transmission rate from environment-to-human population, β2:
(a) Impact on Isc(t), (b) Impact on It(t), (c) Impact on Itsc(t), (d) Impact on Is(t) and (e) Impact on Bt(t).

The typhoid fever-only infected class grows due to individuals
from the typhoid fever-only infected class entering it at a rate

p. The population declines at a rate, ν, due to loss of immunity
after recovery and as a result of the natural death rate, µ. These
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Figure 10: Plots showing the varying impact of schistosomiasis effective transmission rate from snail-to-human population, β3: (a)
Impact on Isc(t), (b) Impact on It(t), (c) Impact on Itsc(t), (d) Impact on Is(t) and (e) Impact on Bt(t).

dynamics give
dRt

dt
= pIt − (ν + µ)Rt.

The number of individuals in the co-infected population rises at
the rate θ due to screening and treatment of co-infected individ-

10



Tijani et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3376 11

(a) (b)

(c) (d)

0 50 100 150

Time (Weeks)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

B
t(t

)

10
6

4
=0.0000879

4
=0.00085

4
=0.0095

4
=0.25

(e)

Figure 11: Plots showing the varying impact of schistosomiasis effective transmission rate from human-to-snail population, β4: (a)
Impact on Isc(t), (b) Impact on It(t), (c) Impact on Itsc(t), (d) Impact on Is(t) and (e) Impact on Bt(t).

uals. It declines due to loss of immunity at a rate, ϕ and natural death rate, µ. This yields

dRtsc

dt
= θItsc − (µ + ϕ)Rtsc.

11
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Figure 12: Plots showing the varying impact of recovery rate due to screening and treatment for schistosomiasis only infected
humans, ω: (a) Impact on Isc(t), (b) Impact on It(t), (c) Impact on Itsc(t), (d) Impact on Is(t) and (e) Impact on Bt(t).

The snail population increases through recruitment birth
rate, Λs. It reduces due to interaction with miracidia from in-

fected humans at a rate, λ4 and as a result of the natural death

12
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(a) (b)

(c) (d)

(e)

Figure 13: Plots showing the varying impact of recovery rate due to screening and treatment for typhoid fever only infected humans,
p: (a) Impact on Isc(t), (b) Impact on It(t), (c) Impact on Itsc(t), (d) Impact on Is(t) and (e) Impact on Bt(t).

rate, µs. This gives

dS s

dt
= Λs − λ3S s − µsS s,

where λ3 = β4(Isc + Itsc) with β4 as the effective transmission
rate from infected humans to snail via miracidia from shedding

13
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(a) (b)

(c) (d)

(e)

Figure 14: Plots showing the varying impact of recovery rate due to screening and treatment for co-infected infected humans, θ: (a)
Impact on Isc(t), (b) Impact on It(t), (c) Impact on Itsc(t), (d) Impact on Is(t) and (e) Impact on Bt(t).

of eggs of schistosomiasis infected individuals.
The snail infected population rises due to susceptible snails

infected at a rate, λ3, and reduces at a natural and disease-
induced death rates, µs and d, respectively, and this gives

14
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(a) (b)

(c) (d)

(e) (f)

Figure 15: Numerical simulations of single control application on (a) Isc(t) population, (b) It(t) population,
(c) Itsc(t) population, (d) Is(t) population, (e) Bt(t) population and (f) Control profile.
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(a) (b)

(c) (d)

(e) (f)

Figure 16: Numerical simulations of double control application on (a) Isc(t) population, (b) It(t) population,
(c) Itsc(t) population, (d) Is(t) population, (e) Bt(t) population and (f) Control profile.
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(a) (b)

(c) (d)

(e) (f)

Figure 17: Numerical simulations of all the control application on (a) Isc(t) population, (b) It(t) population,
(c) Itsc(t) population, (d) Is(t) population, (e) Bt(t) population and (f) Control profile.
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yields:
dIs

dt
= λ3S s − (µs + d)Is.

The bacteria concentration in the environment increases due to
shedding from typhoid fever only infected individuals and co-
infected individuals at the rates γ1 and γ2, respectively. The
pathogen reduces in the environment due to natural decay at a
rate, µB. The equation for this dynamics is given as

dBt

dt
= γ1It + γ2Itsc − µBBt.

The flow of interaction and transition dynamics of the co-
infection between the compartments is illustrated in Figure 1
and the description of all the parameters is given in Table 2.
The following assumptions are made in the formulation of the
model;

• all human populations are homogeneous;

• there is disease-related death in all infected and infectious
human classes [1],

• there is a disease-related death for the infected snail,

• snails recruitment rate is by birth,

• rather than modelling the transmission of the Schisto-
soma parasite from cercariae to humans, the approach
directly utilises infected snails that shed cercariae into
freshwater. Similarly, instead of modelling snail infec-
tion by miracidia, infected humans who release miracidia
into freshwater are directly considered, as adopted by
Ref.[10].

• reinfection is possible in both diseases after recovery [3,
6]

• both direct and indirect modes of transmission are con-
sidered in typhoid fever.

Using Figure 1 and the parameters in Table 1, we derive the
system for the typhoid fever and schistosomiasis infection as
follows:

dS h

dt
= Λ + ϕRtsc + κRsc + νRt − ρλ2S h − (1 − ρ)λ1S h − µS h,

dIsc

dt
= ρλ2S h + ϵItsc − λ1Isc − (µ + δ1 + ω)Isc,

dIt

dt
= (1 − ρ)λ1S h + ξItsc − λ2It − (µ + δ2 + p)It,

dItsc

dt
= λ1Isc + λ2It − (µ + δ3 + ϵ + ξ + θ)Itsc,

dRsc

dt
= ωIsc − (κ + µ)Rsc,

dRt

dt
= pIt − (ν + µ)Rt,

dRtsc

dt
= θItsc − (µ + ϕ)Rtsc,

dS s

dt
= Λs − λ3S s − µsS s,

dIs

dt
= λ3S s − (µs + d)Is,

dBt

dt
= γ1It + γ2Itsc − µBBt.



(1)

with non-negative initial conditions, S h(0) > 0, Isc(0) > 0,
It(0) > 0, Itsc(0) > 0, Rsc(0) ≥ 0, Rt(0) ≥ 0, Rtsc(0) ≥ 0,
S s(0) > 0, Is(0) > 0, Bt(0) > 0.
Adopting the concept of Okosun and Smith [10], the underlisted
forces of infection are applied

λ1 = β1(It + Itsc)+︸         ︷︷         ︸
Human-to-human

+
β2Bt

K + Bt︸  ︷︷  ︸
Environment-to-human

,

λ2 = β3Is︸︷︷︸
Snail-to-human via shedding of cercariae in freshwater

,

λ3 = β4(Isc + Itsc)︸         ︷︷         ︸
Human-to-snail via release of miracidia in freshwater .


(2)

3. Qualitative analysis of the schistosomiasis–typhoid fever
model

In this section, we examine the essential properties of the
model equation (1) by considering the schistosomiasis-typhoid
fever model and its basic reproduction number, respectively.

3.0.1. Invariant region of the schistosomiasis-typhoid fever
model

Here, we established the invariant region of the system
of equations (1) such that the region at which the system is
bounded is obtained for further analysis.

Considering all the human compartments, and the snail
compartments of (1), we have

dNh

dt
= Λ − δ1Isc − δ2It − δ3Itsc − µNh ≤ Λ − µNh,

dNs

dt
= Λs − dIs − µsNs ≤ Λs − µsNs,

(3)

with initial conditions, Nh(0) = Nh0 , Ns(0) = Ns0 , and Bt(0) =
Bt0 . We state the following theorem:

Theorem 3.1. All feasible solutions of the model are uniformly
bounded in the set

Πall = Πh × Πs × ΠBt ,

where

Πh =
{
(S h(t), Isc(t), It(t), Itsc(t),Rsc,Rt,Rtsc(t)) ∈ ℜ7

+ :

0 ≤ Nh(t) ≤
Λ

µ

}
,

Πs =

{
(S s(t), Is(t)) ∈ ℜ2

+ : 0 ≤ Ns(t) ≤
Λs

µs

}
,

ΠBt =

{
Bt ∈ ℜ+ : 0 ≤ Bt ≤ ΠBt ∈

(
Λ(γ1 + γ2)
µµB

)}
.

These are subsets for the human population, snail population,
and bacteria population, respectively.
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Proof 3.1. Using the approach of integrating factors to Equa-
tion (3) as applied by Ref. [50], we obtain

0 ≤ Nh(t) ≤
Λ

µ
+

[
Nh0 −

Λ

µ

]
e−µt,

0 ≤ Ns(t) ≤
Λs

µs
+

[
Ns0 −

Λs

µs

]
e−µst,

which satisfies 0 ≤ Nh(t) ≤
Λ

µ
and 0 ≤ Ns(t) ≤

Λs

µs
as t → ∞, respectively. This means that the
feasible solutions of the human and non-human
mammals populations are in the region, Πh ={(

(S h(t), Isc(t), It(t), Itsc(t),Rsc,Rt,Rtsc(t)
)
∈ ℜ7

+ : Nh(t) ≤ Λ
µ

}
,

Πs =

{(
S s(t), Is(t)

)
∈ ℜ2

+ : Ns(t) ≤
Λs
µs

}
. Since Nh(t) ≤ Λ

µ

and Ns(t) ≤
Λs
µs

, it means that It(t) ≤ Nh(t) ≤ Λ
µ

,
and Itsc(t) ≤ Nh(t) ≤ Λ

µ
, respectively. Therefore, the last

equation of the model (1) can be written as

dBt

dt
≤

(
Λ

µ
(γ1 + γ2)

)
− µBBt, (4)

solving Equation (4) yields

Bt ≤

(
Λ

µµB
(γ1 + γ2)

)
+

[
Bt0 −

Λ

µµB
(γ1 + γ2)

]
e−µBt. (5)

As t → ∞ in Equation (5), 0 ≤ Bt ≤
Λ
µµB

(γ1 + γ2) . There-
fore, the bacteria population has feasible solution that enters

the region ΠBt =

{
Bt ∈ ℜ+ : Bt ≤

Λ

µµB
(γ1 + γ2)

)}
. Thus, the

feasible region for the schistosomiasis-typhoid fever model (1)
is Πall = Πh × Πs × ΠBt .

Based on the non-negative parameters and initial condi-
tions for the system of model equations (1), we conclude the
solutions are also non-negative. Hence, the dynamics of the
schistosomiasis-typhoid fever model in (1) are analyzed within
the region Πall = Πh × Πs × ΠBt . Hence, the model (1) is
well-posed mathematically and has biological meaning, imply-
ing that the schistosomiasis-typhoid fever model is suitable for
further analysis.

3.1. Analysis of schistosomiasis sub-model
Here, we analyse the schistosomiasis sub-model, and this is

obtained by setting It = Itsc = Rt = Rtsc = Bt = 0 in system (1)
as adopted by Ref. [51].

dS h

dt
= Λ + κRsc − ρβ3IsS h − µS h,

dIsc

dt
= ρβ3IsS h − (µ + δ1 + ω)Isc,

dRsc

dt
= ωIsc − (κ + µ)Rsc,

dS s

dt
= Λs − β4IscS s − µsS s,

dIs

dt
= β4IscS s − (µs + d)Is,



(6)

3.1.1. Stability of schistosomiasis-free equilibrium (SchFE)
and basic reproduction number, R0

The schistosomiasis-free equilibrium (SchFE) of the sub-
model of the system of equations (6) is obtained when Isc =

Rsc = Is = 0. Thus, the SchFE of the sub-model (6), denoted
by ES ch

0 is given by

ES ch
0 =

(
S h0, Isc0,Rsc0, S s0, Is0

)
=

(
Λ

µ
, 0, 0,

Λs

µs
, 0

)
.

Using the concept of Den Driessche and Watmough [52] for the
computation of the R0, such that the basic reproduction num-
ber, RS ch

0 of the schistosomiasis sub-model is the spectral ra-
dius (maximum eigenvalue) of the next generation matrix FV−1

computed at the ES
0 , where F = ∂FiES

0
∂xi

and V = ∂ViES ch
0

∂xi
, means

the transmission and transition matrices evaluated at ES ch
0 . For

clarity sake, Fi stands for new infections in compartment i, and
Vi represents transfer of infections between compartments, i.
Let

q1 = (µ + δ1 + ω), q4 = (κ + µ), q7 = (µs + d). (7)

Then, we derived

F =

 0 ρ β3S h0

ρ β4S s0 0

 , V =

 q1 0

0 q7

 ,
V−1 =

 q1
−1 0

0 q7
−1

 .
So, RS

0 = ρ(FV−1) with ρ as the spectral radius of FV−1 is given
as

RS ch
0 =

√
q1q7S s0S s0β3β4ρ

q1q7
.

With the definition in (7), we have the basic reproduction num-
ber of the schistosomiasis sub-model as

RS ch
0 =

√
(µ + δ1 + ω)(µs + d)ΛsΛβ3β4ρ

µµs(µ + δ1 + ω)2(µs + d)2 ,

RSch
0 denotes the contributions to the schistosomiasis basic re-

production number from two primary pathways: (1) transmis-
sion from infected humans to the snail population, character-
ized by the recruitment rate Λs and natural death rate µs, via the
release of eggs that hatch into miracidia in freshwater at the ef-
fective transmission rate β4; and (2) transmission from infected
snails to the proportion ρ of the susceptible human population,
with recruitment rate Λ and natural death rate µ, at the effective
transmission rate β3. We address the DFE stability of system (6)
since the next-generation approach is employed for the deriva-
tion of RS ch

0 .

Theorem 3.2. ES
0 is locally asymptomatically stable if RS ch

0 <
1 and unstable if RS ch

0 > 1.

Proof 3.2. Theorem 3.2 implies that the schistosomiasis infec-
tion can be eliminated over time if RS

0 < 1, and this will be
19
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carried out using the linearisation method by obtaining the Ja-
cobian matrix, J(ES

0 ) of the system of equations (6), given as
follow:

J(ES
0 ) =



−µ 0 κ 0 −ρ β3S h0

0 −q1 0 0 ρ β3S h0

0 ω −q4 0 0

0 −β4S s0 0 −µs 0

0 β4S s0 0 0 −q7


.

Using the inspection method in linear algebra as used by [53],
we have the following eigenvalues, −µ,−µs, and − q4, with the
remaining eigenvalues obtained from the sub-matrix J2(ES ch

0 )
below

J2(ES ch
0 ) =

 −q1 ρ β3S h0

β4S s0 −q7

 .
Solving for the eigenvalues of the sub-Jacobian matrix,
J2(ES ch

0 ) , we have the characteristic equation

λ2 + H1λ + H2 = 0, (8)

where

H1 = (q1 + q7),

H2 = q1q7
(
1 − R2Sch

0
)
.

Adopting the concept presented by Heffernan et al. [54], which
states that a system of equations is locally asymptotically stable
if and only if all the coefficients of the characteristic equation of
the Jacobian matrix of the system are all positive. Therefore, it
is evident that the system of equations (6) of the schistosomia-
sis sub-model is locally asymptotically stable, since H1,H2 > 0
provided RSch

0 < 1. This is consistent with the Routh-Hurwitz
stability criterion of order 2, as all coefficients of the character-
istic equation and the constant are positive when RSch

0 < 1.

3.1.2. Existence of endemic equilibrium state of schistosomia-
sis sub-model

The endemic equilibrium state, Ee, is a state in which schis-
tosomiasis persists within the population over time. From the
second, third, fourth and fifth equations of system (6), respec-
tively, we have

S e
h =

q1Ie
sc

ρβ3Ie
s
,Re

sc =
ωIsc

q4
, S e

s =
Λs

(β4Isc + µs)
, Ie

s =
β4IscS e

s

q7
,

Substituting S e
s into Ie

s , we have Ie
s =

Λsβ4Isc
q7(β4Isc+µs)

and upon sub-
stituting S e

h,R
e
sc, I

e
s into the first equation of system (6), we get

Ie
sc =

q1q4q7µµs(R2Sch
0 − 1) − q1q4ρβ3β4Λs

µq1q4q7β4 − κωρβ3β4Λs
.

Hence, S e
h,R

e
sc, S

e
s, and Ie

s are obtained by substituting Ie
sc.

3.1.3. Existence of bifurcation analysis of the schistosomiasis
sub-model

A critical point, known as a bifurcation, is being examined
to determine how certain factors affect the spread of schisto-
somiasis disease, particularly when the reproduction number,
R0, equals 1. Whenever a backward bifurcation occurs, schis-
tosomiasis can persist in a diverse set of steady states even
when R0 < 1, making forecasting/predicting and controlling
the disease, more complicated. The centre manifold theorem
by Castillo-Chavez and Song [55] will be explored to carry out
the bifurcation analysis on the system of equations (6) with

a =
n∑

k,i, j=1

zkwiw j
∂2 fk(E0)
∂xi∂x j

and b =
n∑

k,i=1

zkwi
∂2 fk(E0)
∂xi∂β3

,

as bifurcation coefficients and β3 as the bifurcation parameter
such that RSch

0 = 1 as employed by Okosun et al. [10] if and
only if

β3 = β
∗
3 =
µµs(µ + δ1 + ω)(µs + d)

ρβ4ΛsΛ
.

Then, we transformed the state variables such that S h =

x1, Isc = x2,Rsc = x3, S s = x4, Is = x5. Adopting vec-
tor notation x⃗ = (x1, x2, x3.x4.x5)T , schistosomiasis sub-model
(6) can be written in the form x⃗′ = F(x⃗), such that F =

( f1, f2, f3, f4, f5)T , written below as

dx1

dt
= Λ + κx5 − ρβ3x5x1 − µx1 = f1,

dx2

dt
= ρβ3x5x1 − q1x2 = f2,

dx3

dt
= ωxx − q4x5 = f3,

dx4

dt
= Λs − β4x2x8 − µsx8 = f4,

dx5

dt
= β4x2x8 − (µs + d)x9 = f5,



(9)

with non-negative initial conditions. This technique requires
that the Jacobian of the system (9) at the disease-free equilib-
rium, denoted by J(E0), have a simple zero eigenvalue and all
other eigenvalues negative at RS ch

0 = 1. Hence, the right and
left eigenvectors w and z corresponding to a simple zero eigen-
value of J(E0) are obtained respectively using J(E0) ·w = 0 and
JT (E0) · z = 0. They are given as:

w1 =

(
ωκq7 − ρβ3β4S h0q4

)
w2

µq4q7
,w3 =

ωw2

q4
,

w4 =
−β4S s0w2

µs
,w5 =

β4S s0w2

q7
, w2 = w2 > 0,

(10)

z1 = z3 = z4 = 0, z2 = z2 > 0,

z5 =
ρβ3S h0z2

q7
, (11)

with w.z = 1, w⃗ =
(
w1,w2,w3,w4,w5

)T and z⃗ =(
z1, z2, z3, z4, z5

)T
.
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Also, the non-zero second order derivatives of x1, x2, x3, x4, x5
at disease-free equilibrium yield

∂2 f2(E0)
∂x1∂x5

= ρβ3,
∂2 f5(E0)
∂x4∂x2

= β4, (12)

and

z2w2
∂2 f2(E0)
∂x5∂β3

= z2w5ρS 0
h. (13)

Hence, employing the non-zero second-order partial derivatives
of equation (12) and equation (13), with w.z = 1, we get

a = w2
2z2

([ (ωκq7 − ρβ3β4S h0q4
)
β4S s0ρβ3

µq4q2
7

]
−
β4S s0ρβ3S h0β4

q7µs

)
,

and

b = z2w2

[
ρβ4S h0S s0

q7

]
> 0, (14)

with definition of q1, q4, q7 in (7).

Figure 2 shows that the schistosomiasis sub-model exhibits
forward bifurcation. This indicates that the disease-free state
is likely globally stable, supporting disease elimination and a
low risk of persistent transmission below the threshold. If the
reproduction number exceeds 1, the endemic equilibrium per-
sists, resulting in ongoing disease transmission. In summary,
the endemic equilibrium is globally asymptotically stable when
the reproduction number is greater than 1, while the disease-
free equilibrium is globally asymptotically stable when the re-
production number is less than 1, as noted by Ref. [55].

3.2. Analysis of typhoid fever sub-model

Here, we analyse the typhoid fever sub-model, and this is
obtained by setting Isc = Itsc = Rsc = Rtsc = S s = Is = 0 in the
system of equations (1). So, we have

dS h

dt
= Λ + νRt − (1 − ρ)

[
β1It +

β2Bt

K + Bt

]
S h − µS h,

dIt

dt
= (1 − ρ)

[
β1It +

β2Bt

K + Bt

]
S h − (µ + δ2 + p)It,

dRt

dt
= pIt − (ν + µ)Rt,

dBt

dt
= γ1It − µBBt.


(15)

3.2.1. Stability of typhoid fever-free equilibrium (TfFE) and
basic reproduction number, RT f

0
The typhoid fever-free equilibrium (TfFE) of the sub-model

of the system of equations (15) is obtained when It == Rt =

Bt = 0. Thus, the TfFE of the sub-model (15), denoted by ET f
0

is given by

ET f
0 =

(
S h0, It0,Rt0, Bt0

)
=

(
Λ

µ
, 0, 0, 0

)
.

Using the concept of Den Driessche and Watmough [52] for the
computation of the reproduction number. we let

q2 = (µ + δ2 + p), q5 = (ν + µ), A = (1 − ρ). (16)

Then, we derived

F =

 Aβ1S h0
Aβ2S h0

K

0 0

 , V =

 q2 0

−γ1 µB

 ,
V−1 =

 q2
−1 0
γ1

q2µB
µB
−1

 .
So, RT f

0 = ρ(FV−1) with ρ as the spectral radius of FV−1 is
given as

RT f
0 =

AS h0(Kβ1µB + β2γ1)
Kq2µB

.

With the definition in (16), we have the basic reproduction num-
ber of the typhoid sub-model as

RT f
0 =

(1 − ρ)S h0(Kβ1µB + β2γ1)
K(µ + δ2 + p)µB

,

and this can be written as RTf
0 = RTf

HH + RTf
EH , such that

RTf
HH =

Λ(1 − ρ)β1

µ(µ + δ2 + p)
,

RTf
EH =

Λ(1 − ρ)β2γ1

Kµ(µ + δ2 + p)µB
,

(17)

where RTf
HH is the basic reproduction number of typhoid fever

from human-to-human and RTf
EH is the basic reproduction num-

ber of typhoid fever from environment-to-human. RTf
0 denotes

the basic reproduction number for typhoid fever, incorporating
contributions from both human-to-human transmission, repre-
sented by the proportion (1−ρ) of the susceptible human popu-
lation, with recruitment rate Λ and natural death rate µ, and the
contribution from environment to proportion (1 − ρ) of human
with recruitment rateΛ and natural death rate, µ at the transmis-
sion at rate β2, mediated by the shedding rate γ1 from infected
individuals. RTf

HH refers to the human-to-human transmission
component of RT f

0 , whereas RTf
EH refers to the environment-to-

human transmission component.
We address the DFE stability of system (15) since the next-
generation approach is employed for the derivation of RT f

0 .

Theorem 3.3. ET f
0 is locally asymptomatically stable if RT f

0 <

1 and unstable if RT f
0 > 1.

Proof 3.3. Theorem 3.3 implies that the typhoid fever infection
can be eliminated over time if RT f

0 < 1, and this will be carried
out using the linearisation method by obtaining the Jacobian
matrix, J(ET f

0 ) of the system of equations (15), given as follow:

J(ET f
0 ) =



−µ −Aβ1S h0 ν −ρβ3S h0
K

0 Aβ1S h0 − q2 0 ρβ3S h0
K

0 p −q5 0

0 γ1 0 −µB


.
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Using the inspection method in linear algebra as used by [53],
we have the following eigenvalues, −µ, and − q5, with the re-
maining eigenvalues obtained from the sub-matrix J2(ET f

0 ) be-
low

J2(ET f
0 ) =

 Aβ1S h0 − q2
Aβ2S h0

K

γ1 −µB

 .
Solving for the eigenvalues of the sub-Jacobian matrix,
J2(ET f

0 ), we have the characteristic equation

λ2 + H∗1λ + H∗2 = 0, (18)

where

H∗1 = q2
(
1 − RTf

HH
)
+ µB,

H∗2 = q2µBK
(
1 − RTf

0
)
.

Adopting the concept presented by Heffernan et al. [54], which
states that a system of equations is locally asymptotically stable
if and only if all the coefficients of the characteristic equation
of the Jacobian matrix of the system are all positive. Therefore,
it is evident that the system of equations (15) of the typhoid
fever sub-model is locally asymptotically stable, since H∗1,H

∗
2 >

0 provided RTf
HH < 1 and RTf

0 < 1. This also aligns with
the Routh-Hurwitz stability criterion of order 2, since all the
coefficient of the characteristic equation and the constant are
positive, provided RTf

0 < 1.

3.2.2. Existence of endemic equilibrium state of typhoid fever
sub-model

The endemic equilibrium state, E∗, is a state in which ty-
phoid fever persists within the population over time. From the
third, and the last equations of system (15), respectively, we
have

Re
t =

pIt

q5
, Be

t =
γ1It

µB
,

Substituting Be
t into

[
β1It +

β2Bt
K+Bt

]
, we have

[
β1It +

β2Bt
K+Bt

]
=

β1µBKIt+β1γ1I2
t +β2γ1It

µBK+γ1It
. Therefore, from the second equation of sys-

tem (15), we have

S e
h =

q2(µBK + γ1Ii)
A
[
β1µBK + β1γ1It + β2γ1

] .
Hence, solving the first equation of the system (15) by substi-
tuting, Hence, S e

h,R
e
sc, S

e
s, and Ie

s are obtained by substituting
Re

t , S e
h and Be

t , we have

A1I2
t + A2It + A3 = 0,

where

A1 = Aγ1β1(q2q5 − νp),
A2 = ΛAβ1γ1q5 + νpAβ1µBK + νpAβ2γ1

− q2q5Aβ1µBK − q2q5Aβ2γ1 − µq2q5γ1,

A3 = µq2q5µBK
(
1 − RTf

0
)
,

with q2q5 − νp > 0 making A1 > 0. A3 > 0 if RTf
0 < 1 and

A3 < 0 if RTf
0 > 1. So, we have a unique positive endemic

equilibrium when RTf
0 > 1 given as:

I∗t =
−A2 +

√
A2

2 − −4A1A3

2A1
> 0, if RT f

0 > 1.

3.2.3. Bifurcation analysis of the typhoid fever sub-model
Here, we also employed centre manifold theorem by

Castillo-Chavez and Song [55] to carry out the bifurcation anal-
ysis on the system of equations (15) with

a =
n∑

k,i, j=1

zkwiw j
∂2 fk(E0)
∂xi∂x j

and b =
n∑

k,i=1

zkwi
∂2 fk(E0)
∂xi∂β1

,

as bifurcation coefficients and β1 as the bifurcation parameter
such that RTf

0 = 1, if and only if

β1 = β
∗
1 =
µK(µ + δ2 + p)µB − (1 − ρ)Λβ2γ1

(1 − ρ)ΛKµB
.

Then, we transformed the state variables such that S h =

x1, It = x2,Rt = x3, Bt = x4. Adopting vector notation x⃗ =
(x1, x2, x3.x4)T , typhoid fever sub-model (15) can be written in
the form x⃗′ = F(x⃗), such that F = ( f1, f2, f3, f4)T ,written below
as

dx1

dt
= Λ + νx3 − (1 − ρ)

[
β1x2 +

β2x4

K + x4

]
x1

− µx1 = f1,
dx2

dt
= (1 − ρ)

[
β1x2 +

β2x4

K + x4

]
x1 − q2x2 = f2,

dx3

dt
= px2 − q5x3 = f3,

dx4

dt
= γ1x2 − µBx4 = f4,



(19)

with non-negative initial conditions.
Using the Jacobian matrix in Theorem 3.3, we have the right
and left eigenvectors w and z at RTf

0 = 1 given as

w1 = −

(
Aβ1S h0q5KµB + νpKµB + q5Aβ2γ1S h0

)
w2

KµBq5
,

w3 =
pw2

q5
,w4 =

γ1w2

µB
, w2 = w2 > 0,

(20)

z1 = z3 = 0, z2 = z2 > 0,

z4 =
Aβ2S h0z2

µBK
, (21)

with w.z = 1, w⃗ =
(
w1,w2,w3,w4

)T and z⃗ =
(
z1, z2, z3, z4

)T
.

Also, the non-zero second order derivatives of x1, x2, x3, x4 at
disease-free equilibrium yield

∂2 f2(E0)
∂x1∂x2

= Aβ1,
∂2 f5(E0)
∂x1∂x4

=
Aβ2

K
, (22)
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and

z2w2
∂2 f2(E0)
∂x2∂β1

= z2w2AS 0
h. (23)

Hence, employing the non-zero second-order partial derivatives
of equation (21) and equation (23), with w.z = 1, we get

a = −w2
2z2

(
Aβ1S h0q5KµB + νpKµB + q5Aβ2γ1S h0

)
KµBq5

×

(
Aβ1 +

γ1Aβ2

KµB

)
< 0,

and
b = z2w2AS h0 > 0, (24)

with definition of A, q2, q5 in (16).

The typhoid fever sub-model exhibits forward bifurcation
as shown in Figure 3. This indicates that the disease-free state
can be globally stable, supporting disease elimination and min-
imising persistent transmission when the reproduction number
is below 1. If the reproduction number exceeds 1, the endemic
equilibrium persists, resulting in ongoing disease transmission.
In summary, according to Ref. [55], the endemic equilibrium is
globally asymptotically stable when the reproduction number
is greater than 1, while the disease-free equilibrium is globally
asymptotically stable when the reproduction number is less than
1.

3.3. Further analysis of the full co-infection model

3.3.1. Stability of schistosomiasis-typhoid fever-free equilib-

rium (STFFE) and basic reproduction number, RSch-Tf
0

The schistosomiasis-typhoid fever-free equilibrium
(STFFE) of the system of equations (1) is established when

Isc = It = Itsc = Rsc = Rt = Rtsc = Is = Bt = 0.

Thus, the STFFE of the model (1), denoted by ES T
0 is

ESch-Tf
0

=
(
S h, Isc, It, Itsc,Rsc,Rt,Rtsc, S s, Is, Bt

)
=

(
Λ

µ
, 0, 0, 0, 0, 0, 0,

Λs

µs
, 0, 0

)
.

Applying the concept of Den Driessche and Watmough [52]
for the computation of the RSch-Tf

0 , such that the basic repro-
duction number, RSch-Tf

0 for the full model is the spectral ra-
dius (maximum eigenvalue) of the next generation matrix FV−1

computed at the E0, we have F = ∂FiE0
∂xi

and V = ∂ViE0
∂xi

. For clar-
ity sake, Fi stands for new infections in compartment i, andVi

represents transfer of infections between compartments, i. Let

q1 = (µ + δ1 + ω), q2 = (µ + δ2 + p),
q3 = (µ + δ3 + ϵ + ξ + θ), q4 = (κ + µ), q5 = (ν + µ),
q6 = (µ + ϕ), q7 = (µs + d), A = (1 − ρ).

(25)

Then, we derived

F =



0 0 0 ρ β3S h0 0

0 Aβ1S h0 Aβ1S h0 0 Aβ2S h0
K

0 0 0 0 0

β4S s0 0 β4S s0 0 0

0 0 0 0 0


,

V =



q1 0 −ϵ 0 0

0 q2 −ξ 0 0

0 0 q3 0 0

0 0 0 q7 0

0 −γ1 −γ2 0 µB


,

V−1 =



q1
−1 0 ϵ

q3q1
0 0

0 q2
−1 ξ

q2q3
0 0

0 0 q3
−1 0 0

0 0 0 q7
−1 0

0 γ1
q2µB

ξ γ1+q2γ2
q2 f3µB

0 µB
−1


.

Upon obtaining the spectral radius of FV−1, we have

RSch
0 =

√
q1q7β4S s0ρβ3S h0

q1q7
,

and

RTf
0 =

S ho(1 − ρ)
(
Kβ1µB + β2γ1

)
Kq2µB

,

such that
R0 = RSch-Tf

0 = max
(
RSch

0 ,RTf
0

)
.

such that

RSch
0 =

√
(µ + δ1 + ω)(µs + d)β4Λsρβ3Λ

µµs(µ + δ1 + ω)2(µs + d)2 .

RTf
0 =

Λ(1 − ρ)
(
Kβ1µB + β2γ1

)
Kµ(µ + δ2 + p)µB

.

We address the DFE stability of system (1) since the
next-generation approach is employed for the computation of
RSch-Tf

0 .

Theorem 3.4. E0 is locally asymptomatically stable if
RSch-Tf

0 < 1 and unstable if RSch-Tf
0 > 1.

Proof 3.4. Theorem 3.4 implies that the schistosomiasis-
typhoid fever co-infection can be eliminated over time if
RSch-Tf

0 < 1 and this will be carried out using the linearisation
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method by obtaining the Jacobian matrix, J(E0) of the system
of equations (1), given as follows;

−µ 0 −g −g κ ν ϕ 0 −ρβ3S h0 −
(1 − ρ)β2S h0

K
0 −q1 ϵ 0 0 0 0 0 ρβ3S h0 0

0 0 g − q2 g + ξ 0 0 0 0 0
(1 − ρ)β2S h0

K
0 0 0 −q3 0 0 0 0 0 0
0 ω 0 0 −q4 0 0 0 0 0
0 0 p 0 0 −q5 0 0 0 0
0 0 0 θ 0 0 −q6 0 0 0
0 −β4S s0 0 −β4S s0 0 0 0 −µs 0 0
0 β4S s0 0 β4S s0 0 0 0 0 −q7 0
0 0 γ1 γ2 0 0 0 0 0 −µB


,

where g = (1 − ρ)β1S h0. Using the inspection method as used
by Ref. [53], we have the first five eigenvalues, λ1, ..., λ6 as
−µ,−q3,−q4,−q5,−q6 and − µs, with definition of A, q1, ..., q7
in (25). The remaining four eigenvalues obtained from the
sub-matrix J2(E02) below J2(ESch-Tf

02 ) =

−q1 ϵ ρ β3S h0 0

0 Aβ1S h0 − q2 0 Aβ2S h0
M

β4S s0 0 −q7 0

0 γ1 0 −µB


.

Solving for the eigenvalues of the sub-Jacobian matrix,
J2(ESch-Tf

02 ) , we have the characteristic equation

λ4 + T1λ
3 + T2λ

2 + T3λ + T4 = 0, (26)

where

T1 =
(
µB + q1 + q7 + g2(1 − RTf

HH)
)
,

T2 = µB(q1 + q7) + q1q7(1 − R2Sch
0 )

+µBq2(1 − RTf
0 ) + q1q2(1 − RTf

HH)

+q2q7(1 − RTf
EH),

T3 = q1q2q7(1 − R2Sch
0 )(1 − RTf

HH)

+q2µB(q1 + q7)(1 − RTf
0 )

+q1q7µB(1 − R2Sch
0 ),

T4 = q1q2q7µB
(
1 − R2Sch

0
)
(1 − RTf

0 ).

Adopting the concept presented by Heffernan et al. [54],
which states that a system of equations is locally asymptoti-
cally stable if and only if all the coefficients of the characteris-
tic equation of the Jacobian matrix of the system are all posi-
tive. Therefore, it is evident that the system of equations (1) of
the schistosomiasis-typhoid fever co-infection model is locally
asymptotically stable, since T1, ...T4 > 0 provided RTf

HH < 1,
RTf

EH < 1, RTf
0 < 1, RSch

0 < 1.

3.3.2. Global stability of the Sch-Tf-free equilibrium state
We state the following lemma to establish the global stabil-

ity of the sub-model (1).

Lemma 3.1. The system of equations (1) exhibits a globally
asymptotically stable disease-free equilibrium when RSch-Tf

0 <

1, whereas the equilibrium becomes unstable if RSch-Tf
0 > 1.

The following theorem demonstrates the global stability of
the schistosomiasis-typhoid-free equilibrium point, ES ch−T f

0 .

Theorem 3.5. The schistosomiasis-typhoid-free equilibrium
of the system (1) is globally asymptotically stable when
RSch-Tf

0 < 1, and loses stability when RSch-Tf
0 > 1.

Proof 3.5. As established in Castillo-Chavez et al. [56], assum-
ing that the schistosomiasis-free equilibrium is globally asymp-
totically stable for RSch-Tf

0 < 1, two additional conditions must
be met to ensure its global asymptotic stability. These condi-
tions are highlighted below.

i The function F(X1, 0) represents a globally asymptoti-
cally stable equilibrium for dX1

dt .

ii Let G(X1, Y1) = AY − G∗(X1, Y1), where G(X1, Y1) ≥ 0
for all X1, Y1 ∈ Q. Here, A = DYG(X∗, 0) denotes an
M−matrix of infected classes and Ω represents the bio-
logically feasible region of the model.

We introduce new variables and decompose the system (1) into
subsystems. Let X1 = (S h, S s), connoting the populations
of susceptible humans and non-human mammals, respectively.
Additionally, define Y1 = (Isc, It, Itsc, Is, Bt) to denote the in-
fected compartments, such that Rsc = Rt = Rtsc = 0. Then,
system in (1) is transformed as follows:

dX1

dt
=F(X1, Y1)

dY1

dt
=G(X1, Y1)


where X1 ∈ R2

+, Y1 ∈ R5
+.

Consequently, the two vector-valued functions are defined as
follows.

F(X1, Y1) =
(
Λ + ϕRtsc + κRsc + νRt − ρλ2S h

− (1 − ρ)λ1S h − µS h,

Λs − λ3S s − µsS s,
)T

G(X1, Y1) =
(
ρλ2S h + ϵItsc − λ1Isc

− (µ + δ1 + ω)Isc,

(1 − ρ)λ1S h + ξItsc − λ2It − (µ + δ2 + p)It,

λ1Isc + λ2It − (µ + δ3 + ϵ + ξ + θ)Itsc,

λ3S s − (µs + d)Is,

γ1It + γ2Itsc − µBBt

,
)T


Here, T denotes the transpose. For convenience, we treat X1 as
equivalent to (X1, 0) and Y1 with (0,Y1) ∈ R2

+ × R5
+. Hence the

reduced system: dX1
dt = F(X1, 0) is

dS h

dt
=
(
Λ − ρλ2S h − (1 − ρ)λ1S h − µS h,

dS ma

dt
=Λs − λ3S s − µsS s

)
.

 (27)

24



Tijani et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3376 25

The Jacobian matrix corresponding to the subsystem (27) is ob-
tained as

J(x∗) =
(
−µ 0
0 −µs

)
, which has negative eigenvalues −µ

and −µs. This indicates that it is a global asymptotically sta-
ble equilibrium point for the reduced system dX1

dt , F(X1, 0) as
established by Castillo-Chavez et al. [56],

Condition two specifies that G(X1, Y1) = AY − G∗(X1, Y1),
where G(X1, Y1) ≥ 0 for X1, Y1 ∈ Q, and A = DYG(X∗, 0) is an
M − matrix. For Clearly G(X1, Y1) satisfies the condition that

G(X1, 0) = 0 and G(X1, Y1) = A∗Y1 −

G∗(X1, Y1),G∗(X1, Y1) ≥ 0, where

A∗ = DYG(X1, 0)

=



−q1 0 ϵ β3S 0
h 0

0 g − q2 g + ξ 0
β2S 0

h

K
0 0 −q3 0 0
β4S 0

s 0 β4S 0
s −q7 0

0 γ1 γ2 0 −µB


and

G∗(X1, Y1) =



ρβ3Is

(
S 0

h − S h

)
β1(1 − ρ)

(
S 0

h − S h

)
(It + Itsc)

+
β2

(
S 0

hK + Bt(S 0
h − S h)

)
K(K + Bt)

0
β4

(
S 0

s − S s

) (
Isc+Itsc

)
0


.

with definition of q1, ..., q7 in (25). Since the human population
assumes a steady-state value,

ρβ3Is

(
S 0

h − S h

)
≥ 0,

β1(1 − ρ)
(
S 0

h − S h

)
(It + Itsc) +

β2
(
S 0

hK + Bt(S 0
h − S h)

)
K(K + Bt)

≥ 0,

β4

(
S 0

s − S s

) (
Isc+Itsc

)
≥ 0,

because S 0
h ≥ S h and S 0

s ≥ S s. Hence, the system of the co-
infection model is globally asymptotically stable since it sat-
isfies the two conditions, implying that the schistosoma para-
site and the bacterial diseases will ultimately vanish, regard-
less of the initial number of infected persons, provided that
RSch-Tf

0 < 1.

From an epidemiological angle, this implies that
schistosomiasis-typhoid fever co-infection will be eliminated
from the population in the absence of external interventions,
provided that the conditions of the stability of the disease-free
equilibrium are sustained.

3.3.3. Impact of typhoid fever on schistosomiasis and vice
versa

To examine the effects of typhoid fever on schistosomiasis,
we start by expressing RSch

0 in terms of RTf
0 . Therefore, we

solve for the human natural death rate, µ, in RTf
0 .

RTf
0 =

M
Kµ(µ + δ2 + p)µB

,

where M = Λ(1−ρ)
(
(Kβ1µB+β2γ1

)
. So, µ2KµBRTf

0 +µH1RTf
0 −

M = 0, where H1 = (Kδ2µB + K pµB). Using the quadratic
formula, we have

µ =
−H1RTf

0 +

√
H2

1R2Tf
0 + 4MKµBRTf

0

2KµBRTf
0

. (28)

Substituting (28) into

R2Sch
0 =

Λβ4Λsρβ3

µµs(µ + δ1 + ω)(µs + d)
,

we get

R2Sch
0 =

A∗2KµBRTf
0

µsq7

[
W

(
W + (δ1 + ω)NRTf

0

)] ,
where
W =

(
−H1RTf

0 +

√
H1R2Tf

0 + H2RTf
0

)
, A∗ = Λβ4Λsρβ3, H2 =

4MKµB, and N = 2KµB, q7 = (µs + d).

Therefore,

∂R2Sch
0

∂RTf
0

=

2A∗KµB

[
W

(
W + (δ1 + ω)NRTf

0

)
− RTf

0 G
]

µsq7

[
W

(
W + (δ1 + ω)NRTf

0

)]2 , (29)

where

G =
(
W

(
W + (δ1 + ω)NRTf

0

)
×

[
− H1 +

1
2

2H2
1 RTf

0 +H2√
H2

1 R2Tf
0 +H2RTf

0

]
+

W ×
[
(δ1 + ω) + (−H1 +

1
2

2H2
1 RTf

0 +H2√
H2

1 R2Tf
0 +H2RTf

0

)
])
.

The analysis indicates that when (29) is strictly positive,
typhoid fever enhances schistosomiasis infection; thus, an
increase in typhoid fever cases leads to a corresponding
increase in schistosomiasis cases within the population. If (29)
equals zero, typhoid fever cases have no significant effect on
the transmission dynamics of schistosomiasis. Conversely, if
(29) is less than zero, an increase in typhoid fever cases results
in a reduction of schistosomiasis cases in the population.
Similarly, solving for µ from

R2Sch
0 =

Λβ4Λsρβ3

µµs(µ + δ1 + ω)(µs + d)
,

we have

µ2µsq7R2Sch
0 + µA1R2Sch

0 − β4Λρβ3Λs = 0, (30)
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where A1 = (µsδ1q2+µsωq7). Using quadratic formula to solve
(30), we have

µ =
−A1R2Sch

0 +

√
A2

1R4Sch
0 + BR2Sch

0

2µsq7R2Sch
0

=
−A1RSch

0 +

√
A2

1R2Sch
0 + B

2µsq7RSch
0

,

(31)

with B = 4β4Λρβ3Λsµsq7. Substituting µ in

RTf
0 =

M
Kµ(µ + δ2 + p)µB

,

where M = Λ(1 − ρ)
(
(Kβ1µB + β2γ1

)
, then we have

RTf
0 =

2Mρµsq7RSch
0

µBK
[
M∗

(
M∗ + (δ2 + p)2µsq7RSch

0

)] ,
where M∗ =

(
− A1RSch

0 +

√
A2

1R2Sch
0 + B

)
.

Differentiating RTf
0 with respect to RSch

0 , we have

∂RTf
0

∂RSch
0

=

2Mρµsq7

[
M∗

(
M∗ + (δ2 + P)2µsq7RSch

0

)
− RSch

0 T ∗
]

µBK
[
M∗

(
M∗ + (δ2 + p)2µsq7RSch

0

)]2 ,

(32)

where

T ∗ =
(
M∗

(
M∗ + (δ2 + p)2µsq7RSch

0

)
×

[
− A1 +

A2
1RSch

0√
H2

1R2Sch
0 + B

]

+ M∗ ×
[
(δ2 + p)2µsq7 + (−A1 +

A2
1RSch

0√
A2

1R2Sch
0 + B

)
])
.

The analysis reveals that when (32) is strictly positive, schis-
tosomiasis enhances the transmission of typhoid fever; thus,
an increase in schistosomiasis cases leads to a corresponding
increase in typhoid fever cases within the population. If (32)
equals zero, schistosomiasis cases have no significant effect on
the transmission dynamics of typhoid fever. However, if (32) is
less than zero, an increase in schistosomiasis cases results in a
reduction of typhoid fever cases in the population.

3.4. Existence of endemic equilibrium state and bifurcation
analysis

3.4.1. Existence of endemic equilibrium state (EE)
Here, we established the endemic equilibrium state (EE)

of the co-infection model (1). This corresponds to a state in

which infections persist in the population, and the environmen-
tal reservoirs are also contaminated. So, the EE is denoted by

Ee =
(
S e

h, I
e
sc, I

e
t , I

e
tsc,R

e
sc,R

e
t ,R

e
tsc, S

e
s, I

e
s , B

e
t
)
,

where all state variables are non-negative, and all infected
classes are strictly positive. To obtain the Ee, we set the right-
hand side of system (1) to zero and solve for the steady state.
Due to the complexity of the model (1), we solved for Ee in
terms of the infected state variables as adopted by Okongo et
al. [57]. Using the definitions in (25) and obtaining Bt from
the last equation of system (1) and then substitute into force of
infection λ1, and also obtaining Is and further substitute into λ2,
we get the force of infection in term of Isc, It, Itsc as follow

Be
t =
γ1Ie

t + γ2Ie
tsc

µB
,

λe
1 = β1(Ie

t + Ie
tsc) +

β2(γ1Ie
t + γ2Ie

tsc)
KµB + γ1Ie

t + γ2Ie
tsc
,

λe
2 = β3Ie

s =
β3β4(Ie

sc + Ie
tsc)Λs

q7[β4(Ie
sc + Ie

tsc) + µs]
,

λe
3 = β4(Ie

sc + Ie
tsc).


(33)

Substituting (33) appropriately into the first, second, third,
fourth, fifth, sixth, seventh, eighth and ninth equations of sys-
tem (1), respectively, we have the following results

S e
h =
Λ + ϕRe

tsc + κR
e
sc + νR

e
t

ρλe
2 + (1 − ρ)λe

1 + µ
,

Ie
sc =
ρλe

2S e
h + ϵI

e
tsc

λe
1 + q1

,

Ie
t =

(1 − ρ)λe
1S e

h + ξI
e
tsc

λe
2 + q2

,

Ie
tsc =

λe
1Ie

sc + λ
e
2Ie

t

q3
,

Re
sc =
ωIe

sc

q4
,

Re
t =

pIe
t

q5
,

Re
tsc =

θIe
tsc

q6
,

S e
s =

Λs

λe
3 + µs

,

Ie
s =

ΛsS e
s

q7[λe
3 + µs]

.



(34)

Ee =

(
Λ + ϕRe

tsc + κR
e
sc + νR

e
t

ρλe
2 + (1 − ρ)λe

1 + µ
,
ρλe

2S e
h + ϵI

e
tsc

λe
1 + q1

,

(1 − ρ)λe
1S e

h + ξI
e
tsc

λe
2 + q2

,
λe

1Ie
sc + λ

e
2Ie

t

q3
,
ωIe

sc

q4
,

pIe
t

q5
,
θIe

tsc

q6
,
Λs

λe
3 + µs

,
ΛsS e

s

q7[λe
3 + µs]

,
γ1Ie

t + γ2Ie
tsc

µB

)
.

Here, S e
h is determined by (34), using Re

sc,R
e
t ,R

e
tsc and Ie

sc, I
e
t , I

e
tsc

as defined. Hence, (34) is the endemic equilibrium, Ee, which
exists for λe

1, λ
e
2, λ

e
3 > 0. The forces of infection are expressed

in terms of Ie
sc, I

e
t , I

e
tsc, as specified in (33).
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3.4.2. Existence of bifurcation analysis
In this subsection, centre manifold theorem by Castillo-

Chavez and Song [55] will be explored to carry out the bifurca-
tion analysis on the co-infection model (1) with

a =
n∑

k,i, j=1

zkwiw j
∂2 fk(E0)
∂xi∂x j

and b =
n∑

k,i=1

zkwi
∂2 fk(E0)
∂xi∂ρ

,

as bifurcation coefficients and ρ as the bifurcation parameter
such that RSch

0 = 1 and RTf
0 = 1, as employed by Ref. [10, 51]

if and only if

ρ = ρ∗ =
µµs(µ + δ1 + ω)(µs + d)

β3β4ΛsΛ
,

and
ρ = ρ∗ =

Kβ1µB + β2γ1 − KµµB(µ + δ2 + p)
Kβ1µB + β2γ1

.

Then, we transformed the state variables such that S h =

x1, Isc = x2, It − x3, Itsc = x4,Rsc = x5,Rt = x6,Rtsc =

x7, S s = x8, Is = x9, Bt = x10. Adopting vector nota-
tion x⃗ = (x1, x2, x3.x4.x5.x6, x7, x8, x9, x10)T , schistosomiasis-
typhoid fever co-infection model (1) can be written in the form
x⃗′ = F(x⃗), such that F = ( f1, f2, f3, f4, f5, f6, f7, f8, f9, f10)T ,
written below as

dx1

dt
= Λ + ϕx7 + κx5 + νx6 − ρλ2x1 − (1 − ρ)λ1x1

− µx1 = f1,
dx2

dt
= ρλ2x1 + ϵx4 − λ1x2 − (µ + δ1 + ω)x2 = f2,

dx3

dt
= (1 − ρ)λ1x1 + ξx4 − λ2x3 − (µ + δ2 + p)x3 = f3,

dx4

dt
= λ1x2 + λ2x3 − (µ + δ3 + ϵ + ξ + θ)x4 = f4,

dx5

dt
= ωx2 − (κ + µ)x5 = f5,

dx6

dt
= px3 − (ν + µ)x6 = f6,

dx7

dt
= θx4 − (µ + ϕ)x7 = f7,

dx8

dt
= Λs − λ3x8 − µsx8 = f8,

dx9

dt
= λ3x8 − (µs + d)x9 = f9,

dx10

dt
= γ1x3 + γ2x4 − µBx10 = f10,


(35)

with non-negative initial conditions, where

λ1 = β1(x3 + x4)︸       ︷︷       ︸
Human-to-human

+
β2x10

K + x10︸   ︷︷   ︸
Environment-to-human

,

λ2 = β3x9︸︷︷︸
Snail-to-human via shedding of cercariae in freshwater

,

λ3 = β4(x2 + x4)︸       ︷︷       ︸
Human-to-snail via release of miracidia in freshwater .


(36)

This technique requires that the Jacobian of the system (35)
have a simple zero eigenvalue and other eigenvalues negative
at RSch

0 = 1 and RTf
0 = 1, denoted by J(E0). Hence, using the

Jacobian matrix in (3.4) , we have the right and left eigenvectors
w and z at RSch

0 = 1 and RTf
0 = 1, given as:

w1 =

[
νp
µq5
+

ϵq7β4S 0
s

µq7(q1q7 − pβ3β4S 0
hS 0

s )
−

(1 − ρ)β1S 0
h

µ

−
Kωϵq7

µq4(q1q7 − pβ3β4S 0
hS 0

s )
−

(1 − ρ)β2S 0
hγ1

µµBK

]
w3,

w2 =
−ϵq7w3

(q1q7 − pβ3β4S 0
hS 0

s )
,

w5 =
−ϵωq7w3

(q1q7 − pβ3β4S 0
hS 0

s )q4
, w6 =

pw3

q5
,

w8 =
ϵq7β4S 0

sw3

µs(q1q7 − pβ3β4S 0
hS 0

s )
,

w9 =
−ϵq7β4S 0

sw3

q7(q1q7 − pβ3β4S 0
hS 0

s )
, w10 =

γ1w3

µB
,

w4 = w7 = 0, w3 = w3 > 0,

(37)

with definition of q1, .., q7 in (25) and

z2 = −Q1z3, z4 = Q2z3, z8 = Q3z3, z9 = −
pβ3S 0

s Q1z3

q7
,

z10 =
(1 − ρ)β2S 0

hz3

KµB
, z1 = z5 = z6 = z7 = 0, z3 = z3 > 0,

where

Q1 =

[
KµB[(1 − ρ)β1S 0

h − q2] + γ1(1 − ρ)β2S 0
h

]
ϵKµB

,

Q2 =
D

q3KµB
,

Q3 =
Q1q1q2 − β4β3S 2

s pQ1

q2β4S 0
s

,

(38)

with w.z = 1, where D =

[
q7KµB[(1 − ρ)β1S 0

h − q2] −[
β4S 0

s Q3Kq7µB + β4S 0
s pβ3Q1KµB

]
+ γ2(1 − ρ)β2S 0

h

]
w⃗ =

(
w1,w2,w3,w4,w5,w6,w7,w8,w9,w10

)T

and
z⃗ =

(
z1, z2, z3, z4, z5, z6, z7, z8, z9, z10

)T
.

Also, the non-zero second order derivatives of
x1, x2, x3.x4.x5.x6, x7, x8, x9, x10 at ES ch−T f

02 yield

∂2 f2(ES ch−T f
02 )

∂x1∂x9
= ρβ3,

∂2 f2(ES ch−T f
02 )

∂x2∂x3
= −β1,

∂2 f2(ES ch−T f
02 )

∂x2∂x10
= −
β2

K
β1,
∂2 f3(ES ch−T f

02 )
∂x1∂x3

= (1 − ρ)β1,
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∂2 f3(ES ch−T f
02 )

∂x1∂x10
= (1 − ρ)

β2

K
,
∂2 f3(ES ch−T f

02 )
∂x2∂x9

= −β3,

∂2 f4(ES ch−T f
02 )

∂x2∂x3
= β1,

∂2 f4(ES ch−T f
02 )

∂x2∂x10
=
β2

K
,

∂2 f4(ES ch−T f
02 )

∂x2∂x10
= β3,

∂2 f8(ES ch−T f
02 )

∂x8∂x2
= −β4,

∂2 f9(ES ch−T f
02 )

∂x8∂x2
= β4,

(39)

and

z2w9
∂2 f2(ES ch−T f

02 )
∂x9∂ρ

= z2w9β3S 0
h,

z3w3
∂2 f3(ES ch−T f

02 )
∂x3∂ρ

= −z3w3β1S 0
h,

z3w10
∂2 f3(ES ch−T f

02 )
∂x10∂ρ

= −z3w10
β1S 0

h

K
.

(40)

Hence, employing the non-zero second-order partial derivatives
of equation (39) and equation (40), with w.z = 1, we have

a = w2
3z3

(
Q1

[
νp
µq5
+

ϵq7β4S 0
s

µq7(q1q7 − pβ3β4S 0
hS 0

s )

−
(1 − ρ)β1S 0

h

µ
−

Kωϵq7

µq4(q1q7 − pβ3β4S 0
hS 0

s )

−
(1 − ρ)β2S 0

hγ1

µµBK

] ϵq7β4S 0
s

q7(q1q7 − pβ3β4S 0
hS 0

s )
ρβ3

−
Q1ϵq7β1

(q1q7 − pβ3β4S 0
hS 0

s )
−

Q1ϵq7

(q1q7 − pβ3β4S 0
hS 0

s )
γ1

µB

β2β1

K

+

[
νp
µq5
+

ϵq7β4S 0
s

µq7(q1q7 − pβ3β4S 0
hS 0

s )
−

(1 − ρ)β1S 0
h

µ

−
Kωϵq7

µq4(q1q7 − pβ3β4S 0
hS 0

s )
−

(1 − ρ)β2S 0
hγ1

µµBK

]
(1 − ρ)β1

+

[
νp
µq5
+

ϵq7β4S 0
s

µq7(q1q7 − pβ3β4S 0
hS 0

s )
−

(1 − ρ)β1S 0
h

µ

−
Kωϵq7

µq4(q1q7 − pβ3β4S 0
hS 0

s )
−

(1 − ρ)β2S 0
hγ1

µµBK

]
γ1

µB

(1 − ρ)β2

K

−
ϵq7

(q1q7 − pβ3β4S 0
hS 0

s )
ϵq7β4β3S 0

s

q7(q1q7 − pβ3β4S 0
hS 0

s )

−
Q2ϵq7β1

(q1q7 − pβ3β4S 0
hS 0

s )
−

Q2ϵq7

(q1q7 − pβ3β4S 0
hS 0

s )
γ1

µB

β2

K

−
Q2ϵq7β4β3S 0

s

q7(q1q7 − pβ3β4S 0
hS 0

s )

+
Q3ϵq7β4S 0

s

µs(q1q7 − pβ3β4S 0
hS 0

s )
ϵq7β4

(q1q7 − pβ3β4S 0
hS 0

s )

−
pβ3S 0

s Q1

q7

ϵq7β4S 0
s

µs(q1q7 − pβ3β4S 0
hS 0

s )
ϵq7

(q1q7 − pβ3β4S 0
hS 0

s )
β4

)
,

and

b = z3w3

[
Q1

ϵq7β4S 0
s

q7(q1q7 − pβ3β4S 0
hS 0

s )
β3S 0

h − β1S 0
h

−
γ1

µB

β1S 0
h

K

]
,

(41)

with definition of q1, ..., q7 in (25).
According to Ref. [55] as applied by Ref. [10], whenever the
coefficient b is positive, we have the following lemma;

Lemma 3.2. Suppose b > 0, then we have the following:

• The co-infection system of equations (35) will undergo a
backward bifurcation if the coefficient a is positive.

• The co-infection system of equations (35) will undergo
forward bifurcation if the coefficient a is negative.

Remark. In the first scenario, the schistosomiasis-typhoid-
free state (ES ch−T f

02 ) is locally asymptotically stable but not glob-
ally stable. This suggests that the disease may persist in the
population even if the reproduction number is less than one, so
stability at this equilibrium may not be sufficient for disease
elimination. In the second scenario, the ES ch−T f

02 is globally sta-
ble, indicating that the disease can be eradicated and the risk
of persistent transmission is low. When the reproduction num-
ber exceeds one, the endemic equilibrium remains stable, and
the disease persists in the population. In summary, the endemic
equilibrium is globally asymptotically stable when the repro-
duction number is greater than one, while the disease-free equi-
librium is globally asymptotically stable when the reproduction
number is less than one.
However, based on the bifurcation analyses of the sub-models,
which show forward bifurcation, it can be deduced that the co-
infection exhibits forward bifurcation, as established by Sayooj
et al. [51].

4. Numerical simulation

The co-infection of schistosomiasis and typhoid fever is
prevalent in most African countries, including Nigeria and, by
extension, Benue State, because both diseases are waterborne
[4]. Each of these diseases, as a single entity or a co-infection,
has been a public health challenge; hence, the need for proper
attention and effective control measures. Therefore, when con-
ducting numerical simulations of the co-infection of the dual
diseases, it is pertinent to estimate model parameter values that
reflect real conditions, even in the absence of real data. This
will help simulate results that are valuable in the Nigerian con-
text, specifically in the context of this study, Makurdi, Benue
State.

4.1. Parameter estimation

In this subsection, we estimated the model parameter
values to conduct a numerical analysis of the dynamics of
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schistosomiasis-typhoid fever co-infection for effective fore-
casting and prediction. Our parameter values are estimated in
weeks using the demographic data of Makurdi, Benue State,
Nigeria. According to Ref. [15, 58], the population of Makurdi,
(S 0

h) and the life expectancy of human in Makurdi is 509,000
and ≈ 56 years, respectively.
Therefore, since human natural death rate, µ =

1
Life expectancy , then, µ = 1

56×52 = 0.000343 per week.

Also, since, S 0
h =

Λ
µ
, then, the human recruitment rate,

Λ = 509000 × 0.000343 ≈ 175 per week. In addition,
we assumed a population of 5000 snails in the area under
consideration, and, according to Ref. [16], snails can live
up to 10 years. Hence, the natural death rate for snails,
µs =

1
10×52 = 0.00192 per week. Therefore, the snail re-

cruitment rate, Λs = 5000 × 0.00192 ≈ 10. We estimated
the value of θ to be equivalent to the sum of ω ana p, which
equals 0.0176 per weeks.Also, we estimated the value of the
disease-induced death rate for co-infected population, δ3 as the
sum of δ1 and δ2, with assumption that individuals co-infected
with the two diseases are most likely to die faster due to the
grave effect of the dual diseases in the body system, hence,
δ3 = 0.000846. Details of the other parameter values are stated
in Table 2 Also, we assumed the following initial conditions
for the state variables for simulations Isc0 = 1, It0 = 1, Itsc0 = 1,
Rsc0 = 0, Rt0 = 0, Rtsc0 = 0, Is0 = 1, Bt = 500, and after
deduction of the infected compartment(s) from S h0 and S s0,
then S h0 = 508997, and S s0 = 4999.

4.2. Baseline plots

In the subsection, we performed numerical simulations on
each of the equations of the system (1) using the parameter
values in Table 2 with initial conditions
(S h, Isc, It, Itsc,Rsc,Rt,Rtsc, S s, Is, Bt) =

(508997, 1, 1, 1, 0, 0, 0, 4999, 1, 500), this is to examine
the dynamics of the co-infection of schistosomiasis-typhoid
fever in the population.

Figure 4a in Figure 4 presents the dynamics of each human
class in model (1). The susceptible human population (S h) de-
clines steadily from approximately 509,000 at week 1 to 2,725
at week 100, and further to 2,091 at week 150, primarily due
to schistosomiasis and typhoid fever infections. The population
infected only with schistosomiasis (Isc) rises to about 8,780 at
week 50, then decreases to 1,780 by week 150, likely reflect-
ing the effects of screening and treatment. Individuals infected
only with typhoid fever (It) increase rapidly, peaking at 357,670
at week 80, before declining to 157,654 at week 150, reflect-
ing recovery from screening and treatment. These trends indi-
cate that typhoid fever spreads more rapidly and is more preva-
lent than schistosomiasis. The co-infected population (Itsc) in-
creases from week 60, reaching a peak of 16,481 at week 88,
then decreases to 8,820 at week 150, which may also reflect re-
covery following screening and treatment. This illustrates the
dynamics of the human population in the co-infection model.
The Rsc, Rt, and Rtsc values in 4a illustrate the recovery pat-
terns for populations infected with only schistosomiasis, only
typhoid fever, or both diseases. The sharp increase in the ty-

phoid fever recovery rate may indicate greater disease aware-
ness and more frequent screening and treatment compared to
schistosomiasis. Figure 4b in Figure 4 presents the trends of
susceptible and infected snail populations in system (1). The
infected snail population Is increases rapidly, while the suscep-
tible snail population S s declines. Figure 4c in Figure 4 shows
a sharp increase in environmental bacteria concentration.

4.3. Sensitivity analysis
Here, a global sensitivity analysis was conducted to iden-

tify and examine the influence of some parameters on the co-
dynamics of schistosomiasis-typhoid fever transmission. Based
on this, we employed the partial rank correlation coefficient
(PRCC) with the Latin Hypercube Sampling (LHS) technique,
with 1000 runs Ref. [59], which has been adopted by several
authors, such as Refs. [9, 47], for nonlinear deterministic mod-
els such as this study. This technique is applied to analyse the
influence of several parameters on the schistosomiasis-typhoid
fever reproduction number, R0, as shown in Figure 7. For clar-
ity sake, it is imperative to note that those parameters with posi-
tive sign or on the positive side, increase the reproduction num-
ber as they increase and by extension, increase schistosomiasis-
typhoid fever co-infection in society while those with negative
sign or on the negative side, reduce the R0, as they increase and
by extension, reduce the co-infection dynamics of the diseases
in the population.
In addition, the parameters with PRCCs ≥ 0.5 are the most sig-
nificant in influencing the co-infection dynamics; those with
PRCCs < 0.5 can also influence the spread of the co-infection
dynamics and cannot be underestimated, as explained in Refs.
[34, 59]. Here, we computed the sensitivity analysis on the
sub-models reproduction numbers as well as when combined,
as seen in Figures 5, 6 and 7

As shown in Figure 5, the parametersΛ (human recruitment
rate), Λs (snail recruitment rate), β3 (schistosomiasis transmis-
sion rate from infected snails to humans), ρ (proportion moving
from susceptible to Rsc due to schistosomiasis), and β4 (contact
rate from infected humans to snails) have the strongest posi-
tive correlation with only schistosomiasis reproduction num-
ber, RS ch

0 . An increase in these parameters leads to a higher
RS ch

0 , which in turn raises schistosomiasis infection rates in the
population. There is a strong negative relationship with ω (the
progression rate from Isc to Rsc due to screening and treatment
of individuals with schistosomiasis only), µs (the natural death
rate of the snail population), and d (the disease-induced death
rate for snails). Increasing these parameters reduces schistoso-
miasis infections in the population.

Figure 6 shows that Λ (human recruitment rate), Λs (snail
recruitment rate), and β1 (typhoid fever effective transmission
rate from human to human) have the strongest positive correla-
tion with the typhoid fever reproduction number RT f

0 . Increases
in these parameters raise RT f

0 and lead to more typhoid fever
infections. γ1 (bacteria shedding rate from It) and β2 (effec-
tive contact rate from environment to human) have moderate
positive PRCC values and also contribute to the spread of ty-
phoid fever. p (progression rate from It to Rt due to screen-
ing and treatment) and ρ (proportion moving from susceptible
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to Rsc due to schistosomiasis) show a strong positive relation-
ship with RT f

0 ; however, increasing these parameters results in
the eradication of typhoid fever infections. δ2 (disease-induced
death rate due to typhoid fever), d (disease-induced death rate
for snails), and µB (bacteria decay rate) have moderate negative
PRCC values and contribute to reductions in RT f

0 .
Figure 7 shows the sensitivity analysis of the co-infection

reproduction number, R0. The results are similar to those for
the individual reproduction number. However, ρ (the proportion
moving from susceptible to Rsc due to schistosomiasis) is a key
determinant of co-infection dynamics. When ρ increases to 1,
only schistosomiasis infection remains in the population. The
parameters Λ (human recruitment rate), Λs (snail recruitment
rate), β1 (typhoid fever effective transmission rate from human
to human), β3 (schistosomiasis effective transmission rate from
infected snails to humans via cercariae in freshwater), and β4
(schistosomiasis effective contact rate from infected humans to
snails via miracidia in freshwater) have the strongest positive
correlation with R0. Increases in these parameters raise R0 and
support the persistence of co-infection dynamics. γ1 (bacte-
ria shedding rate from It) and β2 (typhoid fever effective con-
tact rate from environment to human) show moderate positive
PRCC values. While their correlation with R0 is weaker, they
may still contribute to the spread of co-infection and should not
be ignored.
On the other hand, parameters p (progression rate from It to
Rt due to screening and treatment of infected individuals with
typhoid fever only), ω (progression rate from Isc to Rsc due
to screening and treatment of infected individuals with schis-
tosomiasis only), µs (natural death rate for snail population),
and ρ (proportion of progression from S h to Isc)—demonstrated
strong negative PRCC values. This indicates that increases in
these parameters correspond to decreases in R0, thereby re-
ducing the transmission of schistosomiasis-typhoid fever co-
infection within the population. Also, δ1 (disease-induced death
rate due to schistosomiasis only), δ2 (disease-induced death
rate due to typhoid fever only), d (disease-induced death rate
for snail) and µB (bacteria decay rate) demonstrated moderate
negative PRCC values, which also contribute to reductions in
R0 and, consequently, the spread of co-infection. In summary,
these parameters are inversely related to the co-infection repro-
duction number R0 and, more broadly, their increase alleviates
the transmission dynamics of the schistosomiasis-typhoid fever
co-infection.

4.4. Impact of varying parameters β1, β2, β3, β4, ω, p, and θ,
on the transmission dynamics of the co-infection model

Numerical simulations were performed to investigate the ef-
fects of varying parameters β1, β2, β3, β4, ω, p, and θ on the
transmission dynamics of the co-infection model, as illustrated
in the following figures.

Figure 8 illustrates how changes in the human-to-human
transmission rate of typhoid fever, β1, affect several popula-
tions: individuals infected only with schistosomiasis (Isc), only
with typhoid fever (It), co-infected humans (Itsc), infected snails
(Is), and environmental bacteria concentration (Bt). As shown

in sub-Figure 8a, increasing β1 reduces the number of individ-
uals susceptible to schistosomiasis, resulting in fewer cases of
schistosomiasis-only infection. Conversely, as β1 decreases, the
population infected only with schistosomiasis increases. Sub-
Figure 8b shows that higher β1 values lead to more typhoid
fever cases, peaking at the highest β1. Similarly, as β1 increases,
both the co-infected human population (8c) and the infected
snail population (8d) rise. Regarding environmental bacteria
concentration (8e), higher β1 results in increased bacteria lev-
els, since more infected individuals shed bacteria into the en-
vironment. Therefore, for effective control of typhoid fever in
the population, human-to-human transmission rate of typhoid
fever, β1, must be maintained below 0.0000007.

Similarly, Figure 9 shows the effect of the environment-to-
human typhoid fever transmission rate. β2 affects each class
in Figure 9 (9a, 9b, 9c, 9d, and 9e) similarly. This pattern is
consistent with the observed impact of β1.

Figure 10 illustrates how changes in the schistosomiasis
transmission rate from snails to humans, β3, affect each sub-
population. As β3 decreases, the number of individuals in-
fected only with schistosomiasis also decreases, as shown in
sub-Figure 10a. Conversely, a lower β3 increases the number of
individuals infected only with typhoid fever, since more people
remain susceptible to typhoid, as seen in sub-Figure 10b. An
increase in β3 leads to higher numbers of co-infected individ-
uals, infected snails, and greater pathogen concentration in the
environment, because individuals already infected with typhoid
continue to shed bacteria, as shown in 10c, 10d, and 10e. To
effectively control schistosomiasis in the population, the schis-
tosomiasis transmission rate from snails to humans, β3, must
not exceed 0.00000058.

Figure 11 shows that increasing the schistosomiasis effec-
tive transmission rate from humans to snails (β4) leads to higher
populations of individuals infected only with schistosomiasis,
co-infected individuals, and infected snails, as illustrated in
sub-Figures 11a, 11c, and 11d. This parameter does not affect
the population infected only with typhoid fever or the environ-
mental pathogen concentration, as shown in sub-Figures 11b
and 11e.

Figure 12 presents the simulation results for the im-
pact of the recovery rate due to screening and treatment for
schistosomiasis-only infected humans, ω, on the Isc, It, Itsc, Is,
and Bt compartments. Increasing ω sharply reduces the number
of individuals infected only with schistosomiasis (sub-figure
12a), and significantly decreases both the co-infected popula-
tion and the infected snail population (sub-figures 12c and 12d).
This must be sustained above 50%. There is no significant ef-
fect on the population infected only with typhoid fever or on
environmental bacterial concentration, as shown in sub-figures
12b and 12e.

Figure 13 illustrates the effect of the recovery rate from
screening and treatment for typhoid fever, p, on the Isc, It, Itsc,
Is, and Bt populations. As more individuals infected only with
typhoid fever are screened, treated, and recover, the popula-
tions of those infected solely with typhoid fever, co-infected
humans, and environmental bacteria decrease, as shown in sub-
figures 13b, 13c, and 13e, which must be maintained not lower
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that 25%. However, sub-figure 13a shows that as p increases,
the population infected only with schistosomiasis rises. This
occurs because increased recovery from typhoid fever reduces
the number of individuals susceptible to typhoid fever and in-
creases those susceptible to schistosomiasis. The recovery rate
for typhoid fever in humans does not affect the snail-infected
population, as demonstrated in 13d.

The simulation results in Figure 14 show that increas-
ing the recovery rate due to screening and treatment for co-
infected humans, θ, significantly reduces the co-infected pop-
ulation, as seen in sub-figure 14c. This rate also affects the
schistosomiasis-only infected population, particularly between
weeks 97 and 150, as shown in sub-figure 14a. There is a slight
impact on the typhoid fever-only infected population and bacte-
ria concentration, as indicated in sub-figures 14b and 14e. The
effect on the snail-infected population is negligible, as seen in
sub-figure 14d.
In summary, it is essential to implement comprehensive preven-
tive measures, including promoting hygiene, maintaining envi-
ronmental sanitation, raising public awareness, treating water,
and vaccinating against typhoid fever. These actions help pre-
vent the spread of typhoid fever and schistosomiasis among at-
risk populations. Infected individuals and snails should receive
appropriate treatment or control measures, whether for single
or co-infections, as recommended by Refs. [1, 5, 6, 62].

5. Optimal-control analysis and numerical simulations

5.1. Optimal control analysis

In this subsection, we employed the concept of Pontryagin’s
Maximum Principle (PMP) with a forward-backward sweep
technique to determine the necessary conditions for optimal
control of the schistosomiasis-typhoid fever co-infection. We
introduced five (5) time-dependent controls into model (1)
to determine the optimal strategy for controlling the disease.
Thus, the optimal control model version formulated is given as
follows;

dS h

dt
= Λ + ϕRtsc + κRsc + νRt − ρβ3(1 − u1(t))IsS h

− (1 − ρ)
(
β1(1 − u2(t))(It + Itsc) +

β2(1 − u2(t))Bt

K + Bt

)
S h

− µS h,

dIsc

dt
= ρβ3(1 − u1(t))IsS h + (1 + u4(t))ϵItsc

−

(
β1(1 − u2(t))(It + Itsc) +

β2(1 − u2(t))Bt

K + Bt

)
Isc

− (µ + δ1 + (1 + u3(t))ω)Isc,

dIt

dt
= (1 − ρ)

(
β1(1 − u2(t))(It + Itsc) +

β2(1 − u2(t))Bt

K + Bt

)
S h

+ (1 + u3(t))ξItsc

− β3(1 − u1(t))IsIt − (µ + δ2 + p(1 + u4(t)))It,

dItsc

dt
=

(
β1(1 − u2(t))(It + Itsc) +

β2(1 − u2(t))Bt

K + Bt

)
Isc

+ β3(1 − u1(t))IsIt

− (µ + δ3 + (1 + u4(t))ϵ + (1 + u3(t))ξ + (1 + u5(t))θ)Itsc,

dRsc

dt
= ω(1 + u3(t))Isc − (κ + µ)Rsc,

dRt

dt
= p(1 + u4(t))It − (ν + µ)Rt,

dRtsc

dt
= (1 + u5(t))θItsc − (µ + ϕ)Rtsc, (42)

dS s

dt
= Λs − β4(1 − u1(t))(Isc + Itsc)S s − µsS s,

dIs

dt
= β4(1 − u1(t))(Isc + Itsc)S s − (µs + d)Is,

dBt

dt
= γ1(1 − u2(t))It + γ2(1 − u2(t))Itsc − µB(1 + u2(t))Bt,

with initial conditions of the system (1) and

• u1(t) is the intensified effort to prevent schistosomiasis
infections spread,

• u2(t) is the intensified effort to prevent typhoid fever in-
fections from spreading,

• u3(t) is the effective screening and treatment control for
humans infected with schistosomiasis,

• u4(t) is the effective screening and treatment control for
humans infected with typhoid fever,

• u5(t) is the effective screening and treatment control for
humans infected with co-infections.

The choice of control interventions is consistent with the liter-
ature on infectious disease control, such as Refs. [10, 36, 41].
It is noteworthy to mention that our control problem entails a
situation in which the number of schistosomiasis-infected indi-
viduals, typhoid fever infected individuals, co-infected individ-
uals and the cost of applying screening and treatments controls
u3(t), u4(t), and u5(t) are minimised, while the preventive con-
trols u1 and u2 are being maximised, hence, the reason controls
u1 and u2 are having negative in the objective function (43) be-
cause of the forward-backward scheme technique as used by
Ref. [10]. The objective function to be minimised is given as

Π(u1(t), u2(t), u3(t), u4(t), u5(t)) =
∫ t f

0

(
B1Isc + B2It + B3Itsc

+ B4Is + B5Bt −
1
2

a1u2
1 −

1
2

a2u2
2 +

1
2

5∑
i=3

aiu2
i (t)

)
dt,

(43)
where the coefficient associated with the infected state vari-
ables, B1, B2, B3, B4, B5, and the control weight coefficients,
a1, a2, a3, a4, a5, are assumed positive. The quadratic form of
the control variables,

∑5
i=1 aiu2

i (t) in (43), is due to the nonlin-
earity of the cost of controls as used in the literature on optimal
control of infectious diseases [9, 47]. The objective functional
goal is to minimise the number of infected humans and infected
snails, the concentration of bacteria in the environment, and
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the cost of implementing them. Thus, the optimal controls,
u∗1(t), u∗2(t), u∗3(t), u∗4(t), u∗5(t) is seek such that

Π
(
u∗1(t), u∗2(t), u∗3(t), u∗4(t), u∗5(t)

)
=

min
Φ1
Π (u1(t), u2(t), u3(t), u5(t), u4(t)) ,

(44)

where

Φ1 =
{
ui(t), i = 1, 2, 3, 4, 5 are measurable with

ui(t) ∈ [0, 1], for 0 ≤ t ≤ t f

}
. (45)

The state and the control variables of equations (43) and
(44) are non-negative, as established in Subsection (3.1) and
the condition in Equation (44); this implies that the set Φ1
is closed, convex and exists. The optimal control exists by
applying Corollary 4.1 of Pages 68–69 in [60] as implemented
in [36].

Obtaining the Hamiltonian and optimality system by
applying the Pontryagin maximum principle (PMP) [61] to the
optimal control problem. PMP transforms Equations (42) and
(43) into a problem of minimizing pointwise Hamiltonian, M,
that is presented as;

M (S h, Isc, It, Itsc,Rsc,Rt,Rtsc, S s, Is, Bt) =
L(Isc, It, Itsc, Is, Bt, u1(t), u2(t), u3(t), u4(t), u5(t))

+λ1
dS h

dt
+ λ2

dIsc

dt
+ λ3

dIt

dt
+ λ4

dItsc

dt
+ λ5

dRsc

dt

+λ6
dRt

dt
+ λ7

dRtsc

dt
+ λ8

dS s

dt
+ λ9

dIs

dt
+ λ10

dBt

dt

(46)

where λ1, λ2, λ3, λ4, λ5, λ6, λ7, λ8, λ9, λ10 are the adjoint vari-
ables for the respective state variables. Using a similar ap-
proach in [28, 36], we state the following optimality theorem;

Theorem 5.1. With the optimal con-
trol u∗1(t), u∗2(t), u∗3(t), u∗4(t), u∗5(t) and solutions
S h, Isc, It, Itsc,Rsc,Rt,Rtsc, S s, Is, Bt that minimizes
Π(u1(t), u2(t), u3(t), u4(t), u5(t)) over Φ1, there exist non-
trivial adjoint functions λi, for i = 1, ..., 10 that satisfies;

dλ1

dt
= (λ1 − λ2)ρβ3(1 − u1(t))

+ (λ1 − λ3)(1 − ρ) ×
(
β1(1 − u2(t))(It + Itsc)

+
β2(1 − u2(t))Bt

K + Bt

)
+ λ1µ,

dλ2

dt
= −B1 + (λ2 − λ4)

(
β1(1 − u2(t))(It + Itsc)

+
β2(1 − u2(t))Bt

K + Bt

)
+ (λ2 − λ5)ω(1 + u3(t)) + (λ8 − λ9)β4(1 − u1(t))S s

+ λ2(µ + δ1),
dλ3

dt
= −B2 + (λ1 − λ2)(1 − ρ)β1(1 − u2(t))S h + (λ2 − λ4)

× β1(1 − u2(t))Isc + (λ3 − λ4)β3(1 − u1(t))Is

+ (λ3 − λ6)p(1 + u4(t)) + λ3(µ + δ2) − λ10γ1(1 − u2(t)),
dλ4

dt
= −B3 + (λ1 − λ3)(1 − ρ)β1(1 − u2(t))S h + (λ2 − λ4)

× β1(1 − u2(t))Isc + (λ8 − λ9)β4(1 − u1(t))S s + (λ4 − λ2)
ϵ(1 + u4(t)) + (λ3 − λ4)ξ(1 + u3(t)) + (λ4 − λ7)θ(1 + u5(t))
+ λ4(µ + δ3) − λ10γ2(1 − u2(t)),

dλ5

dt
= (λ5 − λ1)κ + λ5µ, (47)

dλ6

dt
= (λ6 − λ1)ν + λ6µ,

dλ7

dt
= (λ7 − λ1)ϕ + λ7µ,

dλ8

dt
= (λ8 − λ9)β4(1 − u1(t))(Isc + Itsc) + λ8µs,

dλ9

dt
= −B4 + (λ1 − λ2)ρβ3(1 − u1(t))S h + (λ3 − λ4)β3

(1 − u1(t))It + λ9(µs + d),
dλ10

dt
= −B5 + (λ1 − λ3)(1 − ρ)

β2(1 − u2(t))S h

(K + Bt)2

+ (λ2 − λ4)
β2(1 − u2(t))Isc

(K + Bt)2 + λ10µB(1 + u2(t)),

with the transversality condition λi(t f ) = 0, i = 1, ..., 10
and the controls u∗1(t), u∗2(t), u∗3(t), u∗4(t), u∗5(t) that satisfies the
optimality condition;

u∗1 = max
{

0,min
(
1,

J1

a1

)}
,

u∗2 = max
{

0,min
(
1,

J2

a2

)}
,

u∗3 = max
{

0,min
(
1,

(λ4 − λ3)ξItsc + (λ2 − λ5)ωIsc

a3

)}
,

u∗4 = max
{

0,min
(
1,

(λ4 − λ2)ϵItsc + (λ3 − λ6)pIt

a4

)}
,

u∗5 = max
{

0,min
(
1,

(λ4 − λ7)θItsc

a5

)}
,

(48)

where J1 = (λ1 − λ2)β3ρIsS h + (λ8 − λ9)β4(Isc + Itsc)S s + (λ3 −

λ4)β3IsIt, J2 = (λ1 − λ3)(1 − ρ)QS h + (λ2 − λ4)QIsc − λ10γ1It −

λ10γ2Itsc − λ10µBBt, and Q =
[
β1(It + Itsc) + β2Bt

K+Bt

]
.

Proof 5.1. Using PMP, the adjoint system (47) is obtained
by differentiating equation (12) with respect to their corre-
sponding state variables, S h, Isc, It, Itsc,Rsc,Rt,Rtsc, S s, Is, Bt,
that is obtained by evaluating the optimal control functions
u1(t), u2(t), u3(t), u4(t), u5(t) and after then apply negative to the
differentials. The optimality condition equation (14) is obtained
by solving for the controls, u∗1(t), u∗2(t), u∗3(t), u∗4(t), u∗5(t) at the
respective steady states

∂M
∂u1
=
∂M
∂u2
=
∂M
∂u3
=
∂M
∂u4
=
∂M
∂u5
= 0

on the interior of the control set. Thus, the optimality system is
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given by equations (47) and (48) substituted into (42), and this
completes the proof.

5.2. Numerical simulations results and discussion of the opti-
mal control model results

Numerical simulations of the optimality system, used to
determine optimal control solutions, were performed using
the Fourth-order Runge-Kutta method implemented in MAT-
LAB R2024a. The simulations utilised the parameter values
presented in Table 2 and the initial conditions specified in the
parameter estimation section. The following weight constants
were applied: B1 = 1, B2 = 2, B3 = 1, B4 = 1, B5 = 1, and a1 =

95×103, a2 = 100×103, a3 = 30×103, a4 = 400, a5 = 50×103.
Three categories of simulations were considered here: the
application of a single control category, the application of a
double-combined control category, and the application of all
combined control categories. The presentation was restricted
to single, double (pairwise) and full-combination categories
in this study because of the avoidance of redundancy and
excessive proliferation of simulation scenarios and due to the
fact that economic and epidemiological effects of triple and
quadruplet categories are greatly intermediate between those of
the corresponding pairwise-control and full strategies, and so,
do not initiate qualitatively new insights and portend the tenet
of reality.

5.2.1. Application of the single-control category
In this category, a single control is applied at a time, with

all others set to zero. For example, application of u1 (intensi-
fied effort to prevent the spread of schistosomiasis infections)
implies u1 , 0, u2 = u3 = u4 = u5 = 0; application of u2
(intensified effort to prevent the spread of typhoid fever infec-
tions) implies u2 , 0, u1 = u3 = u4 = u5 = 0, application of u3
(effective screening and treatment control for humans infected
with schistosomiasis) implies u3 , 0, u1 = u2 = u4 = u5 = 0,
application of u4 (effective screening and treatment control for
humans infected with typhoid fever) implies u4 , 0, u1 = u2 =

u3 = u5 = 0, and application of u5 (effective screening and
treatment control for humans infected with co-infections) im-
plies u5 , 0, u1 = u2 = u3 = u4 = 0 as illustrated in Figure 15.

5.2.2. Application of the double-control category
In this category, two controls are applied simultaneously

while the remaining controls are set to zero. For example, ap-
plication of u1 + u2 (intensified effort to prevent the spread of
schistosomiasis infections and intensified effort to prevent the
spread of typhoid fever infections) implies u1 + u2 , 0, u3 =

u4 = u5 = 0, implementation of u1 + u3 (intensified effort
to prevent the spread of schistosomiasis infections and effec-
tive screening and treatment control for humans infected with
schistosomiasis) implies u1 + u3 , 0, u2 = u4 = u5 = 0, im-
plementation of u1 + u4 (intensified effort to prevent the spread
of schistosomiasis infections and effective screening and treat-
ment control for humans infected with typhoid fever) implies
u1+u4 , 0, u2 = u3 = u5 = 0, implementation of u1+u5 (inten-
sified effort to prevent the spread of schistosomiasis infections

and effective screening and treatment control for humans in-
fected with co-infections) implies u1+u5 , 0, u2 = u3 = u4 = 0,
implementation of u2 + u3 (intensified effort to prevent ty-
phoid fever infections from spreading and effective screening
and treatment control for humans infected with schistosomia-
sis) implies u2 + u3 , 0, u1 = u4 = u5 = 0, implementa-
tion of u2 + u4 (intensified effort to prevent typhoid fever in-
fections from spreading and effective screening and effective
screening and treatment control for humans infected with ty-
phoid fever) implies u2 + u4 , 0, u1 = u3 = u5 = 0, imple-
mentation of u2 + u5 (intensified effort to prevent typhoid fever
infections from spreading and effective screening and effective
screening and treatment control for humans infected with co-
infections) implies u2 + u5 , 0, u1 = u4 = u5 = 0, implemen-
tation of u3 + u5 (effective screening and treatment control for
humans infected with schistosomiasis and effective screening
and treatment control for humans infected with co-infections)
implies u3 + u5 , 0, u1 = u2 = u5 = 0, implementation
of u3 + u4 (effective screening and treatment control for hu-
mans infected with schistosomiasis and effective screening and
treatment control for humans infected with typhoid fever) im-
plies u3 + u4 , 0, u1 = u2 = u5 = 0 and implementation of
u4 + u5 (effective screening and treatment control for humans
infected with typhoid fever and effective screening and treat-
ment control for humans infected with co-infections) implies
u4 + u5 , 0, u1 = u2 = u3 = 0 All pairwise combinations of
the five controls were considered, yielding 10 possible combi-
nations, as shown in the simulation results in Figure 16.

5.2.3. Application of the all-combined-control category
In this category, all five controls are applied simultaneously,

such that u1+u2+u3+u4+u5 , 0, as demonstrated in Figure 17.

5.2.4. Application of the single-control category
Figure 15 presents the effects of single control strategies

on infected human, snail, and bacterial populations. Sub-figure
15a shows that u1 (intensified effort to prevent schistosomiasis
transmission) is the most effective single control for reducing
the schistosomiasis-only infected population, as recommended
by [4]. u3 also has a notable, though lesser, effect. Sub-figure
15b indicates that u2 (intensified effort to prevent typhoid fever
transmission) is most effective for limiting the typhoid fever-
only infected population, followed by u4 (effective screening
and treatment for typhoid fever), consistent with [7]. Sub-figure
15c demonstrates that u2 is most effective at delaying the in-
crease in the co-infected population, followed by u1 and then
u3 (effective screening and treatment for schistosomiasis), in
line with [2, 6]. For the snail-infected population, sub-figure
15d shows that u1 is the most efficient and effective single con-
trol, while other controls have minimal impact, as confirmed
by Refs. [1, 23]. Finally, sub-figure 15e demonstrates that u2
is the most effective single control for reducing environmen-
tal bacteria concentration, followed by u4, as recommended by
Refs. [7, 23].
The control profile for the single-control category is shown in
sub-figure 15f of 15. This profile outlines the recommended im-
plementation levels for each control to achieve the desired out-
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comes in the populations discussed above. Maintain u1, u3, u4,
and u5 at a minimum of 60% before week 90, and keep u1 at
least at 40% before week 75.

5.2.5. Application of the double-control category
Figure 16 shows the effects of double combined-control in-

terventions on the optimality function for infected human, snail,
and bacterial populations. Sub-figure 16a indicates that u1 + u3
(intensified prevention of schistosomiasis spread and effective
screening and treatment for schistosomiasis-infected humans)
is the most effective for reducing the schistosomiasis-only in-
fected population. The next most effective combinations are
u1 + u5 (intensified prevention of schistosomiasis spread with
treatment for co-infected humans) and u1 + u4 (intensified pre-
vention of schistosomiasis spread and effective screening and
treatment for typhoid fever-infected humans), consistent with
Refs. [1, 4]. For the typhoid fever-only infected population,
sub-figure 16b shows u2 + u5 (intensified prevention of ty-
phoid fever spread and intensified prevention of schistosomi-
asis spread with treatment for co-infected humans) is most ef-
fective, followed by u2 + u4 and u2 + u3, corroborating Refs.
[6, 22, 23]. For co-infected humans, sub-figure 16c demon-
strates that u1 + u5 is most effective, followed by u2 + u5 and
u1 + u2, as recommended by [3, 6]. For infected snails, sub-
figure 16d shows u1 + u5 is most efficient, followed by u1 + u3
and u1 + u4 [4]. To reduce environmental bacteria concentra-
tion, u2 + u5 is most effective, followed by u2 + u4 and u2 + u3,
as shown in sub-figure 16e [6, 23]. Control profiles for each
intervention over 150 weeks are presented in sub-figure 16f.

5.2.6. Application of the all-combined-control category
Figure 17 presents the impact of applying all five controls

simultaneously on infected human, snail, and bacteria popula-
tions, as determined by the optimality function. Sub-figure 17a
shows that this strategy delays the peak of the schistosomiasis-
only infected population to approximately week 90, with a max-
imum of 9300 cases, compared to 10000 at week 55 without
control. Sub-figure 17b shows a similarly significant reduction
in the typhoid fever-only infected population. The combined
controls also substantially reduce the co-infected population,
snail-infected population, and environmental bacterial concen-
tration, as shown in sub-figures 17c, 17d, and 17e. Overall,
applying all five controls is effective in managing the transmis-
sion dynamics of these diseases, both individually and as co-
infections. The combined control profile is shown in 17f of
Figure 17.

6. Conclusion and recommendations

In this research, we formulated a ten-compartment non-
linear ordinary differential equation (ODE) model to exam-
ine the co-infection dynamics of schistosomiasis and typhoid
fever, based on the demographic setting of Makurdi, Benue
State, Nigeria. We established the qualitative properties of the
model, considering sub-models and the complete co-infection
model. The basic reproduction numbers were computed and

used to establish stability and bifurcation analyses. We further
assessed the impact of schistosomiasis on typhoid fever and
vice versa. We conducted a global sensitivity analysis (GSA)
to assess the significance of model parameters influencing co-
dynamics. Subsequently, an optimal control model version with
five time-dependent control interventions, namely; the intensi-
fied effort to prevent schistosomiasis infections spread, the in-
tensified effort to prevent typhoid fever infections spread, the
effective screening and treatment control for humans infected
with schistosomiasis, the effective screening and treatment con-
trol for humans infected with typhoid fever, and the effective
screening and treatment control for humans infected with co-
infections, is constructed and analysed using Pontryagin maxi-
mum principle (PMP) with forward-backward sweep method.
Numerical simulations were conducted under three categories:
single, pairwise (double), and full combination. Our findings
revealed that, for effective control and eradication of these dis-
eases, whether as single entities or co-infections, concurrent
implementation of all controls is optimal when sufficient fund-
ing is available. However, in reality and in case of limited re-
sources where the concurrent implementation of the five con-
trols is not possible, the intensified effort to prevent schistoso-
miasis infections spread (u1) is the most efficient single con-
trol for eradication of schistosomiasis only infections, snail in-
fections, and intensified effort to prevent typhoid fever infec-
tions spread (u2) is the best single control for eradication of
typhoid fever only infection and bacteria concentration in the
environment. For co-infection infections, u2 followed by u1 is
the most effective and efficient single control intervention. For
the double control category, combination of the intensified ef-
fort to prevent schistosomiasis infections spread (u1) + effective
screening and treatment control for humans infected with schis-
tosomiasis (u3) is the most effective double control for control-
ling schistosomiasis only infections, followed by u1 + u5, while
u1 + u5 (the intensified effort to prevent schistosomiasis infec-
tions spread (u1) + the effective screening and treatment control
for humans infected with co-infections (u5)) followed by u1+u3
is the best double control for eradicating snail infections in the
population. Also, for the eradication of typhoid fever, only the
infection and bacterial concentration in the environment, u2+u5,
is the most effective double control; this may not be unrelated to
the impact schistosomiasis has on the spread of typhoid fever,
followed by u2 + u4. Meanwhile, the combination u1 + u5 is
the best double control for reducing co-infections, followed by
u2 + u5.
The results indicate that prevention-only interventions for both
diseases are more effective than treatment-only interventions.
However, implementing prevention and treatment strategies
for both diseases is highly effective. In cases of co-infection
with schistosomiasis and typhoid fever, the findings suggest
that simultaneous implementation of control interventions for
both diseases is recommended to achieve efficient and effec-
tive co-infection management. The limitations of this study in-
clude assumptions regarding certain parameter values and the
lack of application of more detailed real-world data and cost-
effectiveness analysis. These limitations will be addressed in
future research.
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