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Abstract

This study proposes a two-dimensional higher-order finite element method for computing eigenvalues in planar and multiply connected curved
domains relevant to microwave energy transfer and electromagnetic waveguide problems. A fully automated quadrilateral mesh generator imple-
mented in MAPLE-18 is used to convert triangular finite elements into quadrilateral elements with Four-node, Eight-node, and Twelve-node so
that curved boundaries can be represented with improved accuracy. The formulation combines a Galerkin finite element procedure, an automated
higher-order meshing strategy, and a Gauss quadrature rule to obtain numerical solutions of Helmholtz-type eigenvalue problems. Five curved
waveguide domains are considered: an annular circular domain, a circular domain with a square hole, the union of two circular disks, a circular
region with two unequal holes, and an L-shaped domain with a quarter-circular curved boundary. The computed eigenvalues are compared with
published numerical and analytical results. The comparisons show that increasing the element order from Four-node, Eight-node, and Twelve-
node improves the accuracy of the predicted eigenvalues while reducing the number of elements required to obtain comparable convergence. The
proposed method therefore provides a practical and efficient finite element framework for eigenvalue estimation in curved waveguide geometries.
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1. Introduction

Transformers, motors, and generators use electromagnetic
processes to convert mechanical energy into electrical energy
and vice versa. These processes are part of daily life, and the in-
teractions between electrical charges can be interpreted through
electromagnetic field theory. Maxwell’s equations, first pub-
lished in 1864, express electromagnetic fields in terms of partial
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differential equations (PDEs). Physical phenomena in electro-
magnetics, fluid mechanics, astrophysics, quantum mechanics,
solid mechanics, geoscience, and heat transport can therefore
be modelled using PDEs. Analytical solutions are available
only for special cases; consequently, numerical discretization
methods are required. Variational frameworks are commonly
used for the mathematical analysis and numerical treatment of
PDEs.

Accurate prediction of electromagnetic-system behaviour is
crucial for the design of new applications. Bondeson et al. [1]
provided a detailed explanation of Maxwell’s equations using
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the finite element method (FEM), and Zaglmayr [2] described
the importance and use of higher-order FEM for electromag-
netic field computation. Solving eigenvalue problems remains
a central challenge in computational electromagnetics. Recent
studies have addressed related electromagnetic and energy ap-
plications, including permanent-magnet generators [3], solar
thermoelectric power systems [4], thermoelectric annular cou-
plings [5], and switched-reluctance motor optimization [6].

Planar eigenanalysis has been considered by Trefethen
and Betcke [7], while multiply connected domain problems
have been studied by Chen et al. [8]. Other related work
includes eigenvalue and eigenfunction calculations for the
Laplace operator [9], two-dimensional waveguide problems
[10], microfluidic-channel modelling in planar waveguides
[11], and eigenvalue analysis of elastic structures [12]. The
computation and study of eigenvalues for complicated curved
domains is important for particle-accelerator structures [13] and
for acoustic problems in bounded geometries [14]. For simple
geometries, such as balls and rectangular spaces, explicit for-
mulas may exist; however, intricate curved geometries require
numerical methods.

Several methods have been adapted for these problems, in-
cluding the null-field boundary integral equation (BIE) method,
the Burton–Miller method, the boundary element method
(BEM), finite differences, and conventional FEMs [15]. Bound-
ary integral equations, point-matching methods, and singular-
value decomposition techniques have also been used. For mul-
tiply connected domains, however, some approaches may pro-
duce spurious eigenvalues [16, 17]. Finite element analysis
has therefore become increasingly important as computational
capacity has improved. Mesh generation is an essential pre-
requisite for FEM and many related applications. Most mesh-
generation tools use triangular elements; however, lower-order
triangular meshes may limit accuracy for complex problems.
Higher-order finite elements can improve numerical accuracy
using a relatively coarse mesh, but the generation of high-
quality unstructured curvilinear meshes remains challenging.

The excellent accuracy and low diffusion and dispersion er-
rors of higher-order FEM make it suitable for electromagnetic
applications. Nevertheless, standard higher-order FEM is not
often used for electromagnetic problems because the Jacobian
may lose sparsity as the element order increases, which can in-
crease processing time and memory requirements. Difficulties
in mesh optimization, mesh creation, and finite element com-
putation also restrict its use. This paper addresses these issues
by providing an efficient higher-order FEM together with an au-
tomated Four-node, Eight-node, and Twelve-node quadrilateral
mesh generator in MAPLE-18 for arbitrarily curved domains.
The formulation is motivated by the need for accurate and effi-
cient computational eigensolvers in energy and electromagnetic
applications. It uses a finite element algorithm, a suitable dis-
cretization strategy, and an appropriate quadrature rule to com-
pute numerical solutions of the Helmholtz equation for curved
geometries.

Several examples are used to demonstrate the validity of
the proposed method. Section 2 presents the mathematical for-
mulation and mesh automation for quadrilateral meshes with

Table 1: Mesh parameters for the targeted experimental archi-
tectures.

No. Domain Geometry Elements Nodes

Case 1a Case 2b Case 1a Case 2b

1 Circular domain 166 504 664 2016
2 Square removed from

circular domain
240 960 960 3840

3 Union of two circular
domains

240 960 960 3840

4 Circular region, two un-
equal holes

249 996 996 3984

5 L-shaped domain,
curved border

996 1464 3984 5856

Note: aCase 1 denotes the initial/coarser mesh configuration; bCase 2
denotes the subsequent refined/finer mesh configuration.

Table 2: Eigenvalues of waveguide 1.

Eigenvalues (E) Ref. [18] 4-noded mesh 8-noded mesh 12-noded mesh

E1 6.24606 6.25150 6.24533 6.24605
E2 6.39316 6.39775 6.39031 6.39310
E3 6.39316 6.39671 6.39655 6.39212
E4 6.81384 6.85443 6.81422 6.81386
E5 6.81384 6.83106 6.81990 6.81375
E6 7.45774 7.58874 7.45331 7.45703

Table 3: Eigenvalues of waveguide 2.

Eigenvalues (E) Ref. [19] 4-noded mesh 8-noded mesh 12-noded mesh

E1 2.19 2.18665 2.18996 2.19100
E2 2.33 2.34800 2.34285 2.33451
E3 2.33 2.33763 2.33653 2.33579
E4 2.67 2.67709 2.67715 2.67735
E5 2.76 2.75991 2.76028 2.76001

Table 4: Eigenvalues of waveguide 3.

Eigenvalues (E) Ref. [20] 4-noded mesh 8-noded mesh 12-noded mesh

E1 1.00000 1.13773 1.06634 1.00028
E2 1.77629 1.85609 1.71138 1.77563
E3 3.19074 3.28804 3.18335 3.19141
E4 3.19074 3.28845 3.14774 3.19744

Table 5: Eigenvalues of waveguide 4.

Eigenvalues (E) Ref. [21] 4-noded mesh 8-noded mesh 12-noded mesh

E1 4.86 4.90532 4.88174 4.86866
E2 4.86 4.92060 4.87007 4.86615
E3 6.78 6.79115 6.78554 6.78019
E4 6.78 6.84430 6.78313 6.78578
E5 7.89 7.90019 7.89935 7.89648

Four-node, Eight-node, and Twelve-node. Section 3 describes
the eigenvalue calculation for planar and multiply connected
regions. Section 4 explains the FEM model for the Helmholtz
equation. Section 5 presents the numerical results and compar-
isons with existing solutions.
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(a)

(b)

(c)

Figure 1: A circular domain with quadrilateral meshes of Four-node, Eight-node, and Twelve-node with 166 and 504 elements.

Table 6: Eigenvalues of waveguide 5.

Eigenvalues (E) Ref. [22] 4-noded mesh 8-noded mesh 12-noded mesh

E1 7.0202 7.13035 7.09540 7.02934
E2 13.7866 14.0788 13.8774 13.7822
E3 18.1018 18.3149 18.1702 18.1054
E4 25.2249 25.4359 25.3385 25.2250
E5 28.8085 28.9905 28.8213 28.8088
E6 34.8575 34.9427 34.8855 34.8883

2. Mesh formulation and automation

In finite element analysis, interpolation functions are used
to describe how a field variable varies within an element in
terms of its nodal values. Following Ref. [23], this relation-

ship is written as

U =
((n+2)(n+1))/2∑

i=1

Nn
l (ξ1, ξ2) ue

l . (1)

Here, u is the element field variable at any point, ue
l represents

the nodal value of u, and Nn
l denotes the triangular shape func-

tion of order n at node l. The standard triangle is a right-angled
isosceles triangle with unit side length. Each triangle is split
into quadrilaterals with Four-node, Eight-node, and Twelve-
node. Lagrange interpolation functions for two-dimensional
elements can be obtained by multiplying one-dimensional La-
grange interpolation functions. Thus, the two-dimensional La-
grange shape functions are represented by Nl(x, y), with

Nl(ξ1, ξ2) = Ll(ξ1)Ll(ξ2). (2)
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(a)

(b)

(c)

Figure 2: Quadrilateral meshes with Four-node, Eight-node, and Twelve-node for a circular domain with a square removed, with
240 and 960 elements.

The Galerkin weighted-residual finite element method is
used to transform the governing equation for Four-node, Eight-
node, and Twelve-node quadrilateral elements and the Jacobian,
as described by Rathod & Karim [24]. The proposed approach
automatically converts triangular elements into quadrilateral el-
ements by adding midside nodes. This procedure reduces the
computational effort required to evaluate numerical integrals in
the finite element formulation. In the standard pattern, each
isolated triangle is split into three quadrilaterals by joining the
midside nodes with straight lines.

The same procedure is applied to each triangle in the do-
main so that complex domains with curved edges are fully dis-
cretized into quadrilaterals with Four-node, Eight-node, and

Twelve-node while preserving mesh conformity. The method
refines the problem domain and produces meshes whose ele-
ments conform to the desired geometry. The mesh-generation
scheme developed in this paper is integrated into MAPLE-18
programs. The automated mesh-creation processes for Four-
node, Eight-node, and Twelve-node elements allow finite ele-
ment analysis to be performed efficiently. As the mesh den-
sity increases, the time needed to generate and reconstruct the
model also increases. However, quadrilateral mesh-model de-
velopment is generally faster than triangular mesh-model de-
velopment because a triangular mesh contains more elements
and therefore requires more calculations.
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(a)

(b)

(c)

Figure 3: Two circular disk domains joined using quadrilateral meshes with Four-node, Eight-node, and Twelve-node with 240 and
960 elements.

3. Eigenvalue calculation for planar and multiply con-
nected areas

This section evaluates the suitability and reliability of the
proposed optimal Galerkin FEM method. Five waveguide test
problems are considered for computing eigenvalues in energy-
related applications. The method is used to solve eigenprob-
lems governed by the Helmholtz equation over curved geome-
tries, including planar and multiply connected domains.

3.1. Waveguide 1
The first example is an annular domain with outer and inner

circular radii a = 1 and b = 0.5, respectively. Figure 1 shows

the domain with 166 and 504 quadrilateral elements for Four-
node, Eight-node, and Twelve-node elements. The numerical
results in Ref. [18, 25] were calculated using the BEM with
the classical BIE and NDBIE approaches. That study showed
that both methods can accurately determine true eigenvalues.
The proposed discretization method uses 166 Four-node, Eight-
node, and Twelve-node quadrilateral elements to confirm con-
vergence to the true eigenvalues.

3.2. Waveguide 2

The second domain is a square removed from a circle, with
an exterior circular boundary and an interior square boundary.
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(a)

(b)

(c)

Figure 4: Quadrilateral meshes with Four-node, Eight-node, and Twelve-node creating a circular region with two unequal holes
with 249 and 996 elements.

Such domains occur in acoustic problems. Figure 2 shows the
domain discretized using 240 and 960 quadrilateral elements
with Four-node, Eight-node, and Twelve-node. Numerical so-
lutions for this eigenvalue problem are evaluated for these do-
mains, and the first ten eigenvalues obtained using FEM and
BEM are reported in Ref. [19, 26].

3.3. Waveguide 3

Figure 3 shows the union of two planar circular disk do-
mains, each with centers at ±1.1913 and a radius of 2.002. The
domain is discretized into 240 and 960 quadrilateral elements
with Four-node, Eight-node, and Twelve-node. The numerical
solutions are compared with the results in Ref. [20, 27].

3.4. Waveguide 4
In this example, the boundaries consist of an exterior cir-

cle with radius r = 1 and eccentricity e = 0.5, together with
two interior circles of radii r = 0.3 and r = 0.4. Figure 4
shows the domain discretization for two cases using 249 and
996 quadrilateral elements with Four-node, Eight-node, and
Twelve-node. The numerical solutions are compared with the
results in Zienkiewicz et al. [27].

3.5. Waveguide 5
The fifth domain is a curved L-shaped region obtained from

two squares by removing a unit circle, resulting in a quarter-
circular curved boundary. This domain is related to the Sinai
billiard, a well-known example in chaotic dynamics. Figure 5

6
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(a)

(b)

(c)

Figure 5: L-shaped domain with a quarter-circular curved boundary, quadrilateral meshes with 3984 and 5856 nodes with 996 and
1464 elements.

shows the discretization of the domain into two cases using 996
and 1464 Four-node, Eight-node, and Twelve-node quadrilat-
eral elements. The eigenvalues for this problem are compared
with numerical solutions reported in Ref. [27].

4. FEM model for the Helmholtz equation

Electromagnetic processes in generators, transformers, and
motors convert mechanical energy into electrical energy and
vice versa. PDEs provide mathematical formulations for these
physical systems, and accurate numerical solutions are needed
to predict electromagnetic-system behaviour. The Helmholtz

equation for electromagnetic wave propagation in arbitrary
waveguides is first discretized using FEM and the proposed
Four-node, Eight-node, and Twelve-node meshes. Depending
on wave type and geometry, waveguides may be circular, L-
shaped, ridge-shaped, coaxial, or rectangular. The cutoff fre-
quencies of waveguides are important for microwave applica-
tions and require reliable computational methods. Previous
studies have obtained cutoff wavenumbers for transverse elec-
tric (TE) and transverse magnetic (TM) modes in waveguides
with arbitrary cross-sections using several methods [22, 27].
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Figure 6: Diagrammatic flowchart for automating the FEM to
calculate the eigenvalue of an arbitrary waveguide.

The Helmholtz equation for a waveguide can be written as

−∇2ϕ + σ2ϕ = 0, (3)

where ϕ is the wave amplitude and σ is the cutoff wavenum-
ber. For TM modes, the wave amplitude vanishes at the bound-
ary, whereas for TE modes the normal derivative is zero at the
boundary.

The Galerkin weighted-residual finite element method is
used to transform the waveguide-domain element geometry
into Lagrange shape functions for circular domains, circular
domains with a square removed, domains with two circular
disks removed, circular regions with two unequal holes, and
L-shaped waveguides with a quarter-circular curved boundary.
The resulting algebraic system is

[K + R] ϕ = F. (4)

Here, K and R are stiffness matrices, and ϕ is the displacement
vector. The matrix K is expressed as

Ki1i2 =

∫∫
ωe

∂Ni1

∂x
∂Ni2

∂x
dx dy +

∫∫
ωe

∂Ni1

∂y
∂Ni2

∂y
dx dy

= K(i1,i2)
xx + K(i1,i2)

yy .

(5)

In this expression, ωe represents the area of an element, Ni1 and
Ni2 are Lagrange shape functions, and i1, i2 = 1, 2, . . . ,N. The
terms K(i1,i2)

xx and K(i1,i2)
yy are determined from

K(i1,i2)
xx =

∫ 1

−1

∫ 1

−1

(
∂Ni1

∂α

∂x
∂β
−
∂Ni1

∂β

∂x
∂α

)
×

(
∂Ni2

∂α

∂x
∂β
−
∂Ni2

∂β

∂x
∂α

)
1
J

dα dβ,
(6)

and

K(i1,i2)
yy =

∫ 1

−1

∫ 1

−1

(
−
∂Ni1

∂α

∂y
∂β
+
∂Ni1

∂β

∂y
∂α

)
×

(
−
∂Ni2

∂α

∂y
∂β
+
∂Ni2

∂β

∂y
∂α

)
1
J

dα dβ,
(7)

where
J =
∂(x, y)
∂(α, β)

=
∂x
∂α

∂y
∂β
−
∂x
∂β

∂y
∂α
. (8)

The matrix R is given by

R =
∫
ωe

σ2 Ni1 Ni2 dx dy. (9)

Using the Gauss quadrature rule for quadrilaterals of order
N = 5, the matrix components K and R are obtained for each
element. Each quadrilateral element is then assembled into a
global matrix equation using the global node numbering. Af-
ter applying the boundary conditions, the modified Helmholtz
equation is reduced to an eigenvalue problem. The eigenvalues
are computed to determine the TM modes, and the lowest value
is identified as the cutoffwavenumber. Figure 6 summarizes the
automated higher-order finite element procedure for calculating
eigenvalues for arbitrary waveguide cross-sections.

The procedures described in Section 2 can therefore be used
to compute Helmholtz-equation eigenvalues by FEM. The pro-
posed method combines optimal quadrature points with an ef-
ficient discretization strategy to reduce error in finite element
evaluation and to improve the reliability of the computational
procedure.

5. Numerical results

The effectiveness of the proposed meshing technique is con-
firmed by comparing mesh characteristics and computational
requirements across different geometries and mesh configura-
tions. The meshing system is implemented in MAPLE for two-
dimensional geometries using uniform and non-uniform Four-
node, Eight-node, and Twelve-node quadrilateral elements.
Multiple domains with different mesh widths and element or-
ders are considered to show how these factors affect the number
of nodes, number of elements, and computational time.

Example 1

Higher-order quadrilateral elements with Four-node, Eight-
node, and Twelve-node provide improved performance over
lower-order triangular elements in electromagnetic simulations.
The automated higher-order meshing approach reduces compu-
tational time, degrees of freedom, and element count. Table
2 presents the numerical results obtained for this example and
compares them with Ref. [7, 27], demonstrating the accuracy
of the approach for determining cutoff wavenumbers in region
1. Here, E1 denotes the first eigenvalue and E6 denotes the sixth
eigenvalue.
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(a) (b)

(c) (d)

(e)

Figure 7: Absolute error profiles comparing the present method with existing formulations in the literature across the targeted
experimental architectures: (a) waveguide 1 metrics; (b) waveguide 2 metrics; (c) waveguide 3 metrics; (d) waveguide 4 metrics;
and (e) waveguide 5 metrics based on numerical configurations in Refs. [18–22].
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Example 2

The second domain is a square cut out of a circle, as shown
in Figure 2. The domain discretization using quadrilateral ele-
ments with Four-node, Eight-node, and Twelve-node is summa-
rized in Table 3. The first ten eigenvalues calculated using FEM
and BEM are listed in Refs. [7, 27]. The proposed method is
used to calculate the first five eigenvalues, which are compared
with the numerical solutions in Refs. [7, 28].

Example 3

Figure 3 shows the union of two planar circular disk do-
mains, and Table 4 summarizes the domain discretization us-
ing quadrilateral elements with Four-node, Eight-node, and
Twelve-node. The proposed approach is used to determine the
first four eigenvalues, and the results are compared with the nu-
merical solutions in Ref. [27].

Example 4

For the circular domain with two unequal holes shown in
Figure 4, the eigenvalues are calculated using the proposed
method. The discretization with quadrilateral elements having
Four-node, Eight-node, and Twelve-node is summarized in Ta-
ble 5. The first five eigenvalues are compared with the numeri-
cal solutions in Ref. [7, 27].

Example 5

The fifth domain is the curved L-shaped region shown in
Figure 5. Its discretization using quadrilateral elements with
Four-node, Eight-node, and Twelve-node is summarized in Ta-
ble 6. The proposed method is used to compute the first six
eigenvalues, which are compared with the numerical solutions
reported in Ref. [7, 27].

Eigenvalue analysis techniques for acoustic and electro-
magnetic applications have become increasingly important.
The present work is intended to support wider use of auto-
mated meshing schemes combined with FEM for such eigen-
value problems. In the higher-order case, the number of Gauss
quadrature points needed to calculate the element stiffness ma-
trix is reduced. A higher-order FEM is therefore proposed
for computing eigenvalues in curved geometries using auto-
mated higher-order mesh generators. The method is fully im-
plemented in MAPLE-18, and the examples demonstrate its
performance. For each case, the mesh density is increased until
the numerical solution reaches the desired accuracy. The results
show that the accuracy achieved in Ref. [28] required approx-
imately 5000 triangular elements, whereas the proposed Four-
node, Eight-node, and Twelve-node quadrilateral elements re-
quire about 166 to 1464 quadrilateral elements in the exam-
ples considered. Thus, the quadrilateral-element formulation
can reduce computational complexity. With N = 5 in the Gauss
quadrature rule, the absolute errors between the present numer-
ical solutions and the reference solutions [7, 25, 28] are shown
in Figure 7. Increasing the order N may further improve con-
vergence.

6. Conclusion

This study presents a fully developed quadrilateral finite el-
ement mesh-generation approach with Four-node, Eight-node,
and Twelve-node for complex domains with curved boundaries
in energy-related applications. The aim is to automate the fi-
nite element approach so that efficient and accurate numeri-
cal solutions can be obtained for several energy and electro-
magnetic problems. The proposed higher-order finite element
approach provides a practical method for estimating eigen-
values in curved structures. The numerical results show that
the method provides accurate solutions of Helmholtz-equation
eigenvalue problems in curved geometries by combining an
efficient finite element formulation, an effective discretization
technique, and an appropriate quadrature rule. The approach
may also be useful for applications involving semiconductor
films, photonic crystals, anisotropic slabs, and quantum elec-
tronics.
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