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Abstract

Smoking is a major public health concern because of its harmful effects on several organs and its association with respiratory and cardiovascular
complications. Cardiovascular disease is more common among smokers, and awareness of smoking cessation is important for reducing smoking
prevalence. In this study, a compartmental model is developed to analyze the effect of awareness on the control of smoking and smoking-induced
asthma and cardiovascular disorders. The positively invariant region, boundedness, positivity, and other basic dynamical properties of the model
are established. Equilibria are obtained, and local and global stability analyses are performed. The normalized forward sensitivity index is used to
assess the influence of key parameters on smoking cessation. Numerical simulations are conducted using a reliable nonstandard finite difference
(NSFD) method. The simulation results show that smoking substantially increases the risk of respiratory and cardiovascular illnesses and that
intervention strategies can reduce disease severity and prevalence. The model is further extended to an optimal-control framework that emphasizes
the importance of treatment implementation and public awareness in reducing smoking-related harm. The results highlight the importance of
media-based awareness and the need to inform potential smokers about the dangers of smoking. The proposed mathematical framework can
support policymakers and health professionals in designing targeted interventions to reduce tobacco and cigarette use.
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1. Introduction

The increasing death rate of tobacco users worldwide in-
dicates that tobacco use is becoming a serious addiction that
needs to be managed. Smoking must be viewed as a significant
global issue in order to stop the development of smoking habits.
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The management of smoking addiction is greatly influenced by
the media. It increases public knowledge of the negative con-
sequences of smoking [1]. Asthma is a long-term respiratory
condition that causes recurring episodes of wheezing, cough-
ing, chest tightness, and shortness of breath by constricting and
inflaming the airways. Even so, there is currently no viable
long-term treatment for total elimination. Toxic irritants like
ammonia, acrolein, and nitrogen oxides are introduced into the
respiratory system by tobacco smoke, which impairs lung func-
tion and increases vulnerability to asthma triggers [2–4]. Mil-
lions of children worldwide are exposed to secondhand smoke
on a daily basis, and many of them already have exacerbated
asthma disorders as a result of passive inhalation [5, 6]. The
burden of asthma in vulnerable populations is further increased
by other airborne pollutants, such as dust from mining oper-
ations, heavy metal particles from industrial combustion, and
emissions from refineries [7–9].

A potent method for examining the dynamics of these
chronic illnesses and offering insights into measures for con-
trol and prevention is mathematical modeling [10–13]. From
fractional-order systems to deterministic compartmental mod-
els, a variety of modeling approaches have been used to study
respiratory and smoking-related disorders [14–17]. Several
studies have modeled smoking dynamics to examine how the
model compartments interacted with one another. Castillo-
Garsow et al. [18] presented the most basic system to represent
such dynamics in 1997. Later, in 2008, the mathematical equa-
tion for temporarily quitting smokers was expanded to include
another compartment [19]. A methodical framework for devel-
oping tactics that balance intervention costs and reduce illness
burden is provided by optimal control. Verma [20] examined
a nonlinear smoking model with control variables, emphasiz-
ing how awareness efforts can lower the prevalence of smoking.
While Zaman et al. [21] investigated treatment optimization in
epidemic models with time delay, Ref. [22] used optimal con-
trol to examine intervention options in drinking populations.

A fractional optimal control model was developed to exam-
ine HIV/TB co-infection dynamics, where sensitivity analysis
and optimal intervention strategies were employed to reduce
disease prevalence and transmission burden [23]. Similarly,
Caputo fractional-order approaches have been utilized to study
HIV/HCV co-infection dynamics by incorporating memory-
dependent effects, stability analysis, and numerical simulations
to better understand long-term disease progression and treat-
ment behavior [24]. In more recent times, Zakary et al. [25] ex-
panded these methods to multi-regional epidemic scenarios and
Refs. [26, 27] applied optimal control to alcohol-related health
models. Refs. [28–30] presented the best ways to prevent the
spread of diseases like COVID-19, dengue, and Zika in the set-
ting of co-infections by combining vaccination and awareness
campaigns. Together, these studies demonstrate that the pre-
dictive ability and policy relevance of mathematical models are
greatly enhanced by the inclusion of control mechanisms like
treatment and awareness.

An analysis of the effects of tobacco use on the preva-
lence of tuberculosis is presented, including an optimum con-
trol study. Faniran et al. [31] present a study on related ideas. In

Ref. [32], the authors explored a smoking cessation model with
a media campaign. Disseminating information to encourage
smokers to stop was therefore a beneficial intervention. To con-
trol the spread of smoking in society, the authors of Ref. [33]
first created a deterministic model and then expanded it to a
stochastic model. To find the optimal control approach for a
discrete mathematical model of smoking with a specific satu-
ration incidence rate, the author of Ref. [34] examined three
control strategies: awareness programs, treatment, and psycho-
logical support. It was found that a program of education might
significantly lower the number of smokers [35]. In order to re-
duce tobacco use in a population, the author of Ref. [36] created
a mathematical model that is further extended to an optimum
control problem by taking into account three control strate-
gies, such as education campaigns, anti-nicotine gum, and anti-
nicotine. To examine the dynamics of smoking behavior, the
authors of Ref. [37] looked into a mathematical model. They
used education campaigns, a government ban on smoking in
public areas, and higher cigarette costs as control measures to
lower the number of smokers. The characterization of optimal
controls is examined using Pontryagin’s Maximum Principle.

Although considerable progress has been made in fractional
and optimal control modeling of infectious and treatment-
related diseases, limited attention has been devoted to smoking-
induced asthma and cardiovascular complications under com-
bined medical and public health intervention strategies. There
is a gap in models that incorporate smoking-induced asthma
transmission and cardiac illnesses with public health interven-
tions because existing works frequently concentrate on cancer
or broad respiratory problems. In order to address this, we pro-
vide a unique deterministic model that takes into account var-
ious smoking classes and investigates their contribution to the
progression of blood pressure and asthma. In the present study,
the proposed smoking-induced asthma and cardiovascular dis-
order model is formulated within the classical integer-order
framework. The primary objective of this work is to investigate
the qualitative dynamics, optimal control strategies, and chaotic
behavior of the coupled system using standard differential equa-
tions. Since the considered epidemiological interactions and
control mechanisms can be effectively described through clas-
sical derivatives, the integer-order formulation was considered
sufficient and mathematically appropriate for the present analy-
sis. The basic reproductive number, equilibrium points, bound-
edness, and well-posedness of the model are examined. Sen-
sitivity analysis is used to determine the main factors influenc-
ing the prevalence of asthma. To further lessen the burden of
asthma and heart diseases, two ideal control measures are intro-
duced: medical interventions and awareness efforts. The results
highlight the impact of medical services and public health ini-
tiatives in reducing disease prevalence and show how important
smoking reduction is in preventing the spread of heart disease
and asthma.

The work is organized as follows: Section 1 in this arti-
cle serves as an introduction. Normalized sensitivity analy-
sis, equilibrium points, and well-posedness are all included in
the recently developed model in Section 2. Section 3 verifies
the model’s existence and uniqueness. Section 4 presents the
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Figure 1: Flow chart of the dynamical system.
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Figure 2: Normalized sensitivity indices of system compart-
ments with respect to β3.

stability analysis of the proposed model. We examine the nu-
merical scheme in Section 5 using nonstandard finite difference
(NSFD) techniques and convergence analysis. In Section 6, we
develop the optimal-control strategies using control parameters
and their control results. Section 7 discusses the conclusion and
future directions of the proposed public health paradigm.

The figures and tables supporting the model formulation,
sensitivity analysis, numerical validation, and optimal-control
simulations are presented in Figures 1- 21, and Tables 1 and 2.

2. Formulation of the dynamical model for smoking-
induced asthma and high blood pressure

In this work, we develop a mathematical model describ-
ing the interaction between smoking dynamics and smoking-
induced asthma and cardiovascular disorders. The total popu-
lation is partitioned into three distinct smoking-status compart-
ments:

• M(t): Non-smoker individuals;
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Figure 3: Normalized sensitivity indices of system compart-
ments with respect to β1.
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Figure 4: Normalized sensitivity indices of system compart-
ments with respect to δ.

Table 1: Normalized sensitivity indices of the principal model
parameters.

State Variable β1 β3 δ

M 1.0000 1.0000 0.5681
C 0.0000 1.0000 0.5681
F 0.0021 0.5018 1.0000

DM 0.0001 0.0002 0.0001
DC 0.0000 0.6337 0.5141
DF 0.0000 0.4592 0.4040
JM 0.0002 0.0002 0.0001
JC 0.0000 0.6734 0.5422
JF 0.0000 0.4665 0.4109

• C(t): Active-smoker individuals; and

• F(t): Ex-smoker individuals.

To capture the prevalence of smoking-induced asthma and car-
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Table 2: Descriptions of parameters of the model.

Symbols Descriptions Overall Women/Men Unit Reference
M Non-smoker individuals 1339 860 / 479 Individuals TRNC
C Active-smoker individuals 863 303 / 560 Individuals TRNC
F Ex-smoker individuals 345 128 / 217 Individuals TRNC

DM Non-smokers with asthma 50 39 / 11 Individuals TRNC
DC Active-smokers with asthma 22 9 / 13 Individuals TRNC
DF Ex-smokers with asthma 12 8 / 4 Individuals TRNC
JM Non-smokers with heart disease 58 31 / 27 Individuals TRNC
JC Active-smokers with heart disease 40 18 / 22 Individuals TRNC
JF Ex-smokers with heart disease 30 6 / 24 Individuals TRNC
π1 Recruitment rate for non-smokers 600 660 / 380 Individuals/year TRNC
π2 Recruitment rate for active-smokers 400 234 / 450 Individuals/year TRNC
π3 Recruitment rate for ex-smokers 160 99 / 170 Individuals/year TRNC
β1 Second-hand smoking rate (M(t)) 0.575 0.583 / 0.56 year−1 [39]
β2 Second-hand smoking rate (C(t)) 0.683 0.8 / 0.75 year−1 [39]
β3 Second-hand smoking rate (F(t)) 0.77 0.62 / 0.65 year−1 [39]
ν Natural death rate 0.0002 0.0002 / 0.0002 year−1 [39]
δ Awareness rate 0.514 0.546 / 0.48 year−1 [39]
j1 Control parameter 0.04 0.046 / 0.024 Dimensionless Assumed
j2 Control parameter 0.024 0.066 / 0.019 Dimensionless Assumed
j3 Control parameter 0.027 0.03 / 0.024 Dimensionless Assumed
l1 Control parameter 0.044 0.04 / 0.058 Dimensionless Assumed
l2 Control parameter 0.018 0.05 / 0.011 Dimensionless Assumed
l3 Control parameter 0.048 0.06 / 0.041 Dimensionless Assumed

diovascular diseases, we further introduce disease-related sub-
populations within each smoking-status class. The follow-
ing disease-related sub-populations represent individuals suf-
fering from asthma or cardiovascular complications within each
smoking-status class:

• DM(t): Non-smoker individuals with bronchitis or
asthma;

• DC(t): Active smoker individuals with bronchitis or
asthma;

• DF(t): Ex-smoker individuals with bronchitis or asthma;

• JM(t): Non-smoker individuals with heart diseases or
high blood pressure;

• JC(t): Active smoker individuals with heart diseases or
high blood pressure; and

• JF(t): Ex-smoker individuals with heart diseases or high
blood pressure.

It is important to emphasize that the variables
DM ,DC ,DF , JM , JC , and JF represent disease-prevalence
sub-populations. These variables correspond to living individ-
uals who suffer from asthma or cardiovascular disorders within
the respective smoking-status classes. Therefore, natural
mortality acts on these sub-populations through the rate ν.
The disease-prevalence compartments are overlapping with
the primary smoking-status classes M(t),C(t), and F(t). They
are introduced to quantify the prevalence of smoking-related

health complications and do not alter the total smoking-status
dynamics.

2.1. Assumptions
• Through recruiting, the class of non-smokers M(t) grows

at a rate π1. Interaction with active smokers can expose
nonsmokers to secondhand smoke at a rate β1, which in-
creases the risk of heart disease and asthma. Every mem-
ber of this class passes away naturally at a rate ν. Conse-
quently, at time t we have

dM
dt
= π1 − β1MC − νM. (1)

• Through recruiting, the active-smoker class C expands
at a rate π2. People in this class may transfer to the ex-
smoker class at a rate δ if they decide to stop smoking
owing to awareness or educational willingness. Active
smokers experience natural mortality at a rate ν and dis-
ease progression due to smoke exposure at a rate β3. So,

dC
dt
= π2 − β3C − δC − νC. (2)

• Due to recruitment at rate π3 and the transition of cur-
rent smokers quitting at rate δ, the ex-smoker class F(t)
grows. Ex-smokers may still be exposed to smoking sur-
roundings, which increases their risk of developing heart
disease or asthma at a rate of β2FC. They also die natu-
rally at a rate ν, much like other groups. Consequently,

dF
dt
= π3 + δC − β2FC − νF. (3)

4
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Figure 5: The dynamical behavior of Non-smokers M(t) under
different initial conditions.

• The quantity DM(t) represents the prevalence of
smoking-induced asthma cases observed among non-
smokers exposed to second-hand smoke. New asthma
cases arise at rate j1β1MC, while individuals are removed
through natural mortality at rate ν. Thus,

dDM

dt
= j1β1MC − νDM . (4)

• The compartment DC(t) represents the prevalence of
smoking-induced asthma cases among active smokers.
New cases occur at rate j3β3C, while natural mortality
removes individuals at rate ν. Hence,

dDC

dt
= j3β3C − νDC . (5)

• The class DF(t) represents the prevalence of smoking-
induced asthma cases among ex-smokers. New asthma
cases arise at rate j2β2FC, while natural death occurs at
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Figure 6: The dynamical behavior of Active-smokers C(t) un-
der different initial conditions.

rate ν. Consequently,

dDF

dt
= j2β2FC − νDF . (6)

• The quantity JM(t) represents the prevalence of smoking-
induced cardiovascular disease observed among non-
smokers who are exposed to second-hand smoke. New
heart disease cases arise at rate l1β1MC, while individu-
als in this compartment are removed through natural mor-
tality at rate ν. Hence:

dJM

dt
= l1β1MC − νJM . (7)

• The class JC(t) represents the prevalence of cardiovascu-
lar disease among active smokers. New cases develop
at rate l3β3C, while natural death removes individuals at
rate ν. Thus:

dJC

dt
= l3β3C − νJC . (8)
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Figure 7: The dynamical behavior of Ex-smokers F(t) under
different initial conditions.

• The compartment JF(t) represents the prevalence of car-
diovascular disease among ex-smokers who previously
had smoking exposure. New cases occur at rate l2β2FC,
and individuals leave the compartment due to natural
mortality at rate ν. Therefore,

dJF

dt
= l2β2FC − νJF . (9)

2.2. Development of asthma disease model
In classical modeling using ordinary differential equations,

the rate of change of a variable depends only on its current state.
The current model is developed using a system of ODEs in
which explicit transition factors that indicate smoking behavior
and illness progression control the rate of change of each com-
partment. The disease-prevalence compartments quantify the
number of individuals suffering from smoking-related asthma
and cardiovascular complications within each smoking-status
class. The system’s deterministic evolution over time is cap-
tured by the ODE framework. This formulation offers an ana-
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Figure 8: The dynamical behavior of DM(t) under different ini-
tial conditions.

lytically manageable depiction of how smoking affects people’s
transition from healthy to ill states.

dM
dt
= π1 − β1 MC − νM,

dC
dt
= π2 − β3C − δC − νC,

dF
dt
= π3 + δC − β2FC − νF,

dDM

dt
= j1β1 MC − νDM ,

dDC

dt
= j3β3C − νDC ,

dDF

dt
= j2β2FC − νDF ,

dJM

dt
= l1β1 MC − νJM ,

dJC

dt
= l3β3C − νJC ,

dJF

dt
= l2β2FC − νJF ,

(10)
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Figure 9: The dynamical behavior of DC(t) under different ini-
tial conditions.

with the initial conditions

M(0) ≥ 0, C(0) ≥ 0, F(0) ≥ 0, DM(0) ≥ 0, DC(0) ≥ 0,

DF(0) ≥ 0, JM(0) ≥ 0, JC(0) ≥ 0, JF(0) ≥ 0.

The new smoking-induced asthma and heart disease flow chart
model that we developed for this study is shown in Figure 1.

2.3. Positively invariant region

Lemma 1. According to Ref. [38], every system in the region
Ξ ∈ R9

+

Ξ = {(M,C, F,DM ,DC ,DF , JM , JC , JF) ∈ R9
+ : 0 ≤ ℵ}

attracts the solution to the system (in equation) (10), and under
positive initial conditions, it remains positively invariant for the
chosen system in R9

+.
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Figure 10: The dynamical behavior of DF(t) under different
initial conditions.

Proof. We will write about the systems’ positive solutions (10)
and provide the following results:

dM
dt
|M=0 = π1 ≥ 0,

dC
dt
|C=0 = π2 ≥ 0,

dF
dt
|F=0 = π3 + δC ≥ 0,

dDM

dt
|DM=0 = j1β1MC ≥ 0,

dDC

dt
|DC=0 = j3β3C ≥ 0,

dDF

dt
|DF=0 = j2β2FC ≥ 0,

dJM

dt
|JM=0 = l1β1MC ≥ 0,

dJC

dt
|JC=0 = l3β3C ≥ 0,

7
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Figure 11: The dynamical behavior of JM(t) under different ini-
tial conditions.

dJF

dt
|JF=0 = l2β2FC ≥ 0. (11)

As per the system (11), if t ≥ 0, the vector field appears to be
situated on every hyperplane in the domain R9

+ that contains the
non-negative orthant.

2.4. Equilibrium points

The equilibrium states of the proposed model (10) are as
follows:

E0 =
(
M0, C0, F0, D0

M , D0
C , D0

F , J0
M , J0

C , J0
F

)
=

(
π1

ν
, 0,
π3

ν
, 0, 0, 0, 0, 0, 0

)
.

E∗ =
(
M∗,C∗, F∗,D∗M ,D

∗
C ,D

∗
F , J

∗
M , J

∗
C , J

∗
F
)
,

where

M∗ =
π1

β1C∗ + ν
, D∗M =

j1β1M∗C∗

ν
, J∗M =

l1β1M∗C∗

ν
,
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Figure 12: The dynamical behavior of JC(t) under different ini-
tial conditions.

C∗ =
π2

β3 + δ + ν
, D∗C =

j3β3C∗

ν
, J∗C =

l3β3C∗

ν
,

F∗ =
π3 + δC∗

β2C∗ + ν
, D∗F =

j2β2F∗C∗

ν
, J∗F =

l2β2F∗C∗

ν
.

The equilibrium state E0 represents the baseline steady-state
of the smoking-status populations before the occurrence of
smoking-induced asthma and cardiovascular disease. At this
equilibrium, all disease-prevalence compartments are zero, in-
dicating the absence of disease prevalence, while the smoking-
status populations remain at their equilibrium levels.

2.5. Normalized sensitivity analysis

We conducted a sensitivity analysis as in Ref. [39] by in-
troducing tiny perturbations around the baseline value β3 =

0.77; β1 = 0.575; and δ = 0.514 in order to evaluate
the impact of β3, β1 and δ on the system dynamics. Fig-
ures 2-4 summarizes the normalized sensitivity indices for
M(t),C(t), F(t),DM(t),DC(t),DF(t), JM(t), JC(t), JF(t).

8



Farman et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3397 9

Time
0 10 20 30 40 50 60 70 80 90 100

J F
(t

)

300

400

500

600

700

800

900
Dynamics of J

F
(t)

(a)

Time
0 20 40 60 80 100 120 140 160 180 200

J F
(t

)

400

600

800

1000

1200

1400

1600
Dynamics of J

F
(t)

(b)

Figure 13: The dynamical behavior of JF(t) under different ini-
tial conditions.
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Figure 14: Numerical simulation of the proposed NSFD
scheme for baseline smoking equilibrium (BSE).
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Figure 15: Numerical simulations for PE under different initial
population sizes.

Table 1 presents the normalized sensitivity indices of the se-
lected model parameters. The results indicate that the second-
hand smoke exposure parameter β1 exerts its strongest influ-
ence on the non-smoker population M. In contrast, the smoking
progression parameter β3 has the greatest impact on the active
smoker population and the associated disease compartments,
particularly DC and JC . Furthermore, the smoking cessation
parameter δ exhibits the highest sensitivity with respect to the
ex-smoker population F and substantially affects the disease
prevalence among former smokers. These findings suggest that
smoking progression and cessation mechanisms play a domi-
nant role in shaping the dynamics of smoking-induced asthma
and cardiovascular disorders.

3. Existence and uniqueness analysis

Let Y(t) = (M,C, F,DM ,DC ,DF , JM , JC , JF)T represent the
system (10)’s state vector as in Ref. [39]. The compact form of

9



Farman et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3397 10

Time
0 1 2 3 4 5 6 7 8 9 10

 N
on

-s
m

ok
er

 In
di

vi
du

al
s 

M
(t

)

0

2

4

6

8

10

12

14

16

18

20

No control
With control

(a)

Time
0 1 2 3 4 5 6 7 8 9 10

A
ct

iv
e-

sm
ok

er
 In

di
vi

du
al

s 
C

(t
)

2

4

6

8

10

12

14

16

18

20

22

No control
With control

(b)

Figure 16: Individual dynamics with and without control mea-
sures for M(t) and C(t).

the model can then be written:

dY
dt
= H(t,Y), Y(0) = Y0, (12)

where H = (H1,H2, . . . ,H9)T is the nonlinear vector function
that corresponds to the system’s right side (10).
We must confirm that the function H(t,Y) fulfills both the Lip-
schitz and linear growth conditions in order to prove the exis-
tence of solutions.

(1.) | H j(t,M,C, F,DM ,DC ,DF , JM , JC , JF) |2≤ G j(1+ | M |2),
j = 1, 2, . . . , 9.

(2.) ∀M,M1, ∥ H(t,M, ω)−H(t,M1, ω) ∥2∞≤ Ḡ j ∥ M −M1 ∥
2
∞, with

ω = (C, F,DM ,DC ,DF , JM , JC , JF).

We first confirm that the growth condition is linear. Examine
the first part of the nonlinear function H: then | ∅1(ϖ1) |2≤
T1

(
1+ | M |2

)
,

|H1(ϖ1)|2 = |π1 − (β1C + ν)M|2.
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Figure 17: Individual dynamics with and without control mea-
sures for F(t) and DM(t).

By applying the triangle inequality and the parameters’ bound-
edness, we arrive at

|H1(ϖ1)|2 ≤ 2π2
1 + 2(β1C + ν)2 | M |2 .

Hence,

|H1(ϖ1)|2 ≤ 2π2
1

1 + (β1C + ν)2 | M |2

π2
1

 .
If

(
(β1C+ν)2 |M|2

π2
1

)
< 1, with G1 = 2π2

1, then

|H1(ϖ1)|2 ≤ G1(1 + |M|2).

Analogous constraints can be obtained for the remaining
components Hi, i = 2, 3, ..., 9. Consequently, there is a posi-
tive constant G > 0 such that:

∥H(t,Y)∥2 ≤ G(1 + ∥Y∥2),

where the linear growth criterion is verified by a constant G > 0
that depends on the model parameters. The Lipschitz condition
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Figure 18: Individual dynamics with and without control mea-
sures in the DC(t) and DF(t) .

for the nonlinear function H is therefore confirmed. Consider
the first element:

|H1(t,M,C, F,DM ,DC ,DF , JM , JC , JF)

− H1(t,M1,C, F,DM ,DC ,DF , JM , JC , JF)|2

=| π1 − β1MC − νM − (π1 − β1M1C − νM1) |2

= |(β1C + ν)(M − M1)|2 ≤ (β1C + ν)2|M − M1|2.

(13)

By taking supremum over t ∈ DM , we get

sup
t∈DM

|H1(t,M,C, F,DM ,DC ,DF , JM , JC , JF)

−H1(t,M1,C, F,DM ,DC ,DF , JM , JC , JF)
∣∣∣2

≤ (β1C + ν)2 sup
t∈DM

|M − M1|2.

sup
t∈DM

|H1(t,M,C, F,DM ,DC ,DF , JM , JC , JF)

−H1(t,M1,C, F,DM ,DC ,DF , JM , JC , JF)
∣∣∣2

≤ (β1C + ν)2 ∥M − M1∥2∞.
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Figure 19: Dynamics of individuals in the JM(t) and JC(t) with
and without control measures.

Let Ḡ1 = (β1C + ν)2, then

|H1(t, Y) − H1(t, Y1)|2 ≤ Ḡ1∥M − M1∥2∞.

Analogous inequalities are also satisfied by the remaining com-
ponents Hi, i = 2, 3, ..., 9. Consequently, there is a constant
K > 0 such that:

∥H(t,Y) −H(t,Y1)∥ ≤ K∥Y − Y1∥,

for all Y,Y1 ∈ R9, where K > 0 is a Lipschitz constant. There-
fore, the Lipschitz condition is satisfied by the function H(t,Y).
Consequently, the Lipschitz and linear growth criteria are satis-
fied by the function H(t,Y).
According to the Picard–Lindelöf theorem, the system (10) has
a unique solution under the following condition:
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Figure 20: Dynamics of individuals in JF(t) with and without
control measures.
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Figure 21: Dynamics of the control variables ℏ1(t) and ℏ2(t).

max



(β1C + ν)2 | M |2

π2
1

(β3 + δ + ν)2 | C |2

π2
2

(β2 | C |2 +ν)2 | F |2

(π2
3 + δ

2 | C |2)

ν2 | DM |
2

( j21β
2
1 | M |

2| C |2)

ν2 | DC |
2

( j23β
2
3 | C |

2)

ν2 | DF |
2

( j22β
2
2 | F |

2| C |2)

ν2 | JM |
2

(l21β
2
1 | M |

2| C |2)

ν2 | JC |
2

(l23β
2
3 | C |

2)

ν2 | JF |
2

(l22β
2
2 | F |

2| C |2)

< 1. (14)

In conclusion, the research above shows that the model’s
right side meets Lipschitz-type and standard growth conditions.
Therefore, the proposed (10) system admits a unique solution
that exists for the considered time span for any physiologically
valid beginning population values. This ensures that the model
is well-posed mathematically. From a modeling standpoint, this
guarantees the validity of the system dynamics and the signifi-
cance and reproducibility of numerical simulations.

4. Local stability analysis

Theorem 4.1. Let E0 denote the baseline smoking equilibrium
of system (10). According to Ref. [39], the equilibrium point E0

is locally asymptotically stable if all eigenvalues of the Jacobian
matrix J(E0) have negative real parts.

Proof. Jacobian matrix for the system (10) at E◦, can be ex-
pressed as:

J(E◦) =



−(β1C∗ + ν) −β1M∗ 0 0 0 0 0 0 0
0 −(β3 + δ + ν) 0 0 0 0 0 0 0
0 δ − β2F∗ −β2C∗ − ν 0 0 0 0 0 0

j1β1C∗ j1β1M∗ 0 −ν 0 0 0 0 0
0 j3β3 0 0 −ν 0 0 0 0
0 j2β2F∗ j2β2C∗ 0 0 −ν 0 0 0

l1β1C∗ l1β1M∗ 0 0 0 0 −ν 0 0
0 l3β3 0 0 0 0 0 −ν 0
0 l2β2F∗ l2β2C∗ 0 0 0 0 0 −ν


.

Furthermore, the calculated characteristic roots are as follows:

λ1 = −0.0002, λ2 = −0.0002, λ3 = −496.2252, λ4 = −0.0002,

λ5 = −0.0002, λ6 = −589.4292, λ7 = −0.0002,

λ8 = −0.0002, λ9 = −1.2842.

12
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Since all computed eigenvalues of the Jacobian matrix evalu-
ated at E0 possess strictly negative real parts, the equilibrium
point E0 satisfies the local asymptotic stability criterion estab-
lished by Ref. [39]. Therefore, for the parameter values listed in
Table 2, the baseline smoking equilibrium E0 is locally asymp-
totically stable.

The dynamical behavior of all compartments under different
initial conditions is displayed in Figures 5-13.

The left column represents simulations over the time inter-
val (0 ≤ t ≤ 100), while the right column shows the behavior for
a longer time horizon (0 ≤ t ≤ 200). The results demonstrate
that the system trajectories approach consistent bounded pat-
terns despite different initial conditions. The theoretical anal-
ysis guarantees that small perturbations in the system or in the
initial conditions lead only to small deviations in the system
trajectories. In other words, the approximate solutions remain
close to the exact solutions within a bounded region. Although
the compartments exhibit transient fluctuations and oscillatory
behavior, all trajectories remain bounded and eventually ap-
proach stable patterns over time.

4.1. Global stability analysis
Theorem 4.2. Let E∗ denote the positive equilibrium of sys-
tem (10). If there exists a continuously differentiable Lyapunov
function L such that

L(E∗) = 0, L > 0 for E , E∗, and L̇ ≤ 0

throughout the feasible region, then the positive equilibrium E∗

is globally asymptotically stable according to LaSalle’s invari-
ance principle.

Proof. The following is an expression for the Lyapunov func-
tion:

L =
∑

X∈{M,C,F,DM ,DC ,DF ,JM ,JC ,JF }

(
X − X∗ − X∗ ln

X
X∗

)
. (15)

L(M∗,C∗, F∗,D∗M ,D
∗
C ,D

∗
F , J

∗
M , J

∗
C , J

∗
F) =

(
M − M∗ − M∗ ln

M∗

M

)
+

(
C −C∗ −C∗ ln

C∗

C

)
+

(
F − F∗ − F∗ ln

F∗

F

)
+

(
DM − D∗M − D∗M ln

D∗M
DM

)
+

(
DC − D∗C − D∗C ln

D∗C
DC

)
+

(
DF − D∗F − D∗F ln

D∗F
DF

)
+

(
JM − J∗M − J∗M ln

J∗M
JM

)
+

(
JC − J∗C − J∗C ln

J∗C
JC

)
+

(
JF − J∗F − J∗F ln

J∗F
JF

)
. (16)

Since X > 0, we use the standard inequality:

x − 1 ≥ ln x for all x > 0, (17)

which implies

X − X∗ − X∗ ln
X
X∗
≥ 0. (18)

Thus, L is positive definite and L = 0 only at E∗. Now differ-
entiating L along system trajectories gives:

dL
dt
=

∑(
1 −

X∗

X

)
dX
dt
. (19)

Substituting the model equations, we obtain:

dL
dt
=

(
M − M∗

M

)
(π1 − β1MC − νM) +

(
C −C∗

C

)
(π2 − β3C − δC − νC) +

(
F − F∗

F

)
(π3 + δC − β2FC − νF)

+

(
DM − D∗M

DM

)
( j1β1MC − νDM) +

(
DC − D∗C

DC

)
( j3β3C − νDC) +

(
DF − D∗F

DF

)
( j2β2FC − νDF)

+

(
JM − J∗M

JM

)
(l1β1MC − νJM) +

(
JC − J∗C

JC

)
(l3β3C − νJC)

+

(
JF − J∗F

JF

)
(l2β2FC − νJF) . (20)

Now we apply the standard logarithmic inequality
1 − X∗

X ≤ ln X
X∗ , and also use the positivity of all state vari-

ables. Using this inequality, and replacing M = M − M∗,
C = C − C∗, F = F − F∗, DM = DM − D∗M , DC = DC − D∗C ,
DF = DF − D∗F , JM = JM − J∗M , JC = JC − J∗C , JF = JF − J∗F .
Following certain calculations, we can have the following dL

dt to
reduce complexity:

dL
dt
≤ Φ1 − Φ2,

Φ1 = π1 + (β1C + ν)M∗ + π2 + (β3 + δ + ν)C∗ + (π3 + δC)
+ (β2C + ν)F∗ + j1β1MC + νD∗M + j3β3C + νD∗C + νJ

∗
F

+ j2β2FC + νD∗F + l1β1MC + νJ∗M + l3β3C + νJ∗C + l2β2FC,
(21)

Φ2 = π1

(
M∗

M

)
+ (β1C + ν)M + π2

(
C∗

C

)
+ (β3 + δ + ν)C

+ (π3 + δC)
(

F∗

F

)
+ (β2C + ν)F + j1β1MC

(
D∗M
DM

)
+ νDM

+ j3β3C
(

D∗C
DC

)
+ νDC + j2β2FC(

D∗F
DF

) + νDF + l1β1MC
(

J∗M
JM

)
+ νJM + l3β3C

(
J∗C
JC

)
+ νJC + l2β2FC

(
J∗F
JF

)
+ νJF . (22)

The implication is that dL
dt < 0 if Φ1 < Φ2 for every point

in the feasible region. Conversely, with M = M∗, C = C∗,
F = F∗, DM = D∗M , DC = D∗C , DF = D∗F , JM = J∗M , JC = J∗C ,
and JF = J∗F , we obtain

0 = Φ1 − Φ2 ⇒
dL
dt
= 0. (23)

Therefore, the largest invariant subset of { dLdt = 0} consists only
of the equilibrium E∗. Consequently, by LaSalle’s invariance

13
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principle, the positive equilibrium point E∗ is globally asymp-
totically stable. For positive population states, the logarithmic
structure of the Lyapunov function remains well-defined and
gives a relative measure of each population compartment’s de-
parture.

5. Numerical algorithm and validation of the suggested ap-
proach

The objective of this section is to provide a mathematical
framework that replicates the system’s continuous model dy-
namics, as demonstrated by the set of equations (10). We can
determine that h = ∆t > 0 is a step size using the criterion stated
in Ref. [40] and the results of Anguelov and Lubuma.

Mk+1 − Mk

φ
= π1 − β1Mk+1Ck − νMk+1,

Ck+1 −Ck

φ
= π2 − β3Ck+1 − δCk+1 − νCk+1,

Fk+1 − Fk

φ
= π3 + δCk+1 − β2Fk+1Ck+1 − νFk+1,

Dk+1
M − Dk

M

φ
= j1β1Mk+1Ck+1 − νDk+1

M ,

Dk+1
C − Dk

C

φ
= j3β3Ck+1 − νDk+1

C ,

Dk+1
F − Dk

F

φ
= j2β2Fk+1Ck+1 − νDk+1

F ,

Jk+1
M − Jk

M

φ
= l1β1Mk+1Ck+1 − νJk+1

M ,

Jk+1
C − Jk

C

φ
= l3β3Ck+1 − νJk+1

C ,

Jk+1
F − Jk

F

φ
= l2β2Fk+1Ck+1 − νJk+1

F ,

(24)

The suggested NSFD Scheme for the specified model is as
follows:

φ =
1 − e−n∗h

n∗
, (25)

with n∗ = max{(β1C+ν), (β3+δ+ν), (β2C+ν), (ν)}. As stated by
Ref. [41], the discrete method (24) is categorized as an NSFD
approach based on Mickens’ criterion. This technique is devel-
oped using the method described by Anguelov and Lubuma in
Ref. [40].

(Rule 1:) Equation (24) replaces the conventional denom-
inator h = ∆ of the discrete derivatives with the complex de-
nominator function φ(h) = h + O(h2). This substitution serves
to ensure that the denominator function φ of the continuous
model accurately represents the dynamics of the system. Ac-
cording to studies by Lubuma and Patidar in 2007 and Gumel
in Ref. [42, 43], exact techniques using such intricate denomi-
nator operations are applied in a variety of dynamical systems.

(Rule 2:) The nonlinear variables are incorporated into the
right side of the system of equations via the non-local approxi-
mation (10). For instance, we have C(tk)F(tk) � Ck+1Fk rather
than C(tk)F(tk) � CkFk.

5.1. Analysis of suggested novel scheme

Theorem 5.1. The continuous model system described by the
system of equations (10) includes the NSFD scheme (24) inside
the physiologically viable domain k.

Proof. We have:

Mk+1 =
Mk + φ(π1)

1 + φ(β1Ck + ν)
,

Ck+1 =
Ck + φ(π2)

1 + φ(β3 + δ + ν)
,

Fk+1 =
Fk + φ(π3 + δCk+1)
1 + φ(β2Ck+1 + ν)

,

Dk+1
M =

Dk
M + φ( j1β1Mk+1Ck+1)

1 + φν
,

Dk+1
C =

Dk
C + φ( j3β3Ck+1)

1 + φν
,

Dk+1
F =

Dk
F + φ( j2β2Fk+1Ck+1)

1 + φν
,

Jk+1
M =

Jk
M + φ(l1β1Mk+1Ck+1)

1 + φν
,

Jk+1
C =

Jk
C + φ(l3β3Ck+1)

1 + φν
,

Jk+1
F =

Jk
F + φ(l2β2Fk+1Ck+1)

1 + φν
,

(26)

Mk+1 ≥ 0, Ck+1 ≥ 0, Fk+1 ≥ 0, Dk+1
M ≥ 0, Dk+1

C ≥ 0, Dk+1
F ≥ 0,

Jk+1
M ≥ 0, Jk+1

C ≥ 0, and Jk+1
F ≥ 0, when the discrete variables

from the preceding iteration are non-negative, requires proof
of k positive invariance. The equations of (24) added together
produce

(1 + φκ)Gk+1 ≤ φτ +Gk,

Gk+1 ≤
τ

κ
, i f Gk ≤

τ

κ
.

(27)

Here, Gk = Mk+Ck+Fk+Dk
M+Dk

C+Dk
F+ Jk

M+ Jk
C+ Jk

F denotes
the total population at the (k)-th time step, τ = π1 + π2 + π3
represents the total recruitment term, and κ = ν denotes the
common natural removal rate. The a priori connections for Jk+1

F
and Jk+1

C result from the fact that Jk+1
F and Ck+1 are ≥ Gk+1 and

have a radial symmetry. This completes the proof.

5.2. Results of suggested scheme

The Nonstandard Finite Difference (NSFD) method was
used in numerical simulations to examine the dynamics of the
proposed smoking-induced asthma and cardiovascular model.
Realistic interaction rates between smoking behavior and the
emergence of asthma and heart-related problems are reflected
in the parameter set chosen for the simulations. The system
under development makes use of the following parameter val-
ues: π1 = 600; π2 = 400; π3 = 160; β1 = 0.575; β2 = 0.683;
β3 = 0.77; ν = 0.0002; δ = 0.514; j1 = 0.04; j2 = 0.024;
j3 = 0.027; l1 = 0.044; l2 = 0.018; l3 = 0.048. The pop-
ulation classifications that are included in the developed sys-
tem are the ex-smoker class, the active-smoker class, and the
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non-smoker class. Six subgroups comprise the population with
smoking-related asthma and cardiovascular diseases: DM , DC ,
DF , JM , JC , and JF . The NSFD scheme with a length of ϕ = 0.1
has been used to determine the convergence behavior of both
the baseline smoking equilibrium (BSE) and positive equilib-
rium (PE). Additionally, the convergence results are shown for
ϕ(h) = h+O(h2), confirming the stability and correctness of the
suggested numerical technique.

Figures 14, 15a, and 15b show how well the approach
controls asthma and cardiovascular disorders caused by smok-
ing. The convergence of the proposed model toward the
baseline smoking equilibrium is illustrated in Figure 14.
The non-smoker population approaches its steady-state level,
whereas the smoker, ex-smoker, and smoking-induced disease-
prevalence sub-populations gradually decrease to zero. This
behavior indicates that, in the absence of sustained smoking-
induced disease progression, the system converges to the base-
line smoking equilibrium, where the smoking-status popula-
tions remain at steady state and no asthma or cardiovascular
disease prevalence persists.

Figure 15a illustrates the convergence of the proposed
model toward the positive equilibrium, where both the
smoking-status populations and the smoking-induced disease-
prevalence sub-populations attain positive steady-state values.
The numerical trajectories show that continuous smoking ex-
posure sustains non-zero levels of asthma and cardiovascular
disease prevalence. Figure 15b presents the corresponding dy-
namics under larger initial population sizes. Although the initial
conditions differ substantially, all state variables converge to the
same positive equilibrium. This demonstrates that the proposed
NSFD scheme preserves the qualitative behavior of the continu-
ous model and produces consistent solutions irrespective of the
selected biologically feasible initial populations. Overall, the
numerical results confirm that the proposed NSFD scheme pre-
serves positivity, boundedness, and the qualitative dynamical
behavior of the continuous model. Consequently, the numerical
solutions remain biologically meaningful throughout the simu-
lation interval and accurately describe the long-term evolution
of smoking populations together with smoking-induced asthma
and cardiovascular disease prevalence.

The proposed NSFD scheme demonstrates clear advantages
over the classical Euler and standard finite difference methods.
Unlike conventional schemes, which may fail to preserve pos-
itivity or produce nonphysical oscillations in nonlinear popu-
lation models, the proposed NSFD formulation guarantees the
positivity and boundedness of all state variables for biologically
feasible initial conditions. Furthermore, it preserves the qualita-
tive dynamics of the continuous model, including convergence
toward both the baseline smoking equilibrium and the positive
equilibrium, without introducing numerical artifacts. Owing to
the use of a nonstandard denominator function, the scheme also
remains stable for relatively larger time-step sizes, thereby im-
proving computational efficiency.

6. Optimal control strategy for the suggested model

This section’s goal is to examine how the smoking model
applies to the optimum control strategy. Preventive control fac-
tors like social media awareness ℏ1 and a therapeutic control
measure used by victims to reduce the presence of smoking-
related health complications in their bodies ℏ2 are potential par-
ticipants in reducing illness prevalence in peers. As an action
variable that can be changed to get the desired outcome, the
control variable establishes the best values for choice variables.
Determining the most effective strategy requires choosing the
optimal value for the control variables. We apply the ideas of
optimum control theory [22, 26, 27] to create a control method-
ology. The differential construction of the model supplied equa-
tion (10), which is as follows, now includes the control variable:

dM
dt
= π1 − (1 − ℏ1)β1MC − νM,

dC
dt
= π2 − (1 − ℏ1)β3C − δC − νC,

dF
dt
= π3 + δC − (1 − ℏ1)β2FC − νF,

dDM

dt
= (1 − ℏ1) j1β1MC − (κ1ℏ2 + ν)DM ,

dDC

dt
= (1 − ℏ1) j3β3C − (κ1ℏ2 + ν)DC ,

dDF

dt
= (1 − ℏ1) j2β2FC − (κ1ℏ2 + ν)DF ,

dJM

dt
= (1 − ℏ1)l1β1MC − (κ1ℏ2 + ν)JM ,

dJC

dt
= (1 − ℏ1)l3β3C − (κ1ℏ2 + ν)JC ,

dJF

dt
= (1 − ℏ1)l2β2FC − (κ1ℏ2 + ν)JF ,

(28)

under certain initial circumstances. As a result, we examine an
optimum control issue where the objective function in Ref. [44]
has the following definition and expression:

K(ℏ1(t), ℏ2(t)) =
∫ t

0
{Y1DM(t) + Y2DC(t) + Y3DF(t) + Y4JM(t)

+ Y5JC(t) + Y6JF(t) +
1
2

X1ℏ2
1(t) +

1
2

X2ℏ2
2(t)}dt.

(29)
In this case, Y1, Y2, Y3, Y4, Y5, andY6 represent the weight

constants for each class, and Xk ≥ 0, k = 1, 2 represents the
cost of control. For control pairs, the objective function is min-
imized as follows:

K(ℏ∗1, ℏ
∗
2) = min{K(ℏ1(t), ℏ2(t)), ℏ1(t), ℏ2(t) ∈ Z}. (30)

The control system (28) affects the optimization process, and
the suitably defined control set Z is:

Z = {(ℏ1, ℏ2) \ ℏk(t) is Lebesgue measurable on [0, 1],
0 ≤ ℏk(t) ≤ 1, k = 1, 2}.

(31)

Pontryagin’s Maximum Principle is also used to identify
the optimal control strategies for dynamical systems. It of-
fers necessary circumstances for arriving at the optimal solution
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by directing the selection of controls for an objective function
K. This direction is obtained by analyzing the behavior of the
Hamiltonian function T at each location in the state variable.

Theorem 6.1. There is a ℏ∗(t) = (ℏ∗1(t), ℏ∗2(t) ∈ Z) for the opti-
mal control problem (28), such that

min(ℏ1(t),ℏ2(t)∈Z)K(ℏ1(t), ℏ2(t)) = K(ℏ1(t), ℏ2(t)).

Proof. The efficacy control scheme in Ref. [21, 25] is exam-
ined in a number of ways, and both the control and state vari-
ables are determined to have non-negative values. The neces-
sary stability of the control system is defined by the convexity
and proximity of the control variables. Furthermore, the convex
shape of the integrand contains an objective function written as
Y1DM(t) + Y2DC(t) + Y3DF(t) + Y4JM(t) + Y5JC(t) + Y6JF(t) +
1
2 X1ℏ2

1(t) + 1
2 X2ℏ2

2(t), which attests to the proof, where Xk ≥ 0,
k = 1, 2 represents the cost of control and Yk, k = 1, 2, 3, 4, 5, 6
represents the weight constants associated with each class. To
address our proposed problem, we apply the Pontryagin maxi-
mum principle [45–47] once more. The following is an explicit
definition of the Hamiltonian function:

T = L(M,C, F,DM ,DC ,DF , JM , JC , JF , ℏ1, ℏ2) + ξ1
dM
dt

+ ξ2
dC
dt
+ ξ3

dF
dt
+ ξ4

dDM

dt
+ ξ5

dDC

dt
+ ξ6

dDF

dt

+ ξ7
dJM

dt
+ ξ8

dJC

dt
+ ξ9

dJF

dt
.

(32)

The existence of non-trivial vectors, denoted as ξ(t) =

(ξ1, ξ2, ξ3, ξ4, ξ5, ξ6, ξ7, ξ8, ξ9), becomes evident while evaluat-
ing (V(t), ℏ(t)) as the optimal approach for the initiated control
issue.

dV(t)
dt
=
∂T (t,V(t), ℏ(t), ξ(t))

∂ξk
, k = 1, 2, . . . , 9.

0 =
∂T (t,V(t), ℏ(t), ξ(t))

∂ℏi
, i = 1, 2.

ξ
′

k =
∂T (t,V(t), ℏ(t), ξ(t))

∂V(t)
, k = 1, 2, . . . , 9.

(33)

The transversal condition is as follows: ξk(t) = 0, k = 1, . . . , 9.
To obtain the results, the essential condition is also applied to
the Hamiltonian function.

6.1. Existence of the optimal control problem

Pontryagin’s maximum principle is used to establish the
necessary conditions for an optimal result by taking into ac-
count the initial time t = 0. We maintain a Lebesgue measur-
able and limited control [25, 48] in order to accomplish these
goals. The upward boundedness of the system’s solution is
guaranteed, and this control is dependent on initial conditions.
A thorough examination of the Lagrangian and Hamiltonian is
used to solve the optimal control problem. The optimal control
problem is formulated using the Lagrangian framework, and the
relevant equation is expressed as follows: the control set Z for
the control strategy is defined using the dependent constructed

system (28).

L{M,C, F,DM ,DC ,DF , JM , JC , JF , ℏ1, ℏ2} = Y1DM(t)
+Y2DC(t) + Y3DF(t) + Y4JM(t) + Y5JC(t) + Y6JF(t)

+
1
2

X1ℏ2
1(t) +

1
2

X2ℏ2
2(t).

(34)

The Hamiltonian function T for the model can be found in (32).
After entering the Lagrangian equation and the values of each
compartment, T may be expressed using equation (32).

T (V(t), ξ(t), ℏ(t)) = Y1DM(t) + Y2DC(t) + Y3DF(t) + Y4JM(t)

+ Y5JC(t) + Y6JF(t) +
1
2

X1ℏ2
1(t) +

1
2

X2ℏ2
2(t)

+ ξ1
[
π1 − (1 − ℏ1)β1MC − νM

]
+ ξ2

[
π2 − (1 − ℏ1)β3C − δC − νC

]
+ ξ3

[
π3 + δC − (1 − ℏ1)β2FC − νF

]
+ ξ4

[
(1 − ℏ1) j1β1MC − (κ1ℏ2 + ν)DM

]
+ ξ5

[
(1 − ℏ1) j3β3C − (κ1ℏ2 + ν)DC

]
+ ξ6

[
(1 − ℏ1) j2β2FC − (κ1ℏ2 + ν)DF

]
+ ξ7

[
(1 − ℏ1)l1β1MC − (κ1ℏ2 + ν)JM

]
+ ξ8

[
(1 − ℏ1)l3β3C − (κ1ℏ2 + ν)JC

]
+ ξ9

[
(1 − ℏ1)l2β2FC − (κ1ℏ2 + ν)JF

]
.

(35)
V(t) = (M(t),C(t), F(t),DM(t),DC(t),DF(t), JM(t), JC(t), JF(t))
represents a vector of state variables, and ξk(t) for k =

1, 2, . . . , 9 represents the adjoint variables that correspond to the
state equations of the system (28). We also develop the basic
optimality criterion for the equations (28) and (29);

dV(t)
dt
=
∂T (t,V(t), ℏ(t), ξ(t))

∂ξk
, k = 1, 2, . . . , 9.

0 =
∂T (t,V(t), ℏ(t), ξ(t))

∂ℏi
, i = 1, 2.

ξ
′

k =
∂T (t,V(t), ℏ(t), ξ(t))

∂V(t)
, k = 1, 2, . . . , 9.

(36)

The transversality condition can be expressed as ξk(t) = 0
for k = 1, 2, . . . , 9. The resulting system can be described as
follows: ξ1, ξ2, ξ3, ξ4, ξ5, ξ6, ξ7, ξ8, and ξ9 in addition to the op-
timal control variables ℏ1 and ℏ2.

ξ̇1 = ξ1
[
(1 − ℏ1)β1C + ν

]
− ξ4

[
(1 − ℏ1) j1β1C

]
−

ξ7
[
(1 − ℏ1)l1β1C

]
,

ξ̇2 = ξ1
[
(1 − ℏ1)β1M

]
+ ξ2

[
(1 − ℏ1)β3 + δ + ν

]
− ξ3

[
δ − (1 − ℏ1)β2F

]
− ξ4

[
(1 − ℏ1) j1β1M

]
− ξ5

[
(1 − ℏ1) j3β3

]
− ξ6

[
(1 − ℏ1) j2β2F

]
− ξ7

[
(1 − ℏ1)l1β1M

]
− ξ8

[
(1 − ℏ1)l3β3

]
− ξ9

[
(1 − ℏ1)l2β2F

]
,

ξ̇3 = ξ3
[
(1 − ℏ1)β2C + ν

]
− ξ6

[
(1 − ℏ1) j2β2C

]
− ξ9

[
(1 − ℏ1)l2β2C

]
,

ξ̇4 = Y1 − ξ4(κ1ℏ2 + ν),
ξ̇5 = Y2 − ξ5(κ1ℏ2 + ν),
ξ̇6 = Y3 − ξ6(κ1ℏ2 + ν),
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ξ̇7 = Y4 − ξ7(κ1ℏ2 + ν),
ξ̇8 = Y5 − ξ8(κ1ℏ2 + ν),
ξ̇9 = Y6 − ξ9(κ1ℏ2 + ν),

ℏ1 =
(ξ1 − ξ4 j1 − ξ7l1)β1MC + (ξ2 − ξ5 j3 − ξ8l3)β3C

−X1
,

+
(ξ3 − ξ6 j2 − ξ9l2)β2FC

−X1

ℏ2 =
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2
. (37)

Theorem 6.2. Given the optimal controls ℏ∗1 and ℏ∗2 and the
solution M∗(t), C∗(t), F∗(t), D∗M(t), D∗C(t), D∗F(t), J∗M(t), J∗C(t),
J∗F(t) of the corresponding state structure (28), the nearby vari-
ables ξk(t), k = 1, 2, . . . , 9 exist such that:

ξ̇1 = ξ1
[
(1 − ℏ1)β1C + ν

]
− ξ4

[
(1 − ℏ1) j1β1C

]
− ξ7

[
(1 − ℏ1)l1β1C

]
,

ξ̇2 = ξ1
[
(1 − ℏ1)β1M

]
+ ξ2

[
(1 − ℏ1)β3 + δ + ν

]
− ξ3

[
δ − (1 − ℏ1)β2F

]
− ξ4

[
(1 − ℏ1) j1β1M

]
− ξ5

[
(1 − ℏ1) j3β3

]
− ξ6

[
(1 − ℏ1) j2β2F

]
− ξ7

[
(1 − ℏ1)l1β1M

]
− ξ8

[
(1 − ℏ1)l3β3

]
− ξ9

[
(1 − ℏ1)l2β2F

]
,

ξ̇3 = ξ3
[
(1 − ℏ1)β2C + ν

]
− ξ6

[
(1 − ℏ1) j2β2C

]
− ξ9

[
(1 − ℏ1)l2β2C

]
,

ξ̇4 = Y1 − ξ4(κ1ℏ2 + ν),
ξ̇5 = Y2 − ξ5(κ1ℏ2 + ν),
ξ̇6 = Y3 − ξ6(κ1ℏ2 + ν),
ξ̇7 = Y4 − ξ7(κ1ℏ2 + ν),
ξ̇8 = Y5 − ξ8(κ1ℏ2 + ν), (38)
ξ̇9 = Y6 − ξ9(κ1ℏ2 + ν), (39)

by using ξk(t), k = 1, 2, . . . , 9, the transversality condition.

Proof. Assume for the moment that the state variables M(t) =
M∗(t), C(t) = C∗(t), F(t) = F∗(t), DM(t) = D∗M(t), DC(t) =
D∗C(t), DF(t) = D∗F(t), JM(t) = J∗M(t), JC(t) = J∗C(t), and
JF(t) = J∗F(t). The state variables M(t), C(t), F(t), DM(t),
DC(t), DF(t), JM(t), JC(t), and JF(t) are also used to describe
the Hamiltonian. Subject to the transversality condition, the
enhanced adjoint system is now displayed as follows:

ξ̇1 = ξ1
[
(1 − ℏ1)β1C + ν

]
− ξ4

[
(1 − ℏ1) j1β1C

]
− ξ7

[
(1 − ℏ1)l1β1C

]
,

ξ̇2 = ξ1
[
(1 − ℏ1)β1M

]
+ ξ2

[
(1 − ℏ1)β3 + δ + ν

]
− ξ3

[
δ − (1 − ℏ1)β2F

]
− ξ4

[
(1 − ℏ1) j1β1M

]
− ξ5

[
(1 − ℏ1) j3β3

]
− ξ6

[
(1 − ℏ1) j2β2F

]
− ξ7

[
(1 − ℏ1)l1β1M

]
− ξ8

[
(1 − ℏ1)l3β3

]
− ξ9

[
(1 − ℏ1)l2β2F

]
,

ξ̇3 = ξ3
[
(1 − ℏ1)β2C + ν

]
− ξ6

[
(1 − ℏ1) j2β2C

]
− ξ9

[
(1 − ℏ1)l2β2C

]
,

ξ̇4 = Y1 − ξ4(κ1ℏ2 + ν), ξ̇5 = Y2 − ξ5(κ1ℏ2 + ν),

ξ̇6 = Y3 − ξ6(κ1ℏ2 + ν), ξ̇7 = Y4 − ξ7(κ1ℏ2 + ν),
ξ̇8 = Y5 − ξ8(κ1ℏ2 + ν), ξ̇9 = Y6 − ξ9(κ1ℏ2 + ν), (40)

Theorem 6.3. For the area Z, the optimal control pair
(ℏ∗1(t), ℏ∗2(t)) is as follows:

ℏ∗1(t) = max
{

0,min
{

1,
1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}
,

ℏ∗2(t) = max
{

0,min
{

1,
κ1
X2

(
ξ4DM + ξ5DC + ξ6DF + ξ7JM

+ ξ8JC + ξ9JF

)}}
.

(41)

Proof. When perfect circumstances were met, the following
outcomes were obtained:

∂T
∂ℏ1
= X1ℏ1 + (ξ1 − ξ4 j1 − ξ7l1)β1MC + (ξ2 − ξ5 j3 − ξ8l3)β3C

+ (ξ3 − ξ6 j2 − ξ9l2)β2FC,
∂T
∂ℏ2
= X2ℏ2 − κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF),

(42)
The control variable is:

ℏ∗1(t) =
1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC + (ξ2 − ξ5 j3 − ξ8l3)β3C

+ (ξ3 − ξ6 j2 − ξ9l2)β2FC
]
,

ℏ∗2(t) =
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2
,

(43)
It is evident that the state of control space is still covered by the
following expression:

ℏ∗1(t) =



0, if
1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C

+ (ξ3 − ξ6 j2 − ξ9l2)β2FC
]
≤ 0,

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC + (ξ2 − ξ5 j3 − ξ8l3)β3C

+ (ξ3 − ξ6 j2 − ξ9l2)β2FC
]
, if 0 <

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)

× β1MC + (ξ2 − ξ5 j3 − ξ8l3)β3C

+ (ξ3 − ξ6 j2 − ξ9l2)β2FC
]
< 1,

1, if
1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC + (ξ2 − ξ5 j3 − ξ8l3)

× β3C

+ (ξ3 − ξ6 j2 − ξ9l2)β2FC
]
≥ 1.
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ℏ∗2(t) =



0, if
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2
≤ 0,

κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)
X2

,

if 0 <
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2
< 1,

1, if
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2
≥ 1.

Simplified, the variables under control are

ℏ∗1(t) = max
{

0,min
{

1,
1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}
,

ℏ∗2(t) = max
{

0,min
{

1,
κ1
X2

(
ξ4DM + ξ5DC + ξ6DF + ξ7JM

+ ξ8JC + ξ9JF

)}}
.

(44)
The ideal system is now provided as:

dM∗

dt
= π1 − (1 −max

{
0,min

{
1,

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}

)(β1C − ν)M,

dC∗

dt
= π2 − (1 −max

{
0,min

{
1,

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}

)(β3 − δ − ν)C,

dF∗

dt
= π3 + δC − (1 −max

{
0,min

{
1,

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}

)(β2C − ν)F,

dD∗M
dt
= (1 −max

{
0,min

{
1,

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}

) j1β1MC − νDM

− κ1(max
{

0,min
{

1,
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2

}}
)DM ,

dD∗C
dt
= (1 −max

{
0,min

{
1,

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}

) j3β3C − νDC

− κ1(max
{

0,min
{

1,
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2

}}
)DC ,

dD∗F
dt
= (1 −max

{
0,min

{
1,

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}

) j2β2FC − νDF

− κ1(max
{

0,min
{

1,
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2

}}
)DF ,

dJ∗M
dt
= (1 −max

{
0,min

{
1,

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}

)l1β1MC − νJM

− κ1(max
{

0,min
{

1,
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2

}}
)JM ,

dJ∗C
dt
= (1 −max

{
0,min

{
1,

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}

)l3β3C − νJC

− κ1(max
{

0,min
{

1,
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2

}}
)JC ,

dJ∗F
dt
= (1 −max

{
0,min

{
1,

1
−X1

[
(ξ1 − ξ4 j1 − ξ7l1)β1MC

+ (ξ2 − ξ5 j3 − ξ8l3)β3C + (ξ3 − ξ6 j2 − ξ9l2)β2FC
]}}

)l2β2FC − νJF

− κ1(max
{

0,min
{

1,
κ1(ξ4DM + ξ5DC + ξ6DF + ξ7JM + ξ8JC + ξ9JF)

X2

}}
)JF .

(45)

In optimization, an adjacent variable is used in conjunc-
tion with the ideal system and initial conditions to identify the
variables of state and control. It is clear that the second-order
derivative of the desired function is positive with respect to the
control variables. As a result, the final Hamiltonian’s formal
documentation is as follows:

T ∗ = Y1D∗M(t) + Y2D∗C(t) + Y3D∗F(t) + Y4J∗M(t) + Y5J∗C(t)

+ Y6J∗F(t) +
1
2

X1ℏ2
1(t) +

1
2

X2ℏ2
2(t)

+

9∑
k=1

ξk hk(M∗,C∗, F∗,D∗M ,D
∗
C ,D

∗
F , J

∗
M , J

∗
C , J

∗
F).

6.2. Discussion and numerical simulation
To validate the analytical outcomes of the smoking model,

we performed numerical simulations using the Nonstandard
Finite Difference Scheme. The best control measures, such
as treatment methods ℏ2 and a social media awareness cam-
paign ℏ1, were used to solve the system in two alternative
ways. At steps k = 0 and k = t, the adjoint variables ξi for
i = 1, 2, ..., 9 are then solved backward, while the state variables
M,C, F,DM ,DC ,DF , JM , JC , and JF are solved forward itera-
tively. In this study, we focused on the system’s description of
smoking and employed numerical simulations to demonstrate
our theoretical findings (28). We used parameter values
depicted in Table 2. The numerical data used in this study are
obtained from two sources: (i) previously published epidemi-
ological models on smoking dynamics, and (ii) a school-based
survey conducted in the Turkish Republic of Northern Cyprus
(TRNC) during 2020, from which smoking initiation rates,
smoking prevalence, and transition-related behavioral param-
eters were derived. Since the primary objective of this study
is to investigate the qualitative dynamics and optimal control
behavior of the proposed model rather than statistical forecast-
ing, no formal parameter calibration procedure was performed.
Parameters for which no directly measured clinical estimates
were available were selected within biologically reasonable
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ranges to ensure realistic numerical simulations. All rate
parameters are expressed on a yearly basis (year−1), while the
population compartments represent the number of individuals.
These data are used to initialize the system and validate the
qualitative behavior of the model. The initial values were cho-
sen as M(0) = 60,C(0) = 30, F(0) = 45,DM(0) = 50,DC(0) =
22,DF(0) = 32, JM(0) = 45, JC(0) = 42, JF(0) = 31. More-
over, the weight constant is set to be X1 = 0.5 = X2.

Figure 16 illustrates the temporal dynamics of the non-
smoker population M(t) and the active-smoker population C(t)
under controlled and uncontrolled scenarios. In Figure 16a, the
non-smoker class experiences a sharp decline during the initial
period in both cases. However, when control measures are im-
plemented, the population subsequently recovers and remains
above the uncontrolled trajectory. Towards the end of the time
interval, the controlled solution exhibits a noticeable increase,
demonstrating the cumulative effectiveness of the control strat-
egy. Figure 16b presents the behaviour of active-smokers C(t).
The number of active smokers decreases continuously over time
in both cases, reflecting a reduction in smoking prevalence. The
controlled trajectory declines more rapidly after the early stages
and remains lower than the uncontrolled case for a substantial
portion of the simulation period. This behaviour suggests that
the implemented controls are successful in limiting smoking
initiation and encouraging smoking cessation. These findings
indicate that sustained awareness campaigns together with ap-
propriate treatment strategies can effectively shift individuals
away from smoking behaviour. As the number of active smok-
ers decreases, the non-smoker population gradually recovers,
reducing the long-term exposure of the community to smoking-
related health risks. This highlights the importance of combin-
ing preventive education with clinical intervention to improve
overall public health.

Figure 17 depicts the evolution of ex-smokers F(t) and non-
smokers suffering from asthma DM(t). In Figure 17a, the ex-
smoker population decreases sharply at the beginning of the
simulation, followed by a gradual stabilization. Under the
controlled scenario, the trajectory remains slightly above the
uncontrolled solution during the intermediate period. A pro-
nounced increase near the end of the simulation further con-
firms the positive influence of the control measures on main-
taining individuals in the ex-smoker class. Figure 17b shows
the dynamics of DM(t). The uncontrolled solution exhibits a
slow and nearly linear decline throughout the simulation period.
In contrast, the controlled trajectory decreases more rapidly af-
ter the initial stage and continues to fall at a greater rate. The ob-
served trends suggest that the proposed interventions not only
promote smoking cessation but also reduce the incidence of
asthma among non-smokers. Maintaining a larger ex-smoker
population while simultaneously lowering respiratory compli-
cations indicates that long-term control strategies can substan-
tially improve respiratory health and decrease the burden of
smoking-related diseases.

Figure 18 illustrates the behaviour of smoker-related asthma
populations DC(t) and DF(t). In Figure 18a, both trajectories
begin at the same initial value and decrease over time. The

controlled solution shows a steeper decline, particularly after
the midpoint of the simulation, resulting in substantially fewer
active smokers suffering from asthma. This outcome indicates
that the control measures play an important role in reducing
disease burden among current smokers. Similarly, Figure 18b
presents the dynamics of DF(t). Although both solutions de-
crease gradually, the controlled trajectory falls much faster than
the uncontrolled one. The results suggest that the combined
control strategy not only reduces smoking prevalence but also
contributes to improved health outcomes in individuals with
a history of smoking. The reduction in asthma cases among
both current and former smokers demonstrates that smoking
cessation and continuous treatment remain beneficial even af-
ter prolonged smoking exposure. These results indicate that in-
tegrated intervention programmes can significantly reduce the
prevalence of chronic respiratory diseases and improve long-
term health outcomes.

Figure 19 shows the evolution of non-smokers and active-
smokers affected by heart disease or high blood pressure, rep-
resented by JM(t) and JC(t), respectively. In Figure 19a, the un-
controlled trajectory decreases slowly over the entire simulation
period. Under control measures, a brief initial rise is observed,
followed by a sustained decline that becomes much steeper af-
ter the midpoint of the simulation. Figure 19b exhibits a similar
trend for JC(t). Both curves decline over time, but the con-
trolled trajectory decreases more rapidly and diverges progres-
sively from the uncontrolled solution. The substantial reduction
achieved under optimal control demonstrates the effectiveness
of awareness and treatment efforts in lowering smoking-related
cardiovascular risks among active smokers. The substantial de-
cline in cardiovascular complications under the controlled sce-
nario suggests that reducing smoking prevalence has a direct
positive impact on cardiovascular health.

Figure 20 describes the dynamics of ex-smokers experienc-
ing heart disease, denoted by JF(t). Both the controlled and
uncontrolled trajectories display a downward trend throughout
the simulation period. However, the decline under optimal con-
trol is considerably stronger, particularly after the middle of
the time interval. The gap between the two solutions widens
steadily, showing that the intervention significantly reduces car-
diovascular complications among ex-smokers. By the end of
the simulation, the controlled population reaches a much lower
level than the uncontrolled case. The continued reduction in
cardiovascular complications among ex-smokers indicates that
the health benefits of smoking cessation extend well beyond
quitting smoking. Early intervention and sustained treatment
can substantially reduce the progression of smoking-related car-
diovascular diseases and improve long-term clinical outcomes.

Figure 21 presents the optimal control profiles ℏ1(t) and
ℏ2(t). In Figure 21a, the awareness control ℏ1(t) is applied in-
tensively during the early stages of the simulation, where it ex-
hibits several fluctuations before gradually decreasing to nearly
zero. This behaviour suggests that awareness campaigns are
most effective when implemented aggressively at the beginning
of the intervention period. Figure 21b illustrates the treatment-
related control ℏ2(t). The control remains relatively low dur-
ing the initial phase but increases steadily as time progresses.
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After approximately the midpoint of the simulation, ℏ2(t) rises
rapidly and eventually reaches its maximum level, where it re-
mains constant until the final time. This pattern indicates that
treatment measures become increasingly important as the inter-
vention progresses and are required at full intensity to achieve
the greatest reduction in smoking-related health complications.
The optimal control profiles suggest that awareness campaigns
should be implemented intensively during the early stages of
intervention to reduce smoking initiation, whereas treatment ef-
forts should be strengthened progressively to manage existing
smoking-related diseases. This coordinated strategy provides
an effective balance between prevention and treatment, result-
ing in improved population health over time.

The numerical simulations clearly demonstrate that the op-
timal control strategy substantially improves the system dynam-
ics. The implementation of awareness and treatment controls
increases the populations of non-smokers and ex-smokers while
reducing active smokers and the associated respiratory and car-
diovascular disease classes. The results confirm that the com-
bined control approach is effective in mitigating the adverse
health consequences of smoking and contributes to a healthier
population over time.

7. Conclusion

In order to explain the development of asthma and car-
diovascular issues brought on by smoking behavior in a
community, a thorough mathematical model was developed in
this study. The analytical study verified that the model is both
theoretically well-posed and biologically viable, guaranteeing
positivity, boundedness, and the presence of solutions inside
the non-negative orthant. In order to assess system stability,
the baseline and positive equilibrium points were examined.
The nonstandard finite difference (NSFD) scheme was used
in numerical simulations to verify the analytical results. The
numerical outcomes remained consistent with the theoretical
analysis without generating numerical instabilities. The nu-
merical results showed the increased fall of sick classes under
controlled conditions and the natural growth of smoking-related
health consequences when no interventions are implemented.
The present NSFD formulation ensures the positivity and
boundedness of all state variables for biologically feasible ini-
tial conditions. Moreover, the scheme preserves the qualitative
dynamics of the continuous model without introducing numeri-
cal artifacts. Another significant advantage is its stability under
relatively larger step sizes due to the nonstandard denominator
function, which enhances computational efficiency. To assess
the efficacy of two intervention strategies, treatment initiatives
and awareness campaigns, an optimal control framework was
incorporated into the model. Pontryagin’s Maximum Principle
was used to derive the optimality system, and simulations
showed that applying both controls together greatly reduces
the number of people with asthma and cardiovascular issues.
Simultaneously, the treatments encourage a rise in non-smokers
and ex-smokers, demonstrating the usefulness of these tactics
in reducing the negative effects of smoking. Adopting both
medical and public health measures concurrently is crucial for

long-term disease reduction. At the same time, the controlled
system promotes recovery and supports the growth of healthier
population classes. The findings suggest that awareness-based
interventions together with medical treatment strategies can
play a significant role in reducing the long-term burden of
asthma and cardiovascular diseases associated with smoking.
Therefore, the model may assist health authorities and poli-
cymakers in designing effective prevention and intervention
programs. Despite the significant insights this approach offers,
there are also a number of drawbacks. The approach does not
specifically account for variables that may affect asthma and
cardiovascular outcomes, such as age structure, genetic vulner-
ability, or environmental pollution, and it assumes homogenous
interactions across all groups. Although the proposed model
is parameterized using hospital records, published literature,
and survey-based behavioral data, future work will focus on
incorporating parameter uncertainty analysis and statistical
calibration using longitudinal epidemiological datasets to
further improve the predictive capability of the model. Future
developments might concentrate on using machine learning
techniques for better parameter estimation and prediction
accuracy or adding fractional-order derivatives, which more
accurately represent memory effects. To gain a more thorough
understanding of the dynamics of smoking-related health,
future advancements may potentially incorporate stochastic
variants, regional heterogeneity, or new control techniques like
environmental regulation and tobacco taxation. Overall, the
proposed framework provides a strong foundation for further
investigations into smoking-associated disease transmission
and control.
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