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Abstract

The co-circulation of dengue virus (DENV) and Zika virus (ZIKV) in Aedes aegypti-endemic regions creates a significantly more dangerous epi-
demiological landscape than either pathogen alone. Yet no existing model simultaneously incorporates antibody-dependent enhancement (ADE),
dual Zika transmission routes, synergistic co-infection mortality, dengue vaccination, and calibration against confirmed co-endemic surveillance
data. We address this gap by developing a sixteen-compartment deterministic model that captures ADE through susceptibility multipliers &;
and &, partial cross-immunity, imperfect dengue vaccination, and both vector-borne and sexual Zika transmission. We derived the disease-
free equilibrium and obtained closed-form expressions for the component reproduction numbers Ry, and R,. The overall reproduction number
Ro = p(FV~1), computed as the spectral radius of the 8 x 8 next-generation matrix, satisfies Ry > max{Roq4, Ro.}, with equality only when the linear
cross-infection parameters .3, Bya2, B2 are zero. All co-infection effects, including ADE, are confined to the nonlinear regime. This confirms
that single-disease models can systematically underestimate epidemic risk during co-circulation. Local asymptotic stability of the disease-free
equilibrium when Ry < 1, uniform persistence when Ry > 1, and the existence of at least one endemic equilibrium are established. Centre man-
ifold analysis reveals backward bifurcation in both submodels, implying that reducing R, below unity is necessary but not sufficient for disease
elimination. The model was calibrated using 36 weeks of SINAN surveillance data from Espirito Santo state, Brazil (January—September 2021),
yielding key fitted parameters: b* = 1.278 wk",ﬁ; =0.749, g, = 0.161, By, = 0.118, and B;_, = 0.252, with Pearson correlations of r = 0.594
(dengue) and r = 0.739 (Zika). Sensitivity analysis identifies the mosquito biting rate b and vector mortality u, as the dominant intervention
targets. Simulations reveal super-linear amplification of co-infections with rising biting rates and a 120-fold suppression of peak dengue inci-
dence when vector mortality doubles. These findings support an integrated control strategy in which sustained vector management is the most
cost-effective lever, complemented by improved healthcare access and high-coverage dengue vaccination to mitigate ADE-driven amplification.
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demiological challenges of the twenty-first century. Dengue
fever and Zika virus disease are transmitted primarily by Aedes
aegypti, overlap extensively in their endemic geographic ranges
across the tropics and subtropics, belong to the same viral fam-
ily (Flaviviridae), and engage in documented cross-reactive im-
munological interactions that can amplify the clinical severity
of sequential or simultaneous human infection [1, 2]. The si-
multaneous transmission of both pathogens within a single host
population therefore represents a qualitatively more complex
and potentially more dangerous epidemic scenario than either
disease in isolation. This demands mathematical frameworks
capable of representing the coupled transmission dynamics, the
mutual immunological interference between the two viruses,
and the joint control implications for integrated public health
programmes. In the present study, we develop, calibrate, and
analyse a deterministic co-infection model using surveillance
data from an endemic co-circulation setting, and use it to de-
rive mathematically rigorous and epidemiologically actionable
conclusions about the epidemic threshold, the conditions for
disease persistence, and the comparative leverage of available
interventions.

Dengue virus (DENV) remains one of the fastest-spreading
vector-borne diseases. The World Health Organization (WHO)
documented the highest annual caseload ever recorded in 2024,
with more than 14.6 million reported cases and over 12000
deaths spanning more than 100 countries [3]. This represents
a twelvefold increase relative to 2014 and a near-doubling of
the already-historic 2023 global burden of 6.5 million cases and
6 800 deaths [4, 5]. In the Region of the Americas, more than
13 million cases were reported in 2024 alone, and WHO ele-
vated dengue to a Grade 3 emergency in December 2023, its
highest emergency classification [6]. Taking a longer perspec-
tive, the global incidence of dengue approximately doubled be-
tween 1990 and 2021, rising from an estimated 26.5 million to
59.0 million annual cases, while dengue-related deaths climbed
from 14 000 to 29 000 over the same three decades [7]. Brazil is
consistently the most severely affected country, accounting for
approximately half the global annual dengue caseload: in 2023,
Brazil reported 3.1 million dengue cases [4], and Espirito Santo
state is among the country’s highest-burden states owing to its
year-round Aedes aegypti activity, dense coastal urbanization,
and warm humid climate. Despite two licensed vaccines, CYD-
TDV (Dengvaxia) and TAK-003 (Qdenga), the latter endorsed
by WHO in 2023 for use regardless of prior dengue serosta-
tus [6], no specific antiviral therapy is available, and vector con-
trol remains the cornerstone of epidemic prevention.

The global epidemiology of Zika virus (ZIKV) follows a
strikingly different trajectory. After decades of near-invisibility
following its first isolation from a sentinel rhesus macaque
in Uganda in 1947, ZIKV erupted across the Pacific and
then swept through the Americas in 2015-2016, compelling
WHO to declare a Public Health Emergency of International
Concern (PHEIC) in February 2016 [8, 9]. The epidemic
was distinguished by the discovery that maternal ZIKV infec-
tion causes severe congenital malformations, including micro-
cephaly and other neurodevelopmental deficits, and is associ-
ated with Guillain-Barre syndrome in adults [10]. Brazil bore

the epicentre, reporting more than 1.5 million suspected ZIKV
cases and registering hundreds of laboratory-confirmed congen-
ital Zika-linked microcephaly cases [10]. Although reported
incidence declined sharply after 2017 following exhaustion of
immunologically naive populations, ZIKV has not been elim-
inated: as of December 2023, autochthonous mosquito-borne
transmission is documented in 92 countries and territories, spo-
radic outbreaks continue in Asia, and Brazil still accounts for
97% of cases notified to the Pan American Health Organization
in the Americas [11, 12]. Recent sero-prevalence meta-analysis
estimates a global ZIKV IgG positivity of 21%, with rates as
high as 39.9% in the Americas, indicating that tens of millions
of individuals carry prior ZIKV exposure and are immuno-
logically primed for flavivirus cross-reactive interactions with
DENYV [13]. No licensed vaccine or approved antiviral exists
for ZIKV, further underscoring the importance of understand-
ing and controlling transmission dynamics mathematically.

The geographic convergence of DENV and ZIKV in Aedes
receptive tropical zones means that simultaneous transmission
to the same individual population is not a theoretical curiosity
but an established clinical and epidemiological reality. Recent
ecological modelling estimates that more than 5.66 billion peo-
ple reside in areas environmentally suitable for both dengue and
Zika transmission [2], and prospective surveillance in Brazil
has confirmed widespread seasonal co-circulation of DENYV,
ZIKYV, and chikungunya across multiple states [14]. The inter-
action between the two viruses at the population level has been
revealed in a particularly striking way in Brazil, for instance,
the emergence of ZIKV in 2015 was followed by an unusual
suppression of dengue incidence, which subsequently resurged
with a substantially younger age profile, an epidemiological
signature consistent with a combination of ZIK'V induced cross-
protection and disease enhancement that cannot be explained by
cross-protection alone [15]. At the individual level, prospective
cohort data from Nicaragua have confirmed that prior ZIKV in-
fection significantly increases the risk of symptomatic dengue
caused by serotypes 2, 3, and 4, constituting direct human evi-
dence for the cross-reactive immune enhancement that has long
been hypothesised [16].

The biological mechanism underlying this immunological
interplay is antibody-dependent enhancement (ADE). DENV
encompasses four antigenically distinct serotypes (DENV-1
through DENV-4), and secondary infection with a heterolo-
gous serotype is the principal risk factor for dengue haemor-
rhagic fever and dengue shock syndrome, a causal role for ADE
now confirmed in longitudinal human cohort studies [17]. Be-
cause ZIKV shares approximately 54 to 58% envelope pro-
tein sequence identity with DENYV, cross-reactive antibodies
elicited by primary DENYV infection can bind but fail to neu-
tralize ZIKV, instead facilitating viral entry into Fcy-receptor-
bearing myeloid cells and amplifying ZIKV replication in vitro
and in vivo [18, 19]. Reciprocal enhancement has been demon-
strated: ZIKV immune serum markedly exacerbates DENV in-
fection in human skin, the primary site of vector transmission,
through CD32 and CD64 Fcy receptor engagement, resulting
in a 2 to 3 fold increase in the number of cells with viral repli-
cation and a tenfold increase in virus genome production [20].



Onoja et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3405 3

Within host mathematical models have confirmed that ADE is
the key determinant of the sharp increase in viral load near peak
time in secondary sequential flavivirus infection, while the dy-
namics of simultaneous co-infection differ from the sequential
scenario in ways that population level compartmental models
must carefully represent [21]. These findings collectively es-
tablish ADE as a mechanistically validated and quantitatively
important driver of disease severity in co-endemic dengue—Zika
settings that must be explicitly modelled in any framework in-
tended to inform integrated intervention design.

Mathematical modelling has a long and productive history
in the epidemiology of arboviral diseases. For dengue, com-
partmental ordinary differential equation (ODE) models have
been employed to derive basic reproduction numbers, estab-
lish stability properties, assess vaccine effectiveness, and de-
sign vector control strategies across a wide range of endemic
settings [22, 23]. Recent systematic reviews covering the pe-
riod 2010 to 2020 document a rapidly expanding and increas-
ingly sophisticated dengue modelling literature, with growing
attention to multi-serotype interactions, fractional order formu-
lations, and data calibrated models [23, 24]. A particularly im-
portant structural finding is that dengue models incorporating
imperfect vaccination, waning immunity, or sufficiently high
vector abundance can exhibit backward bifurcation at the epi-
demic threshold Ry = 1 [25-27]. Under backward bifurcation,
a stable endemic equilibrium coexists with the stable disease-
free equilibrium for Ry < 1. This implies that reducing the
basic reproduction number below unity is a necessary but not
sufficient condition for disease elimination because the system
can sustain endemic transmission even after the threshold has
nominally been crossed, depending on the magnitude of inter-
vention relative to the size of the existing epidemic [26, 28].
This has far reaching implications for public health policy, par-
ticularly for vaccination programmes, as it implies that grad-
ual relaxation of intervention near the epidemic threshold risks
triggering a sudden resurgence to high endemic prevalence, a
mathematical phenomenon now widely recognized in dengue
modelling [24, 27].

For Zika, the dual transmission mechanism (mosquito-
borne and direct human-to-human through sexual, blood-borne,
and congenital routes) introduces a structural complexity ab-
sent from all other arboviral frameworks [29, 30]. Multiple
modelling studies have confirmed that the vector-borne route
overwhelmingly dominates ZIKV transmission in endemic set-
tings, with direct sexual transmission contributing less than 5%
of epidemic potential in most scenarios [29, 31], although its
relative contribution is elevated when mosquito density is very
low or when transmission networks are asymmetric. The con-
sequence for the basic reproduction number is significant: R,
takes a quadratic form in which the direct transmission term
interacts with the vector borne cycle, elevating the Zika thresh-
old above the purely vector borne baseline in any setting where
sexual transmission is non negligible, a property with direct im-
plications for the conditions under which backward bifurcation
occurs in the Zika submodel.

Despite the extensive single disease literature, models that
simultaneously capture the coupled transmission dynamics of

dengue and Zika are markedly fewer and often employ simpli-
fied formulations that do not fully represent the immunologi-
cal interactions between the two pathogens. Early co-infection
frameworks [32] laid important groundwork, establishing con-
ditions for coexistence and identifying the role of partial cross
immunity, but typically omit several mechanisms now known
to be epidemiologically significant: ADE of secondary infec-
tion, synergistic mortality from simultaneous co-infection, a
vaccination pathway for dengue recovered individuals, and dual
transmission routes for Zika. More recent contributions have
incorporated some of these features. Jose et al. [33] performed
backward bifurcation analysis of a dengue—Zika co-infection
model with sub-compartments for both pathogens and demon-
strated that each submodel independently exhibits backward bi-
furcation, a finding with important threshold control implica-
tions. Omame et al. [34] extended the co-infection paradigm to
a four-pathogen setting including COVID-19 and chikungunya,
with optimal control analysis, while Wang and Zhao [32] anal-
ysed a dengue vaccine co-infection model incorporating ADE
at the population level. Also, Ayuba et al. [35] examined the
stability and sensitivity of a dengue—malaria co-infection model
in an endemic setting, identifying key parameters governing
co-infection persistence that are structurally analogous to those
identified in the present study. A recent scoping review of 137
Zika modelling studies identified only thirteen that considered
co-infection or co-circulation with other pathogens, confirming
that the dengue—Zika co-infection modelling literature remains
sparse relative to its single disease counterparts [22]. Recent
dengue modelling with vaccination and transovarial transmis-
sion has further demonstrated the role of vector dynamics in
shaping long-term epidemic outcomes [36].

Beyond co-infection frameworks, the single-disease dengue
modelling literature has continued to expand in epidemiologi-
cally important directions that directly inform the present work.
Abidemi and Peter [37] developed a host—vector dengue model
incorporating asymptomatic, isolation, and vigilant compart-
ments. They demonstrated through Lyapunov analysis that in-
creasing isolation rates for both symptomatic and asymptomatic
individuals substantially reduces dengue burden. Their finding
that the model exhibits backward bifurcation in the presence
of immunity loss reinforces a structural conclusion shared by
the dengue sub-model presented here. The same authors subse-
quently extended this framework to an optimal control formula-
tion [38], identifying personal protection combined with treat-
ment as the most cost-effective strategy in resource-limited set-
tings. This result has direct relevance to the co-endemic Brazil-
ian context modelled in the present study. Oguntolu et al. [36]
developed a deterministic compartmental model incorporating
vaccination and transovarial transmission. They analysed its
dynamics via the basic reproduction number and bifurcation
theory, validated the model using real dengue case data from
Brazil, and extended it to assess time-dependent control strate-
gies through optimal control theory. Herdicho ef al. [39] incor-
porated individual awareness dynamics into a dengue transmis-
sion model calibrated to East Java surveillance data, showing
that awareness-driven behavioural change can achieve globally
asymptotically stable endemic equilibria when the reproduction
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number exceeds unity. They further demonstrated through opti-
mal control analysis that awareness-based and treatment-based
interventions are complementary levers of comparable magni-
tude. These recent contributions collectively reinforce the sen-
sitivity hierarchy identified in our study and provide further jus-
tification for the integrated intervention framework we recom-
mend.

A key gap in the existing co-infection literature is the
absence of models that simultaneously: (i) explicitly repre-
sent ADE through modification of secondary infection sus-
ceptibility rates; (ii) incorporate synergistic co-infection mor-
tality and a within-system dengue vaccination pathway; (iii)
include dual transmission routes for Zika; (iv) establish the
full next-generation matrix and prove analytically that Ry >
max{Rogq, Ro;}; (v) conduct backward bifurcation analysis for
both submodels under the centre manifold theorem; and (vi)
calibrate the model against confirmed co-endemic surveillance
data with simultaneous dengue and Zika reporting. The absence
of a model satisfying all six criteria is not merely a theoretical
shortcoming. In practice, it means that public health authori-
ties in co-endemic settings such as Espirito Santo state, Brazil,
cannot reliably quantify how much more stringent the interven-
tion threshold is during co-circulation compared to the single
disease setting, nor can they identify the parameter combina-
tions at which the system is most sensitive to ADE mediated
amplification.

The present study addresses these gaps by developing, an-
alyzing, and calibrating a sixteen-compartment deterministic
ODE model for the co-transmission dynamics of dengue fever
and Zika virus disease. Thirteen human epidemiological com-
partments stratify the population by infection status with re-
spect to both pathogens and their co-infection, incorporating:
antibody-dependent enhancement through modified suscepti-
bility multipliers £; and &, acting on secondary infection forces;
synergistic co-infection mortality through &3 > 1; partial and
asymmetric cross-immunity through 7, and 7,; a dengue vac-
cine offering imperfect but meaningful protection; and both
vector-borne and direct transmission routes for ZIKV. Three
mosquito vector compartments complete the host—vector sys-
tem. The model is calibrated against thirty-six weeks of SINAN
dengue and Zika surveillance data from Espirito Santo state,
Brazil (January—September 2021), using the Trust Region Re-
flective optimization algorithm with an eight-point multi-start
strategy to minimise the risk of convergence to local minima.

The principal mathematical and epidemiological contribu-
tions of this work are as follows. First, positivity and bound-
edness of solutions and the positive invariance of the biolog-
ically feasible region are established rigorously. Second, the
disease-free equilibrium is derived in closed form and the com-
ponent reproduction numbers Ry, and Ry, are computed analyt-
ically from their respective next-generation sub-matrices; these
are shown to take structurally distinct forms reflecting the pres-
ence of dual transmission routes for ZIKV. Third, the full model
basic reproduction number Ry = p(FV~!) is computed as the
spectral radius of the complete 8 X 8 next-generation matrix and
shown to satisfy Ry > max{Ro,, Ro;}; local asymptotic stability
of the disease-free equilibrium is established for Ry < 1 and its

Table 1: Description of state variables.

Variable Description
Su(®) Susceptible individuals
E () Individuals exposed to dengue virus

L;(t) Individuals infected with dengue virus

T.(t) Individuals under treatment for dengue
R,(1) Individuals recovered from dengue
Va(®) Individuals vaccinated against dengue
E. () Individuals exposed to Zika virus

L(7) Individuals infected with Zika virus

T.(t) Individuals under treatment for Zika

R.(?) Individuals recovered from Zika

Eg. (1) Individuals exposed to both dengue and Zika
1;.(%) Individuals co-infected with dengue and Zika
T4.(1) Individuals under treatment for co-infection
S,(1) Susceptible mosquito vectors

Lq(t) Mosquito vectors infected with dengue virus
I,.(1) Mosquito vectors infected with Zika virus

instability demonstrated for Ry > 1 [40]. Fourth, persistence
theory is applied to establish the existence of at least one en-
demic equilibrium when R, > 1. Fifth, the centre manifold the-
orem [41] is used to show that both the dengue-only and Zika-
only submodels exhibit backward bifurcation at their respective
thresholds, with the conditions driving this phenomenon identi-
fied analytically. Sixth, normalised forward sensitivity analysis
reveals a consistent hierarchy of intervention leverage across
both disease sub-systems. Seventh, comprehensive numerical
simulations and joint surface—contour analysis of R, over key
two-dimensional parameter spaces quantify the additional epi-
demic risk introduced by co-circulation and demonstrate the
cross-disease coupling effects unique to the co-infection formu-
lation.

The remainder of this paper is organised as follows. Sec-
tion 2 presents the model formulation, biological assumptions,
and governing system of differential equations. Section 3 pro-
vides the mathematical analysis covering the disease-free equi-
librium, reproduction numbers, local asymptotic stability, per-
sistence, endemic equilibrium existence, and backward bifur-
cation. Section 4 describes the data-fitting methodology, re-
ports the calibrated parameter estimates, and presents the sen-
sitivity analysis. Section 5 presents numerical simulations and
joint surface—contour analysis. Section 6 concludes with public
health implications and directions for future research.

2. Model formulation

The model stratifies the human population into thirteen epi-
demiological compartments based on infection status: suscep-
tible individuals (S), those exposed to dengue (E,;), dengue-
infected (I;), dengue-treated (7;), dengue-recovered (Ry),
dengue-vaccinated (V,), those exposed to Zika (E.), Zika-
infected (1,), Zika-treated (T,), Zika-recovered (R;), individuals
exposed to both viruses (E ), co-infected (I;;), and those un-
der treatment for co-infection (7;). The mosquito vector pop-
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Figure 2: Backward bifurcation diagram for the dengue only submodel, illustrating the coexistence of a stable endemic equilibrium
(blue, solid) and an unstable endemic equilibrium (red, dashed) with the stable disease free equilibrium for Ry; < 1. Parameter
values are chosen to satisfy the backward bifurcation condition a > 0 (low vaccine efficacy ¢,, vector abundance & below the critical
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ulation is divided into three classes: susceptible vectors (S,),
dengue-infected vectors (/,4), and Zika-infected vectors (1,;).
The state variables and model parameters are summarized

in Tables 1 and 2, respectively.

Susceptible class (S): The susceptible human population
increases through constant recruitment at rate Aj; and from wan-
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Table 2: Description of parameters.

Parameter Description

Ap Recruitment rate into human population

A, Recruitment rate of mosquito vectors

Hn Natural death rate of humans

My Natural death rate of mosquito vectors

Ny, Total human population size

b Mosquito biting rate

Ba Transmission probability from dengue-infected vector to human
B:1 Direct human-to-human transmission rate for Zika

B2 Transmission probability from Zika-infected vector to human

B3 Direct transmission rate from co-infected humans (Zika)

Buai Transmission probability from dengue-infected human to vector
Bz Transmission probability from co-infected human to vector (dengue)
Bzl Transmission probability from Zika-infected human to vector
Buz Transmission probability from co-infected human to vector (Zika)
64 Progression rate from dengue-exposed to dengue-infected

0, Progression rate from Zika-exposed to Zika-infected

04, Progression rate from co-infection exposed to co-infected

T| Treatment-seeking rate for dengue-infected individuals

T Treatment-seeking rate for Zika-infected individuals

T3 Treatment-seeking rate for co-infected individuals

Vi Recovery rate under treatment for dengue

b%) Recovery rate under treatment for Zika

V3 Recovery rate under treatment for co-infection

o Fraction recovering from Zika during co-infection treatment

04 Disease-induced death rate (dengue-infected class)

024 Disease-induced death rate (dengue-treated class), 02y < 04

0 Disease-induced death rate (Zika-infected class)

02, Disease-induced death rate (Zika-treated class), §,, < ¢,

Od; Disease-induced death rate (co-infected class)

02d; Disease-induced death rate (co-infection treated class)

&3 Synergistic mortality factor for co-infection, &3 > 1

ay Waning rate of dengue immunity

7/ Waning rate of Zika immunity

P Fraction of dengue-recovered individuals receiving vaccination
da Vaccine efficacy against dengue infection, 0 < ¢y < 1

N4 Cross-immunity protection factor 0 <7y < 1

1, Cross-immunity protection factor 0 <7, < 1

el Modification factor for Zika acquisition by dengue-infected individuals
& Modification factor for dengue acquisition by Zika-infected individuals

ing immunity. Dengue-recovered individuals return to suscep-
tibility at rate (1 — p)a Ry, while Zika-recovered individuals
return at rate R,. This compartment decreases through acqui-
sition of dengue infection (force of infection A1), Zika infection
(force of infection A,), and natural mortality at rate u,.
Dengue-exposed class (E;): Individuals enter this com-
partment through three pathways: susceptible individuals ex-
posed to dengue at rate 1,5, vaccinated individuals with re-
duced susceptibility exposed at rate (1 — ¢,)1,V,, and Zika-
recovered individuals with partial cross-immunity exposed at
rate (1 — n4)A4R,. Exposed individuals progress to infectious-
ness at rate 6; and exit through natural death at rate py,.
Dengue-infected class (I;): This compartment receives in-

dividuals from the exposed class at rate 6;E,. Co-infection
occurs when dengue-infected individuals acquire Zika at the
modified rate £;1,1;, where & captures altered susceptibility.
The compartment decreases through treatment-seeking at rate
71, disease-induced mortality at rate 4, and natural death at
rate uy,.

Dengue-treated class (T): Individuals enter treatment from
the infected class at rate 71/; and from the co-infection treat-
ment class when they recover from Zika while still under
dengue treatment at rate oy3T4,. The compartment decreases
through recovery at rate y;, disease-induced death at rate do4
(where 9,4 < d4), and natural mortality.

Dengue-recovered class (R;): Individuals recover from
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dengue treatment at rate y;7,. This compartment decreases ceptibility at rate @y, when they acquire Zika with partial cross-
when recovered individuals lose immunity and return to sus- protection at rate (1 — 7;)A.Ry, and through natural death. A
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Table 3: Data from Espirito Santo State in Brazil for Dengue
and Zika cases in 2021 [42]

Week Zika virus  Dengue fever
3/01/2021 24 251
10/01/2021 31 238
17/01/2021 28 250
24/01/2021 32 267
31/01/2021 22 235
7/02/2021 23 195
14/02/2021 31 206
21/02/2021 19 238
28/02/2021 28 277
7/03/2021 25 310
14/03/2021 26 373
21/03/2021 25 358
28/03/2021 31 306
4/04/2021 31 454
11/04/2021 31 401
18/04/2021 27 473
25/04/2021 18 471
2/05/2021 16 493
9/05/2021 33 468
16/05/2021 8 486
23/05/2021 21 439
30/05/2021 22 561
6/06/2021 15 460
13/06/2021 29 566
20/06/2021 18 395
27/06/2021 16 406
4/07/2021 17 328
11/07/2021 16 328
18/07/2021 17 238
25/07/2021 10 201
1/08/2021 14 183
8/08/2021 11 248
15/08/2021 11 221
22/08/2021 14 233
29/08/2021 5 167
5/09/2021 11 129

fraction p of recovered individuals receive vaccination upon re-
covery.

Dengue-vaccinated class (V;): This compartment com-
prises dengue-recovered individuals who receive vaccination
at rate payR,. Vaccinated individuals can still acquire dengue
with reduced susceptibility at rate (1 — ¢,)44V; and Zika at re-
duced rate (1 — 1)1, V,;. The compartment experiences natural
mortality at rate y,.

Zika-exposed class (E;): Individuals enter through expo-
sure of susceptible (1,5 ), dengue-vaccinated with reduced sus-
ceptibility ((1 — 7n,)4.V,), and dengue-recovered individuals
with cross-immunity ((1 — 77,)4,R,;). Progression to infectious-
ness occurs at rate ,, with natural death at rate y,.

Zika-infected class (I;): This compartment increases at
rate 6, F, and decreases when co-infection with dengue occurs

Table 4: Parameter values for the dengue—Zika co-infection
model.

Parameter  Value Status Reference
Ny, 4,000,000 Fixed [43]

Ay Hp X Np, Fixed [25]

o 1/(70 x 52) wk™! Fixed [44]

Ay 4,000,000 wk~! Fixed [45, 46]
Hy 0.5 wk! Fixed [47]

b 1.278 wk™! (0.18 day~')  Fitted -

Ba 0.749 Fitted -

Bz 0.0047 wk! Fitted -

B2 0.161 Fitted -

B3 0.001 wk™! Fitted -

Brai 0.118 Fitted —

Buaz 0.496 Fitted -

Bzt 0.252 Fitted -

B2 0.061 Fitted -

04 1.0 wk! Fixed [25, 48]
0, 1.0 wk! Fixed [10, 29]
64, 1.0 wk! Estimated [25]

T 0.5 wk! Fixed [49, 50]
T 0.3 wk! Fixed [10]

T3 0.5 wk! Fixed [51]

Y1 0.5 wk! Fixed [49, 51]
b%) 0.5 wk™! Fixed [10, 29]
V3 0.5 wk™! Fixed [51]

o 0.5 Fixed [25]

Od 5% 107* wk! Fixed [49, 51]
824 2x 1074 wk! Fixed [49]

0, 2x 1074 wk! Fixed [10]

02, 1 x 107 wk! Fixed [10]

Odz 1x1073 wk! Fixed [52]
024z 5% 107* wk! Fixed [51, 52]
&3 1.5 Fixed [52]

y 1/(52 x2) wk™! Fixed [53]

W 1/52 wk™! Fixed [54]

M4 0.3 Fixed [1]

7, 0.3 Fixed [1]

£ 1.2 Fixed [52]

& 1.2 Fixed [1]

e 0.1 Fixed [55]

da 0.70 Fixed [56]

Table 5: Initial conditions and observation/reporting parameters

Parameter Value Status
(a) Initial Conditions

Lo 1,975 Fitted

Lo 14.1 Fitted
Jivao 0.50% Fitted
o 0.036% Fitted
Warm-up 2 weeks Fitted
(b) Observation / Reporting Parameters
K4 0.0166 (1.7%)  Fitted

K, 0.0497 (5.0%) Fitted

at modified rate €,441;, through treatment-seeking at rate 7,
disease-induced death at rate 6., and natural mortality.
Zika-treated class (7,): Individuals enter from the infected
class at rate 7o/, and from co-infection treatment when recov-
ering from dengue at rate (1 — 0)y3T4,. The class decreases
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Table 6: Normalised forward sensitivity indices of the basic reproduction numbers with respect to model parameters for the dengue
and Zika sub-systems, evaluated at the fitted baseline parameter set (Ry; ~ 1.074, Ro, ~ 0.947). Positive indices indicate parameters

that increase Ry; negative indices indicate suppressive parameters.

Parameter  Description Tf"" Yf"z
b Mosquito biting rate +1.0000 +0.9917
Ba Dengue vector-to-human transmission probability ~ +0.5000 —
Brai Dengue human-to-vector transmission probability  +0.5000 —
B Direct (sexual) Zika transmission rate — +0.0083
B2 Zika vector-to-human transmission probability —  +0.4958
Bz Zika human-to-vector transmission probability —  +0.4958
04 Dengue exposed-to-infected progression rate +0.0001 —
0, Zika exposed-to-infected progression rate — +0.0001
T) Dengue treatment-seeking rate —-0.4992 —
T Zika treatment-seeking rate — —0.5034
Od Dengue disease-induced mortality rate —-0.0005 —
0, Zika disease-induced mortality rate — —0.0003
Hn Natural human mortality rate +0.4996  +0.4952
My Natural mosquito mortality rate -1.0000 —0.9917

through recovery at rate y,, disease-induced mortality at rate
02, (with 85, < 8,), and natural death.

Zika-recovered class (R,): Zika-treated individuals recover
at rate y,T,. The compartment loses individuals when immu-
nity wanes at rate i, when secondary dengue infection occurs
with partial cross-immunity at rate (1 — 174)44R;, and through
natural death.

Co-infection exposed class (E;;): This compartment rep-
resents individuals simultaneously exposed to both viruses,
receiving inflow from dengue-infected individuals acquiring
Zika (e14,1;) and Zika-infected individuals acquiring dengue
(e2441;). Individuals progress to active co-infection at rate 6,
and exit through natural mortality.

Co-infected class (I;;): Individuals develop active co-
infection at rate 6;,FE,,. This compartment experiences en-
hanced disease-induced mortality at rate €304, where &3 >
1 represents the synergistic effect of co-infection on disease
severity. Treatment is sought at rate 73, with additional exits
through natural death.

Co-infection treated class (Tz;): This compartment receives
co-infected individuals at rate 731;,. Individuals exit either
through recovery at rate y; (where a fraction o recovers from
Zika only and moves to dengue treatment, while fraction 1 — o
recovers from dengue only and moves to Zika treatment),
through enhanced disease-induced death at rate 30,4, or natu-
ral mortality.

Susceptible vectors (S,): The mosquito population is re-
cruited at constant rate A, and decreases through acquisition of
dengue infection (force of infection A,,), Zika infection (4,,),
and natural vector mortality at rate u,,.

Dengue-infected vectors (1,4): Vectors become infected at
rate 1,45, through contact with dengue-infected (I;) and co-
infected (/;;) humans, where transmission depends on biting
rate b and transmission probabilities. The compartment de-
creases only through vector mortality at rate u,.

Zika-infected vectors (I,;): Similarly, susceptible vectors
acquire Zika at rate A,,S, from contact with Zika-infected and
co-infected humans, exiting only through natural death.

The forces of infection governing disease transmission are:

_ bBalva _ Bl + Bala) + bBoly;
/1d - —’ AZ - 9
Nh Nh
(H
b(Byarly + Bzl b(B. 11, + Bunly;
Ay = (Bvarla + Buax dz)’ A, = (Bozilz + B2 d‘,)’ )
Nh Nh

where N, represents the total human population, b is the
mosquito biting rate, and the S parameters represent transmis-
sion probabilities for different infection routes. Notably, Zika
transmission includes both vector-borne (b8,»1,;) and direct
human-to-human transmission (8,11, + 5,314;), reflecting sexual
and other non-vector transmission routes documented for Zika
virus.

2.1. Model assumptions

The following are the major assumptions underlying the for-
mulation of the dengue—Zika co-infection model:

e The human population is homogeneous with respect to
mixing, contact rates, and exposure to mosquitoes, except
for stratification by infection/vaccination status.

e Recruitment into the human population occurs at a con-
stant rate A, and all individuals are born susceptible (no
vertical transmission of either virus is included).

e Natural death occurs at constant per-capita rate u; in
every human compartment; disease-induced mortality is
additional and virus-specific.

e Mosquito population dynamics are modelled with con-
stant recruitment A, and natural mortality y,; infected
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mosquitoes remain infectious for life (no recovery or la-
tency in vectors) [25, 45].

e Transmission is frequency-dependent (forces of infection
are divided by total human population N;) [25, 57].

e Dengue confers temporary immunity that wanes at rate
ay; a fraction p of dengue-recovered individuals move
into a partially protected vaccinated state (V) [26, 27,
53].

e There is a dengue vaccine offering partial protection
against dengue infection (efficacy ¢,) but no (or limited)
cross-protection against Zika (1,) [25, 55, 56].

e Asymmetric cross-immunity or antibody-dependent en-
hancement (ADE) is captured through reduced/increased
susceptibility parameters 7, (protection against Zika af-
ter dengue) and 7, (protection against dengue after Zika),
with 0 < ng,m, < 1[1, 16, 17].

e Secondary infection risk is enhanced in some individuals:
€1 > 1 increases Zika susceptibility during acute dengue,
and &, > 1 increases dengue susceptibility during acute
Zika (possible ADE mechanism) [18, 21].

e Co-infection leads to modified disease severity, captured
by the multiplier £3 > 1 on disease-induced death rates
in co-infected compartments [32, 33, 52].

e Zika virus can be transmitted by two routes: vector-borne
(mosquito-to-human) and direct human-to-human (sex-
ual, congenital, or close contact), represented by the non-
vector terms f,;11, and B;l,, in the force of infection
A, [29-31].

e Treatment reduces disease-induced mortality (624 < g,
02, < 0, £3024; < &304;) but does not eliminate infectiv-
ity [26, 49].

o Co-infected individuals under treatment can recover from
one virus before the other; the splitting parameter o de-
termines the proportion that recovers from Zika first (o)
versus dengue first (1 — o) [33, 34].

e No births from infected mothers produce congenitally in-
fected infants, and no vertical transmission to mosquitoes
is included [29, 58, 59].

e Environmental and seasonal forcing (temperature, rain-
fall, vector breeding) are not explicitly modelled; param-
eters are assumed constant [23, 24, 45].

Arising from the model formulation described above, fol-
lowing the model assumptions and the flow diagram in Figure 1,
the governing system of differential equations is:

dsS

7: = Ap— (g + DSk — Sy + (1 = p)aaRy + YR,
dE,;

e AgSn+ (A =) Vg + (1 = ng)AgR, — (64 + un)Eq,

dl
d—td = HdEd - El/lzld - (Tl + 6d +#h)1d9
daT
d_td =1l +0y3Ta — (y1 + 620 + pn)Ta,
dRy
T =y1Tq — (@g + )Ry — (1 =) ARy,
v,
d_[d =pa Ry — (1 — ¢)AqVa — unVa — (1 = n)A, Vy,
dE,
dt = /leh + (1 - Uz)/led + (1 - nz)/lsz - (ez +/vlh)Eza
dI,
I =60.E, — s34, — (12 + 6, + up) 1,
dr,
o =1l + (1 = 0)y3Ta, — (y2 + 62 + )T,
dR
dE
Wdz =0y + &40, — (B4, + up)E 4,
dl,
_djz = edzEdZ — (T3 + 836dz +#h)1dZ’
dT,
sz = T3Idz - (’)/3 + 8362dz +luh)TdZ’
as,
—_— =AV_ /lv +/lv Sv_ vSvs
dr ( d z) H
dIvd
_:/lv SV_ V[V9
ar d Hvlvd
dl,,
— Z/lv-Sv_ VIV9 3
- Sy — ., (3)

with forces of infection

A= bBalva 1= Bal; + Baly, + bl
Nh ’ : Nh ’
_ b(ﬁvdlld +,3vd21dz) _ b(ﬂvzllz +ﬂvz2ldz)
Ava = , Ay = e
Nh Nh

3. Model analysis

As is standard practice in the mathematical modelling of in-
fectious diseases, we begin by analyzing the basic properties
of the proposed model. These properties provide essential in-
sights into the model’s structural integrity, biological relevance,
and mathematical consistency.

3.1. Positivity of solutions for the dengue—Zika co-infection
model

For the dengue-Zika co-infection model to be epidemiolog-
ically meaningful, all state variables must remain non-negative
for all time ¢ > 0, assuming non-negative initial conditions.
This ensures that populations (human and vector compart-
ments) do not become negative, which would be biologically
meaningless.

Theorem 1. Let the initial data for the dengue—Zika co-
infection model be:

$1(0) > 0, E40) > 0, 1,(0) > 0, T4(0) > 0, Ry(0) > 0,
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Va(0) > 0, E-(0) > 0, I:(0) > 0, T:(0) > 0, R(0) > 0,
E;;(0) >0, 1;,(0) > 0, T4,(0) >0, S,(0) >0,
Ivd(o) >0, Ivz(o) > 0.

Then all solutions remain positive for all time t > 0.

Proof. Let

t; =supf{t € [0,¢] : Sy, Eq, 14, Ty, Ry, Vg > 0,
EZ’ IZ’ Tz» Rz’ Edz > O,
Idz, sza SVs Ivdv Ivz > 0}

Thus, #; > 0. We will show that each compartment remains
non-negative.

The model is positively invariant in the feasible region D =
D, x D, C R}f, where

Dy ={(Sh: Ea> Is» Tas Ra, Vs Bz Iy Toy Re, Egz, Iz, Tar) € RY

A
: N/‘l < _h}3
Hn

A,
Dv = {(Sw Ivd, Ivz) € Rz : Nv < _L}7
4
with total human population N, = S, +E;+1;+ T+ Ry + Vi +
E.+IL +T,+R,+ E;;, +1;; + Ty, and total vector population
N, =S, +1Lg+1,.
Adding the human equations yields

dN,,
7 = Ah —/,thh - 6d1d - 62de - 5ZIZ
— 02,1, — &304.14; — 024, T 4;

< Ah - ﬂhNh-

50 Nj(r) < max (Ny(0), &),
Similarly for vectors:

dN,
dt

A
= A, —u,N,, soN,() < max (NV(O), —V)
Hy
Assuming bounded disease-induced deaths, D is attracting and
positively invariant. |

3.2. Invariant region

The dengue-Zika co-infection model is epidemiologically
meaningful if its solutions remain non-negative and bounded
for all + > 0, as established in the positivity proof. Here, we
determine the positively invariant region that attracts all solu-
tions, ensuring the model is mathematically and epidemiologi-
cally well-posed.

Lemma 2. The solutions of the dengue-Zika co-infection model
are feasible for all time t > 0 within the invariant region D =
Dy, x D, c R1 and attract all solutions in R!®, given by:

Dy ={(Shs Ea: 10 Ta R, Vs Eey I, To R, Ege, 12, Ta)

: Nh < ﬁ},

© RP Hn

11

11

A,
D, = {(Sv, Ivda Ivz) € R’i :N, < _} s

My

where Ny = Sp+Eg+ i+ T+ Ry +Vy+E,+ [+ T, + R, +E , +
1y, + Ty, is the total human population and N, = S, + L4 + I,
is the total vector population.

Proof. First, consider the total human population N, (). Differ-
entiating and substituting the model equations yields:

dN,
d—th = Ah —/,thh — ((Sdld + 62de + 6212

+ (52ZTZ + 835dz1dz + 3352dszz)~

Since the disease-induced death terms are non-negative (641 +
02aT g + 0.1, + 62, T, + €304, 14, + €3024; T4, = 0), it follows that:
dNy,
— < Ay — upNy.
di h— MniNp

Ay
Hn’

dn),

Thus, whenever N, > r

inequality:

< 0. Solving this differential

% (Nheﬂht) < Apet,

Integrating both sides from O to #:

Ni(Be = Ny(0) < 2o~ 1y,
Hn

A
Nu(r) < Nh(O)e_'uht + —h(l — e_llht)‘
Hn

Hence, N (f) < max (N;(0), %) forall 7 > 0. Applying BirkhofF
and Rota’s theorem on differential inequalities, as t — oo:

A
lim sup Nj(1) < —h

t—00 h

From the positivity proof, all compartments
(Np(t) 2 0) fort > 0.

Therefore, if N,(0) < %, then N;,(f) <
making D), positively invariant.

Now, for the total vector population N, (¢):

dN,
dt

(This is exact, with no disease-induced deaths in vectors.) Solv-
ing directly:

are non-negative

A forall ¢t > 0,
Hn

= Ay — N,

A,
Ny() = Ny(0)e ™! + —2(1 — e,
u

Vv

Thus, N,(f) < max (NV(O), 2—), and as t — oo, N, (1) — % If

N,(0) < %, then N,(r) < % for all ¢ > 0, making D, positively
invariant.

The region D Dy x D, is thus positively invariant
and attracts all non-negative solutions (initial conditions out-
side D approach it asymptotically). The dengue-Zika co-
infection model is both epidemiologically and mathematically
well-posed in D. Hence, it is appropriate to examine the dy-
namics of the model in the region D. |
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3.3. Disease-free equilibrium

The disease-free equilibrium (DFE) is the steady state
where there is no disease in the population, i.e., all disease-
related compartments are zero.

At the DFE, denoted by ¢y, we have:

e No exposed, infected, or treated individuals for dengue,
Zika, or co-infection.

A

m and susceptible

e Only the susceptible humans S

vectors 58 2— remain positive. All infected, treated,
recovered, and vaccinated compartments are zero.

Consider the first equation of (3), S,. at equilibrium:

ds
d—t" = An— (g + DSk — Sy + (1 = p)agRy + YR, = 0

Since 1; =0, 4, =0, and RZ =0:
Ah — ,uhSZ =0
Therefore:
A
Sh=—"
Hh
For S;: From the equation for S, at equilibrium:

ds,
dt

Since A,y = 0 and 4,, = 0:

=0= Ay = (g + Sy — Sy =0

Ay —u1,S0=0

Therefore:

The disease-free equilibrium of the dengue—Zika co-
infection model is:
o= (S} Ep L, T R Vi, EXL T
T;’RZ’ E:lz’ I:;z’ T;z’ S:’ I:d’ I\tz)'

where

A A,
o= (—h,O, 0,0,0,0,0,0,0,0,0,0,0, —,0,0 4)

Hh My

3.4. Basic reproduction number

The basic reproduction number, Ry, is computed using the
next generation operator method [40, 60]. This approach par-
titions the model into infected and non-infected compartments
and analyzes the production of new infections.

The infected compartments are:

x = (Eq, 14, E., I, Eq;, L, L, Ivz)T (5)

where the first six components represent infected human states
and the last two represent infected mosquito vectors. All other

12

12

compartments (S, T4, T;, Taz, R4 R, Vg, S) are non-infected
states.
At the disease-free equilibrium (DFE) (4), we have:

Ay .
SY=N) = Z . (all humans are susceptible)
Hn
o_ M . .
S, = #—, (all mosquitoes are susceptible)

Ej=lj=E,=1L,=E;=1;;,=1,=1,=0.
We define the equilibrium vector-to-host ratio

_ S8 _ Av,uh
=— =
Nh

¢ Appy ’

The vector of new infection terms is:
bﬂdlvdS
Ny,
0
(ﬁzllz +:813]dz) + bIBZZIvz
Ny,
0
(:lelz +:8131dz) + b:Bz2I Z bﬁdlvd .
€1 Id + & Iz
Nh Nh
0
b (ﬁvdlld +ﬁvd21dz)S
N, v
bBral: + Bralad) ¢
Ny,

Taking the Jacobian of # with respect to the infected com-

h

Sh

v

partments and evaluating at the DFE (where S; = N, and
Sy = A,/uy), we obtain the matrix F:
0 0 0 0 0 0 bBs O
0 0 0 0 0 0 0 0
0 0 0 Ba 0 Bzs 0 DB
Fe 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 bBré 0 0 0 DBé O O
0 0 0 bByuéE O bBpE O 0

The matrix V represents the rates of transfer of individuals
out of infected compartments due to disease progression, treat-
ment, recovery, and death. The vector of transition terms is:

(0 + un)Eq
—04E4 + (11 + 64 + un)ly
(0 + pn)E;
—0.E, + (12 + 6, + up)l;
—&1 .1y — &40, + Oa; + wn)Ea; |
—Oua:Eaz + (T3 + €304, + n)la;
Holva
Mol
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At the DFE, where 4; = A, = 0, taking the Jacobian yields:

m 0 0 O 0 0O 0 O
-6, my 0 O 0 0 0 O
0 0 my O 0 0 0 O
y_|0O 0 6 m 0 0 0 0
0 0 0 0 ms 0 0 O0OFf
0 0 0 0 —de Mg 0 0
0 0O 0 O 0 0 uw O
0 0O 0 O 0 0 0 pu

where for notational convenience we define:

my =64+ uwn, my=71+04+ U,
m3=61+;1h, I’H4=T2+6Z+ﬂh,
ms = 04, + pp, Mg = T3 + £304; + -

The block-diagonal structure of V reflects the independence
of the dengue, Zika, and co-infection progression pathways at
the DFE. The inverse of V is therefore:

— 0 0 0 0 0 0 O

b Ly 0 0 0 0 0
mymyp ny
1
0 0o — 0 0 0 0 0
m3
0, 1
0 0 —— — 0 0 0 0
V71= msmy nmy
0 0 0 o L o0 0 o
ms
0, 1
0 0 0 0 < _—_ 9 0
msme me
1
0 0 0 0 0 0 — 0
My

0 0 0 0 0 0o o L
Hy

The next generation matrix is K = F V-1, and the basic re-
production number is defined as its spectral radius:

Ro = p(FV™). (©6)

To derive analytically tractable expressions for the compo-
nent reproduction numbers, we formally decouple the dengue
and Zika subsystems by setting all co-infection-related states
and parameters to zero.

3.4.1. Dengue-only subsystem
Setting all Zika-related compartments to zero, the infected
compartments reduce to (Eg, I, I,4), yielding the 3 X 3 sub-

matrices:
0 0 bﬁd mj 0 0
FdZ 0 0 0 5 VdZ _Gd niy 0
0 bﬂvdl 0 0 0 My
with inverse:
1
— 0 0
mj
0, 1
vil=|—~ — 0
mymy  ny
1
0 0o —
o

13

The next generation sub-matrix is:

b
0 0 B
Ly
Ky=F,V;' = 0 0 0
bBva10aé  bBvané 0
miny my

The characteristic equation det(4/ — K;) = 0 yields one non-
trivial eigenvalue satisfying:

b*BaBra1 6
2 = FBBabad 7
mymap,
Therefore, the dengue reproduction number is:
b*BaByar b,
Roy = / BaPva16a & ®)
mymapy

The square-root structure of Ry, reflects the two-stage vector-
borne transmission cycle: human-to-mosquito followed by
mosquito-to-human.

3.4.2. Zika-only subsystem
Setting all dengue-related compartments to zero, the in-
fected compartments reduce to (E,, I, I,;), yielding:

0 Ba bB» ms3 0 0
0 0 0|  V.=|-6. m 0
0 b3 O 0 0 u

F.=

with inverse:

1
— 0 0
my
6 1
vis|— — 0
ns3niy ny
1
0 0o —
Hy
The next generation sub-matrix is:
Babe B B2
m3my my Hy
K. =FV'=| 0 0 0
bBy160:8  bBiaé 0
msniy my

The characteristic equation det(1/ — K;) = 0 expands to:

_ ﬂzlez /12 _ bz:BzZIszlng 1=
msmy mamigpdy

P& 0.

Factoring out the trivial eigenvalue A = 0 yields the quadratic:

_ ﬁzlez 1—- b2:812,8vz191§ —
msmy m3ngypdy

/12

0. C))

Applying the quadratic formula and retaining the positive root:

+ \/( ﬁzlgz )2
2m3m4

ﬁzlez
2 nmsniy

+ bzﬁﬁﬁvzl ez 6

Ro; = p(K;) = F——
vV

. (10)
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3.4.3. The overall basic reproduction number
The overall basic reproduction number satisfies

Ro = max {Rog, Ro:},

Y

with equality only when the linear cross-infection parameters
Bz, Bvazs PBvzr are zero. All co-infection effects, including
both linear coupling and ADE, belong entirely to the nonlin-
ear regime. This justifies the use of centre manifold analysis to
study backward bifurcation and endemic equilibria.

Remark 1. The composite structure of Ry reflects dengue
vector-borne transmission, Zika transmission via both sexual
and vector routes, and linear co-infection transmission path-
ways (B:3, Bvaz, Bv2). Nonlinear effects due to ADE are cap-
tured separately in the bifurcation analysis.

3.5. Local asymptotic stability of the disease-free equilibrium

Theorem 3. Let & denote the disease-free equilibrium (DFE)
(4) of the dengue—Zika co-infection model. Then & is locally
asymptotically stable if Ry < 1 and unstable if Ry > 1, where

Ry = p(FV™") > max {Roq, Ro:},

with

R = /bzﬁdﬁvdledf

0d= A\
mimapt,
2
ROZ — ﬂzlgz + ﬂzlgz + bzﬁzZﬁvzlgz‘f’
T 2mzmy 2 mzmy m3mgpd,

and ¢ = ﬁh—’;” is the equilibrium vector-to-host ratio. Here my =

04 + pp, my = Ty + 6 + pp, M3 = 6, + wy, and my = T2 + 6, + .

Proof. We establish local stability of the disease-free equi-
librium using the next-generation matrix method of van den
Driessche and Watmough [40].

Disease-free equilibrium. At the DFE, all infected compart-
ments vanish:

with
SY=N) = ﬂ,
Hn
We define the equilibrium vector-to-host ratio
_S
Ny

— Av/lh
Ahﬂv ’

&

Linearized Infected Subsystem. We consider the infected
state vector

x = (Ey, 1y, E., I, Eq;, Loz, Lia, Ivz)T~
The linearized infected subsystem near &, takes the form

dx

= (F -
7 - -V,

14

14

where F contains the rates of new infections and V' contains
transitions, recovery, treatment, and death.

Evaluating the Jacobian of # with respect to x at the DFE
yields the matrix

O 0 0 0 0 0 b8 O
o 0 0 0 0 O0 0 0
0 0 0 Ba 0 By 0 BB
o 0 0 0 0 O0 0 0

F=lo 0 0o o o o o o U2
o 0 0 0 0 0 0 0
0 bBué O 0 0 bBwné O 0
0 0 0 bﬂvzlf 0 bﬂszf 0 0

The transition matrix V (evaluated at the DFE) is block-
diagonal as previously defined, with positive diagonal entries,
and is invertible. The next-generation matrix is K = FV~!, and
the basic reproduction number is

Ry = p(K) = p(FV).

The component reproduction numbers Ry, and Ry, are ob-
tained by decoupling the subsystems and are given in the theo-
rem statement. By properties of the spectral radius of nonnega-
tive matrices,

Ro = max{Roa, Ro.},

with equality only when the linear cross-infection parameters
B3, Bvazs Buz are zero. All co-infection effects, including ADE,
are confined to the nonlinear regime. The ADE parameters ¢,
and &, do not appear in F because the corresponding terms in 7
are nonlinear and vanish upon linearization at the DFE. There-
fore, while co-infection and ADE can amplify disease burden in
the nonlinear regime (as revealed by the centre manifold analy-
sis), they do not increase the linear invasion threshold R.

By the theorem of van den Driessche and Watmough [40],
the disease-free equilibrium & is locally asymptotically stable
if Ry < 1 and unstable if Ry > 1. [ |

3.6. Existence of endemic equilibrium

In this section, we establish the existence of an endemic
equilibrium when the basic reproduction number exceeds unity.
To do this, we employ persistence theory to demonstrate that the
disease remains endemic whenever Ry > 1.

3.6.1. Preliminaries and definitions
We begin by establishing the necessary framework for per-
sistence analysis.

Definition 4 (Positively Invariant Set). A set ' ¢ R!® is pos-
itively invariant for the system if every solution starting in I"
remains in I” for all future time.

Definition 5 (Omega Limit Set). For a trajectory ¢(t,xy) start-
ing at X, the omega limit set w(Xy) is the set of all accumulation
points of the trajectory as t — oo.
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Definition 6 (Uniform Persistence). The system is said to be
uniformly persistent with respect to the infected compartments
if there exists a constant € > 0 such that for any initial condition
with at least one infected compartment positive, we have

liminf E4(f) > €, liminfl;(f) > €, ..., liminfl (7)) > €.
t—o0 t—oo 1—00

In other words, once infection is introduced, all infected com-

partments remain bounded away from zero.

3.6.2. Feasible region and invariance
Consider the biologically feasible region:

Ay, A,
Ny < =2, st—}, (13)

Q= {(Sh,Ed,...,IVZ) e RI®:
Mh My

where Ny =S+ Eg+1;+ T+ Ry +Vy+E,+ L +T,+R, +
Edz+1dz+sz and N, =Sv+1vd+1vz~

15

Lemma 7 (Positive Invariance and Boundedness). The region
Q is positively invariant for the model system, and all solutions
starting in Q are bounded.

Proof. For the human population, summing all human com-
partment equations yields:

dN),

—— =Ny — unNy — 64la — 624Ta

dt (14)

=61, — 62, T, — £364:14; — £3024; Ty

Since all disease-induced death terms are non-negative, we
have:

By standard comparison theorems, this implies:

ast — oo.

A A
Ny(t) < Np(0)e ™t + =2(1 — g7ty — =4
Hh Hh

A
Thus, N}, is ultimately bounded by =k
Hn
Similarly, for the vector population:
dNn,
dt

= A, — Ny, s5)

which gives:

ast — oo,

N,(1) < N,(0)e ™" + ﬁ(1 —e™h > Ay

Hy v

Since all state variables are non-negative (verified by check-

ing that no variable can become negative once positive) and
the total populations are bounded, Q is positively invariant and
compact. |
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3.6.3. Structure of the boundary equilibrium
Define the disease-free boundary as:

0Q ={(Sp Eqg,...

) EQ I Eg=1;=E, =1,

=Eg=liy=ha=1;= 0}.

(16)

The unique equilibrium on 9dQ is the disease-free equilib-

16

rium: A A
goz(—”,o,...,o,—v,o,o). (17)
Hn M

v

3.6.4. Instability of the disease-free equilibrium when Ry > 1
From Theorem 3 (Local Asymptotic Stability of DFE), we

have established that &) is unstable when Ry > 1. Specifically,

the Jacobian matrix evaluated at &y has at least one eigenvalue
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with positive real part.

Lemma 8 (Repelling Property of DFE). When Ry > 1, the
disease-free equilibrium &y is a repelling equilibrium on the
boundary 0€)y. That is, there exists a neighborhood U of &
such that trajectories starting in U N Q \ 09 (i.e., with small
but positive infection) move away from &.

Proof. Since Ry > 1 implies instability of & with respect to the
infected subsystem, the stable manifold of & lies entirely within
0Qp. Any trajectory starting with positive infection (i.e., in the

17

interior of () cannot converge to & but must instead move away
from it along the unstable manifold. |

3.6.5. Uniform persistence
We now invoke a standard result from persistence theory.

Theorem 9 (Uniform persistence of infection). If Ry > 1, then
the dengue—Zika co-infection model is uniformly persistent with
respect to the infected compartments. That is, there exists € >
0 such that for any initial condition with at least one infected
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compartment positive, we have:

li?l inf E4(¢) > €, 11?1 inf I;(¢) > €,
(18)

liminf E,(f) > €, liminf L,(r) > €,
t—o0 t—oo

and similarly for Eg;, 1y, Lq, and I,,.

Proof. We apply the persistence framework developed by
Thieme [61] and Castillo-Chavez et al. [62].
The system satisfies the following key conditions:

18

(P1) Compactness: By Lemma 7, the feasible region Q is
compact and positively invariant.
(P2) Persistence Function: Define the persistence func-
tion:
p(X) = min{Ed, Id, Ez, Iu Edz, Idz’ Ivd, Ivz}~

This function is positive in the interior of Q and zero on the
disease-free boundary 9€2.

(P3) Acyclicity on Boundary: The chain recurrent set on
0Q consists of the single equilibrium &y. To see this, note that
on 0Q), all infection dynamics are absent, and the system re-



Onoja et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3405 19

14 . ; .

12

10

Dengue-Zika Co-Treated Individuals

Dengue-Zika Co-Infected Individuals

0 . . . 0 . . .
0 10 20 30 40 0 10 20 30 40

Time(Weeks) Time{Weeks)

(a) Effects of £, on the dengue—Zika co-infectious population. (b) Effects of £, on dengue—Zika Co-Treated population.

Figure 13: Effects of &; on Co-Infection dynamics.

g X 10° . . .
8l ]
%) L
= @
S St 1
=] =
= = s 13 =(1.00
o= = 6 d 1
= £ —_—, =0.3
wn =)
D 5F ;o ]
-S E 5 Uc =06
= = e 1y =118
£ % 41 d .
s «,
s 3 )
& >
S 2,1 ]
@
a fa
1t )
0 : : . 0 : . :
0 50 100 150 200 0 50 100 150 200
Time(Weeks) Time{Weeks)
(a) Effects of ¢, on the dengue infectious population. (b) Effects of ¢, on Dengue Recovered population.

Figure 14: Effects of Vaccine efficacy ¢, on Dengue Infection dynamics.

duces to: (P4) Instability of Boundary Equilibrium: By Lemma 8§,
ds when Ry > 1, the DFE is unstable with respect to perturba-
d_th = Ay — Sy + (terms from Ry, R, which decay to zero), tions introducing infection. The stable manifold W*(&y) of & is

(19) contained entirely in 9€Y.
By the uniform persistence theorem [61, Theorem 4.3], con-
ds, =A, —1,S,. (20) ditions (P1)-(P4) guarantee that the system is uniformly persis-
dt tent. Specifically, there exists € > 0 (depending on the parame-
Ay A, ters but independent of initial conditions) such that all solutions
These equations converge to the unique equilibrium (—, —) starting with positive infection satisfy: liminf,_. E4(f) > e,
L and similarly for all other infected compartments. |

19

on the boundary, confirming acyclicity.
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3.6.6. Persistence and existence of endemic states

We now establish that whenever Ry > 1, the disease-free equi-
librium (DFE) loses stability and the infection persists in the
population in the sense of uniform persistence.

Positivity and Invariance.

Let Q c R!® denote the biologically feasible region determined
by nonnegative initial data and the population bounds estab-
lished previously. Standard comparison arguments show that
all solutions with initial conditions in € remain nonnegative for

20

all r > 0. Moreover, the total human and vector populations
remain uniformly bounded. Hence € is positively invariant and
absorbing.

Define the infection-free boundary set

aQOZ{XEQZEdZIdZEZZIZ:EdZZIdZZIVdZIVZZO}.

This set is invariant under the flow, since in the absence of in-
fected individuals no infection terms are generated. The DFE
& is the unique equilibrium contained in 0Q.

Instability of the DFE.
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Figure 18: Dengue Reproduction Number R, as a function of mosquito biting rate b and mosquito mortality u,.

From the previous section, the Jacobian matrix evaluated at
&p admits a block decomposition separating infected and un-
infected variables. By the theorem of van den Driessche and
Watmough, the DFE is locally asymptotically stable if Ry < 1
and unstable if Ry > 1.

In particular, when Ry > 1, the linearized dynamics restricted to
the infected subsystem possesses a positive eigenvalue. Since
the boundary 9y contains no equilibria other than &, trajec-
tories initiated sufficiently close to the DFE with at least one
infected component positive cannot converge to &,. Conse-
quently, the DFE acts as a repeller for solutions originating in

the interior of Q.

Uniform Persistence.
We now show that the infection persists whenever Ry > 1. Let

Qo =Q\ 0

denote the interior region in which at least one infected compo-
nent is positive.

The semiflow generated by the system is point dissipative
and admits a compact global attractor in Q. Since the only in-
variant set on d€) is the unstable equilibrium &, classical per-
sistence results for dissipative systems (see, e.g., Thieme, 2003)
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Figure 20: Zika Reproduction Number Ry, Vs b and 3,,.

imply that the system is uniformly persistent with respect to the
pair (€, 0Qy) whenever Ry > 1.

Therefore, there exists a constant € > 0 such that every so-
lution with initial data in € satisfies

liminf » x;(f) > e,
f—oo
iel

where 7 denotes the collection of infected compartments. That
is, the total infected population remains bounded away from
zero uniformly in time.

Existence of Endemic Equilibria.
Uniform persistence together with compactness of the

22

global attractor ensures the existence of at least one equilibrium
£ € Q,

with strictly positive infected components. Hence, whenever
Ro > 1, the system admits at least one endemic state.

Interpretation.

The threshold parameter R, therefore determines the local
stability of the disease-free equilibrium and governs whether
infection can invade the population. When Ry < 1, small intro-
ductions of infection die out and the DFE is locally asymptoti-
cally stable. When Ry > 1, the DFE becomes unstable and the
system admits persistent infection dynamics, with at least one
endemic equilibrium in the interior of the feasible region.
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We emphasize that while persistence guarantees long-term
survival of infection, it does not in itself establish uniqueness or
global stability of the endemic equilibrium, nor does it preclude
the possibility of multiple endemic states.

3.7. Backward bifurcation analysis

We examine the possibility of a backward bifurcation in
both the dengue-only and Zika-only submodels at Ry = 1 using
the centre manifold theorem [41].

Backward bifurcation can occur in models with vaccination,
treatment, partial cross-immunity, or high vector abundance,
potentially leading to multiple stable equilibria for Ry < 1.

The backward-bifurcation structure of the dengue-only sub-
model is illustrated in Figure 2.

3.7.1. Dengue-only submodel
Theorem 10. The dengue-only submodel exhibits a backward

bifurcation at Roy = 1 whenever the bifurcation coefficient a >
0.

Proof. We introduce the change of variables

Sp=x1, Eg=x3, Iz=x3, Ty4=x,

Ri=xs, Va=2x5, S,=x7, Laq=2xs,
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so that the dengue-only system becomes

dx
d_tl = Ap — Agxy — ppxy + (1 = p)agxs,
dx
d_t2 = Agx1 + (1 = ¢pa)Aaxs — (Oa + up)x2,
dx
d_3 = 04xy — (11 + 0g + pp)x3,

t
dx.
d_t4 =11x3 — (Y1 + 02a + Up)X4,

2n

axs (ag + up)x
— = x - n 9
dr Y1X4 d T Mn)Xs
dx
d_; = pagxs — (1 — ¢qa)Adaxs — pnXe,
dx
d_; = Av - /lvdx7 — My X7,
dX3 2
— = AygX7 — Uy Xg,
dr dX7 — My X8

with forces of infection

b
Ag = M, Avg =

bBvarx3
Ny, ’

Ny,

We take B, as the bifurcation parameter. Setting Rg =1land
solving gives the critical value

kikot Ay
b2ByarOavi”

where k; = 6, + u, and k, = 71 + 64 + . We also define

By = (22)

vﬂh
Ah/Jv

ks =vy1+ 0 +up, ks=aq+puy €=

The Jacobian of system (21) evaluated at the disease-free
equilibrium Sg when 8, = 7" is

0 0 0 (-pag 0 0 -bB
0 -k 0 0 0 0 0 bBy
0 6 -k 0 0 0 0 0
e
Y1 4
0 0 0 0 pay - 0 0
0 0 —bBaé O 0 0 -4 O
0 0 DbBamé O 0 0 0 -
(23)
Right eigenvector. The right eigenvector w = (wy, ..., Wg)T as-

sociated with the simple zero eigenvalue of J(E])|s,=p:, satis-
fying J(Sg)w =0, is given (with w3 > 0 as the free component)
by

k'%k4 My
bz:Bd ﬁvdl f

kl,uv
ws = w3 >0,

1 ((1 — p)aayiTi bzﬂ;*ﬁvdlé’)
wp = ,u_ - w3,
h

wy = w3,

W4 = — w3,
4 I 3
ws = ALy,
5 Taks 3,
_ Pyt
tnksky 7
_ bﬁvdlf
Wi =——""Ww3,
Hy
_ bﬁvdlf
WwWg = —— W3
Hy
Left eigenvector. The left eigenvector v = (vy,...,vs) satisfy-

ing v J(Sg) =0and v-w = 1 is given (with v, > 0 as the free
component) by

kq

vi=0, v=1v>0 V3—9—vz,
d
bBy

V4=V5=v6=V7=0, Vg = r V.
v

Bifurcation coefficients. The bifurcation coefficient a is

8

o= > vy L
= KWiW

eyt 0x;0x;

d - owx
80’ ﬂd

The nonzero second-order partial derivatives at 861 (where N; =
An/up) are

32f2 bﬁd Mh 62f2 (1 - ¢d)bﬂd HMh
0)(]6)68 - Ah ’ aX(,an Ah ’
8 f bﬂvdlﬂh
BX3(9)C7 Ah
yielding
2b sk k&
= Al:h [Vzws(wlﬁd + (1 — pa)weBy") + V8W3W7ﬁvd1]- (24)

Since w; < 0, the sign of a is determined by the balance be-
tween the positive term involving vaccine efficacy and the neg-
ative vector transmission term. When vaccine efficacy ¢, is low
and vector abundance £ remains below a critical threshold, the
positive term dominates and a > 0, giving rise to a backward
bifurcation. As ¢ increases beyond this threshold, the negative
vector driven term instead dominates, and a < 0, so the system
undergoes a forward (transcritical) bifurcation.
The bifurcation coefficient by is

8

P fi
b 1 1
bif Zl N 0By

Differentiating f, with respect to B and evaluating at 80 gives
& f>/(0x30B;") = b, so that

bbif = bV2 wg > 0. (25)

It follows from the centre manifold theorem [41] that the

dengue-only submodel undergoes a backward bifurcation at

R¢ = 1 whenever a in (24) is positive. [ ]
24
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3.7.2. Zika-only submodel
Theorem 11. The Zika-only submodel exhibits a backward bi-
furcation at Ry, = 1 whenever the bifurcation coefficient a > 0.

Proof. We introduce the change of variables

Sph=y1, E;=y, L=y3, T,=ys,
Rz =Ys, Sv = Y6, Ivz =Yy7.
so that the Zika-only system becomes
dy;
% = Ap = Ay — upy1 + rys,
dy>
% = Ay1 — (6; + )2,
dy;
% =0y, — (12 + 6, + up)ys,
dys
=y = 0+ O v (26)
dys
I e W + un)ys,
dye
% = A, — A6 — WYss
dy;
E = AvY6 — HvY7,
with forces of infection
1= Bays + bBay A = bBya1y3
2= T vi T T -
Nj, N,

We take ;) as the bifurcation parameter. Letting

bzﬂﬂﬂvzl 0. Aoty

Ry, =
0c mymapi2 A,

denote the purely vector-borne component of Ry,, the critical
value of B, at Ry, = 1 is

ns3niy (

Bi == (1-R5). 27
where m3 = 6, + u;, and my = T + 8, + ;. Expression (27)
is biologically meaningful (i.e., 8} > 0) only when R) < 1,
that is, when vector-borne transmission alone cannot sustain an
outbreak.

We also define

Av,uh

&= .
Ah,uv

ms =yy + 02, + up, Mg =Y+ up,

The Jacobian of system (26) evaluated at the disease-free

equilibrium &; when g, = B} is

—un 0 B2 1/ 0  -bBa
0 -my By 0 0 DB
0 6,  -m 0 0 0

(&) o = 0 0 n  -ms 0 0 0 (28)

0 0 0 Y2 —Mg 0 0
0 0 -bpaé& O 0 -u O
0 0 blgvzlé: 0 0 0 —Hv
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Right eigenvector.. The right eigenvector woo= (wt, .. w§)T
satisfying J(E)w* = 0, with w§ > 0 as the free component is

2
Z (‘7//7272 sk b ﬁzZﬁvzlf) Z
w - B - R W,
1 1 3
Mn \ Mshieg Hy
1 b*BoBié
Z %k 242VvZ Z
w; = —(ﬁzl + w5,
ms3 v
2 _ R
wy = wy > 0,
Wo = 72 we
47 s Y
7 Y212
W5 = W3,
msnig
Z bﬁvllf Z
Wi = ——— w5,
Hy i
Z bﬁvzlf V4
W7 = — W3.
Hy

Left eigenvector.. The left eigenvector v* = (vi,...,
fying v*J(E)) =
component, is

v3) satis-
0 and v* - w* = 1, with v§ > 0 as the free

ms
Z Z Z ~ Z
vi=0, v=v>0 v3——0 Vs,
Z
bB
Z_ 7 _ 7 _ z _ YP2 -
v4—v5—v6—0, = V3.
My

Bifurcation coefficients.. The bifurcation coefficient a is

2

The nonzero second-order partial derivatives at & (where N; =
Anlpy) are

A & fi
’5)’15)’1

Sﬁl

& =ﬁj§f/‘h 8 fr _ bBapun
0y10y3 Ap 0y10y7 Ay
(92f7 — bﬁvzlﬂh
0y30ys Ay

yielding
2,Uh

(29)

v kT Ve VAR A4
A, [Vz SIWS + bBaws) + v7w3w6bﬁm].

Since wg < 0, the last term in (29) is negative. The sign of
a therefore depends on whether direct human-to-human trans-
mission (captured by f77) is sufficiently strong relative to the
vector-borne contribution. When a > 0, a backward bifurcation
occurs.

The bifurcation coeflicient by is

7
& fi
e S,

ik=1

Differentiating f> with respect to ﬁ and evaluating at 80 gives
8% f2/(8y30B7) = 1, so that

bbif = véwg > 0. (30)
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It follows from the centre manifold theorem [41] that the Zika-
only submodel undergoes a backward bifurcation at Ry, = 1
whenever a in (29) is positive. |

Remark 2. The epidemiological implication of backward bifur-
cation in both submodels is that reducing R, below unity is nec-
essary but not sufficient for disease elimination. For the dengue
submodel, low vaccine efficacy ¢, combined with vector abun-
dance & below a critical threshold are the primary drivers of
a > 0; sufficiently high vector abundance instead pushes the
system toward a forward bifurcation. For the Zika submodel,
the interplay between direct human to human transmission (3;;)
and vector borne transmission determines the sign of a; notably,
this interaction is unique to Zika owing to its dual transmission
routes and has no analogue in the dengue only submodel. In
both cases, by > 0 is guaranteed, confirming that the direction
of bifurcation is determined entirely by the sign of a.

4. Data calibration

Bridging the gap between the analytical properties of a
mathematical model and its behaviour under realistic conditions
requires carefully designed numerical experiments. To this end,
we simulate the full dengue—Zika co-infection system (3) us-
ing parameter values grounded in the epidemiological literature
alongside estimates obtained through direct calibration against
surveillance data from Espirito Santo state, Brazil [42]. The
simulations serve a dual purpose: they validate the theoreti-
cal findings established in the preceding sections and illuminate
the practical implications of co-circulation of dengue and Zika
viruses in a population already bearing a substantial arboviral
burden.

All numerical computations are carried out in Python, mak-
ing use of NumPy for array operations, SciPy for numerical in-
tegration and optimization, and Matplotlib for figure produc-
tion. The ODE system is integrated using the odeint solver
from SciPy’s integration module, which employs the LSODA
algorithm with automatic stiffness detection, a feature particu-
larly valuable given the wide disparity in time scales across the
sixteen model compartments.

4.1. Data fitting and parameter estimation

Epidemiological surveillance data for both dengue fever
and Zika virus disease were obtained from the Notifiable Dis-
eases Information System (SINAN) of the Brazilian Ministry of
Health, covering Espirito Santo state across a thirty-six-week
window spanning January 1 to September 5, 2021 (epidemio-
logical weeks 1 to 36). The period encompasses the full an-
nual dengue transmission season, characterized by an ascend-
ing phase driven by the onset of the wet season, a mid-year epi-
demic peak, and a subsequent decline, together with the contin-
uing low-level endemic Zika transmission that has persisted in
the region since the close of the 2015 to 2016 outbreak. Weekly
case counts for both diseases are reported in Table 3. The fit-
ted initial conditions and observation/reporting parameters are
listed in Table 5.
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Because surveillance data inevitably reflect only a fraction
of true incident infections, the model is linked to observa-
tions through disease-specific case ascertainment parameters,
kg and k;, such that reported cases equal x multiplied by model-
predicted new infections in the corresponding week. The as-
certainment framework is standard in the dengue literature:
Brazilian surveillance studies have consistently documented
that SINAN captures only a small proportion of true dengue
infections, particularly outside epidemic peaks and during peri-
ods when the health system faces competing pressures [63, 64].
The 2021 observation window coincided with ongoing COVID-
19 response demands on primary-care infrastructure, which is
well documented to have further suppressed arboviral case de-
tection in Brazil.

The parameter estimation procedure employs the Trust Re-
gion Reflective (TRF) algorithm, accessed through SciPy’s
least_squares function, which is well-suited to the bounded
optimization problem that arises here: biological and epidemi-
ological constraints impose natural lower and upper limits on
all estimated quantities, and unconstrained optimization rou-
tinely yields physically implausible solutions in high dimen-
sional compartmental models. The objective function mini-
mizes the sum of normalized squared residuals across both dis-
eases simultaneously, with each disease residual weighted by
its observed mean case count to prevent the larger magnitude
dengue series from dominating the Zika contribution. An eight
point multi-start strategy is adopted, drawing initial parameter
vectors from distinct regions of the feasible space, to reduce the
risk of convergence to local minima and to provide informal
evidence that the reported solution is globally competitive.

Prior to the main optimization, a warm-up integration of
two weeks is performed, that is, the model is integrated from
the estimated initial conditions for a short period before the
first observed week. This phase-alignment step accounts for the
fact that the epidemic in Espirito Santo was already established
and progressing when systematic reporting began on 3 January
2021; without it, the model is forced to reconcile an artificially
quiescent starting state with already-elevated observed counts,
biasing the transmission parameters.

Nine transmission parameters are estimated by fitting: the
mosquito biting rate (), the vector-to-host and host-to-vector
transmission probabilities (B, B:1, B2, Bz3 Brar Buazs Byt Buz2),
together with the initial conditions for the human and mosquito
infectious compartments and the two ascertainment fractions
and «,. The remaining parameters; demographic rates, progres-
sion rates, recovery rates, mortality rates, immunity parameters,
and vaccination coverage are fixed at values drawn from the lit-
erature and are summarized together with the fitted estimates in
Table 4. The mosquito recruitment rate A, is fixed rather than
estimated, set to imply a steady-state mosquito-to-human ratio
of 2 : 1 consistent with field entomological surveys in dengue-
endemic coastal Brazil [45, 46]; this resolves a structural non-
identifiability that would otherwise allow A,, 84, and the initial
infected mosquito fraction to compensate for one another with-
out any single parameter being individually constrained by the
data.

The fitted and fixed parameter values are presented in Ta-
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ble 4. Regarding model goodness of fit, the Zika series yields
a Pearson correlation coefficient of r = 0.739, RMSE = 5.2,
and MAE = 3.9 cases per week, indicating that the smooth
epidemic arc produced by the deterministic model captures the
gradual decline in Zika transmission across the study period
well. For dengue, the corresponding metrics are » = 0.594,
RMSE = 108.1, and MAE = 93.5 cases per week. The dengue
series displays pronounced week-to-week variability, a coeffi-
cient of variation exceeding 30%, that is not mechanistically
attributable to the model structure: it reflects a combination
of stochastic incidence fluctuations, reporting artefacts such as
batched notification on return from public holidays, and the in-
herent noisiness of passive surveillance systems operating at
weekly resolution. The deterministic ODE framework produces
a smooth epidemic trajectory that correctly identifies the ris-
ing phase, the mid-year epidemic peak at week 24 (week end-
ing 13 June 2021, 566 cases), and the subsequent decline to-
ward the end of the surveillance window, the epidemiologically
meaningful features of the epidemic arc. The discrepancy be-
tween the smooth model output and the jagged observed se-
ries is therefore a consequence of the irreducible gap between
deterministic mean-field dynamics and stochastic individual-
level transmission events, rather than a failure of the param-
eter estimation. This interpretation is consistent with the es-
tablished performance of compartmental ODE models in the
dengue modelling literature, where similar fit qualities are rou-
tinely reported and accepted when the model captures the epi-
demic trend and peak timing accurately [23, 25].

The fitted transmission parameters are biologically plausi-
ble. The biting rate b = 1.278 per week (0.18 per day) falls
within the empirical range documented by Brady et al. [47].
The dengue vector-to-human transmission probability S; =
0.749 sits at the upper end of the range reported by Garba et
al. [25] and Chitnis et al. [57], consistent with the high dengue
transmission intensity observed in coastal Espirito Santo. The
direct Zika transmission rate 8;; = 0.0047 week™' is small,
in line with multiple modelling studies that assign a minor
role to sexual transmission in the overall Zika epidemic tra-
jectory [29-31]. The dengue case ascertainment fraction x; =
1.7% is somewhat below the 5-8% reported in Brazilian surveil-
lance analyses [63, 64], a difference we attribute to the docu-
mented reduction in arboviral surveillance capacity during the
COVID-19 pandemic in Brazil. The Zika ascertainment frac-
tion xk, = 5.0% is consistent with the post-epidemic context
of 2021, in which only the most clinically apparent Zika cases
(that is, neurological presentations or laboratory-confirmed in-
fections) would typically be reported, while the far larger pool
of mild and asymptomatic infections remains invisible to pas-
sive surveillance [9, 65].

The fitted results, together with the temporal comparison
between model output and observed weekly case counts for
both diseases, are displayed in Figure 3. The fitted parame-
ter set forms the basis for all subsequent numerical experiments
presented in the subsequent sections.
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4.2. Sensitivity analysis

To identify the parameters that most strongly govern the
transmission potential of the dengue—Zika co-infection model,
we compute the normalised forward sensitivity indices of the
basic reproduction numbers Ryy, Ro;, and Ry with respect to
each model parameter. For a scalar quantity R that depends dif-
ferentiably on a parameter p, the normalised sensitivity index is
defined as

TR = é?g x 2.

p R

A positive (negative) value indicates that increasing p amplifies

(suppresses) epidemic potential. The indices for the dengue and

Zika sub-systems are reported in Table 6 and illustrated in Fig-

ure 4. These indices were computed analytically from the cor-

rected closed-form expressions for Ry, and Ry, that incorporate

the equilibrium vector-to-host ratio &, and evaluated at the fitted
baseline parameter set in Table 4.

3D

4.2.1. Dengue sub-system

The mosquito biting rate b carries a sensitivity index of ex-
actly +1.0 with respect to Ry, confirming that it exerts a di-
rect, proportional influence on the dengue reproduction num-
ber. Any fractional change in b produces an identical fractional
change in Ry;. The dengue vector-to-human and human-to-
vector transmission probabilities, 8; and S,41, each return an
index of exactly +0.5. This symmetric result is a structural con-
sequence of both parameters entering Ry, under a square root.

The dominant suppressive parameter is the natural mosquito
mortality rate y,, with an index of exactly —1.0. This stronger
effect arises because u, enters Ry, both directly in the denomi-
nator and indirectly through the equilibrium vector-to-host ratio
& = Ay /(Appy). Algebraically, Rgd oc 1/u2, 50 Rog o< 1/u,,
giving an elasticity of —1. This makes y, the single most con-
sequential lever on dengue transmission potential: doubling
mosquito mortality (halving average adult lifespan) is predicted
to halve Ry, all else equal. Interventions such as residual in-
secticide spraying, larval source reduction, and lethal ovitraps
are therefore high-yield strategies.

The dengue treatment-seeking rate 7, has an index of
—0.4992, near —0.5, indicating that prompt clinical presentation
substantially curtails the effective infectious period and reduces
secondary cases. The natural human mortality rate y;, carries a
non-trivial index of +0.4996, arising primarily through its role
in &; however, because y;, operates on a demographic timescale
far slower than epidemic dynamics, this sensitivity is primarily
a modelling artefact rather than a practical intervention lever.
The remaining parameters (6, 64) exert negligible influence at
the fitted baseline.

4.2.2. Zika sub-system

The biting rate b again dominates, with Tf”z = +0.9917.
The slight departure from unity reflects the small contribution
of direct sexual transmission (8, index +0.0083). The vector-
to-human and human-to-vector transmission probabilities (8,5,
Byz1) each have indices of +0.4958, while the natural mosquito
mortality rate u, has an index of —0.9917, again reflecting its
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dual role in the expression and through &. The Zika treatment-
seeking rate 7, (—0.5034) is also substantial. The remaining
parameters exert negligible influence. The natural human mor-
tality rate y;, carries a non-trivial index of +0.4952, arising pri-
marily through its role in &; however, because y; operates on
a demographic timescale far slower than epidemic dynamics,
this sensitivity is primarily a modelling artefact rather than a
practical intervention lever.

4.2.3. Cross-cutting implications

The sensitivity results reveal a clear intervention hierarchy.
The biting rate b and mosquito mortality y, are the dominant
levers for both diseases, underscoring the primacy of integrated
vector management. Treatment-seeking rates 7, and 7, provide
substantial, independent mitigation of comparable magnitude.
These findings support combined strategies that simultaneously
reduce vector-human contact, shorten mosquito lifespan, and
improve healthcare access in co-endemic settings.

Note that the human and vector recruitment rates A, and
A, do not appear in the sensitivity Table 6. This occurs because
the reproduction numbers are homogeneous of degree zero with
respect to these parameters when evaluated at the disease-free
equilibrium; only their ratio & matters.

5. Numerical simulation

The results and discussion presented in this section ex-
plore the dynamic behaviour of the dengue-Zika co-infection
model under systematic variation of the key epidemiological
and intervention parameters identified by the sensitivity analy-
sis. For each parameter, three compartments are examined con-
currently: the dengue-only infectious class I;, the Zika-only
infectious class I,, and the dengue—Zika co-infectious class I,
enabling a unified assessment of how changes in a single pa-
rameter propagate across both disease sub-systems and into the
co-infection burden. All simulations are initialized with the fit-
ted parameter values reported in Table 4.

Figures 5 and 6 illustrate the effect of varying the mosquito
biting rate b € {1.3, 1.5, 1.7, 1.9} bites per week on the dengue-
only infectious population /; (Figure 5(a)), the Zika-only in-
fectious population I, (Figure 5(b)), and the dengue-Zika co-
infectious population I, (Figure 6). Since the normalised sen-
sitivity index of b with respect to both Ry; and Ry, equals unity,
a given proportional increase in b produces an identical pro-
portional increase in both basic reproduction numbers, making
the biting rate the single most influential parameter in the entire
model.

Figure 5(a) demonstrates that increasing b from 1.3 to 1.9
dramatically amplifies the dengue epidemic: the infectious peak
rises from approximately 1.0 x 103 to 3.5 x 10° individuals, rep-
resenting a 3.5-fold increase, while the peak timing advances
from around week 25 to week 20. This acceleration reflects the
compression of the generation time; a higher biting rate short-
ens the interval between successive transmission events, allow-
ing the epidemic to exhaust the susceptible pool more rapidly.

Figure 5(b) reveals a qualitatively different response for
Zika. At lower biting rates (b = 1.3 and b = 1.5), the Zika
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infectious class exhibits a complete epidemic arc with a clear
peak and subsequent decline within the 36-week observation
window. However, at b = 1.7 and b = 1.9, I, continues to
rise throughout the simulation period, with the b = 1.9 trajec-
tory approaching 2,100 individuals at week 36 without having
peaked. This disparity arises from the substantially smaller ini-
tial infectious seed for Zika (I,p = 14 individuals) relative to
dengue (150 = 1,975), which imposes a longer build-up phase
before Zika reaches epidemic momentum. The result under-
scores the importance of early surveillance and intervention for
Zika in the presence of high vector biting activity, since the in-
fection may appear deceptively stable before experiencing rapid
exponential growth.

Figure 6 shows the co-infectious compartment I,,, driven
by the simultaneous circulation of both pathogens. The co-
infection burden grows nonlinearly with b: at b = 1.3, peak co-
infection barely exceeds 50 individuals, whereas at b = 1.9, the
peak approaches 700 individuals; a more than tenfold increase
for a 46% rise in biting rate. This super-linear amplification re-
flects the multiplicative nature of co-infection acquisition: the
probability that a dengue-infected individual also encounters
sufficient Zika force of infection scales with the square of b,
mediated by the ADE enhancement term ;. Collectively, Fig-
ures 5 and 6 establish that vector control interventions targeting
the biting rate (such as insecticide application, personal pro-
tective equipment, and larval source reduction) simultaneously
suppress dengue, Zika, and co-infection burden, and should be
prioritized as the cornerstone of integrated arboviral control.

Figure 7 demonstrates the effect of varying B; €
{0.2, 0.45, 0.70, 0.95}. Figure 7(a) shows a pronounced mono-
tonic increase in the dengue infectious peak: at 5; = 0.2,
the trajectory remains near-flat throughout the 36-week win-
dow, reflecting a regime close to or below the epidemic thresh-
old Ry = 1. At By = 0.95, the epidemic peak rises to ap-
proximately 1.2 x 10°, nearly an order of magnitude above
the baseline. Crucially, at higher 8, values the epidemic has
not yet reached its peak by week 36, indicating that the ob-
servation window underestimates the eventual epidemic burden
when transmission probability is high. Figure 7(b) shows that
dengue—Zika co-infection tracks the dengue trajectory closely,
with I;, remaining negligible at low 8, and rising to approxi-
mately 20 individuals at peak when §; = 0.95. This coupling
confirms that dengue transmission intensity is a key upstream
driver of co-infection risk, since a larger I; pool increases the
rate at which dengue-infected individuals are exposed to Zika
through the ADE pathway &4,1,.

Figure 8 presents analogous results for B, €
{0.16, 0.26, 0.36, 0.46} as Figure 7. Figure 8(a) shows that
the Zika infectious class is highly sensitive to 3., with the epi-
demic remaining essentially flat at 5, = 0.16 while reaching
2.5 x 10° at B, = 0.46 by week 35. Unlike dengue, none of
the Zika trajectories complete a full epidemic arc within 36
weeks, echoing the delayed-peak behaviour observed in Fig-
ure 5(b) and confirming that Zika dynamics operate on a longer
timescale in this population. Figure 8(b) reveals a more strik-
ing result for co-infection: at B,» = 0.46, 1, grows explosively
after week 25, approaching 7,000 individuals without any sign
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of abatement. This accelerating co-infection burden arises be-
cause a larger I,; pool simultaneously increases the Zika force
of infection on both susceptible and dengue-infected humans,
with the latter subject to the ADE amplification &,. The result
has an important public health implication: even modest in-
creases in Zika vector competence can trigger disproportionate
co-infection surges, suggesting that Zika-specific vector control
should not be ignored in dengue-endemic settings.

Figures 9 and 10 investigate the impact of the dengue
treatment-seeking rate 71 (Figures 9 and 10(a)) and the Zika
treatment-seeking rate 7, (Figure 10(b)) on the infectious and
co-infectious population dynamics. Both parameters carry
near-symmetric sensitivity indices of approximately —0.5 with
respect to their respective reproduction numbers, identifying
prompt clinical care as one of the two most powerful suppres-
sive levers in the model alongside mosquito mortality.

Figure 9(a) shows a dramatic dependence of the dengue in-
fectious population on 7; € {0.2, 0.4, 0.6, 0.8}. At7; = 0.2
(representing a scenario where only 20% of dengue-infected
individuals seek care within the first week) the infectious peak
approaches 8 x 10°, with the epidemic persisting well beyond
week 35. In stark contrast, at 7; = 0.8, the peak is suppressed
by over 95%, falling below 5 x 10, and the epidemic arc com-
pletes substantially earlier. This result is mechanistically in-
tuitive: higher treatment-seeking rates shorten the effective in-
fectious period by diverting individuals from /; into the treated
compartment 7, thereby reducing the per-capita contribution
to the dengue force of infection. The practical implication is
that strengthening healthcare access and reducing diagnostic
delays through community health workers, point-of-care test-
ing, and subsidized treatment can achieve epidemic suppression
of the same order of magnitude as intensive vector control.

Figure 9(b) demonstrates a complementary indirect effect
of 71 on the Zika infectious class. Although 7 appears in the
dengue sub-system only, its indirect effect on [, is clearly visi-
ble: higher 7, suppresses 1,;, which reduces the dengue force of
infection acting on Zika-infected individuals through the ADE
term &,441;, thereby slowing the depletion of I, into the co-
infection pathway. Consequently, at high 7, the Zika curves
decline more gradually, as fewer co-infection events remove
individuals from [,. This cross-disease interaction illustrates
the epidemiological coupling unique to co-infection models and
would be invisible in single-disease models.

Figure 10(a) shows that dengue treatment-seeking directly
suppresses co-infection: at 7; = 0.8, I, remains below 15 in-
dividuals throughout, whereas at 7; = 0.2, the co-infected class
peaks near 65 and declines slowly, sustaining co-infection bur-
den across the full 36-week window. This is a direct conse-
quence of the model structure: a larger I; pool under low 7,
provides more individuals susceptible to secondary Zika infec-
tion via the €, pathway.

Figure 10(b) presents the effect of Zika treatment-seeking
rate T, € {0.2, 0.35, 0.5, 0.7} on dengue-Zika co-infectious
population. At 7, = 0.2, I, increases monotonically through-
out the observation window without reaching a peak, projecting
continued co-infection accumulation beyond week 36. As 7 in-
creases to 0.7, the co-infection trajectory progressively flattens
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and reverses earlier. The mechanism is analogous to that de-
scribed for 7;: rapid removal of Zika-infected individuals into
treatment reduces the Zika force of infection acting on dengue-
infected individuals, interrupting the principal pathway to co-
infection. Together, Figure 10(a) and Figure 10(b) demonstrate
that prompt treatment of either disease individually delivers
cross-protective benefits against co-infection; a synergistic pub-
lic health dividend that justifies the simultaneous strengthening
of both dengue and Zika clinical management capacity.

Figures 11 and 12 present the effects of the Zika treatment-
seeking rate 7, on the Zika infectious population (Figure 11(a))
and the effects of the natural mosquito mortality rate u, across
all three infectious classes: Zika (Figure 11(b)), dengue and
dengue—Zika co-infection (Figure 12).

Figure 11(a) confirms the direct suppressive effect of 7, €
{0.2, 0.35, 0.5, 0.7} on the Zika infectious compartment I,
consistent with the sensitivity index sz‘” = -0.500. At =
0.2, the Zika infectious population rises steeply, exceeding
2,000 individuals by week 36 without having peaked, indica-
tive of a growing epidemic under insufficient clinical manage-
ment. Increasing 7, progressively flattens and peaks the curve
earlier: at 7, = 0.5 and 0.7, I, peaks before week 10 and de-
clines smoothly, consistent with controlled endemic transmis-
sion. Since approximately 80% of Zika infections are mild or
asymptomatic [10], achieving high treatment-seeking rates re-
quires active surveillance and syndromic screening rather than
passive case detection alone.

Figures 11(b) and 12 collectively demonstrate the pro-
found and uniform impact of mosquito mortality pu, €
{0.25, 0.50, 0.75, 1.0} per week; equivalent to adult Aedes ae-
gypti lifespans of 4, 2, 1.33, and 1 week respectively [47],
across all infectious classes. The results are strikingly consis-
tent: at u, = 0.25 (4-week lifespan, representing minimal vec-
tor control), the Zika, dengue, and co-infection curves all rise
sharply and remain elevated or still growing at week 36. At
, = 0.5 (the fitted baseline), the trajectories are substantially
suppressed. At w, = 0.75 and 1.0, all three infectious classes
are effectively suppressed to near-zero, with peak values orders
of magnitude below those at u, = 0.25.

The dengue infectious peak under u, = 0.25 reaches ap-
proximately 6 x 10° (Figure 12(a)), while under g, = 1.0 it
remains below 5x 103, a 120-fold reduction. Co-infection (Fi g-
ure 12(b)) shows a corresponding peak near 2,500 at u, = 0.25,
collapsing to negligible levels at higher mortality rates. These
results align with the sensitivity index Tﬁf’ = —1.00 for both
sub-systems, confirming that every doubling of mosquito mor-
tality rate halves the basic reproduction number. From an in-
tervention standpoint, the data strongly support residual in-
door spraying, lethal ovitraps, and biological control agents
such as Wolbachia-infected mosquitoes as high-priority tools,
since these approaches reduce adult mosquito survival and can
achieve the mortality rates corresponding to effective epidemic
suppression depicted in Figures 11(b) and 12.

Figure 13 addresses the antibody-dependent enhance-
ment (ADE) mechanism governing co-infection severity, it
shows the effect of the ADE susceptibility multiplier &, €
{1.0, 1.5, 2.0, 2.5} on the dengue-Zika co-infected compart-
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ment /;, and the co-infection treated compartment 7, respec-
tively. Figure 13(a) demonstrates a consistent and monotonic
increase in co-infection burden with &: at & = 1.0, repre-
senting the null ADE hypothesis where prior dengue infection
confers no additional Zika susceptibility, /;, peaks near 9 indi-
viduals and declines rapidly. As &; increases to 2.5, the peak
rises to approximately 13 individuals and the post-peak decline
slows, prolonging the period of elevated co-infection risk. In-
terestingly, the differences between curves are modest in ab-
solute terms (all four trajectories remain below 15 individuals)
but the pattern is consistent and statistically coherent with the
ADE literature, which documents enhanced Zika susceptibility
in dengue-immune individuals through cross-reactive antibody-
mediated mechanisms [1].

Figure 13(b) mirrors 13(a) for the co-infection treated
class Ty, confirming that the ADE effect propagates through
the full co-infection pathway E;, — I;; — T,4,. The treated
compartment provides a proxy for clinical co-infection cases
presenting to healthcare facilities, and its monotonic increase
with ) implies that hospitals in dengue-endemic areas should
anticipate proportionally more co-infection presentations dur-
ing Zika outbreaks in populations with high prior dengue sero-
prevalence.

Figure 14 presents the long-term effect of dengue vaccine
efficacy (156-week) ¢, € {0.0, 0.3, 0.6, 0.9} on the dengue in-
fectious population /; and the dengue recovered population R;.
In Figure 14(a), the vaccine efficacy curves converge during the
initial epidemic phase (weeks 0-30), separating progressively
over the subsequent two years as the vaccinated cohort accu-
mulates. By week 156, the ¢; = 0.9 scenario sustains the low-
est I, level, approximately 20% below the no-vaccine baseline.
The convergence during the early phase is mechanistically ex-
plained by the slow accumulation of V,;: vaccine eligibility
requires prior dengue recovery (the R; — V, pathway through
p - @y), and only 10% of recovered individuals enter the vacci-
nated class per waning cycle, so meaningful vaccine-mediated
protection builds gradually over many months.

Figure 14 shows that vaccine efficacy has a surprisingly
modest effect on the dengue recovered population over the 3-
year horizon, with all four curves following nearly identical
trajectories. This reflects the fact that R; is populated primar-
ily by individuals recovering from natural infection through
treatment (T; — Ry), a pathway unaffected by ¢,. The near-
indistinguishable R, curves confirm that the vaccine acts by re-
ducing breakthrough infections in vaccinated individuals rather
than by diverting the bulk of the epidemic flow. The key clin-
ical implication is that dengue vaccination in this model is a
supplementary rather than replacement strategy: it provides in-
cremental long-term protection but does not substitute for vec-
tor control or treatment-seeking interventions that act on the
primary transmission pathway.

Figures 15 and 16 examine the effect of vaccine efficacy ¢4
on the dengue vaccinated population V; (Figure 15(a)) and the
effect of vaccination coverage fraction p € {0.0, 0.3, 0.6, 0.9}
on dengue infectious (Figure 15(b)), dengue recovered, and
dengue vaccinated (Figure 16) populations over a 156-week
horizon.

30

30

Figure 15(a) reveals an important and somewhat counterin-
tuitive result: increasing ¢, from 0.0 to 0.9 produces only mod-
est differences in the size of the vaccinated population V,, with
all four curves growing nearly linearly and reaching approxi-
mately 9-10 x 10* by week 156. This occurs because V,; is fed
by the flow p-@4-R;, which depends on the recovery pool R; and
the fixed coverage parameter p = (.1, not on vaccine efficacy
directly. Higher ¢, reduces breakthrough infections in V, via
the term (1 — ¢4)1, V4, marginally slowing depletion of the vac-
cinated class, but the effect is secondary to the primary driver
of V; accumulation. The figure therefore illustrates that vac-
cine efficacy and vaccine coverage are operationally distinct:
efficacy determines how well each vaccinated individual is pro-
tected, while coverage determines how many individuals enter
the protected class.

Figures 15(b), and 16 collectively reveal the dominant role
of vaccination coverage p across a three-year horizon. Fig-
ure 15(b) shows that increasing p from 0.0 to 0.9 progressively
suppresses the dengue infectious population after the initial
epidemic peak: while all scenarios share a similar first-wave
peak around week 30 (which reflects the slow build-up of V,
described above), subsequent transmission is substantially re-
duced at higher p, with the p = 0.9 trajectory declining most
steeply by year 2. This pattern is consistent with the accumu-
lation of a large vaccinated and cross-protected population that
progressively reduces the effective reproduction number below
unity.

Figure 16(a) demonstrates that higher p elevates the dengue
recovered population R, throughout the simulation, a result
that initially appears paradoxical but is mechanistically coher-
ent: at higher p, more individuals are diverted into V,;, which
reduces breakthrough infections and thus slows the depletion
of R, through the @; waning term. The long-run R, curves sepa-
rate progressively after week 60, suggesting that the population-
level immunity advantage of high vaccination coverage com-
pounds over time.

Figure 16(b) confirms that higher p generates a substantially
larger vaccinated pool V,, growing from approximately 3 x 10°
atp = 0.3 to 8 x 10° at p = 0.9 by week 156. The near-linear
growth of all four curves indicates that the vaccinated class has
not yet saturated within the 3-year window, suggesting that the
benefits of high coverage continue to accumulate beyond the
simulation period.

Taken together, Figures 14, 15 and 16 demonstrate that
expanding vaccination coverage p (through programmatic de-
livery, community outreach, and vaccine subsidy) offers sub-
stantially greater population-level impact than improving vac-
cine efficacy alone within the parameter ranges explored here,
and that the full benefit of dengue vaccination programmes may
only become apparent on a multi-year timescale [55, 56].

Beyond individual sensitivity analyses and time-series sim-
ulations, we examined how the basic reproduction numbers for
dengue and Zika (Ry; and Ry;) depend jointly on pairs of highly
sensitive parameters. Surface and contour plots (Figures 17-21)
illustrate R, variation across realistic parameter ranges, high-
lighting threshold behaviour (Ry = 1), non-linear interactions,
and key leverage points for intervention.
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The dependence of Ry, on biting rate (b) and dengue vector-
to-human transmission probability (8;) is strong and near-
linear, with the highest values clustered at the upper bounds of
both parameters (Figure 17). Notably, the contour plot reveals
a hyperbolic boundary for the Ry; = 1 threshold: even with
a moderately high 8; =~ 0.6, transmission remains subcritical
unless the biting rate exceeds approximately 1.2—1.4 bites per
week. This trade-off suggests that partial reductions in both pa-
rameters can collectively drive the system below the epidemic
threshold. Practically, this offers flexibility in vector control.
For instance, by combining bed nets to reduce b with larvicid-
ing or spatial repellents to reduce ;.

The interaction between b and mosquito mortality (u,)
is markedly non-linear (Figure 18). Ro, rises steeply when
mosquito mortality is low (i, < 0.4-0.6 week™!, or adult lifes-
pans > 2 weeks), even at moderate biting rates. As shown
in the contour panel, the Ry, 1 threshold becomes almost
vertical at higher biting intensities, indicating that once bit-
ing is elevated, only substantial increases in mosquito mortal-
ity (e.g., i, > 1.0-1.2 week™") can return the system to sub-
critical conditions. Such a pattern reinforces the priority of
adulticide-based interventions in high-transmission settings. In
such settings, suppressing vector survival yields disproportion-
ately large reductions in epidemic potential.

We also observe a complex interaction between intrinsic
transmission (8;) and clinical intervention (7;) in Figure 19.
At low treatment-seeking rates (r; < 0.3), Roq scales sharply
with B; and remains supercritical across most of the parame-
ter range. However, when 71 2 0.6-0.7, the Ry, = 1 thresh-
old shifts rightward, allowing transmission to stay subcritical
even at B, values as high as 0.7-0.8. This result quantifies
the impact of prompt treatment: increasing care-seeking uptake
from 20-30% to 60—-80% can offset high vector competence.
In resource-limited settings where vector reduction is difficult,
clinical management thus serves as a powerful and independent
complementary lever.

Zika reproduction numbers follow similar patterns, though
numerical scales differ slightly due to the small direct sexual
transmission term in Rp,. In Figure 20, the Ry, = 1 contour
is strongly curved: the hyperbolic boundary confirms that in-
tegrated reductions in biting frequency and Zika vector com-
petence can efficiently drive Zika transmission below the epi-
demic threshold. The lack of curvature near the origin re-
flects the dominance of the vector-borne pathway in the 2021
Espirito Santo context, where direct sexual transmission con-
tributes negligibly to Ry, (sensitivity index 'Y‘Zi‘f ~ 0.008) and
the dynamics are governed almost entirely by b and S3,,.

The interaction between treatment-seeking (7,) and
mosquito mortality (u,) for the Zika sub-system is shown in
Figure 21. At low mosquito mortality (u, < 0.4 week™'), even
aggressive treatment-seeking (7, =~ 0.9) is insufficient to sup-
press Zika transmission. Conversely, at z, > 0.8-1.0 week ™!,
amodest 7, ~ 0.4-0.5 is sufficient for control. This asymmetry
underscores that while clinical management is a strong support-
ing intervention, vector survival remains the primary target for
Zika control, and treatment-seeking should be viewed as com-
plementary rather than substitutive.
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The full model basic reproduction number Ry = p(FV™),
evaluated as the spectral radius of the complete 8 X 8 next-
generation matrix, is shown in Figure 22 over the same (b, 8;)
parameter space as Figure 17. Comparing the two surfaces re-
veals that the full-model R, generally exceeds Ry, consistent
with the theoretical bound Ry > max{Ryy, Ro.}, with equality
only when the linear cross-infection parameters 8.3, Bya2, B
are zero. The upward displacement of the full-model surface
above the dengue-only surface quantifies the additional epi-
demic potential introduced by co-infection pathways. This con-
firms that analyses based on single-disease reproduction num-
bers alone can systematically underestimate the epidemic risk
in a co-circulation setting. The Ry = 1 threshold contour in Fig-
ure 22(b) lies at lower (b, 8;) values than in Figure 17(b), im-
plying that more stringent combined interventions are required
to achieve control when both pathogens co-circulate than would
be predicted from dengue-only modelling.

Collectively, these joint sensitivity surfaces confirm a
clear intervention hierarchy: parameters governing vector-
human contact (b, B4, B;2) and vector survival (u,) exert the
strongest influence on transmission potential for both diseases.
Treatment-seeking rates (71, 7,) provide significant and in-
dependent mitigation, but cannot substitute for vector control
when mosquito mortality is low. The pronounced threshold be-
haviour across all six plots suggests that reaching specific in-
tervention targets can “tip” the system from an epidemic state
to controlled endemicity, a finding with direct implications for
the design of integrated dengue—Zika control programmes in
arboviral co-endemic settings such as Espirito Santo, Brazil.

6. Conclusion

This study presented a new deterministic compartmen-
tal model for the co-transmission dynamics of dengue fever
and Zika virus disease, incorporating sixteen state variables
across thirteen human epidemiological classes and three vector
classes. The model is novel in simultaneously representing six
mechanistic features absent from any single prior framework:
ADE of secondary infection through multipliers £; and &,; syn-
ergistic co-infection mortality through &3; partial and asym-
metric cross-immunity through r,; and 7,; dual transmission
routes for Zika (vector-borne and direct sexual); a post-recovery
dengue vaccination pathway; and calibration against confirmed
co-endemic surveillance data with simultaneous dengue and
Zika reporting. The model was calibrated against thirty-six
weeks of SINAN surveillance data from Espirito Santo state,
Brazil (January—September 2021), yielding biologically plausi-
ble parameter estimates and goodness-of-fit metrics (r = 0.739
for Zika, r = 0.594 for dengue) consistent with the established
performance of deterministic ODE frameworks applied to pas-
sive surveillance data.

The analytical investigation established that the model is
epidemiologically well-posed: all solutions initiating in the bi-
ologically feasible region D = D;, X D, ¢ R!® remain non-
negative and bounded for all # > 0, and the region is positively
invariant and attracting. The disease-free equilibrium (DFE)
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was derived in closed form and shown to be locally asymp-
totically stable when Ry < 1 and unstable when Ry > 1, by
the next-generation operator method of van den Driessche and
Watmough [40]. The component reproduction numbers Ry, and
Ro, were derived analytically from the decoupled sub-systems,
revealing structurally distinct formulae: Ry, takes the standard
square-root vector-borne form, while R, contains an additive
sexual transmission term whose interaction with the vector-
borne cycle produces a quadratic correction that elevates the
Zika threshold above the purely vector-borne baseline when-
ever 3, is non-negligible. The full model reproduction num-
ber Ry = p(FV~!) satisfies Ry > max{Roq, Ro.}, with equality
only when the linear cross-infection parameters 8.3, Sya2, Bz
are zero. This confirms that co-infection pathways introduce
additional transmission potential that is systematically missed
by single-disease analyses. Uniform persistence of infection
and the existence of at least one endemic equilibrium whenever
Ro > 1 were established through a persistence-theoretic argu-
ment invoking the repelling property of the unstable DFE and
the compactness of the global attractor.

Backward bifurcation analysis via the centre manifold the-
orem revealed that both the dengue-only and Zika-only sub-
models can exhibit a backward bifurcation at their respective
epidemic thresholds. For the dengue sub-system, the bifur-
cation coefficient a > 0 when vaccine efficacy ¢, is low and
vector abundance ¢ is high, while for the Zika sub-system, the
sign of a is governed by the interplay between direct human-
to-human transmission S3;; and the vector-borne cycle; an in-
teraction unique to Zika owing to its dual transmission routes
and without analogue in the dengue sub-system. In both cases
byir > 0 is guaranteed, so the direction of bifurcation is deter-
mined entirely by the sign of a. The epidemiological conse-
quence is critical: reducing Ry below unity is necessary but
not sufficient for disease elimination when the backward bi-
furcation condition is met. A stable endemic equilibrium can
coexist with the stable DFE for Ry, < 1, creating a hystere-
sis region in which gradual relaxation of interventions near the
epidemic threshold can trigger a sudden resurgence to high en-
demic prevalence. This finding provides a theoretical basis for
the observation that dengue and Zika outbreaks can re-emerge
rapidly in settings where control efforts are prematurely with-
drawn.

The normalised forward sensitivity analysis identified a
clear and consistent hierarchy of intervention leverage across
both diseases. The mosquito bitin% rate b carries the highest
sensitivity index ('Y'f"” = +1.0; Tb"z = 4+0.9917), confirming
that a proportional reduction in biting frequency produces an
identical proportional reduction in epidemic potential for both
pathogens simultaneously. The vector-to-human and human-
to-vector transmission probabilities (84, Bva1, B2, Byvz1) €ach
carry indices of approximately +0.5, reflecting the square-root
structure of the vector-borne transmission cycle. The natural
mosquito mortality rate u, carries an index of —1.0 for dengue
and —0.9917 for Zika, confirming that it is one of the most pow-
erful levers: doubling mosquito mortality is predicted to ap-
proximately halve both reproduction numbers. The treatment-
seeking rates 7 and 7, carry near-symmetric indices of approx-
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imately —0.5, establishing prompt clinical care as an interven-
tion lever of equal strength to vector mortality reduction. Cru-
cially, the direct Zika sexual transmission parameter 3,; car-
ries a small but non-negligible index of +0.0083, confirming
that in the 2021 Espirito Santo context, Zika dynamics were
overwhelmingly vector-borne, though the sexual route is not
entirely negligible.

The numerical simulations confirmed and extended these
analytical findings. The superlinear amplification of co-
infection burden with increasing biting rate (a tenfold rise in
peak I;, for a 46% increase in b) reflects the multiplicative
nature of co-infection acquisition and demonstrates that vec-
tor control simultaneously suppresses both individual diseases
and their joint burden. The cross-disease coupling mediated by
ADE produced an indirect but epidemiologically significant ef-
fect: dengue treatment 7; suppressed not only dengue but also
Zika co-infection, and Zika treatment 7, reduced dengue co-
infection risk, providing a synergistic dividend that would be
invisible in single-disease models. The 120-fold suppression
of peak dengue incidence when g, increases from 0.25 to 1.0
week™! quantifies the dominant role of adult mosquito lifes-
pan reduction across all three infectious classes simultaneously.
Vaccine simulations over a 156-week horizon demonstrated
that vaccination coverage p drives long-term epidemic suppres-
sion more powerfully than vaccine efficacy ¢, alone within
the ranges explored, and that the full population-level benefit
of vaccination accumulates on a multi-year timescale through
the slow R; — V; accumulation pathway. The joint sur-
face and contour analysis of Ry further confirmed that single-
disease modelling can systematically underestimate the epi-
demic threshold: the full-model Ry = p(FV~') surface gener-
ally lies above the dengue-only surface across the entire (b, 5;)
parameter space, and the Ry = 1 threshold contour is dis-
placed to lower (b, B4) values, implying that more stringent
combined interventions are required to achieve control under
co-circulation than would be predicted from isolated single-
pathogen analyses.

6.1. Biological significance

The results of this study carry several direct biological im-
plications. First, the bound Ry > max{Ryy, Ro.} demonstrates
mathematically that flavivirus co-circulation is not epidemio-
logically equivalent to the sum of two independent outbreaks:
the cross-infection pathways introduce additional transmission
potential that is systematically missed by single-disease anal-
yses. Second, the backward bifurcation result implies that the
immune landscape shaped by prior dengue or Zika exposure
can maintain endemic transmission even after the reproduction
number falls nominally below unity, providing a mechanistic
explanation for the persistence of dengue in settings where vac-
cination programmes have been partially implemented. Third,
the model-projected indirect suppression of Zika co-infection
by dengue treatment, operating through the ADE coupling pa-
rameter &, suggests a biological pathway by which clinical
management of one flavivirus may confer population-level ben-
efits against the other in co-endemic settings. This hypothesis
warrants empirical investigation in prospective cohort studies.
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Taken together, the results of this study establish four prin-
cipal public health conclusions for arboviral co-endemic set-
tings such as Espirito Santo. First, integrated vector man-
agement targeting the mosquito biting rate and adult survival
represents the single most cost-efficient strategy. This ap-
proach, achievable through larval source reduction, residual
indoor spraying, lethal ovitraps, and biological tools such as
Wolbachia-infected mosquitoes, simultaneously reduces Ry,
Ro., and the co-infection burden, while pushing the full sys-
tem below its more stringent co-circulation epidemic threshold.
Second, expanding healthcare access to increase dengue and
Zika treatment-seeking rates to the 60—80% range provides epi-
demic suppression of the same order of magnitude as intensive
vector control, and delivers model-projected cross-disease pro-
tection through the ADE-mediated coupling between the two
sub-systems. This finding is particularly relevant for resource-
limited settings where large-scale vector operations are logis-
tically or financially constrained. Third, the backward bifur-
cation result demands that intervention programmes adopt an
aggressive and sustained posture: reducing Ry below unity is
a necessary but not sufficient condition for elimination, and in-
cremental relaxation of control near the threshold risks trigger-
ing an abrupt transition from a controlled to a high-endemic
state. Fourth, dengue vaccination at the current licensed ef-
ficacy (¢4 = 0.70) provides meaningful long-term benefit only
when combined with high coverage p and sustained for multiple
transmission seasons; programmes that achieve high efficacy
but low coverage, or that are discontinued prematurely, will re-
alise only a fraction of the achievable reduction in population-
level dengue burden.

Some limitations of the present study merit acknowledge-
ment. The model assumes homogeneous mixing and time-
invariant parameters, abstracting away the seasonal forcing
driven by rainfall and temperature that governs Aedes aegypti
population dynamics in Brazil. The 2021 observation window
coincided with ongoing COVID-19 surveillance suppression,
which likely depressed reported dengue counts and may have
introduced systematic bias into the fitted ascertainment fraction
k4. Co-infection cases are not directly observable in SINAN
and could not be used for calibration, so the ADE parameters
£1, &, and &3 were fixed at literature-derived values rather than
estimated from data.

Future work should proceed along several directions. In-
corporating seasonal vector recruitment driven by temperature
and precipitation data would capture the annual epidemic cy-
cles characteristic of Brazilian dengue epidemiology and en-
able multi-year forecasting. Extending the surveillance win-
dow to capture inter-annual dengue dynamics, including the
serotype replacement cycles that drive ADE-mediated sever-
ity, would permit estimation of the enhancement parameters di-
rectly from data rather than from literature priors. Exploring the
model behaviour in the presence of multiple dengue serotypes,
whose cross-reactive antibody interactions are the primary im-
munological driver of severe dengue, represents a natural and
important extension [24]. Incorporating asymptomatic and
isolation compartments, as developed in recent single-disease
frameworks [36-38], would provide more realistic representa-
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tions of clinical case ascertainment and isolation-based control.
Awareness-based transmission models [39] could be integrated
to capture the role of community-level behavioural responses to
outbreak news in shaping epidemic trajectories. Extensions in-
corporating transovarial transmission and serotype-specific im-
munity, as explored in single-disease frameworks [36], rep-
resent a further natural direction. Similarly, the recent co-
infection framework of Duru et al. [66], which models malaria—
Zika co-dynamics with vaccination and biological vector con-
trol, offers a complementary structural template for extending
the present dengue—Zika framework to incorporate additional
co-circulating pathogens. Stochastic extensions would more
faithfully represent the high week-to-week variability observed
in the surveillance data and would permit formal uncertainty
quantification of the estimated reproduction numbers. Spa-
tial heterogeneity across municipalities and altitude gradients
within Espirito Santo, Brazil could be incorporated through a
patch or network model to identify high-risk foci for targeted
intervention. Finally, health-economic modelling of the inter-
vention scenarios simulated here would translate the epidemi-
ological findings into cost-effectiveness metrics directly usable
by Brazilian public health decision-makers.

In conclusion, this work demonstrates that the simultaneous cir-
culation of dengue and Zika viruses in a shared Aedes vector
creates an epidemic landscape that is qualitatively and quanti-
tatively more dangerous than either disease in isolation. The
co-infection model developed here provides a mathematically
rigorous, biologically motivated, and data-calibrated platform
for understanding this landscape and for evaluating the com-
parative effectiveness of vector control, clinical management,
and vaccination strategies. The clear intervention hierarchy
emerging from the sensitivity, simulation, and bifurcation anal-
yses provides actionable, evidence-based guidance for the de-
sign of integrated arboviral control programmes in Brazil and
in other tropical regions where dengue and Zika continue to co-
circulate.
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