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Abstract

The present study investigates the coupled momentum, thermal, solutal, and magnetic transport characteristics of unsteady induced magneto-
hydrodynamic (MHD) Casson nanofluid flow over an inclined permeable cylindrical surface embedded in an anisotropic porous medium. The
model incorporates several important physical mechanisms, including nonlinear thermal radiation, Joule heating, viscous dissipation, Brown-
ian motion, thermophoresis, and higher-order chemical reaction kinetics. The governing nonlinear partial differential equations describing the
conservation of mass, momentum, energy, nanoparticle concentration, and magnetic induction are transformed into a system of nonlinear ordi-
nary differential equations through suitable similarity transformations derived using Lie group analysis. The resulting equations are solved using
the semi-analytical homotopy perturbation method (HPM). The influence of key physical parameters on the velocity, temperature, nanoparticle
concentration, and magnetic field profiles is analyzed through graphical and tabular results. The results indicate that increasing the magnetic
parameter suppresses fluid motion due to the resistive Lorentz force while enhancing the thermal boundary layer thickness. The Casson parameter
is found to significantly influence the velocity distribution, reflecting the non-Newtonian characteristics of the fluid. Thermal radiation and vis-
cous dissipation increase the temperature field, whereas Brownian motion and thermophoresis strongly affect nanoparticle concentration profiles.
Furthermore, anisotropic porous medium parameters and chemical reaction kinetics play important roles in controlling mass transfer rates. The
study provides useful insights into magnetically controlled nanofluid transport in porous cylindrical geometries, which may assist in the design of
advanced thermal systems in engineering applications.
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Nomenclature

(r, θ, z) Coordinates along radial, circumferential and axial di-
rections.

(v,w, u) Fluid velocity components along (r, θ, z).
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Email address: bukfalomo@gmail.com (Bukola Oluwatosin Falomo )

P, p Fluid pressure; P = p + B2

2µm
(modified pressure).

µm, νm Magnetic permeability and magnetic diffusivity.

g, ρ f , ρp Gravity acceleration, nanofluid density, nanoparticle
density.

qw, qr Wall heat flux and radiative heat flux.

Γ, Z Porous medium parameter and scaled axial coordinate.
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DB,DT Brownian motion and thermophoretic diffusivities.

Bz, Br Components of induced magnetic field B.

k f , α f , S c Thermal conductivity, thermal diffusivity and
Schmidt number.

jw Nanofluid volume fraction flux at the wall.

At, fw Unsteadiness parameter and surface mass flux.

ϕ,Q, n Volume fraction, Chandrasekhar number and tempera-
ture exponent.

Ω,Λ Velocity ratio and inverse magnetic Prandtl number.

(ν, ν′) Kinematic and viscoelastic viscosities.

(µ, µ′, ς) Dynamic and viscoelastic viscosities, transformed co-
ordinate.

βp,Da, β Viscoelastic parameter, Darcy number and Casson
parameter.

Rd,Ri,Nr Radiation parameter, Richardson number and buoy-
ancy ratio.

Ec, Pr, Le Eckert, Prandtl and Lewis numbers.

γ Curvature parameter.

(ρc) f , (ρc)p Heat capacities of fluid and nanoparticles.

Nb,Nt Brownian motion and thermophoresis parameters.

Q0, ϖ Heat generation coefficient and exponent.

κr, κ
2 Chemical reaction rate and parameter.

Bi, h f Biot number and heat transfer coefficient.

σ∗, k∗, s∗ Stefan-Boltzmann constant, absorption and scatter-
ing coefficients.

T, ϑ,T∞ Temperature, dimensionless concentration and ambi-
ent temperature.

1. Introduction

Transport processes involving heat, momentum, and mass
transfer play a fundamental role in numerous engineering
and industrial systems, including polymer processing, cooling
technologies, nuclear reactors, geothermal energy extraction,
biomedical transport processes, and chemical reactors. Efficient
thermal management in such systems remains a major chal-
lenge because conventional fluids often exhibit limited thermal
conductivity. To address this limitation, nanofluids, which are
engineered suspensions of nanoparticles dispersed in base flu-
ids, have been introduced as advanced heat-transfer fluids [1].
Nanoparticles significantly enhance the effective thermal con-
ductivity of the base fluid and improve convective heat transfer
performance in many practical applications.

The theoretical understanding of nanofluid transport mech-
anisms was significantly advanced by the model proposed by
Buongiorno, which showed that Brownian diffusion and ther-
mophoresis are the dominant mechanisms governing nanopar-
ticle transport in convective flows [2]. These mechanisms
strongly influence the temperature and concentration boundary
layers in nanofluid systems and therefore play a crucial role
in heat and mass transfer processes. Consequently, numerous
investigations have explored nanofluid transport in boundary-
layer flows over stretching surfaces, porous media, and other
complex geometries [3,4,5,6].

In many practical situations, the working fluids exhibit non-
Newtonian rheological behavior rather than classical Newto-
nian characteristics. Non-Newtonian fluids are frequently en-
countered in materials such as polymer melts, paints, biologi-
cal fluids, and food products. Among various non-Newtonian
models, the Casson fluid model has received considerable at-
tention because it effectively captures yield stress behavior ob-
served in fluids such as blood and pigment suspensions [7]. Be-
cause of its relevance in industrial and biomedical applications,
the Casson model has been widely employed in the analysis
of non-Newtonian boundary-layer flows and heat transfer pro-
cesses [8,9].

Another important mechanism influencing fluid transport is
the presence of magnetic fields. The study of electrically con-
ducting fluids subjected to magnetic fields is known as magne-
tohydrodynamics (MHD). Magnetohydrodynamic flows arise
in several technological applications including electromagnetic
pumps, liquid metal cooling systems, crystal growth processes,
and plasma physics. When a magnetic field interacts with an
electrically conducting fluid, a Lorentz force is generated that
resists fluid motion and modifies heat transfer characteristics
[10]. As a result, magnetic fields can be used to regulate flow
behavior and control thermal transport in engineering systems.

A classical problem in fluid mechanics that has attracted
considerable attention is the boundary layer flow induced by
stretching surfaces. Such flows arise in industrial processes
including polymer extrusion, glass manufacturing, metal spin-
ning, and continuous casting. The pioneering study by Crane
provided an exact similarity solution for laminar boundary-
layer flow over a linearly stretching sheet [11]. Since then,
numerous investigations have extended this model to include
additional physical effects such as magnetic fields, viscous dis-
sipation, thermal radiation, and porous media [4,12,13,14].

The influence of porous media on fluid transport has also at-
tracted substantial attention because porous materials appear in
many natural and industrial systems such as geothermal reser-
voirs, petroleum extraction processes, filtration devices, and
catalytic reactors. Fluid motion through porous structures is
strongly influenced by the permeability of the medium. In
many practical situations, porous materials exhibit anisotropic
permeability, meaning that the permeability varies with direc-
tion. This anisotropic behavior significantly modifies the veloc-
ity distribution and energy transport characteristics of the flow.

In addition to porous medium effects, thermal radiation
and Joule heating can significantly affect heat transfer in high-
temperature environments. Radiative heat transfer becomes
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important in systems such as gas turbines, nuclear reactors,
and combustion chambers. Several studies have incorporated
nonlinear radiation models and Joule heating effects to better
represent energy transport in magnetohydrodynamic nanofluid
systems [15,16,17]. These studies show that radiation can in-
crease fluid temperature while Joule heating contributes addi-
tional thermal energy to the system.

Recent studies have also focused on hybrid nanofluids and
advanced nanofluid models, where multiple nanoparticle types
are suspended in base fluids to enhance heat transfer per-
formance. Experimental and theoretical investigations have
shown that hybrid nanofluids can significantly improve ther-
mal conductivity and heat transfer rates compared with single-
component nanofluids [18,14,19]. Similarly, several recent in-
vestigations have examined nanofluid transport in magnetohy-
drodynamic boundary layer flows over stretching surfaces with
radiation, chemical reaction, and porous medium effects [20].

More recent research between 2024 and 2025 has fo-
cused on complex nanofluid models involving Casson rheology,
porous media, and magnetic fields. For example, studies have
examined Casson nanofluid flow over stretching surfaces under
the influence of thermal radiation, chemical reactions, and Joule
heating [21,22]. These investigations show that magnetic forces
significantly suppress fluid velocity while increasing thermal
boundary-layer thickness due to the resistive Lorentz force act-
ing on the fluid.

Similarly, several recent investigations have explored
nanofluid transport in porous stretching surfaces and reported
that parameters such as radiation, heat generation, and chem-
ical reactions strongly influence heat and mass transfer rates
[20,23]. These studies typically employ similarity transforma-
tions to convert the governing partial differential equations into
ordinary differential equations that can be solved numerically
or analytically.

Despite the extensive literature on nanofluid transport in
magnetohydrodynamic boundary-layer flows, relatively few
studies have examined unsteady Casson nanofluid flow over in-
clined cylindrical geometries embedded in anisotropic porous
media with induced magnetic field effects. Cylindrical ge-
ometries are frequently encountered in engineering applications
such as pipelines, heat exchangers, catalytic reactors, and en-
ergy transport devices. The combined effects of curvature,
porous medium anisotropy, radiation, Joule heating, and chem-
ical reaction introduce additional complexity into the governing
transport equations.

Therefore, the major gap in the literature lies in the limited
investigation of unsteady Casson nanofluid transport around an
inclined permeable cylinder embedded in anisotropic porous
medium under induced magnetohydrodynamic effects.

Motivated by this gap, the present study investigates cou-
pled thermal and solutal transport in unsteady induced magne-
tohydrodynamic Casson nanofluid flow over inclined perme-
able cylinders embedded in anisotropic porous media. The
model incorporates several important physical mechanisms in-
cluding Brownian motion, thermophoresis, nonlinear radiation,
viscous dissipation, Joule heating, and higher-order chemical
reaction kinetics. The governing equations describing mass,

Figure 1: Schematic of the physical flow configuration.

momentum, energy, nanoparticle concentration, and magnetic
induction are formulated using boundary-layer approximations
and subsequently transformed into nonlinear ordinary differen-
tial equations using suitable similarity transformations.

The resulting system is solved using a semi-analytical tech-
nique to analyze the influence of key dimensionless parameters
on velocity, temperature, nanoparticle concentration, and mag-
netic field distributions. The results obtained in this study pro-
vide valuable insights into magnetically controlled nanofluid
transport in porous media environments and may assist in the
design of advanced thermal systems used in industrial heat-
transfer applications.

2. Formulation of the problem

In this section, the mathematical model describing the phys-
ical configuration of the problem is developed. The study
considers unsteady two-dimensional boundary-layer flow of
an incompressible electrically conducting Casson nanofluid
over an inclined permeable cylindrical surface embedded in an
anisotropic porous medium under the influence of an induced
magnetic field. The physical configuration of the flow system
is illustrated schematically in Figure 1.

The cylindrical surface is assumed to stretch linearly along
the axial direction, thereby generating a boundary-layer flow
in the surrounding nanofluid. The coordinate system is chosen
such that the axial coordinate z is aligned along the surface of
the cylinder while the radial coordinate r is measured outward
from the cylindrical surface. The corresponding velocity com-
ponents of the fluid are denoted by u and v in the axial and radial
directions, respectively.

The fluid is assumed to be laminar, incompressible, and
electrically conducting. The base fluid and nanoparticles are
assumed to be in thermal equilibrium, and the nanoparticle sus-
pension is considered sufficiently dilute so that particle agglom-
eration and sedimentation effects are negligible. The influence
of magnetic polarization is ignored, while the induced magnetic
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Table 1: Comparison of the present results with Ref. [24] together with the (%) relative error.

β Nb Nt κ2 Ref. [24] Present Study (%) Relative Error

− f ′′(0) θ(0) ϕ(0) − f ′′(0) θ(0) ϕ(0) − f ′′(0) θ(0) ϕ(0)

0.10 0.10 0.30 0.20 0.651652 0.291163 0.275213 0.651763 0.290584 0.275011 0.0170 0.1989 0.0734
0.11 0.671211 0.291542 0.275831 0.671071 0.291342 0.275720 0.0209 0.0686 0.0403
0.12 0.688834 0.292427 0.277281 0.689450 0.292070 0.276392 0.0894 0.1221 0.3206
0.10 0.10 0.10 0.652317 0.273112 0.138951 0.651763 0.272612 0.138840 0.0849 0.1831 0.0800

0.20 0.20 0.652317 0.311654 0.372417 0.651763 0.309713 0.371856 0.0849 0.6228 0.1506
0.30 0.30 0.652317 0.363216 0.435548 0.651763 0.362584 0.435454 0.0849 0.1740 0.0217
0.10 0.00 0.652317 0.301158 0.370652 0.651763 0.291841 0.366511 0.0849 3.0932 1.1172

0.50 0.652317 0.290651 0.199105 0.651763 0.289571 0.198361 0.0849 0.3717 0.3738
1.00 0.652317 0.289241 0.135237 0.651763 0.288769 0.133835 0.0849 0.1632 1.0367

field is incorporated into the model. Furthermore, the effects of
Hall current and ion-slip are neglected for simplicity.

The porous medium in which the cylinder is embedded
is assumed to possess anisotropic permeability, which intro-
duces additional resistance to fluid motion. The Oberbeck–
Boussinesq approximation is employed to account for density
variations in the buoyancy term of the momentum equation
while all other thermophysical properties are assumed constant.
Thermal radiation effects are modeled using the Rosseland dif-
fusion approximation, which is suitable for optically thick me-
dia.

Under the above assumptions, the governing equations de-
scribing the conservation of mass, momentum, thermal energy,
nanoparticle concentration, and magnetic induction can be ex-
pressed in cylindrical coordinates. The continuity equation and
the magnetic solenoidal condition take the forms

∂(rv)
∂r
+
∂(ru)
∂z
= 0, (1)

∂(rBr)
∂r

+
∂(rBz)
∂z

= 0, (2)

where B = (Br, Bz) is the induced magnetic field.
The momentum equation for the Casson nanofluid is de-

rived from the boundary-layer form of the Navier–Stokes
equations while incorporating the effects of buoyancy forces,
porous medium resistance, and magnetic body forces. The
energy equation includes the effects of thermal conduction,
viscous dissipation, Joule heating, nonlinear thermal radia-
tion, and nanoparticle transport mechanisms. The nanoparticle
concentration equation accounts for Brownian diffusion, ther-
mophoretic diffusion, and higher-order chemical reaction kinet-
ics. Additionally, the magnetic induction equation describes the
evolution of the induced magnetic field within the conducting
fluid.

The corresponding boundary conditions describe the
stretching velocity of the cylinder surface, the prescribed tem-
perature and nanoparticle concentration at the wall, and the
asymptotic behavior of the velocity, temperature, concentration,
and magnetic field far from the surface.

To simplify the mathematical formulation and obtain sim-
ilarity solutions, appropriate similarity transformations are in-
troduced. These transformations convert the governing partial

Table 2: Comparison of − f ′′(0) and θ′(0) for different values of
γ and Pr.

γ Pr − f ′′(0) θ′(0)

Ref. [11] Present Ref. [25] Ref. [26] Present

0

0.72 1.0000 1.000000 1.2253 1.2367 1.236649
1 (exact) 1.000000 1.0000 1.0000 1.000000

6.7 1.000000 – 0.3333 0.333303
10 1.000000 0.2688 0.2688 0.268769

0.5

0.72 1.180665 1.005806
1 1.180665 0.84698

6.7 1.180665 0.3133686
10 1.180665 0.255784

1

0.72 1.353302 0.8701 0.853168
1 1.353302 0.7439 0.738933

6.7 1.353302 0.2966 0.296835
10 1.353302 0.2442 0.244307

differential equations into a system of nonlinear ordinary differ-
ential equations. The transformed equations depend on several
dimensionless parameters such as the Casson parameter, cur-
vature parameter, Chandrasekhar number, radiation parameter,
Prandtl number, Brownian motion parameter, thermophoresis
parameter, Schmidt number, Lewis number, and chemical reac-
tion parameter.

The resulting dimensionless equations together with the as-
sociated boundary conditions provide the mathematical frame-
work used to analyze the coupled momentum, heat, mass, and
magnetic transport processes in the present study.

∂u
∂t
+

(
u
∂

∂z
+ v
∂

∂r

)
u =

1
ρ f

[
−
∂p
∂z

+ µ

(
1 +

1
β

)
∇2u + Fz −

µ

ρ f K2
Γ (K∗, ϑ)

(
1 +

1
β

)
u
]
,

(3)

where the axial component of the resultant body force is

Fz =
[
−(ρp − ρ f )(ϕ − ϕ∞) + (1 − ϕ∞)ρ f (βT (T − T∞))

]
g sin(α)

+
1
µm

(
Br
∂Bz

∂r
+ Bz
∂Bz

∂z

)
,
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Table 3: Influence of β, ς, fw, γ, Q, Z, Ω, Ri on −Re
1
2
z C f , Re−

1
2

z Nuz, and Re−
1
2

z S hz.

β ζ fw γ Q Z Ω Ri −Re
1
2
z C f Re−

1
2

z Nuz Re−
1
2

z S hz

∞ 0.1 -0.1 0.3 0.2 0.1 0.1 0.3 10.333373 0.915885 0.499574
1 7.301957 0.921104 0.502420

0.1 3.206587 0.911075 0.496950

0.2
0 3.351918 0.934470 0.509711

0.1 2.334257 0.919071 0.501312
0.2 1.812618 0.906615 0.494517
0.1 -0.1 2.334257 0.919071 0.501312

0 2.306683 0.911739 0.497312
0.1 2.279167 0.904092 0.493141
-0.1 0 1.871778 0.911494 0.497179

0.1 2.033062 0.914162 0.498634
0.2 2.187149 0.916645 0.499988
0.3 0 2.275690 0.904220 0.493211

0.2 2.279167 0.904092 0.493141
0.4 2.282645 0.903963 0.493071
0.2 0.1 2.279167 0.904092 0.493141

0.3 2.307110 0.903118 0.492610
0.5 2.363403 0.901074 0.491495
0.1 0.1 2.334257 0.919071 0.501312

0.3 2.097257 0.925397 0.504762
0.5 1.739314 0.933119 0.508974
0.1 0.1 2.362659 0.918473 0.500985

0.3 2.334257 0.919071 0.501312
0.5 2.306159 0.919654 0.501630

(ρC) f

(
∂T
∂t
+ u
∂T
∂z
+ v
∂T
∂r

)
= k f∇

2T −
1
r
∂

∂r
(rqr)

+ µ

(
1 +

1
β

) (
∂u
∂r

)2

+ Q0(T − T∞)ϖ

+ (ρC)p

[
DB∇ϕ · ∇T +

DT

T∞
∇T · ∇T

]
+

1
σ

J2,

(4)

where qr = −
4σ∗

3(k∗ + s∗)
∂T 4

∂r
(radiation heat flux). σ∗, k∗, s∗

are respectively the Stefan-Boltzmann constants, the Rosseland
mean absorption and scattering coefficients. Expanding T 4 by
means of the Taylor theorem about the free stream temperature
T∞ and neglecting higher order terms, we obtain T 4 � 4T 3

∞T −
3T 4
∞ (see Ref. [27]). Neglecting s∗ for non-scattering thin fluid,

and substituting T 4 we have, qr = −
16σ∗

3k∗
T 3
∞

∂T
∂r(

∂

∂t
+ u
∂

∂z
+ v
∂

∂r

)
ϕ = DB

1
r
∂

∂r

(
r
∂ϕ

∂r

)
+

DT

T∞

1
r
∂

∂r

(
r
∂T
∂r

)
− κr(ϕ − ϕ∞)m, (5)

(
∂

∂t
+ u
∂

∂z
+ v
∂

∂r

)
Bz = Bz

∂u
∂z
+ Br
∂u
∂r
+
ηm

r
∂

∂r

(
r
∂Bz

∂r

)
. (6)

The initial and boundary conditions are [28,29]:

t ≤ 0 : u = v = 0, T = T∞, ϕ = ϕ∞,

B = (0, Be(t, z)) , for all (r, ϑ, z) ∈ R3,

where Bz = Be(t, z) = B0

(
z

l |1 − λt|

)
. (7)

t > 0 : u = Uw(t, z), v = Vw(t, z),

T = Tw(t, z) = T∞ +
b1zn

|1 − λt|
,

ϕ = ϕw(t, z) = ϕ∞ +
b0zn

|1 − λt|
,

Br =
∂Bz

∂r
= 0 at r = a,

u = ue(t, z)→ 0,
∂u
∂r
→ 0, T → T∞,

Bz → Be(t, z) = B0

(
z

l|1 − λt|

)
, ϕ→ ϕ∞ as r → ∞.

(8)
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Table 4: Effects of Nr, Γ, Da, Rd, Pr, Ec, G and ϖ on −Re
1
2
z C f , Re−

1
2

z Nuz, and Re−
1
2

z S hz.

Nr Γ Da Rd Pr Ec G ϖ −Re
1
2
z C f Re−

1
2

z Nuz Re−
1
2

z S hz

0 0.3 0.1 0.1 1 0.01 0.1 1 2.350 989 0.918 716 0.501 118
0.2 2.334 257 0.919 071 0.501 312
0.4 2.317 553 0.919 423 0.501 504
0.2 0 2.245 633 0.921 036 0.502 383

1 2.518 527 0.914 786 0.498 974
2 2.740 148 0.909 268 0.495 965

0.3 0 2.245 633 0.921 036 0.502 383
0.2 2.416 755 0.917 186 0.500 283
0.4 2.566 308 0.913 630 0.498 344
0.1 0 2.336 225 1.010 484 0.505 242

0.1 2.334 257 1.002 623 0.501 312
0.2 2.332 335 0.995 237 0.497 619
0.1 1 2.334 257 0.919 071 0.501 312

2 2.344 067 0.966 246 0.527 043
3 2.347 324 0.988 412 0.539 134
1 0 2.335 654 0.924 021 0.504 012

0.01 2.334 257 0.919 071 0.501 312
0.02 2.332 861 0.914 130 0.498 616
0.01 -0.1 2.338 112 0.934 153 0.509 538

0 2.336 389 0.927 235 0.505 765
0.1 2.334 257 0.919 071 0.501 312
0.1 0 2.252 482 0.760 316 0.414 718

1 2.334 257 0.919 071 0.501 312
2 2.336 257 0.926 546 0.505 389

Introducing the following similarity transformations

η =
r2 − a2

2a

√
Uw

νz
,

uz ≡ u = Uw f ′(η), ur ≡ v = −
a
r

√
νUw

z
f (η),

θ =
T − T∞
Tw − T∞

, φ =
ϕ − ϕ∞
ϕw − ϕ∞

,

Bz = B0

( z
a

)
h′(η), Br = −

B0

r

√
νz
Uw

h(η),

Uw = U
(

z
l |1 − λt|

)
, a , 0, (9)

where the quantity z
|1−λt| characterizes the unsteady stretching

of the cylinder by coupling the axial coordinate with time. This
scaling accounts for the temporal variation of the stretching rate
and facilitates the reduction of the governing equations to a self-
similar system of ordinary differential equations.

The similarity transformations introduced in equation (9),
which satisfy both the continuity equation and the solenoidal
condition for the induced magnetic field (see Ref. [30]), are em-
ployed to transform the governing partial differential equations
into the following system of coupled nonlinear ordinary dif-
ferential equations governing momentum, energy, chemically

reactive nanoparticle transport, and magnetic induction:(
1 +

1
β

) [
(1 + 2γη) f ′′′ + 2γ f ′′

]
+ f f ′′ − ( f ′)2 + Ri (θ − Nrφ)

− ΓDa
(
1 +

1
β

)
( f ′ −Ω) + QZ2

(
h′2 − hh′′ − 1

)
+ AΩ + Ω2 = 0,

(10)

1
Pr

(1 + Rd)
[
(1 + 2γη)θ′′ + 2γθ′

]
+ Ec

(
1 +

1
β

)
(1 + 2γη)( f ′′)2

+ f θ′ − n f ′θ +Gθϖ + (1 + 2γη)
[
Nbφ

′θ′ + Nt(θ′)2
]

+ QΛEc(h′′)2 = 0,
(11)

1
S c

[
(1 + 2γη)φ′′ + 2γφ′

]
+ fφ′ − n f ′φ

+
1

Le Pr
Nt

Nb

[
(1 + 2γη)θ′′ + 2γθ′

]
− κ2φm = 0,

(12)

Λ
{
(1 + 2γη)h′′′ + 2γh′′

}
+ f h′′ − h f ′′ − At

(
h′ +

1
2
ηh′′

)
= 0.

(13)

6
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Table 5: Influence of Bi, Nb, Nt, Λ, n, S c, Le, and κ2 on −Re
1
2
z C f , Re−

1
2

z Nuz and Re−
1
2

z S hz.

Bi Nb Nt Λ n S c Le κ2 −Re
1
2
z C f Re−

1
2

z Nuz Re−
1
2

z S hz

0.1 0.01 0.03 0.1 1 0.1 0.63 2.352 924 0.998 717 0.272 377
0.2 2.334 257 0.919 071 0.501 312
0.3 2.318 446 0.851 420 0.696 617
0.2 0.01 2.334 257 0.919 071 0.501 312

0.03 2.345 408 0.918 835 0.167 061
0.05 2.347 640 0.918 787 0.167 061
0.01 0.01 2.345 408 0.918 835 0.167 061

0.03 2.334 257 0.919 071 0.501 312
0.05 2.323 118 0.919 306 0.835 733
0.03 0.1 2.334 257 0.919 071 0.501 312

0.5 2.334 165 0.918 980 0.501 262
1 2.333 984 0.918 864 0.501 198

0.1 0 2.311 437 0.829 240 0.452 313
0.5 2.326 252 0.887 140 0.483 894
1 2.334 257 0.919 071 0.501 312
1 1 2.351 416 0.918 558 0.501 031

2 2.352 731 0.918 499 0.500 999
3 2.353 190 0.918 472 0.500 985

0.1 1 2.333 351 0.919 096 0.501 325
2 2.332 322 0.919 125 0.501 341
3 2.332 117 0.919 131 0.501 344

0.63 1 2.314 515 0.919 618 0.501 610
3 2.328 357 0.919 236 0.501 401
5 2.334 257 0.919 071 0.501 312

The boundary conditions are given as

η = 0 : f ′(0) = 1 + ζ
(
1 +

1
β

)
f ′′(0), f (0) = − fw,

h(0) = 0, h′′(0) = 0,
θ′(0) = −Bi (1 − θ(0)),
Nbφ

′(0) + Ntθ
′(0) = 0,

η→ ∞ : f ′(η)→ 0, h′(η)→ 1,
θ(η)→ 0, φ(η)→ 0,

(14)

where Nr =
(ρp − ρ f )

ρ f (1 − ϕ∞)βT (Tw − T∞)
is the buoyancy ratio,

Ri = (1 − ϕ∞)βT (Tw − T∞)
gz
U2

w
is the modified local Richardson

number, A =
lλ
U

is the transient (unsteadiness) parameter, At =

λa
U |1 − λt|

is the local transient (unsteadiness) parameter with

the constant l = a, Q =
B2

0

ρµmU2 is the Chandrasekhar number,

Λ =
(1 − λt)µm

lU
is the local inverse modified magnetic Prandtl

number, γ =
1
a

√
νz
Uw

is the curvature parameter, Ec =
U2

w

C f∆T
is

the Eckert number, Pr =
ν

α f
is the (Thermal) Prandtl number,

α f is the thermal diffusivity, Rd =
16σ∗

3k f k∗
T 3
∞ is the Rosseland ra-

diation parameter, Nb = τ0
DB∆ϕ

ν
,Nt = τ0

DT∆T
νT∞

are the Brow-

nian and thermophoretic parameters, Le =
α f

DB
is the modified

Lewis number, κ2 =
zκr
Uw

(∆ϕ)m−1 is the chemical reaction pa-

rameter of the nanofluid, ζ = N
√

Uw

νUw
is the slip parameter,

fw = Vw

√
z
νUw

is the surface mass flux (suction/injection) at

the wall surface. Ω =
Ue

U
is the velocity ratio of the free stream.

The boundary conditions in equation (14) represent the
physical constraints imposed at the surface of the inclined per-
meable cylinder and in the free stream. At the cylinder surface
(η = 0), the condition ( f (0) = − fw) specifies the wall transpira-
tion, where ( fw > 0) corresponds to suction and ( fw < 0) repre-
sents injection. Suction removes fluid from the boundary layer,
suppressing momentum, thermal, and concentration boundary-
layer growth, whereas injection introduces additional fluid into
the flow and generally thickens these layers. The velocity-slip
condition f ′(0) = 1 + ζ

(
1 + 1

β

)
f ′′(0) accounts for partial slip

between the fluid and the wall, which is particularly relevant in
microfluidic devices, rarefied gas flows, and nano-engineered
surfaces where the classical no-slip assumption is no longer
valid.

7
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(a) (b)

(c)

Figure 2: Effect of At on the velocity, temperature, and magnetic-field profiles

The magnetic boundary conditions (h(0) = 0) and (h′′(0) =
0) ensure compatibility of the induced magnetic field with the
impermeable conducting surface and guarantee a physically re-
alistic magnetic field distribution near the wall. The convective
thermal boundary condition θ′(0) = −Bi(1 − θ(0)) models heat
exchange between the cylinder and an external heating medium
through the Biot number, thereby representing practical situ-
ations encountered in cooling and heating systems where the
wall temperature is not prescribed but depends on the surround-
ing environment. Furthermore, the zero nanoparticle mass-flux
condition,

[
Nbϕ

′(0) + Ntθ
′(0) = 0

]
is based on Buongiorno’s

nanofluid model and implies that there is no net nanoparticle
flux across the solid surface. This condition reflects the balance
between Brownian diffusion and thermophoretic migration and
is widely adopted in nanofluid transport studies involving im-
permeable walls.

As the similarity variable approaches infinity (η → ∞),

the conditions ( f ′(η) → 0), (h′(η) → 1), (θ(η) → 0), and
(ϕ(η) → 0) indicate that the influence of the cylinder gradually
vanishes and the fluid approaches the ambient state. Physically,
these conditions ensure that the velocity disturbance, induced
magnetic field, excess temperature, and nanoparticle concen-
tration decay smoothly away from the surface, thereby satisfy-
ing the far-field equilibrium requirements of the boundary-layer
approximation.

2.1. Parameters of engineering interest

The important physical quantities of interest are the local
skin friction coefficient C f , the local Nusselt number Nuz, and
the local Sherwood number NS hz are defined as

C f =
τw

ρ f U2
w
, Nuz =

zqw

k f∆T
, and NS hz =

z jw
DB∆ϕ

, (15)

8
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(a) (b)

(c)

Figure 3: Effect of β on the velocity, temperature, and magnetic-field profiles

where τw is the skin friction or the shear stress along the stretch-
ing surface and qw is the wall heat flux which incorporate the
impact of thermal radiation and jw is the nanofluid volume frac-
tion (flux) transfer at the wall of the cylinder are given respec-
tively as 

τw = µ

(
1 +

1
β

) (
∂u
∂r

)
r=0
,

qw =
z
∆T

k f

(
1 +

16σ∗T 3
∞

3k f k∗

) (
∂T
∂r

)
r=0
,

jw = DB

(
∂ϕ

∂r

)
r=0
.

(16)

Substituting the non-dimensionless parameters, we obtain
Re

1
2
z C f =

(
1 +

1
β

)
f ′′(0),

Re−
1
2

z Nuz = (1 + Rd)θ′(0),

Re−
1
2

z NS hz = ϑ
′(0),

(17)

where Rez =
Uwz
ν

is the local Reynolds number.

3. Solution method

The transformed governing equations obtained in the previ-
ous section constitute a coupled system of nonlinear ordinary
differential equations subject to boundary conditions at the wall

9
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(a) (b)

(c)

Figure 4: Effect of fw on the velocity, temperature, and magnetic-field profiles

and at infinity. Because of the nonlinear nature of these equa-
tions, obtaining closed-form analytical solutions is generally
difficult. Therefore, approximate analytical or numerical tech-
niques are often employed to determine the velocity, tempera-
ture, concentration, and magnetic field distributions.

Several approaches have been used in the literature to solve
nonlinear boundary-layer equations. Early analytical tech-
niques such as the perturbation method were widely used,
but their applicability is often limited to problems involv-
ing small parameters. To overcome these limitations, various
semi-analytical methods have been developed, including the
Adomian decomposition method (ADM), the homotopy anal-
ysis method (HAM), and the homotopy perturbation method
(HPM). These approaches are capable of handling strongly
nonlinear differential equations without requiring linearization

or discretization.
The homotopy perturbation method, originally introduced

by He, combines the classical perturbation technique with the
concept of homotopy from topology to construct rapidly con-
vergent series solutions for nonlinear differential equations.
In contrast to classical perturbation techniques, the homo-
topy perturbation method does not require the existence of a
small physical parameter, which makes it particularly suitable
for nonlinear boundary-layer flow problems. Over the years,
this method has been successfully applied to various nonlin-
ear fluid-flow problems including magnetohydrodynamic flows,
nanofluid transport, and heat transfer systems.

Recent studies have further demonstrated the effectiveness
of semi-analytical techniques for solving nonlinear transport
equations arising in fluid mechanics. For example, Ref. [31]

10
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(a)

(b)

Figure 5: Effect of slip parameter ς on velocity and temperature
profiles.

applied the homotopy perturbation method to investigate vis-
cous dissipation effects in natural convection Couette flow and
reported excellent agreement between HPM results and numer-
ical solutions obtained using Runge–Kutta methods.

Similarly, Ref. [32] employed a modified homotopy per-
turbation method to analyze magnetohydrodynamic Jeffery–
Hamel nanofluid flow and demonstrated that the method pro-
vides accurate approximations for velocity and shear stress pro-
files under different physical conditions.

Other recent investigations have also used semi-analytical
techniques such as optimal homotopy perturbation and homo-
topy analysis methods to examine nonlinear nanofluid transport
problems involving magnetic fields and porous media. These

(a)

(b)

Figure 6: Effect of the slip parameter ς on the nanoparticle-
concentration and magnetic-field profiles.

studies showed that such methods offer rapid convergence and
reliable solutions for nonlinear boundary value problems aris-
ing in magnetohydrodynamic flows.

Motivated by these advantages, the present study employs
a semi-analytical homotopy perturbation method to obtain ap-
proximate analytical solutions for the transformed nonlinear
system of equations governing the Casson nanofluid flow.

3.1. Semi-analytic method
To apply the homotopy perturbation method, the nonlinear

differential equations governing the flow, temperature, nanopar-
ticle concentration, and magnetic field are first expressed in op-
erator form as

11



Falomo et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3416 12

(a)

(b)

Figure 7: Effect of curvature parameter γ on velocity and tem-
perature profiles.

L( f ) +N( f ) = 0, (18)

where L represents the linear operator and N denotes the non-
linear operator. The homotopy perturbation method constructs
a homotopyH(η, p) defined as

H(η, p) = (1 − p)L( f ) + p
[
L( f ) +N( f )

]
= 0, (19)

where p ∈ [0, 1] is an embedding parameter. When p = 0, the
system reduces to a simpler linear equation whose solution is
known. When p = 1, the original nonlinear problem is recov-

(a)

(b)

Figure 8: Effect of the curvature parameter γ on the
nanoparticle-concentration and magnetic-field profiles.

ered. These will take the forms

H1(η, f , θ, φ, h, p) ≡ (1 − p)
(
1 +

1
β

)
f ′′′

+ p
[ (

1 +
1
β

) (
(1 + 2γη) f ′′′ + 2γ f ′′

)
+ f f ′′ − ( f ′)2 + Ri(θ − Nrφ)

− ΓDa
(
1 +

1
β

)
( f ′ −Ω)

+ QZ2
(
(h′)2 − hh′′ − 1

)
+ AΩ + Ω2

]
= 0. (20)

12
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(a) (b)

(c)

Figure 9: Effect of the Chandrasekhar number Q on the velocity, temperature, and magnetic-field profiles.

H2(η, f , θ, φ, h, p) ≡ (1 − p)
1 + Rd

Pr
θ′′

+ p
[
1 + Rd

Pr
(
(1 + 2γη)θ′′ + 2γθ′

)
+ Ec

(
1 +

1
β

)
(1 + 2γη)( f ′′)2

+ f θ′ − n f ′θ +Gθϖ

+ (1 + 2γη)
(
Nbφ

′θ′ + Nt(θ′)2
)

+ QΛEc(h′′)2
]
= 0. (21)

H3(η, f , θ, φ, h, p) ≡ (1 − p)
1

S c
φ′′

+ p
[

1
S c

(
(1 + 2γη)φ′′ + 2γφ′

)
+ fφ′ − n f ′φ

+
1

Le Pr
Nt

Nb

(
(1 + 2γη)θ′′ + 2γθ′

)
− κ2φm

]
= 0.

(22)

13
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(a) (b)

(c)

Figure 10: Effect of the velocity ratio Ω on the velocity, temperature, and magnetic-field profiles.

H4(η, f , θ, φ, h, p) ≡ (1 − p)Λ h′′′

+ p
[
Λ

(
(1 + 2γη)h′′′ + 2γh′′

)
+ f h′′

− h f ′′ − At

(
h′ + 1

2ηh
′′
) ]
= 0.

(23)

The solution is then expressed as a power series in terms of
the embedding parameter

f (η) = f0(η) + p f1(η) + p2 f2(η) + · · · . (24)

Similarly, the temperature, concentration, and magnetic
field functions can be written as

θ(η) = θ0 + pθ1 + p2θ2 + · · · (25)
ϕ(η) = ϕ0 + pϕ1 + p2ϕ2 + · · · (26)
h(η) = h0 + ph1 + p2h2 + · · · . (27)

Substituting these series expansions into the governing
equations and equating the coefficients of identical powers of
p produces a sequence of linear differential equations that can
be solved successively. The resulting series solutions converge
rapidly to the approximate analytical solutions of the original
nonlinear boundary value problem.

14
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(a) (b)

(c)

Figure 11: Effect of the Richardson number Ri on the velocity, temperature, and magnetic-field profiles.

(1 − p)
(
1 +

1
β

) (
f ′′′0 + p f ′′′1 + p2 f ′′′2 + · · ·

)
+ p

[ (
1 +

1
β

) (
(1 + 2γη)( f ′′′0 + p f ′′′1 + · · · ) + 2γ( f ′′0 + p f ′′1 + · · · )

)
+ ( f0 + p f1 + · · · )( f ′′0 + p f ′′1 + · · · ) − ( f ′0 + p f ′1 + · · · )

2

+ Ri
(
(θ0 + pθ1 + · · · ) − Nr(φ0 + pφ1 + · · · )

)
+ AΩ + Ω2

− ΛDa
(
1 +

1
β

) (
f ′0 + p f ′1 + · · · −Ω

)
− QZ2 + QZ2(h′0 + ph′1 + · · · )

− (h0 + ph1 + · · · )(h′′0 + ph′′1 + · · · )
]
= 0.

(28)

(1 − p)
1 + Rd

Pr

(
θ′′0 + pθ′′1 + p2θ′′2 + · · ·

)
+ p

[
1 + Rd

Pr

(
(1 + 2γη)(θ′′0 + pθ′′1 + · · · ) + 2γ(θ′0 + pθ′1 + · · · )

)
+ Ec

(
1 +

1
β

)
(1 + 2γη)

(
f ′′0 + p f ′′1 + · · ·

)2

+G (θ0 + pθ1 + · · · )ϖ + ( f0 + p f1 + · · · )(θ′0 + pθ′1 + · · · )

− n( f ′0 + p f ′1 + · · · )(θ0 + pθ1 + · · · )

+ (1 + 2γη)
[
Nb(φ′0 + pφ′1 + · · · )(θ

′
0 + pθ′1 + · · · )

+ Nt(θ′0 + pθ′1 + · · · )
2
]
+ QΛEc

(
h′′0 + ph′′1 + · · ·

)2
]
= 0.

(29)
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(a) (b)

(c)

Figure 12: Effect of the anisotropic porous-medium parameter Γ on the velocity, temperature, and magnetic-field profiles.

(1 − p)
1

S c

(
φ′′0 + pφ′′1 + p2φ′′2 + · · ·

)
+ p

[
1

S c

(
(1 + 2γη)(φ′′0 + pφ′′1 + · · · ) + 2γ(φ′0 + pφ′1 + · · · )

)
+ ( f0 + p f1 + · · · )(φ′0 + pφ′1 + · · · )

− n( f ′0 + p f ′1 + · · · )(φ0 + pφ1 + · · · )

+
1

Le Pr
Nt

Nb

(
(1 + 2γη)(θ′′0 + pθ′′1 + · · · ) + 2γ(θ′0 + pθ′1 + · · · )

)
− κ2(φ0 + pφ1 + · · · )m

]
= 0.

(30)

(1 − p)Λ
(
h′′′0 + ph′′′1 + p2h′′′2 + · · ·

)
+ p

[
Λ
(
(1 + 2γη)(h′′′0 + ph′′′1 + · · · ) + 2γ(h′′0 + ph′′1 + · · · )

)
+ ( f0 + p f1 + · · · )(h′′0 + ph′′1 + · · · )

− (h0 + ph1 + · · · )( f ′′0 + p f ′′1 + · · · )

− At

(
(h′0 + ph′1 + · · · ) +

1
2η(h

′′
0 + ph′′1 + · · · )

)]
= 0.

(31)

Also, the boundary conditions in equation (14), we have
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(a) (b)

(c)

Figure 13: Effect of the Darcy number Da on the velocity, temperature, and magnetic-field profiles.

η = 0 : f0(0) + p f1(0) + p2 f2(0) + · · · = − fw, (32a)

f ′0(0) + p f ′1(0) + p2 f ′2(0) + · · ·

= 1 + ζ
(
1 +

1
β

) (
f ′′0 (0) + p f ′′1 (0) + · · ·

)
, (32b)

h0(0) + ph1(0) + p2h2(0) + · · · = 0, (32c)

h′′0 (0) + ph′′1 (0) + p2h′′2 (0) + · · · = 0, (32d)

θ′0(0) + pθ′1(0) + p2θ′2(0) + · · ·

= −Bi
[
1 − (θ0(0) + pθ1(0) + · · · )

]
, (32e)

Nb
(
φ′0(0) + pφ′1(0) + · · ·

)
+ Nt

(
θ′0(0) + pθ′1(0) + · · ·

)
= 0, (32f)

η→ ∞ : f ′0(∞) + p f ′1(∞) + p2 f ′2(∞) + · · · = 0, (32g)

h′0(∞) + ph′1(∞) + p2h′2(∞) + · · · = 1, (32h)

θ0(∞) + pθ1(∞) + p2θ2(∞) + · · · = 0, (32i)

φ0(∞) + pφ1(∞) + p2φ2(∞) + · · · = 0. (32j)

To be able to arrange the equations above and their bound-
ary conditions according to the powers of the embedding pa-
rameter p, we need to specify the value(s) of n(= 0, 1, 2, 3).
Then, we have

p(0) :
(
1 +

1
β

)
f ′′′0 = 0,

1 + Rd

Pr
θ′′0 = 0,

1
S c
φ′′0 = 0, Λh′′′0 = 0, (33a)

f0(0) = − fw, f ′0(0) = 1 + ζ
(
1 +

1
β

)
f ′′0 (0),

h0(0) = h′′0 (0) = 0, θ0(0) = φ0(0) = 1, (33b)

f ′0(∞) = 0, h′0(∞) = 1,

θ0(∞) = φ0(∞) = 0. (33c)
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(a)

(b)

Figure 14: Effect of scaled axial position Z on temperature and
magnetic profiles.

p1 :
(
1 +

1
β

)
f ′′′1 + 2γ

(
1 +

1
β

)
η f ′′′0

+ 2γ
(
1 +

1
β

)
f ′′0 + f0 f ′′0 − ( f ′0)2

+ Ri(θ0 − Nrφ0) − ΛDa
(
1 +

1
β

)
( f ′0 −Ω)

+ QZ2
(
(h′0)2 − h0h′′0 − 1

)
+ AΩ + Ω2 = 0, (34a)

f1(0) = 0, f ′1(0) = ζ
(
1 +

1
β

)
f ′′1 (0),

f ′1(∞) = 0. (34b)

p1 :
1 + Rd

Pr
θ′′1 +

2γ(1 + Rd)
Pr

ηθ′′0 +
2γ(1 + Rd)

Pr
θ′0

+ Ec
(
1 +

1
β

)
(1 + 2γη)( f ′′0 )2

+ f0θ
′
0 − n f ′0θ0 +Gθϖ0

+ (1 + 2γη)
(
Nbφ

′
0θ
′
0 + Nt(θ′0)2

)
+ QΛEc(h′′0 )2 = 0, (35a)

θ1(0) = 0, θ1(∞) = 0. (35b)

1
S c
φ′′1 +

2γ
S c
ηφ′′0 +

2γ
S c
φ′0

+ f0φ
′
0 − n f ′0φ0

+
1

Le Pr
Nt

Nb

(
(1 + 2γη)θ′′0 + 2γθ′0

)
− κ2φ0 = 0, (36a)

φ1(0) = 0, φ1(∞) = 0. (36b)

Λh′′′1 + 2γΛηh′′′0 + 2γΛh′′0 f0h′′0

− At

(
h′0 +

1
2
ηh′′0

)
= 0, (37a)

h1(0) = 0, h′′1 (0) = 0, h′1(∞) = 0. (37b)

p(2) :
(
1 +

1
β

)
f ′′′2 +

(
1 +

1
β

) (
2γη f ′′′1 + 2γ f ′′1

)
+ f0 f ′′1 + f1 f ′′0 − 2 f ′0 f ′1 + Ri(θ1 − Nrφ1)

+ QZ2 (
2h′0h′1 − h0h′′1 − h1h′′0

)
− ΓDa

(
1 +

1
β

)
f ′1 = 0, (38a)

f2(0) = 0, f ′2(0) = ζ
(
1 +

1
β

)
f ′′2 (0),

f ′2(∞) = 0. (38b)

1 + Rd

Pr
θ′′2 +

1 + Rd

Pr
(
2γηθ′′1 + 2γθ′1

)
+ 2Ec

(
1 +

1
β

)
(1 + 2γη) f ′′0 f ′′1

+ f0θ
′
1 + f1θ

′
0 − n f ′0θ1 − n f ′1θ0 +Gθ1

+ (1 + 2γη)
(
Nbφ

′
0θ
′
1 + Nbφ

′
1θ
′
0 + 2Ntθ

′
0θ
′
1
)

+ 2QΛEc h′′0 h′′1 = 0, (39a)

θ2(0) = 0, θ2(∞) = 0. (39b)

1
S c
φ′′2 +

1
S c

(
2γηφ′′1 + 2γφ′1

)
+

1
Pr Le

Nt

Nb

(
(1 + 2γη)θ′′1 + 2γθ′1

)
− κ2φ1 + f0φ

′
1 + f1φ

′
0 − n f ′0φ1 − n f ′1φ0 = 0, (40a)

φ2(0) = 0, φ2(∞) = 0. (40b)
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(a) (b)

(c)

Figure 15: Effect of the Prandtl number Pr and temperature exponent n on the temperature and nanoparticle-concentration profiles.

Λh′′′2 + Λ
(
2γηh′′′1 + 2γh′′1

)
− h0 f ′′1 − h1 f ′′0

+ f0h′′1 + f1h′′0 − At

(
h′′1 +

1
2
ηh′′1

)
= 0, (41a)

h2(0) = 0, h′′2 (0) = 0, h′1(∞) = 0. (41b)

For ease of convergence and less computation power, we em-
ploy some initial solutions for f0, θ0, φ0, and h0 as

f0 = a1 + b1η + c1e−kη (42)

θ0 = a2 + b2e−kη (43)

φ0 = a3 + b3e−kη (44)

h0 = a4 + b4η + c4e−kη (45)

where ai, bi, and ci, i = 1, 2, 3 are arbitrary constants;

Solving equation (42) conforming with the boundary con-
ditions in equation (33) to obtain

f0(η) = − fw +
1

k(1 + αk)

(
1 − e−kη

)
,

θ0(η) =
Bi

k + Bi
e−kη,

φ0(η) = −
Nt

Nb

Bi
k + Bi

e−kη,

h0(η) = η,

(46)

where α = ζ
(
1 + 1

β

)
.

Equation (46) makes the solutions easy to compute
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(a)

(b)

Figure 16: Effect of Biot number Bi on temperature and
nanoparticle profiles.

fi(η), θi(η), φi(η), and hi(η), i = 1, 2, . . . analytically and solv-
ing them with their respective boundary conditions. There-
fore, taking the limit as p → 1 for fi(η), θi(η), φi(η), and hi(η),
i = 0, 1, 2, . . . and take the form as in equations (24)–(25), we
have

f (η) = f0(η) + f1(η) + f2(η) + . . . (47)
θ(η) = θ0(η) + θ1(η) + θ2(η) + . . . (48)
φ(η) = φ0(η) + φ1(η) + φ2(η) + . . . (49)
h(η) = h0(η) + h1(η) + h2(η) + . . . (50)

It would be noted from equations (34), (35), (36), and (37)
that the first iteration conforms to the governing equations (10),

(11), (12), and (13). Thus, the solutions converges for most of
the parameters after the first iteration. Although, in some cases
we might go higher to second and third iteration depending on
the difficulties of the problem. The accuracy of the obtained
semi-analytical solutions can be verified by comparing them
with previously published results for limiting cases. Such com-
parisons typically show excellent agreement, confirming the va-
lidity of the method.

4. Results and discussion

This section analyzes the effects of the governing dimen-
sionless parameters on the velocity, temperature, nanoparticle
concentration, and magnetic induction profiles. In addition to
the graphical results presented in Figures 2–20, the quantitative
behavior of important engineering quantities such as the skin
friction coefficient, Nusselt number, and Sherwood number is
summarized in Tables 2–5.

These engineering quantities provide insight into the sur-
face shear stress, heat transfer rate, and nanoparticle mass trans-
fer rate at the cylinder surface.

The parameter ranges used in the figures and tables are
physically realistic and literature-consistent: Casson parameter
β = (0,∞); slip ς = (0, 1); curvature γ = (0, 1); Chandrasekhar
number Q = (0, 5); velocity ratio Ω = (0, 1); Richardson num-
ber Ri = (0, 2); Biot number Bi = (0.1, 1); anisotropic porous
parameter Γ = (0, 2); Darcy number Da = (0, 1); radiation
parameter Rd = (0, 0.2); Eckert number Ec = (0, 0.04); un-
steadiness parameter At = (0, 0.7); Brownian and thermophore-
sis Nb,Nt = (0.01, 0.05); Prandtl number Pr = (0.72, 10);
suction/injection fw = (−0.1, 0.1); heat generation/absorption
G = (−0.1, 0.1); temperature exponent ϖ = (0, 2); chemi-
cal reaction κ2 = (0, 5); Schmidt number S c = (1, 5); Lewis
number Le = (1, 10); and inverse magnetic Prandtl number
Λ = (0.1, 10). These ranges ensure numerical stability and cor-
respond to realizable thermal, biomedical, and MHD flow sys-
tems. To validate the applicability of the homotopy perturba-
tion method (HPM) to the present problem, we found no study
addressing the same model, particularly the slip boundary con-
ditions. We therefore adopted the boundary conditions as stated
in Ref. [24] and the results were in tandem with their results as
can be seen in Table 1.

4.1. Validation of the model
Before discussing the parametric effects, the accuracy of

the present formulation is verified by comparing the obtained
results with previously published solutions for special cases.
When the curvature parameter, Casson parameter, magnetic
field, porous resistance, radiation, and other physical mecha-
nisms are neglected, the governing equations reduce to the clas-
sical stretching sheet problem analyzed by Ref. [11]. In this
limiting case, the analytical solution

f (η) = 1 − e−η and θ(η) =
Γ (Pr, Pre−η)
Γ (Pr, Pr)

,

where Γ(a, x) =
∫ x

0
ta−1e−tdt

(51)
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(a) (b)

(c)

Figure 17: Variation of the temperature profile with the radiation parameter Rd, Eckert number Ec, and heat generation/absorption
parameter G.

is the lower incomplete gamma function, yielding f ′′(0) =
−1 exactly. The present results show excellent agreement with
the classical solution, confirming the validity of the mathemat-
ical formulation and the reliability of the semi-analytical solu-
tion method.

A comprehensive analysis of the flow, thermal, and mass
transport characteristics of the Casson nanofluid system is pre-
sented below. The graphical results (Figures 2–20) illustrate the
behavior of velocity, temperature, nanoparticle concentration,
and magnetic field profiles, while Tables 1–5 provide quan-
titative insight into the corresponding engineering quantities,
namely the skin friction coefficient, Nusselt number, and Sher-
wood number.

A consistent relationship is observed between the bound-

ary layer profiles and the engineering quantities reported in the
tables. Specifically, any parameter that alters the thickness of
the velocity, thermal, or concentration boundary layers in the
figures directly influences the corresponding surface transport
quantities in the tables.

Table 1 presents a validation of the present semi-analytical
Homotopy Perturbation Method (HPM) by comparing the com-
puted wall shear stress, wall temperature, and nanoparticle con-
centration gradients with the corresponding results reported by
Ref. [24]. Although the physical model considered by Makkar
et al. shares many similarities with the present formulation, the
two studies are not identical, particularly with respect to the im-
posed boundary conditions and certain modelling assumptions.
Consequently, an exact comparison cannot be expected. To en-
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(a)

(b)

Figure 18: Effects of the Brownian-motion parameter Nb and
thermophoresis parameter Nt on the nanoparticle-concentration
profiles.

sure a meaningful assessment of the accuracy of the proposed
solution technique, the present governing equations were also
solved numerically using Maple’s built-in dsolve boundary-
value solver under the same boundary conditions employed
in the current study, and the numerical solutions were subse-
quently compared with the HPM results.

The results presented in Figure 1 demonstrate an excellent
agreement between the HPM solutions and those obtained us-
ing the Maple numerical solver, with the relative errors remain-
ing very small for all the investigated parameter combinations.
Furthermore, the comparison with the corresponding results of
Ref. [24] reveals a close agreement despite the differences in the

(a)

(b)

Figure 19: Effects of the inverse magnetic Prandtl number and
transient unsteadiness parameter on the magnetic-field profiles.

mathematical formulation and boundary conditions. The minor
discrepancies observed are therefore attributed to these differ-
ences rather than deficiencies in the present solution procedure.
This close agreement confirms the accuracy, convergence, and
reliability of the proposed Homotopy Perturbation Method for
solving the highly coupled nonlinear boundary-value problem
governing the unsteady MHD Casson nanofluid flow over an
inclined permeable cylinder.

4.2. Coupling between velocity field and skin friction
The influence of the governing flow parameters on the ve-

locity distribution and the corresponding skin-friction charac-
teristics is illustrated in (Figure 2a, 3a, 4a, 5a, 7a, 9a, 10a,
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(a) (b)

(c)

Figure 20: Variation of the concentration profile with the Schmidt number S c, Lewis number Le, and chemical-reaction parameter
κ2.

11a, 12a, 13a). The transient unsteadiness parameter (A) sig-
nificantly suppresses the velocity field (Figure 2a). Physically,
increasing unsteadiness intensifies the temporal resistance ex-
perienced by the fluid, thereby reducing momentum diffusion
within the boundary layer. This reduction in velocity is accom-
panied by a decrease in the momentum boundary-layer thick-
ness and consequently modifies the wall shear stress. The effect
of the Casson parameter (β) is presented in Figure 3a. Increas-
ing (β) enhances the velocity profile throughout the boundary
layer. Since larger values of (β) correspond to weaker yield-
stress effects, the fluid behaves more like a Newtonian fluid and
flows more readily. This enhancement of fluid motion is re-
flected in Figure 3 through the reduction in the magnitude of
the skin-friction coefficient.

Figure 4a demonstrates that increasing the suction param-
eter ( fw) suppresses the velocity profile. Suction removes
low-momentum fluid particles from the vicinity of the wall,
thereby thinning the hydrodynamic boundary layer. Similarly,
the velocity-slip parameter (ζ) shown in Figure 5a increases the
velocity distribution because the reduction in wall adhesion al-
lows the fluid to move more freely along the surface. The in-
fluence of the curvature parameter (γ) is illustrated in Figure
7a. Larger curvature enhances the velocity profile due to geo-
metric modifications of the cylindrical surface that reduce re-
sistance to flow. In contrast, the Chandrasekhar number (Q) in
Figure 9a decreases the velocity profile. This behavior is at-
tributed to the Lorentz force generated by the magnetic field,
which opposes fluid motion and acts as a momentum sink. The
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velocity ratio parameter (Ω) shown in Figure 10a suppresses the
velocity profile as the relative strength of the external stream in-
creases. On the other hand, the Richardson number (Ri) in Fig-
ure 11a enhances the velocity field because buoyancy forces as-
sist the flow and promote momentum transport. The anisotropic
porous-medium parameter (Γ) (Figure 12a) reduces the veloc-
ity due to the additional drag imposed by the porous matrix,
whereas increasing the Darcy number (Da) (Figure 13a) en-
hances fluid motion by increasing medium permeability and re-
ducing flow resistance.

These observations are fully consistent with the skin-
friction results reported in Tables 3 and 4. Parameters that
strengthen resistance to flow, such as (Q) and (Γ), alter the wall
shear stress significantly, whereas parameters that facilitate mo-
mentum transport, such as (β), (γ), (Ri), and (Da), promote
fluid motion and modify the surface drag characteristics. From
an engineering perspective, these parameters provide practical
mechanisms for controlling momentum transport in polymer
extrusion, coating processes, porous thermal systems, and mag-
netically controlled transport devices.

4.3. Thermal field and heat-transfer rate
The effects of the controlling parameters on the tempera-

ture field are depicted in Figures 2b, 3b, 5b, 7b, 9b, 10b, 11b,
12b, 13b, 17a, 14a, 15a, 15c, 16a, 17b, 17c. Figure 2b reveals
that increasing the unsteadiness parameter (A) reduces the tem-
perature profile owing to the reduced residence time available
for thermal diffusion. A similar decreasing trend is observed
with increasing Casson parameter (β) (Figure 3b), where en-
hanced fluid motion improves convective cooling and lowers
the thermal boundary-layer thickness. The slip parameter (ζ)
shown in Figure 5b reduces the temperature distribution be-
cause slip weakens thermal interaction between the wall and
fluid. Likewise, increasing the curvature parameter (γ) de-
creases the temperature profile (Figure 7b) due to enhanced
heat transport away from the cylindrical surface. The mag-
netic parameter (Q) exhibits the opposite behavior in Figure 9b.
Stronger magnetic fields suppress fluid motion and reduce con-
vective cooling, causing thermal energy to accumulate within
the boundary layer and increasing the temperature profile. The
velocity ratio (Ω), Richardson number (Ri), porous-medium pa-
rameter (Γ), and Darcy number (Da) shown in Figures 10b, 11b,
12b, 13b also influence the thermal field through their modifi-
cation of momentum transport and thermal diffusion processes.

Figure 14a shows that increasing the scaled axial coordinate
(Z) decreases the temperature profile. The thermal effects be-
come progressively weaker along the cylinder axis due to con-
tinuous diffusion of heat into the surrounding fluid. Figure 15a
demonstrates that larger Prandtl numbers reduce the tempera-
ture distribution because higher (Pr) corresponds to lower ther-
mal diffusivity. Similarly, increasing the temperature exponent
(n) in Figure 15c decreases the thermal boundary-layer thick-
ness. The influence of the Biot number is illustrated in Figure
16a, where larger values of (Bi) significantly enhance the tem-
perature profile. Physically, stronger convective heating at the
wall supplies additional thermal energy to the fluid. Figure 17a,
17b, 17c demonstrate that the radiation parameter (Rd), Eckert

number (Ec), and heat-generation parameter (G) all increase
the temperature distribution. Thermal radiation contributes ad-
ditional heat flux to the fluid, viscous dissipation converts ki-
netic energy into thermal energy, and internal heat generation
acts as an additional energy source.

These graphical observations agree closely with the
Nusselt-number results presented in Tables 3, 4, and 5. Param-
eters that increase thermal boundary-layer thickness generally
reduce the wall temperature gradient and consequently decrease
the heat-transfer rate, whereas parameters that thin the thermal
boundary layer enhance heat transfer. These findings are par-
ticularly important in thermal management systems, nuclear re-
actors, solar collectors, heat exchangers, and high-temperature
manufacturing processes.

4.4. Nanoparticle concentration and mass transfer

The concentration profiles presented in Figures 6a, 8a, 15b,
16b, 18a, 18b, 20a, 20b, 20c reveal the influence of nanoparti-
cle transport mechanisms on mass transfer characteristics. Fig-
ure 6a indicates that increasing the slip parameter (ζ) reduces
nanoparticle concentration within the boundary layer. The re-
duction in wall-fluid interaction weakens nanoparticle accu-
mulation near the surface and promotes mass transfer. Fig-
ure 8a shows that increasing the curvature parameter (γ) sup-
presses the concentration profile. This indicates enhanced mass
transport away from the surface due to geometric effects as-
sociated with the cylindrical configuration. Figure 15b fur-
ther demonstrates that increasing the Prandtl number decreases
nanoparticle concentration because reduced thermal diffusivity
weakens the coupled thermal-diffusion mechanisms responsi-
ble for nanoparticle transport. The Biot number shown in Fig-
ure 16b increases nanoparticle concentration. Enhanced con-
vective heating strengthens thermophoretic transport and pro-
motes nanoparticle accumulation within the thermal boundary
layer. The Brownian motion parameter (Nb) in Figure 18a de-
creases the concentration profile because stronger random par-
ticle motion disperses nanoparticles throughout the fluid do-
main. In contrast, increasing the thermophoresis parameter (Nt)
in Figure 18b increases nanoparticle concentration due to the
migration of particles from hot regions toward cooler regions
of the fluid.

The effects of mass diffusivity and chemical reactions are
illustrated in Figure 20. Increasing the Schmidt number (Sc)
reduces concentration because mass diffusivity decreases. Sim-
ilarly, larger Lewis numbers (Le) suppress concentration by
weakening nanoparticle diffusion relative to thermal diffusion.
Figure 20c shows that increasing the chemical-reaction param-
eter (κ2) reduces nanoparticle concentration owing to enhanced
consumption of nanoparticles through chemical reaction pro-
cesses.

These concentration trends are consistent with the
Sherwood-number results reported in Figure 5. Parameters that
reduce concentration boundary-layer thickness enhance mass
transfer at the surface, whereas parameters that increase con-
centration accumulation reduce the Sherwood number. Such
behavior is particularly relevant in catalytic reactors, chemical
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processing equipment, drying technologies, pollutant transport
systems, and nanofluid-based mass transfer devices.

4.5. Interaction of magnetic and thermal effects

The interaction between hydrodynamic motion and mag-
netic induction is illustrated by the magnetic-field distributions
in Figures 2c, 3c, 4c, 6b, 8b, 9c, 10c, 11c, 12c, 13c, 14b, 19a,
19b. Increasing the transient parameter (A) and the Casson pa-
rameter (β) enhances the magnetic induction profile, as shown
in Figure 2c, 3c, indicating stronger coupling between the con-
ducting fluid and induced magnetic field. Conversely, increas-
ing suction ( fw) reduces the magnetic profile because the re-
moval of conducting fluid weakens magnetic-field generation.

The slip parameter (ζ) shown in Figure 6b strengthens the
induced magnetic field by reducing wall resistance and promot-
ing fluid–magnetic interaction. In contrast, increasing the cur-
vature parameter (γ) decreases magnetic induction (Figure 8b),
demonstrating the influence of geometry on magnetic diffusion
processes.

The effect of the Chandrasekhar number (Q) is particularly
significant. Figure 9c shows that stronger magnetic fields con-
siderably increase magnetic induction throughout the bound-
ary layer. The velocity ratio (Ω) suppresses magnetic induc-
tion (Figure 10c), whereas buoyancy enhancement through the
Richardson number (Ri) increases the magnetic field inten-
sity (Figure 11c). Figures 12c, 13c reveal opposite effects of
porous-medium parameters. Increasing (Γ) suppresses mag-
netic induction because porous resistance weakens fluid mo-
tion, whereas larger Darcy numbers enhance magnetic induc-
tion owing to increased permeability. Figure 14b shows that the
magnetic field weakens along the axial coordinate (Z), indicat-
ing gradual magnetic diffusion away from the surface.

Finally, Figure 19 demonstrates the important roles of the
inverse magnetic Prandtl number (Λ) and the local transient
parameter (At). Increasing (Λ) enhances magnetic induction
due to reduced magnetic diffusivity, while increasing (At) sup-
presses the magnetic profile by intensifying temporal damping
effects. These findings are particularly relevant to electromag-
netic pumps, plasma transport devices, liquid-metal cooling
systems, and magnetohydrodynamic energy-conversion tech-
nologies.

4.6. Effect of surface conditions and boundary parameters

Figures 4, 5, 6, 16 collectively highlight the role of bound-
ary conditions imposed at the cylinder surface. The suction pa-
rameter ( fw) acts as a powerful boundary-layer control mecha-
nism. Increasing suction suppresses velocity, temperature, and
magnetic induction profiles while reducing the hydrodynamic,
thermal, and concentration boundary-layer thicknesses. Con-
sequently, suction can be effectively employed to regulate drag
and enhance transport performance in engineering systems.

The velocity-slip parameter (ζ) introduces another impor-
tant surface effect. Increasing slip enhances the velocity profile
while simultaneously reducing temperature and concentration
distributions. This behavior results from weakened wall-fluid
interaction and reduced momentum and thermal resistance at

the surface. Slip surfaces therefore provide a practical means
of reducing drag in microfluidic systems and nano-engineered
devices.

The convective boundary parameter represented by the Biot
number (Bi) strongly affects both thermal and concentration
fields. Larger values of (Bi) increase temperature and nanopar-
ticle concentration by strengthening heat exchange between the
wall and the surrounding fluid. Consequently, the Biot number
serves as an effective parameter for controlling thermal energy
delivery in industrial heating and cooling processes.

Overall, the surface parameters ( fw), (ζ), and (Bi) provide
efficient mechanisms for manipulating momentum, heat, mass,
and magnetic transport simultaneously. Their combined ef-
fects offer valuable opportunities for optimizing thermal per-
formance, reducing drag, and improving transport efficiency in
advanced nanofluid-based engineering applications.

4.7. Overall physical insight

The combined analysis of Figures 2–20 and Tables 1–5 re-
veals a strong coupling between the boundary layer profiles and
surface transport quantities:

1. Parameters that suppress velocity (e.g., magnetic field,
porous resistance) reduce momentum transport and alter
heat transfer rates

2. Parameters that increase temperature (e.g., radiation, vis-
cous dissipation) reduce heat transfer efficiency

3. Parameters that enhance nanoparticle diffusion (e.g.,
Brownian motion, thermophoresis) increase concentra-
tion boundary layer thickness and modify mass transfer
rates

This unified interpretation highlights the complex interac-
tion between momentum, heat, and mass transport mechanisms
in Casson nanofluid flows under magnetohydrodynamic and
porous medium effects.

5. Conclusion

This study investigated the coupled thermal and solutal
transport characteristics of unsteady induced magnetohydrody-
namic Casson nanofluid flow over an inclined permeable cylin-
drical surface embedded in an anisotropic porous medium. The
governing nonlinear partial differential equations describing the
conservation of momentum, energy, nanoparticle concentra-
tion, and magnetic induction were transformed into a system of
nonlinear ordinary differential equations using suitable similar-
ity transformations. The resulting equations were solved using
a semi-analytical homotopy perturbation method.

The main findings of the study can be summarized as fol-
lows:

• Increasing the magnetic parameter suppresses the veloc-
ity distribution due to the resistive Lorentz force while
simultaneously increasing the temperature distribution
within the boundary layer.
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• Higher values of the Casson parameter enhance fluid mo-
tion because the yield stress effect becomes weaker, al-
lowing the fluid to flow more easily.

• Suction at the surface significantly reduces the velocity
and temperature boundary layer thickness, indicating that
suction can be used as an effective technique for control-
ling heat transfer.

• Thermal radiation and viscous dissipation increase the
temperature distribution within the boundary layer,
thereby influencing the overall heat transfer characteris-
tics of the system.

• Brownian motion enhances nanoparticle diffusion and in-
creases concentration profiles, whereas thermophoresis
drives nanoparticles away from the heated surface.

• Increasing porous medium resistance reduces fluid veloc-
ity due to drag effects generated by the porous matrix.

The results obtained in this study provide important insights
into the interaction between magnetic fields, porous media, and
nanofluid transport mechanisms. These findings may be useful
for designing advanced thermal management systems in engi-
neering applications such as heat exchangers, energy transport
devices, and chemical processing equipment.

Future studies may consider extending the present analysis
to include hybrid nanofluids, variable thermophysical proper-
ties, or three-dimensional flow configurations.
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