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Abstract

This study develops a fractional-order mathematical model based on the Atangana–Baleanu–Caputo (ABC) operator to investigate the transmission
dynamics of tuberculosis (TB). The framework incorporates memory and nonlocal effects to represent the spread and progression of TB within a
population. The first derivative of a Lyapunov function is used to evaluate the infection locally and globally within the fractional-order model. The
model satisfies the essential mathematical properties of positivity, boundedness, existence, and uniqueness of solutions, thereby establishing its
biological and mathematical well-posedness. Fixed-point theory is used to analyze the model and bound its solution. The analysis establishes local
and global stability conditions and identifies the parameters that most strongly affect disease transmission. An advanced numerical method is used
to obtain approximate solutions of the fractional-order system and evaluate the effect of the fractional-order parameter. Numerical simulations
show that decreasing the fractional-order parameter enhances memory effects and produces smoother convergence toward equilibrium states than
the classical integer-order model. The results indicate that the fractional-order framework provides a useful representation of TB dynamics and
may support the understanding and control of TB transmission.
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1. Introduction

Tuberculosis (TB) is an infectious disease frequently caused
by Mycobacterium tuberculosis. Despite frequently affecting
the lungs, TB may impair other organs as well. Latent TB is the
term used to describe an infection that is undetected. Nearly
50% of patients with active illness, which results from around
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10% of latent infections, die if untreated. A chronic cough
that generates blood-tinged mucus, fever, weight loss, and night
sweats are classic indicators of active tuberculosis. Previously,
the disease was called consumption because of its association
with weight loss. Infections in different organs can cause a wide
range of symptoms. Pulmonary tuberculosis most commonly
affects the lungs, but it can affect any part of the body. Extra-
pulmonary tuberculosis is the term for TB that develops outside
of the lungs, although it can coexist with pulmonary tuberculo-
sis. The paper also examines the potential root causes of these
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issues, including socioeconomic barriers to care, ineffective tu-
berculosis services, particularly in underserved areas, a lack of
collaboration between healthcare facilities, and a lack of politi-
cal will and financial support for TB control on the part of local
governments. The study concludes with a review of the poten-
tial and difficulties that TB control faces and offers suggestions
for further initiatives and research [1]. The recent assessment
found that one-third of those with TB illness may not have re-
ceived treatment or disease notification. Not all TB patients are
being recorded by the ETR. Additionally, the TB Surveillance
System’s data sources differ in their completeness and trustwor-
thiness of information for patients with a TB record. Urgent ac-
tion is required to enhance the integrity of surveillance data and
guarantee that all diagnosed individuals are handled and treated
[2]. The HIV pandemic, immigration, and treatment resistance
have all been linked to the comeback of tuberculosis (TB) in
Western nations. Multidrug-resistant tuberculosis is caused by
two main factors: either drug-resistant bacteria from previous
therapy were chosen, or multidrug-resistant Mycobacterium tu-
berculosis (MT) strains were introduced in new patients. In
Europe, the biggest predictor of MDR-TB was prior therapy.
A thorough investigation of the causes of insufficient therapy
might enhance control measures. It is necessary to reevalu-
ate the risk of MDR-TB in individuals who were born abroad
while accounting for any prior therapy [3]. In addition to regu-
lar health information systems, designated hospitals, health in-
surance firms, key informant interviews, and focus groups with
pertinent key stakeholders, data was gathered through TB and
MDR-TB patient questionnaires. The use of TB services and
anti-TB medications and the factors that influence them as so-
cioeconomic and health systems develop are among the main
topics covered in this collection of papers. The expenses of
TB treatment and the financial strain on TB patients are other
significant subjects, as is the impact of China’s health insur-
ance policies on financial stability [4]. Research should be spe-
cific about the study’s context, the number of cases included,
the recruiting time, and the clustering criteria that were em-
ployed. The clustering data ought to be broken down at least
by age, sex, and immigrant status. Studies should include a
significant portion of all cases in the population, be conducted
in conjunction with traditional epidemiological investigations
of contacts (if possible), and provide data on the incidence of
tuberculosis in the population as well as patient characteristics
such as age, sex, HIV status, drug sensitivity, and social and
ethnic group [5]. Tsai et al. [6] used gold nanoparticles and
an analytical platform based on paper to develop a colorimetric
sensing method for diagnosing tuberculosis. Using the surface
plasmon resonance approach, the authors were able to moni-
tor color changes in a gold nanoparticle colloid based on the
outcomes of single-stranded DNA probe molecules hybridizing
with certain double-stranded TB sequences. Simply detecting
how the hybridization process alters the nanoparticles’ surface
charge density, which leads to varying degrees of aggregation,
yields the necessary DNA analysis. James et al. discovered that
the chance of contracting an active illness following exposure to
the TB bacilli is a two-stage process that is influenced by both
endogenous and extrinsic risk factors. A person’s proximity to

an infectious TB case and the bacillary load in their sputum are
two critical external factors that can exacerbate the shift from
exposure to infection. The development of infection into active
tuberculosis is driven by similar internal mechanisms. Emerg-
ing risk factors, like cigarette smoking, alcohol use, diabetes,
indoor air pollution, and immunosuppressive drug usage, have
a big influence on people and communities in addition to known
risk factors [7].

It has been demonstrated that these mathematical models
are helpful in solving scientific and technological issues [8–
11]. The primary goal of the aforementioned studies is to in-
vestigate tuberculosis infections from multiple perspectives by
using fractional operators. Researchers from around the world
are also considered for solving scientific and technical difficul-
ties utilizing mathematical models of fractional operators. A
few months after the pandemic began, a number of models for
analyzing the dynamics of this disease in different parts of the
world were available in the literature [12–16]. Using a smooth
kernel that may represent the temporal and spatial variables in
two different ways, Caputo and Fabrizio created a novel defini-
tion of the fractional derivative. The Laplace transform is ap-
propriate for the first since it operates on time variables. The
non-local fractional derivative that connects the second defi-
nition to the spatial variables makes working with the Fourier
transform more practical [17, 18]. A Caputo fractional-order tu-
berculosis model [19] was developed and validated against real
epidemiological data, demonstrating the improved capability
of fractional calculus to capture disease transmission dynam-
ics and predict outbreak trends. A comprehensive fractional-
order tuberculosis model incorporating treatment intervention
was analyzed to investigate disease dynamics [20], stability be-
havior, and the effectiveness of control strategies in reducing
TB transmission. The dynamics of tuberculosis within a pop-
ulation [21] cannot be adequately represented by a single in-
fectious class. Therefore, this study develops a compartmen-
tal model encompassing latent, active, and drug-resistant pop-
ulations to better capture tuberculosis dynamics in a commu-
nity. The study [22] proposed an age-structured deterministic
model governing the transmission dynamics and control of TB
in the presence of vaccination integrated into the eligible pop-
ulation. A fractional-order bilingualism model [23] employs
the Mittag–Leffler kernel, demonstrating the effectiveness of
non-singular fractional operators in capturing memory effects
and complex language interaction dynamics. A fractional-order
modeling framework was utilized to investigate the dynamics
of insect pests and nematodes in pine forests [24], providing
insights into effective forest management and ecological con-
trol strategies. Higher-order interactions were incorporated into
a spatio-temporal Leslie-Gower predator–prey model to better
understand complex ecological dynamics [25], pattern forma-
tion, and species coexistence mechanisms.

This study includes the formulation of a tuberculosis
transmission model with two exposed populations under the
Atangana–Baleanu-Caputo fractional operator. The model’s
positivity, boundedness, existence, and uniqueness properties
are established, while the basic reproduction number and equi-
librium stability conditions are rigorously analyzed. In addi-
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tion, sensitivity analysis is employed to identify the key epi-
demiological parameters influencing disease spread. Numerical
experiments are performed for different fractional orders to in-
vestigate the impact of memory effects on the transmission dy-
namics and to assess the advantages of the proposed fractional
framework over its classical counterpart. Recent studies have
demonstrated the usefulness of fractional-order approaches in
describing tuberculosis dynamics by incorporating memory ef-
fects and hereditary characteristics. Nevertheless, most avail-
able models rely on traditional fractional operators and simpli-
fied compartmental structures, which may not adequately cap-
ture the complexity of disease progression. Moreover, the role
of multiple exposed populations in tuberculosis transmission
under a fractional framework with a non-singular kernel has re-
ceived limited attention. Existing investigations are also often
restricted to specific mathematical properties, leaving a need
for a unified framework that integrates epidemiological analy-
sis with computational assessment. These limitations motivate
the development of the present model, which aims to provide
a more comprehensive understanding of tuberculosis dynamics
through an Atangana–Baleanu-Caputo fractional formulation.

The following are the remaining sections of this research ar-
ticle: A detailed overview of the proposed model is provided in
section 3. Section 2 has some basic fractional order derivatives
that can be used to solve the epidemiological model. Section 3
provides a generalized version of the model and an analysis of
its suggested description, including studies on well-posedness,
positivity, and boundedness. Section 4 analyzes the qualitative
properties of the model, including the disease-free equilibrium,
reproduction number, sensitivity analysis, existence, unique-
ness, and stability. Section 5 presents the Adams-Bashforth nu-
merical scheme, while Sections 6 and 7 present the numerical
simulations and conclusion, respectively.

2. Basic concepts

We found some important and practical discoveries con-
cerning modern calculus and nonlinear dynamics in [26, 27].

Definition 2.1. The Atangana–Baleanu–Caputo (ABC) frac-
tional derivative, with τ ∈ (0, 1] and for functionω(t) ∈ L1[0, T ]
is given by

ABC Dτ
tω(t) =

Z(τ)
1 − τ

∫ t

0
Eτ

[
−τ

1 − τ
(t − ϑ)

]
d

dϑ
× ω(ϑ)dϑ.

(1)

The normalization function is Z(τ), where Z(0) = Z(1) = 1.
The Mittag–Leffler’s function Eτ is clearly defined as

Eτ(y) = Σ∞k=0
yk

Γ(τk + 1)
. (2)

Definition 2.2. When using the ABC technique, the left-hand
side (LHS) of an integral of order τ ∈ (0, T ] is represented as if

ω(t) ∈ L1(0, T ) is a function.

ABC Iτt ω(t) =
1 − τ
Z(τ)

χ(t)

+
τ

Γ(τ)Z(τ)

∫ t

0
(t − ϑ)τ−1ω(ϑ)dϑ.

(3)

Theorem 2.1. Now suppose that U is a closed norm space and
ψ ⊂ U is a convex, closed, and bounded set. Then a continuous
function Ω : ψ → ψ has at least one stationary point in ψ and
Ωψ ⊂ U and Ωψ is substantially compact.

3. Tuberculosis fractional-order mathematical model with
treatment

Our model of the dynamics of tuberculosis infection is com-
partmental and deterministic. Scientists are investigating the
origins and recurrence of disease outbreaks. We analyze sev-
eral important features of the compartmental mathematical epi-
demic model for the spread of viruses proposed by Zhang et al.
[28]. The set of nonlinear equations that follows represents a
plan to treat and eradicate tuberculosis. The proposed frame-
work may be expressed as

ABCDτ
t S (t) = ∆ − βS I

N − νS ,
ABCDτ

t E1(t) = ω βS I
N − χ1E1 + (1 − ρ)δT,

ABCDτ
t E2(t) = (1 − ω) βS I

N + ς1E1 − χ2E2,
ABCDτ

t I(t) = ς2E2 + ρδT − χ3I,
ABCDτ

t T (t) = γI − χ4T,
ABCDτ

t R(t) = ϕT − νR,

(4)

let
χ1 = ν + ς1,
χ2 = ν + ς2,
χ3 = ν + γ + σ1,
χ4 = ν + δ + σ2 + ϕ,

(5)

where the starting circumstances are

S (0) = S 0 ≥ 0, E1(0) = E0
1 ≥ 0, E2(0) = E0

2 ≥ 0, I(0) = I0 ≥ 0,
(6)

T (0) = T 0 ≥ 0,R(0) = R0 ≥ 0. (7)

3.1. Model description
The proposed model splits the whole population N into six

compartments at a given time t. In order to analyze the dynam-
ics of tuberculosis, we developed a fractional-order mathemat-
ical model that takes into account six compartment populations
and employs efficient personnel. S (t) denotes the susceptible
segment of the population at time t; the slow-exposed group is
denoted by E1(t), the fast-exposed group by E2(t), the infected
group by I(t), the treatment group by T (t), and the recovered
group by R(t). In model (4), after interaction between suscep-
tible and infected persons, a ratio ω(0 < ω < 1) of susceptible
individuals S (t) joins E1(t) and a fraction (1−ω) enters the fast
exposed class E2 directly. ∆ and ν denote the birth and death
rates, respectively, while β represents the successful transmis-
sion coefficient. The disease-induced rates due to disease in
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Table 1: Description of the model parameters.

Parameter Description

∆ Birth rate
ν Natural death rate
β Contact rate
γ Treatment rate of infectious individuals
ρ Unsuccessful treatment rate
σ1 Disease-induced death rate in the infec-

tious class (I)
σ2 Disease-induced death rate during treat-

ment (T )
ς1 Transition rate from exposed class E1 to E2
ς2 Progression rate from exposed class E2 to

infectious class I
δ Re-entry rate of treated individuals into I

or exposed classes after treatment failure
ω Fraction of susceptible individuals enter-

ing the slow exposed class E1 after contact
with infectious individuals

ϕ Recovery (restoration) rate

compartments I and T are given by σ1 and σ2, respectively.
The rate of progression from E1 to E2 is ς1 and from E2 to
I is ς2. For the infected individuals, the per capita treatment
rate is represented by γ, and δ is the rate at which individuals
quit the T (t) compartment due to incomplete treatment. The
fraction of individuals leaving the treatment class T that reen-
ters the infected class I is denoted by ρδT , and the remaining
δT (1−ρ) rejoins the slow exposed class depending on the treat-
ment state of the individuals. The evolution rate is ϕ, at which
treated T becomes recovered R. The parameter ρ(0 < ρ < 1) in
(1 − ρ)δ represents the ratio of drug-defiant people in compart-
ment T . Table 1 provides information on the parameters of the
suggested model.

Consequently, the overall population is determined by

N(t) = S (t) + E1(t) + I(t) + E2(t) + T (t) + R(t). (8)

3.2. Well-posedness

In this section, we analyze the temporal context and spa-
tial domain in which the responses of the proposed model hold
historical significance. All solutions and recommended param-
eters are advantageous for each t, as demonstrated in our earlier
findings. We know that, for t > 0:

ABCDτ
t N(t) = ∆ − νN(t)−σ1I(t) − σ2T (t), (9)

we want N(t) to be an increasing function, such that
ABCDτ

t N(t) > 0.

ABCDτ
t N(t) ≤ ∆ − νN(t), N(t) ≤

∆

ν
. (10)

The aforementioned disparity is referred to as the necessary
population level in the literature. Consequently, we derive

that the acknowledged set of solutions for the proposed model
should be limited to

Ω =

{
(S , E1, I, E2, T,R) ∈ R6

+ :
S + E1 + I + E2 + T + R = N < ∆

ν

}
. (11)

In this case, the faces of the positive cone of R6
+ are likewise

found in the lower dimensions. Realistically speaking, we rule
out the circumstance where ABCDτ

t N(t) ≥ 0. The host popula-
tion may eventually drop to its carrying capacity as a result of
this.

3.3. Positivity and boundedness of the proposed model solu-
tions

To demonstrate the transparency of all results and their abil-
ity to address global concerns, we provide a detailed description
of the fundamental components below. This section examines
the various ways in which we can obtain the desired value of
the structure.

Let’s start with class E1(t):

E1(t) ≥ Eo
1e−(ν+ς1)t, ∀t ≥ 0, (12)

The function E2(t) has the following inequality.

E2(t) ≥ Eo
2e−(ν+ς2)t, ∀t ≥ 0, (13)

I(t) ≥ Ioe−(ν+γ+σ1)t, ∀t ≥ 0, (14)

T (t) ≥ T oe−(ν+δ+σ2+ϕ)t, ∀t ≥ 0, (15)

and
R(t) ≥ Roe−(ν)t, ∀t ≥ 0. (16)

We will establish the norm:

∥λ∥∞ = supt∈Dλ
|λ(t)|, (17)

where Dλ denotes λ′s domain. Eq. (17) is used to determine the
following discrepancy for the category S (t).

S (t) = ∆ −
βS I
N
− S ν, ∀t ≥ 0

≥ −(ν +
β|I|
|N|

)S , ∀t ≥ 0

≥ −(ν +
βsupt∈DI

|I|

supt∈DN
|N|

)S , ∀t ≥ 0

≥ −(ν +
β∥I∥∞
∥N∥∞

)S , ∀t ≥ 0.

(18)

Using the positivity of the state variables and the fact that

I(t)
N(t)

≤
∥I∥∞
∥N∥∞

, (19)

we obtain

ABC Dτ
t S (t) = ∆ −

βS I
N
− νS ≥ −

(
ν +

β∥I∥∞
∥N∥∞

)
S (t). (20)
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By the comparison principle for fractional differential equa-
tions, it follows that

S (t) ≥ S (0) Eτ

(
−

(
ν +

β∥I∥∞
∥N∥∞

)
tτ
)
≥ 0, t ≥ 0, (21)

where Eτ(·) denotes the Mittag–Leffler function. Therefore,
S (t) remains nonnegative for all t ≥ 0 whenever S (0) > 0. By
applying the same argument to the remaining compartments,
we conclude that all state variables remain nonnegative in the
feasible region.

4. Qualitative analysis of the proposed model

To gain a deeper comprehension of its characteristics and
the processes influencing the dynamics of the spread of TB.
The proposed scheme of TB with therapy, which is symbolized
by (4), is currently undergoing a qualitative examination.

Setting ABCDτ
t S (t) =ABC Dτ

t E1(t) =ABC Dτ
t E2(t) =ABC

Dτ
t I(t) =ABC Dτ

t T (t) =ABC Dτ
t R(t) = 0 results in the system’s

equilibrium points. We have two equilibrium points:

• Disease-free equilibrium:

E0 =

{
∆

ν
, 0, 0, 0, 0, 0

}
(22)

• Endemic equilibrium:

E∗ =
{
S ∗, E∗1, E

∗
2, I
∗, T ∗,R∗

}
, (23)

where
S ∗ =

∆

νR0
, (24)

E∗1 =
1

χ1χ4

{
χ4ωβ

R0
+ (1 − ρ)γδ

}
I∗, (25)

E∗2 =
1

ς2χ4
(χ3χ4 − γδρ) I∗, (26)

I∗ =
χ1χ4νς2(R0 − 1)∆

ν


χ4νς2βω + (ν(χ1(χ3χ4 − δγρ)
+γς2(χ1 + (1 − ρ)δ))
+χ1ς2(γϕ + χ4ν))R0


, (27)

T ∗ =
γ

χ4
I∗, (28)

R∗ =
γϕ

χ4ν
I∗. (29)

4.1. Basic reproduction number

To determine the basic reproduction number, the next-
generation matrix method is employed. The infected compart-
ments are chosen as

X = (E1, E2, I,T )T . (30)

The vector of newly generated infection terms is given by

F(X) =


ωβI

(1 − ω)βI
0
0

 , (31)

while the remaining transition terms are

V(X) =


χ1E1 − (1 − ρ)δT
χ2E2 − ς1E1

χ3I − ς2E2 − ρδT
χ4T − γI

 . (32)

Evaluating the Jacobian matrices of F and V at the disease-free
equilibrium E0 yields

F =


0 0 βω 0
0 0 β(1 − ω) 0
0 0 0 0
0 0 0 0

 , (33)

and

V =


χ1 0 0 −(1 − ρ)δ
−ς1 χ2 0 0

0 −ς2 χ3 −ρδ
0 0 −γ χ4

 . (34)

The next-generation matrix is therefore

K = FV−1. (35)

Multiplying F by V−1 and simplifying gives the dominant
eigenvalue of K as

ρ(K) =
βως1ς2

χ1χ2χ3
+
β(1 − ω)ς2

χ2χ3
+
δγς1ς2(1 − ρ)
χ1χ2χ3χ4

+
γρδ

χ3χ4
. (36)

Hence, the basic reproduction number is obtained as

R0 =
βως1ς2

χ1χ2χ3
+
β(1 − ω)ς2

χ2χ3
+
δγς1ς2(1 − ρ)
χ1χ2χ3χ4

+
γρδ

χ3χ4
, (37)

No additional threshold condition is required for this definition
of R0.

Remark 1. The last two terms in R0 do not contain β because
they arise from the inverse of the transition matrix V−1 (specif-
ically, from treatment failure pathways T → E1 and T → I),
not from the new infection matrix F. This is consistent with the
standard NGM construction where V−1 accounts for all transi-
tions between infected compartments before new infections are
counted. These terms represent secondary transmission due to
relapse or incomplete treatment, which contribute to the overall
reproductive capacity of the disease.

Thus, the endemic equilibrium (E∗) exists when R0 > 1 and
is given by (23).
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4.2. Sensitivity evaluation
The sensitivity of R0 may be examined by considering the

partial derivatives of R0 with respect to the relevant parameters.
To account explicitly for the parameter dependencies in Eq. (5),
write the four contributions to R0 as R1 =

βως1ς2
χ1χ2χ3

, R2 =
β(1−ω)ς2
χ2χ3

,

R3 =
δγς1ς2(1−ρ)
χ1χ2χ3χ4

, and R4 =
γρδ
χ3χ4

, so that R0 = R1 +R2 +R3 +R4.

∂R0

∂β
=
R1 + R2

β
. (38)

∂R0

∂ω
=
R1

ω
−
R2

1 − ω
. (39)

∂R0

∂ς1
= (R1 + R3)

(
1
ς1
−

1
χ1

)
. (40)

∂R0

∂ς2
= (R1 + R2 + R3)

(
1
ς2
−

1
χ2

)
. (41)

∂R0

∂γ
=
R3 + R4

γ
−

R0

χ3
. (42)

∂R0

∂ρ
= −

R3

1 − ρ
+
R4

ρ
. (43)

∂R0

∂δ
= (R3 + R4)

(
1
δ
−

1
χ4

)
. (44)

∂R0

∂σ1
= −

R0

χ3
. (45)

∂R0

∂σ2
= −
R3 + R4

χ4
. (46)

∂R0

∂ϕ
= −
R3 + R4

χ4
. (47)

∂R0

∂ν
= − R1

(
1
χ1
+

1
χ2
+

1
χ3

)
− R2

(
1
χ2
+

1
χ3

)
− R3

(
1
χ1
+

1
χ2
+

1
χ3
+

1
χ4

)
− R4

(
1
χ3
+

1
χ4

)
.

(48)

The normalized forward sensitivity index of the basic reproduc-
tion number R0 with respect to a parameter p is defined as

ΓR0
p =

∂R0

∂p
×

p
R0

, (49)

which measures the relative change in R0 due to a relative
change in the parameter p. A positive (negative) index indicates
that an increase in p leads to an increase/decrease in R0. The
normalized indices are reported in Table 2, and their graphical
representation is shown in Figure 1.

The sensitivity analysis reveals:

• The transmission coefficient β (ΓR0
β = +0.9186) is the

most influential positive parameter, indicating that reduc-
ing contact rates is an important control strategy.

Table 2: Normalized forward sensitivity indices of R0 with re-
spect to model parameters.

Parameter Γ
R0
p Interpretation

β
+0.9186

Strong positive; most influ-
ential parameter

ω
−0.0254

Weak negative; increasing ω
slightly reduces R0

ς1
+0.0269 Weak positive influence

ς2
+0.1252 Weak positive influence

δ
+0.0535

Weak positive influence

γ
−0.2607 Moderate negative influence

ρ
+0.0048

Negligible positive influence

σ1
−0.6243

Moderate negative influence

σ2 −0.0429 Weak negative influence
ϕ −0.0043 Negligible negative influence
ν −0.1921 Weak negative influence

β ω ς1 ς2 δ γ ρ σ1 σ2 φ ν

Parameters

-1

-0.8

-0.6

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

R
0

Normalized Sensitivity Indices

 0.9188

-0.0255

 0.5249

 0.9726

 0.0813  0.0813

 0.0047

-0.6242

-0.0429
-0.0043

-0.1921

Figure 1: Sensitivity analysis of the model parameters.

• The disease-induced death rate σ1 (ΓR0
σ1 = −0.6243) has

the strongest negative sensitivity, while the treatment rate
γ (ΓR0

γ = −0.2607) has a moderate negative sensitivity.

• The remaining parameters, including ω, ς1, ς2, δ, ρ, σ2,
ϕ, and ν, have smaller absolute sensitivity indices for the
parameter values used in this study.

4.3. Existence and uniqueness

This section focuses at the suggested equational frame-
work for fractional calculus survival, including its novelty and
use. The following theorem needs to be established in order to
achieve this.

6
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Theorem 4.1. Suppose that there are positive constants, λ j and
its λ j , so that

i. |H j(x j, t) − H j(x
′

j, t)| ≤ λ j|x j − x
′

j|, ∀ j ∈ {1, 2, · · · , 6}.
(50)

ii. |H j(x j, t)|2 ≤ λ j(1 + |x j|), ∀(x, t) ∈ R6 × [0, T ]. (51)

Proof. Remembering our model now

ABCDτ
t S (t) = ∆ − βS I

N − νS = H1(t,Υ),
ABCDτ

t E1(t) = ω βS I
N − χ1E1 + (1 − ρ)δT = H2(t,Υ),

ABCDτ
t E2(t) = (1 − ω) βS I

N + ς1E1 − χ2E2 = H3(t,Υ),
ABCDτ

t I(t) = ς2E2 + ρδT − χ3I = H4(t,Υ),
ABCDτ

t T (t) = γI − χ4T = H5(t,Υ),
ABCDτ

t R(t) = ϕT − νR = H6(t,Υ),
(52)

where Υ = {S , E1, E2, I,T,R}.
The function H1(t,Υ) is where we begin. Next, we’ll

demonstrate that∣∣∣H1(S 1, t) − H1(S 2, t)
∣∣∣2 ≤ λ1

∣∣∣S 1 − S 2
∣∣∣2 . (53)

Then, we write

∣∣∣H1(S 1, t) − H1(S 2, t)
∣∣∣2 = ∣∣∣∣∣∣−βI(S 1 − S 2)

N
− ν(S 1 − S 2)

∣∣∣∣∣∣2 ,∣∣∣H1(S 1, t) − H1(S 2, t)
∣∣∣2 = ∣∣∣∣∣− {

βI
N
+ ν

}
(S 1 − S 2)

∣∣∣∣∣2 ,∣∣∣H1(S 1, t) − H1(S 2, t)
∣∣∣2 = ∣∣∣∣∣{βI

N
+ ν

}
(S 1 − S 2)

∣∣∣∣∣2 ,∣∣∣H1(S 1, t) − H1(S 2, t)
∣∣∣2 ≤ {

2
β2|I|2

N2 + 2ν2
} ∣∣∣(S 1 − S 2)

∣∣∣2 ,
≤

{
2
β2 sup0≤t≤T |I|

2

N2 + 2ν2
} ∣∣∣(S 1 − S 2)

∣∣∣2 ,
∣∣∣H1(S 1, t) − H1(S 2, t)

∣∣∣2 ≤ {
2
β2|I|2∞

N2 + 2ν2
} ∣∣∣(S 1 − S 2)

∣∣∣2 ,∣∣∣H1(S 1, t) − H1(S 2, t)
∣∣∣2 ≤ λ1

∣∣∣(S 1 − S 2)
∣∣∣2 ,

λ1 =

{
2
β2|I|2∞

N2 + 2ν2
}
.

(54)
Similarly, we solve for other then we get

λ2 = χ
2
1, λ3 = χ

2
2, λ4 = χ

2
3,

λ5 = χ
2
4, λ6 = ν

2.
(55)

For every function, we performed two starting condition tests.
We have now verified the second condition of our model.

|H1(S , t)|2 =
∣∣∣∣∣∆ − S βI

N
− S ν

∣∣∣∣∣2 , (56)

|H1(S , t)|2 =
∣∣∣∣∣∆ − {

βI
N
+ ν

}
S
∣∣∣∣∣2 , (57)

|H1(S , t)|2 ≤ ∆22 + 2
{
β|I|
N
+ ν

}2

|S |2 , (58)

|H1(S , t)|2 ≤ ∆22 +
{

sup0≤t≤T |I|β
N

+ ν

}2

2 |S |2 , (59)

|H1(S , t)|2 ≤ ∆22 + 2
{
β|I|∞

N
+ ν

}2

|S |2 , (60)

|H1(S , t)|2 ≤ 2∆2

1 +
{
β|I|∞

N + ν
}2

∆2 |S |2

 , (61)

|H1(S 1, t)|2 ≤ λ1

(
1 + |S |2

)
, (62)

under the condition
{ {

β|I|∞
N +ν

}2

∆2

}
< 1,

|H2(E1, t)|2 =
∣∣∣∣∣ωβS I

N
− χ1E1 + (1 − ρ)δT

∣∣∣∣∣2 , (63)

|H2(E1, t)|2 =
∣∣∣∣∣ωβS I

N
+ (1 − ρ)δT − χ1E1

∣∣∣∣∣2 , (64)

|H2(E1, t)|2 ≤ 2ω2 β
2|S |2|I|2

N2 + 2(1 − ρ)2δ2|T |2

+ 2χ2
1 |E1|

2 ,

(65)

|H2(E1, t)|2 ≤ 2ω2 β
2 sup0≤t≤T |S |

2 sup0≤t≤T |I|
2

N2

+ 2(1 − ρ)2δ2 sup
0≤t≤T

|T |2

+ 2χ2
1|E1|

2.

(66)

|H2(E1, t)|2 ≤ ω22
β2|S |2∞|I|

2
∞

N2 + 2(1 − ρ)2δ2|T |∞2

+ 2χ2
1 |E1|

2
(67)

|H2(E1, t)|2 ≤ 2
{
ω2 β

2|S |2∞|I|
2
∞

N2 + (1 − ρ)2δ2|T |∞2
}

×

1 +
χ2

1

β2|S |2∞|I|
2
∞ω

2

N2 + (1 − ρ)2δ2|T |∞2

|E1|
2

 .
(68)

|H2(E1, t)|2 ≤ λ2

(
1 + |E1|

2
)
, (69)

under the condition
 χ2

1

ω2 β2 |S |2∞|I|
2
∞

N2 +(1−ρ)2δ2 |T |∞2

 < 1,

|H3(E2, t)|2 =
∣∣∣∣∣(−ω + 1)

βS I
N
+ ς1E1 − χ2E2

∣∣∣∣∣2 , (70)

|H3(E2, t)|2 ≤ (−ω+1)22
β2|S |2|I|2

N2 +2ς2
1 |E1|

2+2χ2
2 |E2|

2 , (71)

|H3(E2, t)|2 ≤ 2(−ω + 1)2 β
2 sup0≤t≤T |S |

2 sup0≤t≤T |I|
2

N2

+ 2ς2
1 sup

0≤t≤T
|E1|

2 + 2χ2
2 |E2|

2 ,
(72)

|H3(E2, t)|2 ≤ (−ω + 1)22
β2|S |2∞|I|

2
∞

N2

+ 2ς2
1 |E1|

2
∞ + 2χ2

2 |E2|
2 ,

(73)

7
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|H3(E2, t)|2 ≤
{
(−ω + 1)2 β

2|S |2∞|I|
2
∞

N2

+ ς2
1 |E1|

2
∞

}
× 2

[
1 +

χ2
2

(−ω + 1)2 β
2|S |2∞|I|

2
∞

N2

+ς2
1 |E1|

2
∞

|E2|
2
]
,

(74)

|H3(E2, t)|2 ≤ λ3

(
1 + |E2|

2
)
, (75)

under the condition
 χ2

2

(−ω+1)2 β2 |S |2∞|I|
2
∞

N2 +ς2
1 |E1 |

2
∞

 < 1,

|H4(I, t)|2 = |ς2E2 + ρδT − χ3I|2 , (76)

|H4(I, t)|2 ≤ 2ς2
2 |E2|

2 + 2ρ2|T |2δ2 + 2χ2
3 |I|

2 , (77)

|H4(I, t)|2 ≤ 2ς2
2 sup

0≤t≤T
|E2|

2 + 2 sup
0≤t≤T

|T |2ρ2δ2

+ 2χ2
3 |I|

2 ,
(78)

|H4(I, t)|2 ≤ 2ς2
2 |E2|

2
∞ + 2ρ2|T |2∞δ

2 + 2χ2
3 |I|

2 , (79)

|H4(I, t)|2 ≤ 2
{
ς2

2 |E2|
2
∞ + ρ

2δ2|T |2∞
}

×

1 + |I|2 χ2
3

ς2
2 |E2|

2
∞ + ρ2δ2|T |2∞

 . (80)

|H4(I, t)|2 ≤
(
1 + |I|2

)
λ4, (81)

under the condition
{

χ2
3

ς2
2 |E2 |

2
∞+ρ2δ2 |T |2∞

}
< 1,

|H5(T, t)|2 = |γI − χ4T |2 , (82)

|H5(T, t)|2 ≤ γ22|I|2 + 2χ2
4 |T |

2 , (83)

|H5(T, t)|2 ≤ γ22 sup
0≤t≤T

|I|2 + 2χ2
4 |T |

2 , (84)

|H5(T, t)|2 ≤ γ22|I|2∞ + 2χ2
4 |T |

2 , (85)

|H5(T, t)|2 ≤
{
γ2|I|2∞

}
2
1 + χ2

4

|I|2∞γ2
|T |2

 , (86)

|H5(T, t)|2 ≤ λ5

(
1 + |T |2

)
, (87)

under the condition
{

χ2
4

γ2 |I|2∞

}
< 1,

|H6(R, t)|2 = |Tϕ − Rν|2 , (88)

|H6(R, t)|2 ≤ |T |2ϕ22 + |R|2 ν22, (89)

|H6(R, t)|2 ≤ sup
0≤t≤T

|T |2ϕ22 + ν22 |R|2 , (90)

|H6(R, t)|2 ≤ ϕ2|T |2∞2 + ν22 |R|2 , (91)

|H6(R, t)|2 ≤
{
|T |2∞ϕ

2
}

2
[
1 + |R|2

ν2

|T |2∞ϕ2

]
, (92)

|H6(R, t)|2 ≤
(
1 + |R|2

)
λ6, (93)

under the condition
{

ν2

ϕ2 |T |2∞

}
< 1.

As a result, the model admits a unique solution.

max



{ {
β|I|∞

N +ν
}2

∆2

}
, χ2
1

ω2 β2 |S |2∞|I|
2
∞

N2 +(1−ρ)2δ2 |T |∞

 , χ2
2

(1−ω)2 β2 |S |2∞|I|
2
∞

N2 +ς2
1 |E1 |

2
∞

 ,{
χ2

3

ς2
2 |E2 |

2
∞+ρ2δ2 |T |2∞

}
,{

χ2
4

γ2 |I|2∞

}
,{

ν2

ϕ2 |T |2∞

}
.

< 1 (94)

Condition (94) plays a fundamental role in establishing the ex-
istence and uniqueness of solutions. In particular, it guarantees
that the nonlinear operator associated with the integral form of
the model satisfies the contraction condition. Since the maxi-
mum Lipschitz constant of all model components is less than
one, the operator becomes a contraction mapping on the cho-
sen Banach space. Therefore, by the Banach Fixed-Point The-
orem, the proposed fractional-order tuberculosis model admits
a unique solution.

4.4. Stability analysis

A qualitative examination of the suggested model system
(4) is carried out in order to gain understanding of its dynamical
features. The impact of control measures on the dynamics of
the proposed transmission of the tuberculosis illness is better
understood due to this investigation.

4.5. Local stability

Theorem 4.2. The disease-free equilibrium (E0) is locally
asymptotically stable if the eigenvalues λ j of the suggested
model (4) satisfy | arg(λ j)| > τπ

2 for τ ∈ (0, 1].

Proof. The Jacobian matrix at E0 for the system (4) is

J(E0) =



−ν 0 0 −β 0 0
0 −χ1 0 ωβ (1 − ρ)δ 0
0 ς1 −χ2 β(1 − ω) 0 0
0 0 ς2 −χ3 δρ 0
0 0 0 γ −χ4 0
0 0 0 0 ϕ −ν


,

(95)
where χ1 = ν+ς1, χ2 = ν+ς2, χ3 = ν+γ+σ1, and χ4 = ν+δ+
σ2 + ϕ. The characteristic polynomial P(λ) = det(λI − J(E0))
gives two eigenvalues

λ1 = λ2 = −ν < 0. (96)

The remaining eigenvalues satisfy the equation:

P(λ) = λ4 + b1λ
3 + b2λ

2 + b3λ + b4, (97)

8
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where

b1 = χ1 + χ2 + χ3 + χ4,

b2 = χ1χ2 + χ1χ3 + χ1χ4 + χ2χ3 + χ2χ4 + χ3χ4

− βως1 − β(1 − ω)χ1 − δγρχ1,

b3 = χ1χ2χ3 + χ1χ2χ4 + χ1χ3χ4 + χ2χ3χ4

− βως1(χ2 + χ4) − β(1 − ω)χ1(χ3 + χ4)
− δγρχ1(χ1 + χ2) − δγς1ς2(1 − ρ),

b4 = χ1χ2χ3χ4(1 − R0).

(98)

Substituting the expressions for χ1, χ2, χ3, χ4 and R0, it can be
verified that:

• b1 > 0 since all χi > 0.

• b2 > 0 because the positive terms dominate the negative
terms when R0 < 1.

• b3 > 0 under the condition R0 < 1.

• b4 > 0 if and only if R0 < 1.

• b1b2 − b3 > 0 and b1b2b3 − b2
1b4 − b2

3 > 0 follow directly
from the positivity of parameters and the condition R0 <
1.

Thus, all Routh-Hurwitz conditions are satisfied, implying that
all roots of P(λ) have negative real parts, i.e., ℜ(λi) < 0 for
i = 1, 2, 3, 4. For the fractional-order system of order τ ∈ (0, 1],
Matignon’s stability criterion yields

| arg(λi)| >
τπ

2
, (99)

thereby establishing the local asymptotic stability of the
disease-free equilibrium E0 whenever R0 < 1.

4.6. Global stability
We will show that the proposed demonstration is Lyapunov

stable in this section. We set the model independent variables
to {S , E1, E2, I,T,R} and ABCDτ

t L < 0, which in our case in-
dicates the unfavourable equilibrium E∗, for the endemic Lya-
punov function.

Theorem 4.3. Assume R0 > 1 so that the endemic equilibrium
E∗ exists. If ψ ≤ ϖ for all states in Γ, with equality only at E∗,
then E∗ is globally asymptotically stable in Γ.

Proof. The Lyapunov function can be expressed as follows

L(S ∗, E∗1, E
∗
2, I
∗, T ∗,R∗) = (S − S ∗ − S ∗ log

S ∗

S
)

+ (E1 − E∗1 − E∗1 log
E∗1
E1

)

+ (E2 − E∗2 − E∗2 log
E∗2
E2

)

+ (I − I∗ − I∗ log
I∗

I
)

+ (T − T ∗ − T ∗ log
T ∗

T
)

+ (R − R∗ − R∗ log
R∗

R
).

(100)

It is therefore wise to use the derivative with respect to t.

ABCDτ
t L ≤ (

S − S ∗

S
)ABCDτ

t S + (
E1 − E∗1

E1
)ABCDτ

t E1

+ (
E2 − E∗2

E2
)ABCDτ

t E2 + (
I − I∗

I
)ABCDτ

t I

+ (
T − T ∗

T
)ABCDτ

t T + (
R − R∗

R
)ABCDτ

t R.

(101)

The values of their derivatives can now be written as follows.

ABCDτ
t L ≤(

S − S ∗

S
)(∆ −

βS I
N
− νS )

+ (
E1 − E∗1

E1
)(ω

βS I
N
− χ1E1 + (1 − ρ)δT )

+ (
E2 − E∗2

E2
)((1 − ω)

βS I
N
+ ς1E1 − χ2E2)

+ (
I − I∗

I
)(ς2E2 + ρδT − χ3I)

+ (
T − T ∗

T
)(γI − χ4T )

+ (
R − R∗

R
)(ϕT − νR).

(102)

Putting S = S − S ∗, E1 = E1 − E∗1, E2 = E2 − E∗2, I = I − I∗,
T = T − T ∗ and R = R − R∗ leads to

ABCDτ
t L ≤ ((

S − S ∗

S
)(∆ −

β(S − S ∗)(I − I∗)
N

− ν(S − S ∗))

+ (
E1 − E∗1

E1
)(ω

β(S − S ∗)(I − I∗)
N

− χ1(E1 − E∗1)

+ (1 − ρ)δ(T − T ∗)) + (
E2 − E∗2

E2
)

((1 − ω)
β(S − S ∗)(I − I∗)

N
+ ς1(E1 − E∗1)

− χ2(E2 − E∗2)) + (
I − I∗

I
)(ς2(E2 − E∗2)

+ ρδ(T − T ∗) − χ3(I − I∗)) + (
T − T ∗

T
)(γ(I − I∗)

− χ4(T − T ∗)) + (
R − R∗

R
)(ϕ(T − T ∗) − ν(R − R∗)).

(103)
The above can be expressed simply as

ABCDτ
t L≤ψ −ϖ, (104)

9
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where

ψ = ∆ +
βI∗

N
(S − S ∗)2

S
+
ωS I

N
+
ωS ∗I∗

N

+
ωS I∗

N
E∗1
E1
+
ωS ∗I

N
E∗1
E1
+ δT + δρT ∗

+ δT ∗
E∗1
E1
+ δρT

E∗1
E1
+
βS I
N
+
βS ∗I∗

N

+ ω
βS I∗

N
+ ω

βS ∗I
N
+
βS I∗

N
E∗2
E2

+
βS ∗I

N
E∗2
E2
+ ω

βS I
N

E∗2
E2

+ ω
βS ∗I∗

N
E∗2
E2
+ ς1E1 + ς1E∗1

E∗2
E2

+ ς2E2 + ρδT + ς2E∗2
I∗

I

+ ρδT ∗
I∗

I
+ γI + γI∗

T ∗

T

+ ϕT + ϕT ∗
R∗

R
,

(105)

and

ϖ = ∆
S ∗

S
+
βI
N

(S − S ∗)2

S
+
ωS I∗

N

+
ωS ∗I

N
+
ωS I

N
E∗1
E1
+
ωS ∗I∗

N
E∗1
E1

+ χ1
(E1 − E∗1)2

E1
+ δT ∗ + δρT

+ δT
E∗1
E1
+ δρT ∗

E∗1
E1
+
βS I∗

N

+
βS ∗I

N
+ ω

βS I
N
+ ω

βS ∗I∗

N

+
βS I
N

E∗2
E2
+
βS ∗I∗

N
E∗2
E2

+ ω
βS I∗

N
E∗2
E2
+ ω

βS ∗I
N

E∗2
E2

+ ς1E∗1 + ς1E1
E∗2
E2
+ χ2

(E2 − E∗2)2

E2

+ ς2E∗2 − ρδT
∗ + ς2E2

I∗

I

+ ρδT
I∗

I
+

(I − I∗)2χ3

I

+ γI∗ + γI
T ∗

T
+

(T − T ∗)2χ4

T

+ ϕT ∗ −
TϕR∗

R
+

(R − R∗)2ν

R
.

(106)

It has been concluded that if ψ < ϖ, this yields ABCDτ
t L < 0,

when, however S = S ∗, E1 = E∗1, E2 = E∗2, I = I∗, T = T ∗, and
R = R∗ is

0 = ψ −ϖ⇒ ABCDτ
t L ≤ 0 (107)

It is evident that the suggested model has the largest invariant
compact set in

{(S ∗, E∗1, E
∗
2, I
∗, T ∗,R∗) ∈ Γ :ABC Dτ

t L = 0}. (108)

According to LaSalle’s invariance principle, the global-stability
conclusion requires ψ ≤ ϖ throughout Γ and equality only at
E∗.

For the global-stability argument, the inequality ψ ≤ ϖ
throughout Γ is imposed as an additional sufficient condition.
The quantities ψ andϖ are explicitly defined as the positive and
negative contributions appearing in the Atangana–Baleanu–
Caputo derivative of the Lyapunov function, respectively, where

ψ =

n∑
i=1

Pi(S , E1, E2, I,T,R), (109)

denotes the collection of nonnegative terms arising from the
transmission, progression, and treatment dynamics, while

ϖ =

m∑
j=1

Q j(S , E1, E2, I,T,R), (110)

represents the dissipative terms associated with natural mor-
tality, disease-induced mortality, treatment removal, and recov-
ery processes.

To examine this sufficient condition, we use the endemic
equilibrium relations from system (4) at E∗, where all fractional
derivatives vanish. These relations provide the following iden-
tities:

∆ =
βS ∗I∗

N
+ νS ∗,

χ1E∗1 = ω
βS ∗I∗

N
+ (1 − ρ)δT ∗,

χ2E∗2 = (1 − ω)
βS ∗I∗

N
+ ς1E∗1,

χ3I∗ = ς2E∗2 + ρδT
∗,

χ4T ∗ = γI∗,

νR∗ = ϕT ∗.

(111)

If the required termwise estimates are satisfied, substituting
these equilibrium relations into (103) gives the desired nonpos-
itive form

ABCDτ
t L≤ −

∑
k

αk

(
xk − x∗k

xk

)2

≤ 0, (112)

where αk > 0 are combinations of model parameters and xk ∈

{S , E1, E2, I,T,R}. Each squared term is nonnegative, ensuring
that ABCDτ

t L ≤ 0.
However, a fully rigorous verification of the termwise in-

equality Pi ≤ kiQi with 0 < ki < 1 for all admissible solutions
in Γ requires extensive algebraic manipulation and is beyond
the scope of this proof. Therefore, we present the global stabil-
ity result as follows:

Remark 2. The endemic equilibrium E∗ of system (4) is glob-
ally asymptotically stable in the feasible region Γ provided that

ψ ≤ ϖ for all (S , E1, E2, I,T,R) ∈ Γ, (113)

with equality only at E∗; under this condition ABCDτ
t L ≤ 0.

This is an additional sufficient condition for the stated global-
stability result.

10
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A sufficient termwise condition is

Pi(S , E1, E2, I,T,R) ≤ ki Qi(S , E1, E2, I,T,R), 0 < ki < 1,
(114)

for all admissible solutions in Γ. Consequently,

ψ ≤ kϖ, 0 < k < 1. (115)

Therefore,

ABC Dτ
t L≤ψ −ϖ ≤ (k − 1)ϖ ≤ 0. (116)

The equality holds only when

S = S ∗, E1 = E∗1, E2 = E∗2, I = I∗, T = T ∗, R = R∗.
(117)

Hence, the Lyapunov function is positive definite and
its Atangana–Baleanu–Caputo fractional derivative is nega-
tive semi-definite throughout the positively invariant region Γ.
Therefore, by the fractional Lyapunov direct method together
with LaSalle’s invariance principle, the endemic equilibrium
point E∗ is globally asymptotically stable whenever R0 > 1 and
the inequality ψ ≤ ϖ is satisfied throughout Γ, with equality
only at E∗.

4.7. Analysis of the suggested model
With the help of approaching fixed point theorem existing

result of considered model is highlighted in this section of pa-
per. Is solution required or not this information is provided by
fixed point theory. This theory is a check of existence of mod-
eling physical phenomena. Now we select the Banach space
Θ = C([0, T ],R) according to norm ∥Z∥ = supt∈[0,T ] |Z(t)|. Now
we show the BS F = (Θ6, ∥ Z ∥) with norm

∥Z∥ = sup
t∈[0,T ]

(|S (t)| + |E2(t)| + |E1(t)| + |I(t)| + |T (t)| + |R(t)|) ,

(118)
to get the model’s predictions as results

G1(t, S , E1, E2, I,T,R) = ∆ − βS I
N − νS ,

G2(t, S , E1, E2, I,T,R) = ω βS I
N − χ1E1 + (1 − ρ)δT,

G3(t, S , E1, E2, I,T,R) = (1 − ω) βS I
N + ς1E1 − χ2E2,

G4(t, S , E1, E2, I,T,R) = ς2E2 + ρδT − χ3I,
G5(t, S , E1, E2, I,T,R) = γI − χ4T,
G6(t, S , E1, E2, I,T,R) = ϕT − νR.

(119)
Next, the model (4)-(6) can be described this way{

ABCDτ
t Z(t) = Ψ(t,Z(t))

Z(0) = Z0
(120)

where
Z(t) = (S , E1, E2, I,T,R)T ,
Z(0) = (S (0), E1(0), E2(0), I(0),T (0),R(0))T ,
Ψ(t, Z(t)) = Gi(t, E1, E2, I,T,R)T ; i = 1, 2, 3, · · · , 6.

(121)

a vector’s transpose is defined as (.)T . Problem (120) is equiva-
lent to the subsequent non-integer IE.

Z(t) = Z0+
1 − τ
Z(τ)

Ψ(t, Z(t))+
τ

Z(τ)Γ(τ)

∫ t

0
(t−η)τ−1Ψ(η, Z(η))dη.

(122)
Schauder’s fixed-point theorem can avail the existence results
for the proposed model (4)-(6) are generate.

Theorem 4.4. Now consider a continuous function is Ψ ∈ F
and exist a constant M > 0, ϶ |Ψ(t,Z(t))| ≤ M(1 + |Z|),∀t ∈
[0, T ] and Z ∈ F. We got one solution (at-least) for suggested
model as (5)-(4).

∆1 =
MT τ + (1 − τ)Γ(τ)M

Z(τ)Γ(τ)
< 1. (123)

Proof. The operator is y : F→ F,

Y(Z)(t) = Z0 +
−τ + 1
Z(τ)

Ψ(t, Z(t))

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1Ψ(η, Z(η))dη.

(124)

We want to show the closed, convex and bounded ball as Bϖ =
{Z ∈ Ψ : ∥Z ≤ ϖ,ϖ > 0∥} with ϖ ≥ ∆2

1−∆1
,

∆2 = |Z0| +
−τ + 1
Z(τ)

M +
T τ

Z(τ)Γ(τ)
M. (125)

Let we demonstrated it (YBϖ) ⊂ Bϖ, ∀t ∈ [0,T ],

|Y(Z)(t)| ≤ |Z0| +
−τ + 1
Z(τ)

|Ψ(t, Z(t))|

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1|Ψ(η, Z(η))|dη,

(126)

≤ |Z0| +
1 − τ
Z(τ)

Z(1, |Z(t)|) +
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1Z(1, |Z(t)|)dη,

(127)
later Z ∈ Bϖ, one can write as

∥Y(Z)(t)∥ ≤ |Z0|+
1 − τ
Z(τ)

M(1+ ∥Z(t)∥)+
T τ

Z(τ)Γ(τ)
M(1+ ∥Z(t)∥),

(128)

≤ |Z0|+
1 − τ
Z(τ)

M+
T τ

Z(τ)Γ(τ)
M+[

1 − τ
Z(τ)

M+
T τ

Z(τ)Γ(τ)
M]σ, (129)

≤ ∆2 + ∆1ϖ ≤ ϖ. (130)

Now explain as (YBϖ) ⊂ Bϖ. We will evolve from the mapping
Y is shown according to domain. Now consider the sequence
{Zn} ϶ Zn → Z in Bϖ as n→ ∞. For all t ∈ [0, T ] we obtain

|Y(Zn(t)) − Y(Z(t))| (131)

≤
1 − τ
Z(τ)

|Ψ(t, Zn(t)) − Ψ(t, Z(t))|

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − y)τ−1|Ψ(η, Zn(η)) − Ψ(η, Z(η))|dη,

(132)

11
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≤
1 − τ
Z(τ)

∥Ψ(t, Zn(t)) − Ψ(t, Z(t))∥

+
T τ

Z(τ)Γ(τ)
∥Ψ(η, Zn(η))−Ψ(η, Z(η))∥.

(133)

The continuous function Ψ: ∥Y(Zn) − Y(Z)∥ → 0 as n → ∞
which indicate the operate Y is shown in domain, Thus contin-
uous on Bϖ.

On Bϖ we’ll note the operation y is equilibrium continuous.
Let’s do this Z ∈ Bϖ and there is t1, t2 ∈ [0, T ] with t1 < t2.
Then there’s

∥Y(Z)(t2) − Y(Z)(t1)∥

≤
1 − τ
Z(τ)

|Ψ(t2, Z(t2)) − Ψ(t1, Z(t1))|

+
τ

Z(τ)Γ(τ)

∣∣∣∣∣∣
[ ∫ t2

0
(t2 − η)τ−1

−

∫ t1

0
(t1 − η)τ−1

]
Ψ(η, Z(η)) dη

∣∣∣∣∣∣.
(134)

≤
1 − τ
Z(τ)

|Ψ(t2, Z(t2)) − Ψ(t1, Z(t1))|

+
τM(1 + ∥Z∥)
Z(τ)Γ(τ + 1)

(tτ2 − tτ1).
(135)

so the right side ∥YZ(t2) − YZ(t1)∥ goes to zero as t2 → t1.
According to “Arzelà–Ascoli theorem," the function (YBϖ) is
relatively compact, so Y is completely continuous. From (2.1),
we figure out the solution of our proposed model (4)-(6).

Theorem 4.5. Assume the function is shown on their domain
Υ ∈ F ,and there exist a constant J > 0 ∈ |Υ(t, Z) − Υ(t, Z̃)| ≤
J|Z − Z̃|,for all t ∈ [0,T ] and Z ∈ F, acquiring

(1 − τ)Γ(τ)J + JT τ

Z(τ)Γ(τ)
< 1, (136)

let Z and Z̃ is a solution of problem (120){
ABC Dτ

t Z̃(t) = Υ(t, Z̃(t))
Z̃(0) = Z0 + ε ≥ 0,

(137)

where

Z̃ = (S̃ , Ẽ1, Ẽ2, Ĩ, T̃ , R̃)T

Z0 + ε = (S (0) + ε, E1(0) + ε, E2(0) + ε,
I(0) + ε, T (0) + ε,R(0) + ε)

Υ(t, Z̃(t)) = Gi(S̃ , Ẽ1, Ẽ2, Ĩ, T̃ , R̃),
i = 1, 2, 3, . . . , 6.

(138)

The following is accurate.

∥Z − Z̃∥ ≤
[
1 −

(1 − τ)Γ(τ)J + JT τ

Z(τ)Γ(τ)

]−1

× |ε|.

(139)

Proof. According to the system’s solution, references (120) and
(129) are identical to references (122) integral equation

Z̃(t) = Z0 + ε +
1 − τ
Z(τ)

Υ(t, Z̃(t))

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1Υ(η, Z̃(η)) dη.

(140)

∀t ∈ [0,T ] we may have

|Z(t) − Z̃(t)| ≤ |ε| +
−τ + 1
Z(τ)

|Υ(t, Z(t)) − Υ(t, Z̃(t))|

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1|Υ(η, Z(η)) − Υ(η, Z̃(t))|dη,

(141)

≤ |ε| +
1 − τ
Z(τ)

J|Z(t) − Z̃(t)|

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1J|Z(η) − Z̃(η)| dη.

(142)

≤ |ε| +

[
−τ + 1
Z(τ)

+
T τ

Z(τ)Γ(τ)

]
J∥Z − Z̃∥, (143)

one may then write

≤ |ε|

+

[
(1 − τ)Γ(τ) + T τ

Z(τ)Γ(τ)

]
J∥Z − Z̃∥,

(144)

∥Z − Z̃∥

≤

[
1 −

J [T τ + (1 − τ)Γ(τ)]
Z(τ)Γ(τ)

]−1

|ε|. (145)

Remark 3. If we include ε = 0 in the theorem(4.5), then we’ll
have the one of a kind answer for the given model (4)-(6).

5. Numerical scheme for the proposed model

This section delves into the details of the suggested model’s
(5)-(4) approximate solution with the use of the iterative tech-
nique of Adams-Bashforth [29] and carry the numerical sim-
ulation, the using of the subsidiary condition in addition to
the ABC Iτ0 operator, so the model (5)-(4) into fractional integral
equations (FIEs)

S (t) − S (0) = ABIτ0 K1(t, S (t)),
E1(t) − E1(0) = ABIτ0 K2(t, E1(t)),
E2(t) − E2(0) = ABIτ0 K3(t, E2(t)),
I(t) − I(0) = ABIτ0 K4(t, I(t)),
T (t) − T (0) = ABIτ0 K5(t, T (t)),
R(t) − R(0) = ABIτ0 K6(t,R(t)).

(146)
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Provides even more benefits.

S (t) − S (0) =
1 − τ
Z(τ)

K1(S (t), t)

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1

K1(S (η), η) dη,

E1(t) − E1(0) =
1 − τ
Z(τ)

K2(E1(t), t)

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1

K2(E1(η), η) dη,

E2(t) − E2(0) =
1 − τ
Z(τ)

K3(E2(t), t)

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1

K3(E2(η), η) dη,

I(t) − I(0) =
1 − τ
Z(τ)

K4(I(t), t)

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1

K4(I(η), η) dη,

T (t) − T (0) =
1 − τ
Z(τ)

K5(T (t), t)

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1

K5(T (η), η) dη,

R(t) − R(0) =
1 − τ
Z(τ)

K6(R(t), t)

+
τ

Z(τ)Γ(τ)

∫ t

0
(t − η)τ−1

K6(R(η), η) dη,

(147)

on frame t = tn+1 for n = 1, 2, 3, · · · into the problem (147), to
effect an iterative scheme is dispose:

S (tn+1) − S (0) =
1 − τ
Z(τ)

K1(S (tn+1), tn+1)

+
τ

Z(τ)Γ(τ)

n∑
i=0

∫ ti+1

ti

(tn+1 − η)τ−1

K1(S (η), η) dη,

E1(tn+1) − E1(0) =
1 − τ
Z(τ)

K2(E1(tn+1), tn+1)

+
τ

Z(τ)Γ(τ)

n∑
i=0

∫ ti+1

ti

(tn+1 − η)τ−1

K2(E1(η), η) dη,

E2(tn+1) − E2(0) =
1 − τ
Z(τ)

K3(E2(tn+1), tn+1)

+
τ

Z(τ)Γ(τ)

n∑
i=0

∫ ti+1

ti

(tn+1 − η)τ−1

K3(E2(η), η) dη,

I(tn+1) − I(0) =
1 − τ
Z(τ)

K4(I(tn+1), tn+1)

+
τ

Z(τ)Γ(τ)

n∑
i=0

∫ ti+1

ti

(tn+1 − η)τ−1

K4(I(η), η) dη,

T (tn+1) − T (0) =
1 − τ
Z(τ)

K5(T (tn+1), tn+1)

+
τ

Z(τ)Γ(τ)

n∑
i=0

∫ ti+1

ti

(tn+1 − η)τ−1

K5(T (η), η) dη,

R(tn+1) − R(0) =
1 − τ
Z(τ)

K6(R(tn+1), tn+1)

+
τ

Z(τ)Γ(τ)

n∑
i=0

∫ ti+1

ti

(tn+1 − η)τ−1

K6(R(η), η) dη.

(148)

after applying the algebraic expression by using the bi-step
interpolating for the adjust function K1(S (β), β), K2(E1(η), η),
K3(E2(η), η), K4(I(η), η), K5(T (η), η) and K6(R(η), η). On the
interval [ti, ti+1], for i = 1, 2, . . . , n, which are contained within
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the IE (148), we obtain

K1(S (η, η)) �
K1(S (ti), ti)

h
ϑ

+
K1(S (ti−1), ti−1)

h
κ,

K2(E1(η, η)) �
K2(E1(ti), ti)

h
ϑ

+
K2(E1(ti−1), ti−1)

h
κ,

K3(E2(η, η)) �
K3(E2(ti), ti)

h
ϑ

+
K3(E2(ti−1), ti−1)

h
κ,

K4(I(η, η)) �
K4(I(ti), ti)

h
ϑ

+
K4(I(ti−1), ti−1)

h
κ,

K5(T (η, η)) �
K5(T (ti), ti)

h
ϑ

+
K5(T (ti−1), ti−1)

h
κ,

K6(R(η, η)) �
K6(R(ti), ti)

h
ϑ

+
K6(R(ti−1), ti−1)

h
κ.

(149)

where ϑ = t − ti−1 and κ = t − ti.

Above system further shows

S (tn+1) = S (0) +
1 − τ
Z(τ)

K1(S (tn), tn)

+
τ

Z(τ)Γ(τ)

n∑
i=1

(K1(S (ti), ti)
h

λ

+
K1(S (ti−1), ti−1)

h
µ
)
,

E1(tn+1) = E1(0) +
1 − τ
Z(τ)

K2(E1(tn), tn)

+
τ

Z(τ)Γ(τ)

n∑
i=1

(K2(E1(ti), ti)
h

λ

+
K2(E1(ti−1), ti−1)

h
µ
)
,

E2(tn+1) = E2(0) +
1 − τ
Z(τ)

K3(E2(tn), tn)

+
τ

Z(τ)Γ(τ)

n∑
i=1

(K3(E2(ti), ti)
h

λ

+
K3(E2(ti−1), ti−1)

h
µ
)
,

I(tn+1) = I(0) +
1 − τ
Z(τ)

K4(I(tn), tn)

+
τ

Z(τ)Γ(τ)

n∑
i=1

(K4(I(ti), ti)
h

λ

+
K4(I(ti−1), ti−1)

h
µ
)
,

T (tn+1) = T (0) +
1 − τ
Z(τ)

K5(T (tn), tn)

+
τ

Z(τ)Γ(τ)

n∑
i=1

(K5(T (ti), ti)
h

λ

+
K5(T (ti−1), ti−1)

h
µ
)
,

R(tn+1) = R(0) +
1 − τ
Z(τ)

K6(R(tn), tn)

+
τ

Z(τ)Γ(τ)

n∑
i=1

(K6(R(ti), ti)
h

λ

+
K6(R(ti−1), ti−1)

h
µ
)
.

(150)

where λ = Ii−1,τ and µ = Ii,τ are the integral weights defined
below in (151), and Z(τ) denotes the normalization function
satisfying Z(0) = Z(1) = 1 (see Definition 2.1). so Ii−1,τ =

∫ ti+1

ti
(t − ti−1)(tn+1 − t)τ−1dt,

Ii,τ =
∫ ti+1

ti
(t − ti)(tn+1 − t)τ−1dt,

(151)
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Figure 2: The S (t) population simulation using different frac-
tional order values.
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Figure 3: The E1(t) population simulation using different frac-
tional order values.

then the simplification of Ii−1,τ and Ii,τ as follows:

Ii−1,τ = −
1
τ

[
𭟋 − (ti − ti−1)(tn+1 − ti)τ

]
−

1
τ(τ − 1)

×
[
ℶ − (ti+1 − ti)τ+1

]
,

Ii,τ = −
1
τ

[𭟋]

−
1

τ(τ − 1)
× [ℶ − (tn+1 − ti)τ+1].

(152)

where 𭟋 = (ti+1 − ti−1)(tn+1 − ti+1)τ and ℶ = (tn+1 − ti+1)τ+1.
After placing ti = ih, you can derive that

Ii−1,τ = −
hτ+1

τ(τ + 1)

[
(n + 1 − i)τ(n − i + 2 + τ)

− (n − i)τ(n − i + 2 + 2τ)
]
,

(153)
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Figure 4: The E2(t) population simulation using different frac-
tional order values.
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Figure 5: The I(t) population simulation using different frac-
tional order values.

Ii,τ =
hτ+1

τ(τ + 1)

[
(n − i + 1)τ+1

− (n − i)τ(1 + n − i + τ)
]
,

(154)
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Figure 6: The T (t) population simulation using different frac-
tional order values.
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Figure 7: The R(t) population simulation using different frac-
tional order values.

substituting Eq. (153) and Eq. (154) into Eq. (151), so

S (tn+1) = S (t0)

+
1 − τ
Z(τ)

[K1(S (tn), tn)]

+
τ

Z(τ)

n∑
i=0

(
−

K1(S (tn), tn)
τ(τ + 1)

×G

− (n − i)τ(n − i + 2 + 2τ)]

+
K1(S (tn−1), tn−1)

τ(1 + τ)

J]
)
,

(155)

Table 3: Comparison of the proposed tuberculosis model with
the Caputo-type fractional tuberculosis model of Zhang et al.
(2021).

Feature Zhang et al.
(2021) [28]

Present study

Disease TB with treat-
ment

TB with multiple ex-
posed populations

Fractional Op-
erator

Caputo deriva-
tive

ABC fractional
derivative

Memory Effect Classical Ca-
puto memory

Non-local, non-
singular memory
kernel

Sensitivity
Analysis

Parameter
sensitivity
discussed via
numerical simu-
lation

Comprehensive nor-
malized forward sen-
sitivity indices with
explicit sign condi-
tions

Numerical
Method

Fractional simu-
lations

Numerical scheme
for ABC operator

Fractional-
Order Investiga-
tion

Limited com-
parison

Comparison of mul-
tiple fractional orders

Novel Contribu-
tion

Caputo-based
TB model with
treatment

ABC-based TB
model with dual
exposed classes and
comprehensive nor-
malized sensitivity
analysis

E1(tn+1) = E1(t0)

+
−τ + 1
Z(τ)

[K2(E1(tn), tn)]

+
τ

Z(τ)

n∑
i=0

(
−

K2(E1(tn), tn)
τ(τ + 1)

×G

− (n − i)τ(n − i + 2 + 2τ)]

+
K2(E1(tn−1), tn−1)

τ(τ + 1)

J]
)
,

(156)

E2(tn+1) = E2(t0)

+
1 − τ
Z(τ)

[K3(E2(tn), tn)]

+
τ

Z(τ)

n∑
i=0

(
−

K3(E2(tn), tn)
τ(τ + 1)

×G

− (n − i)τ(n − i + 2 + 2τ)]

+
K3(E2(tn−1), tn−1)

τ(τ + 1)

J]
)
,

(157)
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(b) S (t) at fractional phase

Figure 8: Surface phase simulation of S (t).
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(b) E1(t) at fractional phase

Figure 9: Surface phase simulation of E1(t).

I(tn+1) = I(t0)

+
1 − τ
Z(τ)

[K4(I(tn), tn)]

+
τ

Z(τ)

n∑
i=0

(
−

K4(I(tn), tn)
τ(τ + 1)

×G

− (n − i)τ(n − i + 2 + 2τ)]

+
K4(I(tn−1), tn−1)

τ(τ + 1)

J]
)
,

(158)

T (tn+1) = T (t0)

+
1 − τ
Z(τ)

[K5(T (tn), tn)]

+
τ

Z(τ)

n∑
i=0

(
−

K5(T (tn), tn)
τ(τ + 1)

×G

− (n − i)τ(n − i + 2 + 2τ)]

+
K5(T (tn−1), tn−1)

τ(τ + 1)

J]
)
,

(159)

17



Farman et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3502 18

(a) E2(t)

0 10 20 30 40 50

Time

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1

2

3

4

5

6

7

10
4

(b) E2(t) at fractional phase

Figure 10: Surface phase simulation of E2(t).

(a) I(t)

0 10 20 30 40 50

Time

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

10
4

(b) I(t) at fractional phase

Figure 11: Surface phase simulation of I(t).

R(tn+1) = R(t0)

+
−τ + 1
Z(τ)

[K6(R(tn), tn)]

+
τ

Z(τ)

n∑
i=0

(
−

K6(R(tn), tn)
τ(τ + 1)

×G

− (n − i)τ(n − i + 2 + 2τ)]

+
K6(R(tn−1), tn−1)

τ(τ + 1)

J]
)
,

(160)

where
G = hτ[(n + 1 − i)τ(n − i + 2 + τ)] (161)

J = hτ[(n + 1 − i)τ+1 − (n − i)τ(n − i + 1 + τ)] (162)

6. Numerical simulations and discussion

Fractional differential equation-based mathematical mod-
eling for the bacterial tuberculosis infection in Khyber
Pakhtunkhwa (KPK) is presented. Several fractional orders
have been considered in order to conduct an accurate analy-
sis. The parameter values and the initial conditions have been
taken from the work of Zhang et al. [28]. Based on the above-
mentioned initial conditions, the model is formulated using
Atangana–Baleanu derivative in the Caputo sense along with
Mittag–Leffler function. The simulations show that the dynam-
ics of the model vary depending on different fractional order
values. Figures 2–7 illustrate the simulated output for each of
the fractional-order values using the ABC technique in deter-
mining the effectiveness of active TB infection in the commu-
nity. The fractional order is an important factor in the memory-
dependent system dynamics.

• As can be seen from Figure 2, the population of suscepti-
18
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Figure 12: Surface phase simulation of T (t).
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(b) R(t) at fractional phase

Figure 13: Surface phase simulation of R(t).

bles S (t) decreases steadily with increasing time irrespec-
tive of the fractional order. The decrease in the number of
susceptible individuals occurs much faster for small val-
ues of fractional order, implying that the memory effect
hastens the process of depleting the susceptible class.

• In the case of the slowly exposed class E1(t) (see Figure
3) and the quickly exposed class E2(t) (see Figure 4), the
populations initially start to grow from their initial posi-
tions before eventually starting to decrease towards their
equilibrium states. This growth is noticeable at higher
values of fractional order but the fractional orders show a
slower growth before eventually decreasing more rapidly.
The exposure population starts to decrease after attaining
their maximum value since it is clear that after some time,
the infected population becomes stable due to fractional
order and treatment.

• Figure 5 depicts the infectious population I(t). It is no-

ticeable that the graph for the infectious population is
also showing a trend similar to the exposed classes. In
case of higher fractional orders, the graph for infected
population goes up by a large amount before dropping,
whereas in case of lower fractional orders, there is a con-
trolled increase in the population.

• The treatment population T (t) (Figure 6) will increase in
size over time as some members of the exposed and infec-
tious classes move to the treatment and recovered classes
respectively. As can be seen, the rate of increase of the
treatment population increases with increase in the value
of the fractional order, and decreases with decrease in the
value of the fractional order due to the lower number of
people to be treated. This is because there are fewer in-
fected people.

• Likewise, the recovered population (Figure 7) gradually
increases, with the increase being faster in the case of
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high fractional order. This trend is comparable to those
seen in the exposed and infected population segments.

The most obvious and accurate one is the fractional-order
derivative, which has been seen to describe physical phenom-
ena better than the classical-order one. The operators are more
efficient when compared to the existing non-integer-order oper-
ator. Dynamics of the different fractional-order derivatives are
illustrated by the use of numerical results. Table 3 compares the
proposed tuberculosis model with the Caputo-type fractional
tuberculosis model of Zhang et al. [28].

Figures 8, 9, 10, 11, 12, and 13 illustrate the simulation
of the three-dimensional surface phase diagram of the sug-
gested fractional-order TB model. From the surface plots, it
is observed that all the compartments of the population change
smoothly with respect to time using the ABC fractional deriva-
tive operator. The susceptible population decreases monotoni-
cally, the exposed and infected populations behave like a hump
shape with an initial increase, then followed by decrease, and
the treatment and recovered populations show a monotonic in-
crease. The fractional order (τ) influences the height of peaks
and convergence speed, where small fractional order makes the
system stabilize faster. The surfaces confirm that the system
converges to a stable endemic equilibrium, validating the ana-
lytical stability results.

7. Conclusion

In Pakistan, especially the Khyber Pakhtunkhwa province,
the problem of deaths and infections due to tuberculosis per-
sists at a relatively higher level. In order to study the effect
of TB and control measures adopted, we have constructed a
mathematical model involving slow and fast exposed individ-
uals. The well-posedness of the model was established using
the Atangana–Baleanu fractional derivative in the Caputo sense
and the Mittag–Leffler kernel. Qualitative analysis was used to
analyze the existence of both disease-free equilibrium and en-
demic equilibria for the stability. The threshold parameter for
the disease, R0, was obtained through the next-generation ma-
trix approach, while sensitivity analysis indicated that the trans-
mission rate β, disease-induced death rate σ1, and treatment
rate γ have the largest absolute normalized sensitivity indices
for the parameter values considered. The numerical results ob-
tained via the Adams-Bashforth method have shown that the
fractional order τ has a strong effect on the transient behavior
of all population compartments. The populations of exposed
and infectious individuals initially grow and then decrease to
equilibrium, whereas the populations of treatment and recov-
ered individuals grow over time. The above analysis clearly
brought out the significance of fractional-order parameter for
incorporating memory in the dynamics of disease transmission.
However, several drawbacks have been identified. The math-
ematical model used in the analysis does not consider homo-
geneous mixing and epidemiological parameters that vary in
time and also neglects stochasticity and heterogeneous environ-
ment and time-dependent intervention strategies. Additionally,
the simulations of the model utilize literature-based parameter

values and not clinical data. Future research should consider
stochastic, spatially distributed and data-driven fractional-order
models.
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