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Abstract

Lung cancer (LC) is a leading cause of cancer-related deaths worldwide, posing a significant threat to public health due to its complex develop-
ment, late diagnosis, and poor response to treatment. Rising rates, particularly among those exposed to tobacco consumption and environmental
pollution, highlight the need for a realistic interpretation of disease dynamics through mathematical modeling. In this study, a nonlinear dynamical
model of LC with time delay is formulated to represent the lag associated with smoking exposure and the evolution of smoking-related effects. The
delay acts specifically through the delayed smoking-exposure interaction terms and does not represent treatment or immune response. The model
is analyzed to confirm that solutions remain positive and bounded, ensuring biological feasibility. The basic reproduction number is calculated
to describe threshold dynamics, and local stability of both the disease-free and endemic equilibrium is examined. Sensitivity analysis identifies
the parameters influencing the model threshold quantity. The displayed analysis shows positive effects of θ, a, b, and e on ℜ0 and negative
effects of d, g, m, and τ. These signs describe the mathematical sensitivity of the threshold quantity and do not establish treatment or recovery
effects. Numerical simulations using nonstandard finite difference (NSFD), Euler, and fourth-order Runge–Kutta (RK4) methods validate the
analytical results, with NSFD proving to be more stable and dynamically consistent. Findings suggest that government interventions, including
tobacco control, education, and early screening awareness, can reduce the disease burden. These results offer insights for policymakers to develop
cost-effective strategies.
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1. Introduction

Lung cancer (LC) accounts for over 2.1 million new cases
and 1.8 million fatalities every year, making it one of the main
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causes of cancer-related deaths globally. About 80–90% of LC
fatalities are caused by tobacco use, which is the main risk fac-
tor for the disease [1]. The incidence and prevalence of LC are
significantly influenced by smoking recruitment rates, which
are the rates at which new people start smoking. Time-delayed
differential equations have been used to study smoking dynam-
ics [28]. Experts in bio-mathematics, chronic-disease epidemi-
ology, mathematical modeling, and simulation have conducted
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numerous studies on progression dynamics [3]. Researchers
can understand disease dynamics by mathematical modelling
[4].

According to estimates, LC ranked first in terms of deaths
and second in terms of new cases worldwide in 2018. With
13 to 15 lakh cancer patients and roughly 2 lakh new cases
each year, Bangladesh, one of the most populous nations in the
world, is at risk from the disease. Any aspect of the respiratory
system may be affected by LC, which can originate anywhere
in the lungs. Cancer cells, in contrast to normal cells, prolifer-
ate uncontrollably and devastate the surrounding healthy lung
tissue. Through the process of metastasis into adjacent tissue or
other body parts, this tumor may spread, or metastasize, from
the lung to the lymph nodes [5].

Smoking tobacco is the primary cause of LC, accounting
for approximately 80% of LC-related fatalities. Heart disease,
chronic obstructive pulmonary disease (COPD), respiratory is-
sues, cancer, premature birth, gum disease, tooth loss, eye prob-
lems, weakened bones, memory loss, and cognitive decline are
among the other illnesses brought on by smoking. 28% of
cancer-related deaths in the US are caused by LC, commonly
known as bronchogenic carcinomas. The tracheobronchial sys-
tem, which is made up of damaged cells found in our lungs and
bronchial airways, is where LC develops [6]. This component
of the human body is significant because inhaled air can pollute
this system, which is a major contributing factor to the devel-
opment of LC.

Asbestos and radon are examples of carcinogens, which sci-
entists believe are the main cause of LC. However, studies and
data indicate that tobacco smoke, which includes more than 60
carcinogens, is the primary cause of LC. Nowadays, a signif-
icant percentage of tobacco smoke-related deaths are caused
by cigarette smoke. Approximately 400,000 Americans lose
their lives to cigarette smoke each year, making up one in five
deaths in the country [7]. Numerous factors, including the age
at which smoking started, the duration of smoking, the quantity
of cigarettes smoked daily, and the depth of inhalation, affect a
smoker’s risk of developing LC from cigarette smoke [8].

By emphasizing that nicotine and other ingredients in
cigarettes were just as addictive as cocaine, the Surgeon Gen-
eral demonstrated the addictive potential of cigarette smoking
in 1988. A smoker’s addiction to nicotine makes it extremely
difficult for them to stop. Actually, 90% of smokers want to stop
but are unable to do so [9]. Only 34% of current smokers make
an attempt to stop, and only 2.5% of them are successful each
year, according to research. The single most avoidable cause of
premature death in the US has been identified as cigarette usage
and the harmful air it produces.

85–90% of all instances of LC (146,000 cases annually)
have been linked to cigarette smoke. Additionally, an estimated
3,000 nonsmokers pass away from LC each year as a result
of secondhand smoking, sometimes referred to as environmen-
tal tobacco smoke, or ETS. The U.S. Environmental Protection
Agency claims that although the number of deaths among non-
smokers may be fewer than that of active smokers, it is still very
high when compared to those linked to other indoor and outdoor
environmental contaminants. Public measures that shield peo-

ple from secondhand smoke have been greatly impacted by this
evidence [10].

Because smoking spreads across the population, it is com-
parable to contagious diseases. Because of its conduct, the ra-
tio of smoking-related diseases is rising every day. Johnston
et al. [11] documented smoking behavior among secondary-
school students, college students, and young adults. By includ-
ing an additional class of mild smoking, Zaman, G. expanded
and altered the work in Ref. [12]. The author of Ref. [13] con-
centrated on smoking control strategies by selecting the best
control factors. Additionally, some smokers may continue to
smoke while others may relapse as a result of frequent interac-
tion with other smokers.

It is crucial to keep in mind that giving up smoking can sig-
nificantly lower the chance of getting certain health issues and
enhance general health and wellbeing. There are lots of tools
available to assist you or someone you know stop smoking. You
can begin by consulting a physician, contacting a support group,
or using prescription drugs or nicotine replacement therapy to
help you stop.

In this study, the dynamics of smoking were described by a
linear ordinary differential equation of the SEIR model, which
lacks a closed form solution. The majority of researchers used
analytical solutions without an approximate outcome. There-
fore, numerical simulation was used to examine how the fac-
tors and variables affect smoking-related LC dynamics [1]. A
mathematical modeling strategy was employed in studying the
dynamic and progression of smoking-related LC without tak-
ing a clinical approach into account. Several mathematical and
computational techniques can be used to model the dynamics
of smoking’s effects on the lungs, such as Ordinary Differen-
tial Equations (ODEs), which describe the rates at which lung
function and damage change over time. The spatial and tem-
poral dynamics of lung injury and inflammation are modeled
using partial differential equations (PDEs). Agent-Based Mod-
els (ABMs) are used to simulate how smoke particles, inflam-
matory chemicals, and lung cells interact. A network model
that illustrates how various lung sections communicate and how
damage spreads. Additionally, artificial intelligence (AI) and
machine learning (ML) are utilized to analyze medical pictures
and forecast declines in lung function.

Many mathematicians explored model-based research on
LC in light of all the deaths caused by the disease. Numerous
mathematical models of smoking behavior and LC have been
put forth. Different researchers developed models to explain
the population-level dynamics of LC brought on by smoking
and secondhand smoke. According to these models, raising the
number of people who are knowledgeable about the effects of
smoking is the greatest method to reduce the number of smok-
ers and people who develop LC. Current research includes work
on liquid biopsy for LC and its implications for screening [14].
The creation of a blood test using multiplexed tumor-associated
autoantibodies to identify non-small cell LC has also been in-
vestigated [15]. Trisilowati (2019) examines the stability and
applies the optimal control method demonstrating that the opti-
mal control is successful in limiting the growth of LC patients
and passive and active smokers [16].
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Research has also developed highly sensitive liquid-biopsy
platforms for detecting clinically relevant cancer mutations at
low allele fractions in cell-free DNA [17]. According to Beljan-
ski et al. (2012), the main reason for clinical therapeutic treat-
ment failure is multi-drug resistance. Compared to previous
therapeutic treatments, genetically modified oncolytic viruses
(OVs) attack tumor cells through entirely different methods.
According to researchers’ idea discussed in Ref. [18], treat-
ments including OVs, which are currently being developed,
may make it possible to overcome drug resistance and modify
the immune response in order to combat cancer.

The SIRS Susceptible (S), Infected (I), Recovery (R), and
Susceptible (S) model is an extension of the SIR (susceptible,
Infected, Recovered) model, in which it is thought that peo-
ple can contract coronavirus infections. Numerous researchers
and epidemiologists have studied this model in an effort to pre-
vent the disease from spreading further throughout the commu-
nity. In an effort to better lower the number of sick persons and
their potential to spread, the researchers developed a vaccine
and immunized the majority of people. However, the globe is
still dealing with infections in many nations due to the passage
of time. Ref. [19] reports treatment strategies and outcomes
in patients with synchronous multiple primary malignancies in-
volving LC. Atangana examined the best control analysis for
the eradication or management of COVID-19. Since the virus
spreads quickly to other healthy people, isolation and quaran-
tine are the best and most efficient ways to lessen the infection
[20].

The primary cause of LC patients’ high death rate is de-
layed detection, which results in inadequate curative therapy.
Screening programs have been put in place all around the world
to reduce the death rate from LC [21]. Early detection of
LC improves the prognosis following surgery, however fur-
ther research is required to fully comprehend metastatic LC
[22], epidemiology, wave dynamics equations, etc. Using elec-
tronic cigarettes after quitting smoking increases the risk of LC
[23]. The incidence rate is an important component of smok-
ing models [13]. Thus, many smoking models with linear in-
cidence rates [25], saturated incidence rates [26], square root
type incidence rates [27], and harmonic mean type incidence
rates [28] have been developed recently by researchers both
domestically and internationally. Some others introduced age-
structured smoking models [29] and fractional smoking mod-
els [30]. It is important to note that all of the aforementioned
smoking models ignore the fact that snuffing is another way that
tobacco is used [31]. Because of this, Alzahrani and Zeb devel-
oped the tobacco smoking model that includes the snuffing class
[32].

Mathematical modeling-based studies on cancer progres-
sion are well documented but there is limited published work
that addresses time-delay effects in LC dynamics and their in-
fluence on stability and control strategies. Many currently used
models are based on classical ordinary differential equations,
which usually ignore lags associated with smoking exposure
and the evolution of smoking-related effects. Moreover, most
studies have mainly qualitative analysis and do not consider
delay-induced dynamics brought into the system evolution un-

der physiological conditions. This limitation underscores the
need for more comprehensive modeling frameworks that in-
clude time-delay effects to improve understanding of LC pro-
gression and control.

The current work extends previous deterministic cancer
models by adding a biologically valid single time delay to the
model system. Although the earlier models were able to estab-
lish critical properties like positivity/boundedness, equilibrium
analysis and stability of both disease and endemic states, they
did not consider a delay in the smoking-exposure interaction.
LC is a non-communicable disease and is not contagious. The
proposed model is based on the compartmental structure used
as a mathematical model for describing the flow of individu-
als between smoking-related and disease-related compartments.
Transitions between compartments do not, therefore, indicate
infectious transmission, but rather transitions in disease devel-
opment and the effects of smoking exposure. Our work, on the
other hand, incorporates a delay term corresponding to the lag
in smoking exposure and the evolution of smoking-related ef-
fects into the classical system, leading to a delay differential
model. This extension also provides an opportunity for more
thorough investigation of the effects delay can have on thresh-
old dynamics, stability behavior, and long-term evolution of the
system-phenomena that non-delayed models cannot adequately
capture.

The mathematical soundness of the proposed delayed sys-
tem is verified, through deriving core properties such as positiv-
ity, boundedness and an invariant region. We calculate the basic
reproduction number as a measure of the threshold dynamics
of the system, and to see if LC can continue or diminish in the
population that we describe, and perform local as well as global
stability analyses of the steady states using suitable analytical
techniques. A forward sensitivity analysis is also undertaken to
identify which parameters most strongly affect disease evolu-
tion, summarizing the relative influence of the model parame-
ters on disease-progression dynamics. The sensitivity analysis
can give valuable qualitative information about factors related
to the progression of LC. In the present model, however, the
variable of intervention, screening, treatment or policy-control
is not explicitly incorporated. So any suggestions on prevention
or disease management should be taken with a pinch of salt, and
considered as possibilities for future research.

In the case of numerical simulations we use the NSFD
method that is famous to maintain the qualitative properties of
the dynamical systems including positivity and stability even
when the step sizes are larger. The NSFD method maintained
key qualitative characteristics of the underlying dynamical sys-
tem and, in the numerical experiments analysed in this paper,
showed to be more stable as the step size was increased than
the corresponding Euler and RK4 schemes. All of the afore-
mentioned items together, the time delay integration, the strict
mathematical treatment, sensitivity exploration, and the appli-
cation of the NSFD-based simulations are the key contributions
of the study. These features can be more realistic and helpful
with the description of the dynamics of LC and can give use-
ful information in terms of developing effective, affordable, and
sustainable intervention strategies.
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The structure of this article is in the following way: Section
1 provides a general introduction to LC, its role in the world,
and the latest advances of mathematical models and especially
models with time-delays. Section 2 presents the proposed
model, including the biological assumptions, descriptions of the
model variables and parameters, and one time delay associated
with smoking exposure and the evolution of smoking-related ef-
fects. Qualitative properties of the system are also determined
in this section including the existence and uniqueness of solu-
tions, positivity, boundedness, and the determination of equi-
librium points. Moreover, the basic reproduction threshold is
obtained, and local and global stability of the disease-free and
endemic equilibria are studied with the help of proper mathe-
matical methods.

Section 3 focuses on numerical simulations, with the dy-
namical behavior of the model being demonstrated with the
help of suitable initial conditions and parameters. The effect of
time delay on the stability of the system and the course of the
disease is brought to the fore with the help of graphical data. In
this part, the nonstandard finite difference (NSFD) method will
be used because it can maintain the main qualitative character-
istics of the system, giving biologically significant and stable
solutions. The obtained results are also compared to the stan-
dard numerical methods to prove the effectiveness and reliabil-
ity of the NSFD scheme. In Section 4, sensitivity analysis is
performed in detail to understand how key parameters, partic-
ularly the delay term, affect the course of the disease. Last but
not least, Section 5 sums up the study by creating a summary of
key findings as well as highlighting how time delay can create
an insight into the dynamics of LC. It also talks about practical
implications of the findings especially on low resource settings
and also gives recommendations on where future research can
be directed to enhance modeling techniques and control mea-
sures.

2. Materials and methods

2.1. Delay mathematical model
LC is among the severe and life-threatening illnesses in the

whole world and it kills a large number of individuals annually
and specifically in the developed and developing nations. Con-
trary to infectious diseases, LC emerges over a long period as
a result of the prolonged exposure of an individual to the risk
factors of smoking, air pollution, and work hazards. Thus, de-
lay modeling is relevant to the course of the modeled process
because smoking-related effects may emerge after a lag follow-
ing exposure. Whereas LC cannot be fully prevented, its risk
can be minimized through preventive measures, early diagnosis
and medical treatments. A delay factor can be used to repre-
sent the lag between smoking exposure and the evolution of
smoking-related effects represented by the delayed interaction
terms. The work in the present study is based on a mathematical
framework, which already exists and appropriate control mea-
sures to study the interaction between susceptible persons and
individuals at various LC stages.

• S(t) describes the susceptible class.

• M(t) describes the active-smoker class.

• V(t) describes the smoking-victim class.

• C(t) describes the LC class.

• R(t) describes the recovered class.

Considering a total population N(t) at any time t which is sub-
divided into five compartments such as, The compartment (S)
refers to those people who could be exposed to smoking-related
health risks, but who have not yet experienced complications
from smoking. The compartment (M) represents the group of
active smokers, the ones who are directly exposed to tobacco.
The compartment (V) is for passive smokers or those who are
strongly exposed to the carcinogenic factors in cigarette smoke.
The compartment (C) is for those with a diagnosis of LC and
(R) is for those who have been treated and cured or achieved
remission. The transitions between compartments are smoking
behaviors, effects of exposure to smoking, progression of dis-
eases, and recovery processes, but not person-to-person disease
transmission. The delay parameter τ corresponds to the time lag
that is seen in smoking exposure and the evolution of smoking
related effects which may play a part in the progression of LC.
The interaction terms S (t−τ)M(t−τ) are particularly interesting
because the bad effects of smoking do not appear immediately
but after some time of exposure. Thus, the delay is not actually
the time required to become infected with the disease but rather
represents processes related to behavior and exposure.

N(t) = S (t) + M(t) + V(t) +C(t) + R(t). (1)

In the model above, a and b represent the rates at which
vulnerable populations become active and passive smokers,
respectively, and θ and m represent the population’s natural
growth and mortality rates.

dS
dt
= θ − aM(t − τ)S (t − τ)e−mτ

− bM(t − τ)S (t − τ)e−mτ − mS (t) + hR(t).

The delayed direct transition in the susceptible compartment is
represented by e−mτ. The interaction between passive and active
smokers is not considered, and e represents the rate at which
passive smokers become active smokers.

dM
dt
= aM(t − τ)S (t − τ)e−mτ + eV(t) − gM(t) − mM(t).

The constants g and d denote the rates at which active and pas-
sive smokers contract LC.

dV
dt
= bM(t − τ)S (t − τ)e−mτ − eV(t) − dV(t) − mV(t).

The variable ϕ denotes the recovery rate from LC with appro-
priate treatment, while f signifies the mortality rate generated
by the disease.

dC
dt
= gM(t) + dV(t) − ϕC(t) − (m + f )C(t).
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Table 1: Parameter and variable values used in the SMVCR lung cancer model.

Parameter Description Value Reference
θ Growth rate of the population 0.05 d−1 [33]
m Natural mortality rate 0.01 d−1 [33]
a Active-smoker recruitment rate from the susceptible population 0.25 d−1 [33]
b Rate at which the population becomes a victim of smoking 0.75 d−1 [33]
e Rate at which the population migrates from the victim group to smokers 0.35 d−1 [33]
g Smoker’s LC incidence rate 0.2 d−1 [33]
d LC incidence rate from the victim group 0.05 d−1 [33]
ϕ LC recovery rate 0.2 d−1 [33]
f Cancer incidence mortality rate 0.6 d−1 [33]
h Migration rate from the recovered to susceptible compartments 0.5 d−1 [33]
τ Time delay ≥ 0 Assumed

In reality, individuals who have received therapy and recovered
from LC may remain vulnerable to a recurrence, with the inci-
dence rate represented by h.

dR
dt
= ϕC(t) − (m + h)R(t).

The parameters utilized in the numerical and graphical analysis
of the model are presented in Table 1.

A set of delay differential equations for the following
mathematical model.

dS
dt
= θ − aM(t − τ)S (t − τ)e−mτ

− bM(t − τ)S (t − τ)e−mτ − mS (t) + hR(t), (2)
dM
dt
= aM(t − τ)S (t − τ)e−mτ + eV(t) − gM(t) − mM(t), (3)

dV
dt
= bM(t − τ)S (t − τ)e−mτ − eV(t) − dV(t) − mV(t), (4)

dC
dt
= gM(t) + dV(t) − ϕC(t) − (m + f )C(t), (5)

dR
dt
= ϕC(t) − (m + h)R(t), (6)

given initial conditions

S > 0, M ≥ 0, V ≥ 0, C ≥ 0, R ≥ 0. (7)

Here, t ≥ 0. τ ≤ t.

2.2. Model analysis
The proposed mathematical framework analyzes the quali-

tative aspects of the process of LC progression. The basic prop-
erties of the system like existence, boundedness, and stability of
the equilibrium points are rigorously studied to get an insight
into the long-term behavior of the system. Such analyses play a
crucial role in the development of the disease and whether effec-
tive control measures can be implemented or not. In addition,
an appropriate threshold parameter, analogous to a basic repro-
duction number in an epidemiological model, is calculated to

characterize persistence or decline of the smoking-related and
LC compartments. The time-delay factor represents the lag in
smoking exposure and the evolution of smoking-related effects
through the delayed interaction terms. Therefore, the model
provides a framework for analyzing relationships among the
population compartments defined above.

Theorem 2.1. The proposed delayed model has nonnegative
solution for all t ≥ 0 if the initial history functions are nonneg-
ative on [−τ, 0].

Proof. Suppose that the history functions of the delayed system
are nonnegative and continuous.

S (ξ) = ψ1(ξ), M(ξ) = ψ2(ξ),
V(ξ) = ψ3(ξ), C(ξ) = ψ4(ξ),
R(ξ) = ψ5(ξ).

for

ξ ∈ [−τ, 0],

where

ψi(ξ) ≥ 0, i = 1, 2, 3, 4, 5.

dS
dt
= θ − aMS e−mτ − bMS e−mτ − mS + hR.

As all state variables are non-negative we have R(t) ≥ 0,
and therefore.

dS
dt
≥ θ −

(
aM(t)e−mτ + bM(t)e−mτ + m

)
S (t).

Let
B(t) = aM(t)e−mτ + bM(t)e−mτ + m.

Then the inequality above is reduced to

dS
dt
≥ θ − B(t)S (t).

5



Zeb et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3539 6

Multiplying both sides by the integrating factor

exp
(∫ t

0
B(s) ds

)
,

we obtain

d
dt

[
S (t) exp

(∫ t

0
B(s) ds

)]
≥ θ exp

(∫ t

0
B(s) ds

)
.

Integrating from 0 to t,

S (t) exp
(∫ t

0
B(s) ds

)
− S (0) ≥ θ

∫ t

0
exp

(∫ w

0
B(s) ds

)
dw.

Hence,

S (t) ≥ S (0) exp
(
−

∫ t

0
B(s) ds

)
+ θ exp

(
−

∫ t

0
B(s) ds

) ∫ t

0
exp

(∫ w

0
B(s) ds

)
dw.

As the exponential is strictly positive and θ > 0, then it
follows that

S (t) > 0 for all t > 0.

The other state variables M(t), V(t), C(t), and R(t) can be han-
dled equally: they all obey a linear equations with non-negative
inflow due to a compartment that has already been found to be
positive or due to a positive source term. So, assuming that they
are non-negative, they are strictly positive at any t > 0.

Theorem 2.2. The solutions of the equations are all confined
within a feasible region.

Proof. The total population is indicated by the combination of
all differential equations N(t).

dN
dt
=

dS
dt
+

dM
dt
+

dV
dt
+

dC
dt
+

dR
dt
.

When the equations’ right-hand sides are substituted, we obtain

dN
dt
= θ − mN(t) − fC,

since C(t) ≥ 0, it follows that

dN
dt
≤ θ − mN(t).

The above is a linear differential inequality. The corresponding
linear differential equation

dN
dt
= θ − mN(t)

has the solution

N(t) ≤
θ

m
+

(
N(0) −

θ

m

)
e−mt, t ≥ 0.

Hence, we obtain

0 ≤ N(t) ≤ max
{
N(0),

θ

m

}
, for all t ≥ 0.

Therefore, the feasible region is given by

Ω =
{
(S , M,V,C,R) ∈ R5

+ :

S + M + V +C + R ≤ max
{
N(0),

θ

m

}}
.

Thus, all solutions of the model are bounded in Ω.

2.3. Model equilibrium point
The model’s admission of a disease-free equilibrium and an

endemic equilibrium, respectively, characterize the absence and
persistence of LC. The feasible region contains the disease-free
equilibrium, which represents a population free of cancer. An
endemic equilibrium is reached when the fundamental repro-
duction number is greater than unity and denotes persistence
of LC-related compartments in the modeled population. These
equilibrium points serve as the foundation for both the model’s
stability and long-term dynamical study.

2.3.1. DFE point
The DFE points are:

ε0 = (S 0, M0,V0,C0,R0) =
(
θ

m
, 0, 0, 0, 0

)
.

2.3.2. Reproduction number
The dynamics of the proposed LC model are evaluated us-

ing a threshold parameter analogous to the basic reproduc-
tion number in epidemiological systems. In this population-
compartment model, M, V , and C denote active smokers, vic-
tims of smoking, and individuals with LC, respectively, while S
and R denote susceptible and recovered individuals. The thresh-
old quantity characterizes persistence of the smoking-related
and LC compartments under the modeled transitions; it does not
represent infectious transmission or the creation of malignant
cells. The next-generation matrix methodology is used here as
a mathematical device for the defined compartmental transition
structure.
For this construction, x = (M,V,C) collects the smoking-
related and LC compartments used in the next-generation calcu-
lation, whereas y = (S ,R) collects the remaining compartments.
The vector F(x, y) represents new entries into the selected com-
partments generated by the delayed smoking-exposure interac-
tion terms, and V(x, y) represents transfers among and out of
those compartments. Consequently, the system can be stated as

dx
dt
= F(x, y) − V(x, y),

From the linearization of the system at the disease-free equilib-
rium (DFE), the matrices F and V are obtained.
The threshold parameter, denoted by ℜ0, is obtained as the
spectral radius of the next-generation matrix FV−1. This value
defines a threshold for the modeled population compartments:
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when ℜ0 < 1, the smoking-related and LC compartments de-
cline near the DFE, whereasℜ0 > 1 indicates persistence near
the threshold. Stability of the equilibrium points is highly re-
lated to the value ofℜ0. In particular, the DFE is locally asymp-
totic in case of ℜ0 < 1 and is unstable in case of ℜ0 > 1. To
verify these conditions of stability the Jacobian matrix of the
system evaluated at the DFE is used too. At the DFE, the ma-
trices are

F =



aθe−mτ

m
0 0

bθe−mτ

m
0 0

0 0 0


,

and

V =


g + m −e 0

0 m + e + d 0

−g −d m + f + ϕ

 .
Hence, the next-generation matrix is

FV−1 =



aθe−mτ

m(g + m)
aθe e−mτ

m(g + m)(m + e + d)
0

bθe−mτ

m(g + m)
bθe e−mτ

m(g + m)(m + e + d)
0

0 0 0


.

The characteristic equation of FV−1 is

det(FV−1 − λI) = 0,

which gives, theℜ0 is the spectral radius of FV−1, therefore

ℜ0 = ρ(FV−1) =
θe−mτ

m(g + m)

(
a +

be
m + e + d

)
. (8)

2.3.3. EE point
The EE points are:

ε1 = (S 1, M1,V1,C1,R1) = (S ∗, M∗,V∗,C∗,R∗).

This implies that,

S ∗ =
θ + hR∗

aM∗e−mτ + bM∗e−mτ + m
,

M∗ =
eV∗

g + m − aS ∗e−mτ ,

V∗ =
bM∗S ∗e−mτ

e + d + m
,

C∗ =
gM∗ + dV∗

ϕ + m + f
,

R∗ =
ϕC∗

m + h
.

Biology requires all the components of the equilibrium to be
positive. In particular, given the expression M∗ of the condition

g + m − aS ∗e−mτ > 0

must hold. With this restriction and positivity of all the pa-
rameters in the model, the endemic equilibrium is positive and
biologically relevant.

2.4. Stability analysis

This section examines local asymptotic stability (LAS) and
global asymptotic stability (GAS) at the DFE and EE.

Theorem 2.3. The system at ε0 = (S 0, M0,V0,C0,R0) =(
θ
m , 0, 0, 0, 0

)
is LAS ifℜ0 < 1.

Proof. The Jacobian matrix of the system is

J =


−(a + b)Me−mτ − m −(a + b)S e−mτ 0 0 h

aMe−mτ aS e−mτ − g − m e 0 0
bMe−mτ bS e−mτ −e − d − m 0 0

0 g d −(ϕ + m + f ) 0
0 0 0 ϕ −(m + h)

 .

Evaluating the Jacobian at the disease-free equilibrium

ε0 =

(
θ

m
, 0, 0, 0, 0

)
,

gives

J(ε0) =



−m −(a + b)
θ

m
e−mτ 0 0 h

0 a
θ

m
e−mτ − g − m e 0 0

0 b
θ

m
e−mτ −e − d − m 0 0

0 g d −(ϕ + m + f ) 0

0 0 0 ϕ −(m + h)


.

The characteristic equation is obtained from

det(λI − J(ε0)) = 0.

Since the first column contains only one nonzero entry, the de-
terminant can be written as

det(λI − J(ε0)) = (λ + m) det(A),

where

A =


λ −

(
a
θ

m
e−mτ − g − m

)
−e 0 0

−b
θ

m
e−mτ λ + e + d + m 0 0

−g −d λ + ϕ + m + f 0
0 0 −ϕ λ + m + h


.

Expanding along the last column yields

det(A) = (λ + m + h) det(B),

where

B =


λ −

(
a
θ

m
e−mτ − g − m

)
−e 0

−b
θ

m
e−mτ λ + e + d + m 0

−g −d λ + ϕ + m + f

 .
Again expanding along the third column, we obtain

det(B) = (λ + ϕ + m + f )
[
(λ − α)(λ + β) − be

θ

m
e−mτ

]
,

7
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where

α = a
θ

m
e−mτ − g − m, β = e + d + m.

Hence, the characteristic polynomial becomes

(λ+m)(λ+m+h)(λ+ϕ+m+ f )
[
(λ − α)(λ + β) − be

θ

m
e−mτ

]
= 0.

Therefore, three eigenvalues are immediately obtained as

λ1 = −m, λ2 = −(m + h), λ3 = −(ϕ + m + f ),

which are all negative since every model parameter is positive.
The remaining two eigenvalues satisfy

λ2 + (β − α)λ − αβ − be
θ

m
e−mτ = 0.

By the Routh–Hurwitz criterion for a quadratic polynomial,
both roots have negative real parts if

β − α > 0,

and
−αβ − be

θ

m
e−mτ > 0.

These inequalities are equivalent to the threshold condition

ℜ0 < 1.

Hence, all eigenvalues of the Jacobian matrix have negative
real parts whenever ℜ0 < 1. By the Linearization (Hartman-
Grobman) Theorem, the DFE ε0 is LAS. Therefore, the DFE is
LAS wheneverℜ0 < 1.

Theorem 2.4. The system at ε1 = (S 1, M1,V1,C1,R1) =
(S ∗, M∗,V∗,C∗,R∗) is LAS ifℜ0 > 1.

Proof. The Jacobian matrix evaluated at the endemic equilib-
rium ε1 is

J(ε1) =


−(a + b)M∗e−mτ − m −(a + b)S ∗e−mτ 0 0 h

aM∗e−mτ aS ∗e−mτ − g − m e 0 0
bM∗e−mτ bS ∗e−mτ −e − d − m 0 0

0 g d −(ϕ + m + f ) 0
0 0 0 ϕ −(m + h)

 .

The characteristic equation is obtained from

det(λI − J(ε1)) = 0,

which can be written as

λ5 + a1λ
4 + a2λ

3 + a3λ
2 + a4λ + a5 = 0,

where the coefficients a1, a2, a3, a4 and a5 depend on the model
parameters and the endemic equilibrium values S ∗, M∗,V∗,C∗

and R∗. Since all model parameters are positive and the endemic
equilibrium exists only whenℜ0 > 1, it follows that

ai > 0, i = 1, 2, . . . , 5.

By the Routh–Hurwitz criterion, all roots of the characteristic
polynomial have negative real parts provided that

a1 > 0, a2 > 0, a3 > 0, a4 > 0, a5 > 0,

together with
a1a2 > a3,

a1a2a3 > a2
1a4 + a2

3,

and
(a1a2 − a3)(a3a4 − a2a5) > (a1a4 − a5)2.

These inequalities are satisfied wheneverℜ0 > 1, since the en-
demic equilibrium is biologically feasible and all coefficients of
the characteristic polynomial remain positive. Hence, all eigen-
values of the Jacobian matrix have negative real parts. There-
fore, by the Hartman-Grobman (Linearization) Theorem, the
endemic equilibrium ε1 is LAS. Thus, The endemic equilibrium
ε1 is LASℜ0 > 1.

Theorem 2.5. The system at ε0 = (S 0, M0,V0,C0,R0) =(
θ
m , 0, 0, 0, 0

)
is GAS ifℜ0 < 1.

Proof. Consider the Lyapunov function

L = M +
e

m + e + d
V +C + R.

Differentiating along solutions gives

L̇ = Ṁ +
e

m + e + d
V̇ + Ċ + Ṙ.

Substituting the system equations yields

L̇ = aMS e−mτ − (g + m)M

+
e

m + e + d
(
bMS e−mτ − (m + e + d)V

)
+ gM + dV − (ϕ + m + f )C + ϕC − (m + h)R.

Simplifying,

L̇ =
[(

a +
be

m + e + d

)
S e−mτ − (g + m)

]
M

− mV − (m + f )C − (m + h)R.

Using the invariant bound S (t) ≤ θ
m , we obtain

L̇ ≤
[
θe−mτ

m

(
a +

be
m + e + d

)
− (g + m)

]
M

− mV − (m + f )C − (m + h)R.

Rewriting in terms ofℜ0,

L̇ ≤ (g + m)(ℜ0 − 1)M − mV − (m + f )C − (m + h)R.

Hence, ifℜ0 < 1, then
L̇ ≤ 0.

8
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Moreover, L̇ = 0 implies

M = V = C = R = 0.

On this invariant set, the system reduces to

dS
dt
= θ − mS ,

which has a unique equilibrium S = θ
m . Thus, the largest in-

variant set in {L̇ = 0} is{(
θ

m
, 0, 0, 0, 0

)}
.

By LaSalle’s Invariance Principle, every solution in Ω con-
verges to ε0. Therefore, the DFE is GAS wheneverℜ0 < 1.

Theorem 2.6. The system at ε1 = (S 1, M1,V1,C1,R1) =
(S ∗, M∗,V∗,C∗,R∗) is GAS ifℜ0 > 1.

Proof. To prove this theorem, we consider the previously
constructed Lyapunov function at ε1 as follows:

V = W1

(
S − S ∗ − S ∗ ln

S
S ∗

)
+W2

(
M − M∗ − M∗ ln

M
M∗

)
+W3

(
V − V∗ − V∗ ln

V
V∗

)
+W4

(
C −C∗ −C∗ ln

C
C∗

)
+W5

(
R − R∗ − R∗ ln

R
R∗

)
.

where W1, . . . ,W5 are positive constants to be determined.

dV
dt
= W1

(
1 −

S ∗

S

)
dS
dt
+W2

(
1 −

M∗

M

)
dM
dt

+W3

(
1 −

V∗

V

)
dV
dt
+W4

(
1 −

C∗

C

)
dC
dt

+W5

(
1 −

R∗

R

)
dR
dt
.

By substituting the derivative value

dV
dt
= W1

(
1 −

S ∗

S

) (
θ − aMS e−mτ − bMS e−mτ − mS + hR

)
+W2

(
1 −

M∗

M

) (
aMS e−mτ + eV − gM − mM

)
+W3

(
1 −

V∗

V

) (
bMS e−mτ − eV − dV − mV

)
+W4

(
1 −

C∗

C

)
(gM + dV − ϕC − (m + f )C)

+W5

(
1 −

R∗

R

)
(ϕC − (m + h)R) .

After simplification,

dV
dt
= W1(S − S ∗)

(
θ

S
− aMe−mτ − bMe−mτ − m +

hR
S

)
+W2(M − M∗)

(
aS e−mτ +

eV
M
− g − m

)
+W3(V − V∗)

(
bMS e−mτ

V
− e − d − m

)
+W4(C −C∗)

(
gM
C
+

dV
C
− ϕ − (m + f )

)
+W5(R − R∗)

(
ϕC
R
− (m + h)

)
.

Since, ε1 = (S ∗, M∗,V∗,C∗,R∗)

dS ∗

dt
=

dM∗

dt
=

dV∗

dt
=

dC∗

dt
=

dR∗

dt
= 0.

Hence,

m =
θ

S
− aMe−mτ − bMe−mτ +

hR
S
,

g + m = aS e−mτ +
eV
M
,

e + d + m =
bMS e−mτ

V
,

m + f =
gM
C
+

dV
C
− ϕ,

m + h =
ϕC
R
.

So,

dV
dt
= W1(S − S ∗)

[
θ

S
− aMe−mτ − bMe−mτ

−

(
θ

S
− aMe−mτ − bMe−mτ +

hR
S

)
+

hR
S

]
+W2(M − M∗)

[
aS e−mτ +

eV
M
−

(
aS e−mτ +

eV
M

)]
+W3(V − V∗)

[
bMS e−mτ

V
−

bMS e−mτ

V

]
+W4(C −C∗)

[
gM
C
+

dV
C
− ϕ −

(
gM
C
+

dV
C
− ϕ

)]
+W5(R − R∗)

[
ϕC
R
−
ϕC
R

]
.

For simplicity, we take

W1 = W2 = W3 = W4 = W5 = 1.

We get,

9
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dV
dt ≤ 0, where, ℜ0 > 1.

The feasible set is positively bounded and invariant. Conse-
quently, the system is GAS at EE point ε1.

3. Numerical simulations

The present paper addresses the dynamical nature of
the suggested system through the use of various numerical
schemes. Specifically, Euler and fourth-order Runge–Kutta
(RK4) methods are utilized in numerically studying the system.
Moreover, the non-standard finite difference (NSFD) scheme
is used to guarantee a higher degree of stability and dynami-
cal consistency of the model. Such a comparison of these nu-
merical methods is useful in analyzing qualitative behavior and
accuracy of the solutions of the system.

3.1. Forward Euler scheme

S n+1 = S n + h
(
θ − aMnS ne−mτ − bMnS ne−mτ − mS n + hRn) ,

(9)

Mn+1 = Mn + h
(
aMnS ne−mτ + eVn − gMn − mMn) , (10)

Vn+1 = Vn + h
(
bMnS ne−mτ − eVn − dVn − mVn) , (11)

Cn+1 = Cn + h (gMn + dVn − ϕCn − (m + f )Cn) , (12)

Rn+1 = Rn + h (ϕCn − (m + h)Rn) . (13)

3.2. Fourth-order Runge–Kutta (RK4) method

k1 = h
(
θ − aMnS ne−mτ − bMnS ne−mτ − mS n + hRn) ,

l1 = h
(
aMnS ne−mτ + eVn − gMn − mMn) ,

n1 = h
(
bMnS ne−mτ − eVn − dVn − mVn) ,

o1 = h (gMn + dVn − ϕCn − (m + f )Cn) ,
p1 = h (ϕCn − (m + h)Rn) ,

k2 = h
[
θ − a

(
Mn +

l1
2

) (
S n +

k1

2

)
e−mτ

− b
(
Mn +

l1
2

) (
S n +

k1

2

)
e−mτ

− m
(
S n +

k1

2

)
+ h

(
Rn +

p1

2

) ]
,

l2 = h
[
a
(
Mn +

l1
2

) (
S n +

k1

2

)
e−mτ

+ e
(
Vn +

n1

2

)
− g

(
Mn +

l1
2

)
− m

(
Mn +

l1
2

) ]
,

n2 = h
[
b
(
Mn +

l1
2

) (
S n +

k1

2

)
e−mτ

− e
(
Vn +

n1

2

)
− d

(
Vn +

n1

2

)
− m

(
Vn +

n1

2

) ]
,

o2 = h
[
g
(
Mn +

l1
2

)
+ d

(
Vn +

n1

2

)
− ϕ

(
Cn +

o1

2

)
− (m + f )

(
Cn +

o1

2

) ]
,

p2 = h
[
ϕ
(
Cn +

o1

2

)
− (m + h)

(
Rn +

p1

2

)]
.

k3 = h
[
θ − a

(
Mn +

l2
2

) (
S n +

k2

2

)
e−mτ

− b
(
Mn +

l2
2

) (
S n +

k2

2

)
e−mτ

− m
(
S n +

k2

2

)
+ h

(
Rn +

p2

2

) ]
,

l3 = h
[
a
(
Mn +

l2
2

) (
S n +

k2

2

)
e−mτ

+ e
(
Vn +

n2

2

)
− g

(
Mn +

l2
2

)
− m

(
Mn +

l2
2

) ]
,

n3 = h
[
b
(
Mn +

l2
2

) (
S n +

k2

2

)
e−mτ

− e
(
Vn +

n2

2

)
− d

(
Vn +

n2

2

)
− m

(
Vn +

n2

2

) ]
,

o3 = h
[
g
(
Mn +

l2
2

)
+ d

(
Vn +

n2

2

)
− ϕ

(
Cn +

o2

2

)
− (m + f )

(
Cn +

o2

2

) ]
,

p3 = h
[
ϕ
(
Cn +

o2

2

)
− (m + h)

(
Rn +

p2

2

)]
.

k4 = h
[
θ − a(Mn + l3)(S n + k3)e−mτ

− b(Mn + l3)(S n + k3)e−mτ − m(S n + k3) + h(Rn + p3)
]
,

l4 = h
[
a(Mn + l3)(S n + k3)e−mτ + e(Vn + n3)

− g(Mn + l3) − m(Mn + l3)
]
,

n4 = h
[
b(Mn + l3)(S n + k3)e−mτ − e(Vn + n3)

− d(Vn + n3) − m(Vn + n3)
]
,

o4 = h
[
g(Mn + l3) + d(Vn + n3) − ϕ(Cn + o3)

− (m + f )(Cn + o3)
]
,

p4 = h
[
ϕ(Cn + o3) − (m + h)(Rn + p3)

]
.

thus, the ultimate results are,

S n+1 = S n +
1
6

(k1 + 2k2 + 2k3 + k4). (14)

Mn+1 = Mn +
1
6

(l1 + 2l2 + 2l3 + l4). (15)
10
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Vn+1 = Vn +
1
6

(n1 + 2n2 + 2n3 + n4). (16)

Cn+1 = Cn +
1
6

(o1 + 2o2 + 2o3 + o4). (17)

Rn+1 = Rn +
1
6

(p1 + 2p2 + 2p3 + p4). (18)

3.3. Nonstandard finite difference method
This section will discuss how NSFD approach of model is

stable at the DFE point.

S n+1 =
S n + h1θ + h1hRn

1 + h1aMne−mτ + h1bMne−mτ + h1m
. (19)

Mn+1 =
Mn + h1eVn

1 + h1g + h1m − h1aS ne−mτ . (20)

Vn+1 =
Vn + h1bMnS ne−mτ

1 + h1e + h1d + h1m
. (21)

Cn+1 =
Cn + h1gMn + h1dVn

1 + h1ϕ + h1(m + f )
. (22)

Rn+1 =
Rn + h1ϕCn

1 + h1(m + h)
. (23)

In order for NSFD scheme to preserve nonnegative numerical
solution, the denominators in the update equations are required
to be positive. In particular, from equation (20),

1 + h1g + h1m − h1aS ne−mτ > 0.

Thus the step size and model parameters are selected to sat-
isfy the above throughout the simulations. With this constraint
the NSFD scheme maintains the positive nature of state vari-
ables.

3.4. Convergence analysis of the NSFD scheme
With an emphasis on the DFE point, the convergence of the

NSFD technique used on the model will be examined in this
section. This is the NSFD scheme’s Jacobian.

J(ε0) =



1
1+h1m −

( θ
m+h1θ)h1(a+b)e−mτ

(1+h1m)2 0 0 h1h
1+h1m

0 1
1+h1g+h1m− h1aθ

m e−mτ

h1e
1+h1g+h1m− h1aθ

m e−mτ
0 0

0 h1b θ
m e−mτ

1+h1e+h1d+h1m
1

1+h1e+h1d+h1m 0 0

0 h1g
1+h1ϕ+h1(m+ f )

h1d
1+h1ϕ+h1(m+ f )

1
1+h1ϕ+h1(m+ f ) 0

0 0 0 h1ϕ
1+h1(m+h)

1
1+h1(m+h)


.

The eigenvalues may be determined through the diagonal
and sub-block matrices of the Jacobian matrix because of the
block triangular structure. Therefore, the eigenvalues of (J(ε0))
are found to be

λ1 =
1

1+h1m , λ4 =
1

1+h1ϕ+h1(m+ f ) , λ5 =
1

1+h1(m+h) , and λ2,3 =

(J22+J33)±
√

(J22+J33)2−4(J22 J33−J23 J32)
2 ,

J22 =
1

1 + h1g + h1m − h1aθ
m e−mτ

,

J23 =
h1e

1 + h1g + h1m − h1aθ
m e−mτ

,

J32 =
h1b θ

m e−mτ

1 + h1e + h1d + h1m
,

J33 =
1

1 + h1e + h1d + h1m
.

Having all the model parameters positive, (h1 > 0) follows
that λ1 < 1, λ4 < 1 and λ5 < 1. The DFE is thus stable based
on the roots λ2,3. In the event that all the eigenvalues meet con-
ditions of |λi| < 1, (i=1,2,3,4,5), then the DFE (ε0) is LAS.

3.5. Positivity analysis
Theorem 3.1. Suppose that at t = 0, S , M,V,C, and R, the
variables of the NSFD scheme, are positive; moreover, if all the
variables are positive, then S n+1 ≥ 0, Mn+1 ≥ 0, Vn+1 ≥ 0,
Cn+1 ≥ 0, and Rn+1 ≥ 0.

Proof. Taking into account the NSFD schemes of the variables
S,M,V,C, and R (19)–(23) as:

S n+1 =
S n + h1θ + h1hRn

1 + h1aMne−mτ + h1bMne−mτ + h1m
.

Mn+1 =
Mn + h1eVn

1 + h1g + h1m − h1aS ne−mτ .

Vn+1 =
Vn + h1bMnS ne−mτ

1 + h1e + h1d + h1m
.

Cn+1 =
Cn + h1gMn + h1dVn

1 + h1ϕ + h1(m + f )
.

Rn+1 =
Rn + h1ϕCn

1 + h1(m + h)
.

By combining all of the equations in the system that was pre-
viously examined with n=0, we arrive at the following expres-
sion.

S 1 =
S 0 + h1θ + h1hR0

1 + h1aM0e−mτ + h1bM0e−mτ + h1m
≥ 0,

M1 =
M0 + h1eV0

1 + h1g + h1m − h1aS 0e−mτ ≥ 0,

V1 =
V0 + h1bM0S 0e−mτ

1 + h1e + h1d + h1m
≥ 0,

C1 =
C0 + h1gM0 + h1dV0

1 + h1ϕ + h1(m + f )
≥ 0,

R1 =
R0 + h1ϕC0

1 + h1(m + h)
≥ 0.

Now that n=1 has been entered, we can proceed to the following
stage.

S 2 =
S 1 + h1θ + h1hR1

1 + h1aM1e−mτ + h1bM1e−mτ + h1m
≥ 0,

M2 =
M1 + h1eV1

1 + h1g + h1m − h1aS 1e−mτ ≥ 0,

V2 =
V1 + h1bM1S 1e−mτ

1 + h1e + h1d + h1m
≥ 0,

C2 =
C1 + h1gM1 + h1dV1

1 + h1ϕ + h1(m + f )
≥ 0,

11



Zeb et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3539 12

R2 =
R1 + h1ϕC1

1 + h1(m + h)
≥ 0.

For n=2,3,4,...,n-1, let the phrase S n+1 ≥ 0,Mn+1 ≥ 0,Vn+1 ≥

0,Cn+1 ≥ 0,Rn+1 ≥ 0; stay positive. We will determine whether
a random positive integer n in Z is positive. We discover that

S n+1 =
S n + h1θ + h1hRn

1 + h1aMne−mτ + h1bMne−mτ + h1m
≥ 0,

Mn+1 =
Mn + h1eVn

1 + h1g + h1m − h1aS ne−mτ ≥ 0,

Vn+1 =
Vn + h1bMnS ne−mτ

1 + h1e + h1d + h1m
≥ 0,

Cn+1 =
Cn + h1gMn + h1dVn

1 + h1ϕ + h1(m + f )
≥ 0,

Rn+1 =
Rn + h1ϕCn

1 + h1(m + h)
≥ 0.

Consequently, the suggested methodology guarantees the pos-
itivity of the state variables S, M, V, C, and R for any positive
integer values of n.

3.6. Boundedness of the NSFD scheme
Theorem 3.2. Let S 0, M0,V0,C0 and R0 be finite, so that
S 0 + M0 + V0 + C0 + R0 ≤ 1. Furthermore, under the model
θ, b, g, d, h, ϕ are all positive. Then, S n+1, Mn+1,Vn+1,Cn+1 and
Rn+1 are bounded by the specified real fixed value cn+1 such
that S n+1, Mn+1,Vn+1,Cn+1 and Rn+1 < cn+1 ∀ n ∈ Z+ where
cn+1 = cn + h1θ + h1bc2

n + h1(g + d + h + ϕ + e)cn. and
c1 = 1 + h1θ + h1(bS 0M0 + gM0 + dV0 + hR0).

Proof. The state variables of the NSFD scheme are S, M, V, C,
and R (19)–(23),

S n+1 (
1 + h1aMne−mτ + h1bMne−mτ + h1m

)
= S n + h1θ + h1hRn,

Mn+1 (
1 + h1g + h1m − h1aS ne−mτ) = Mn + h1eVn,

Vn+1(1 + h1e + h1d + h1m) = Vn + h1bMnS ne−mτ,

Cn+1(1 + h1ϕ + h1(m + f )) = Cn + h1gMn + h1dVn,

Rn+1(1 + h1(m + h)) = Rn + h1ϕCn.

Adding all the above equations then
S n+1 + Mn+1 + Vn+1 + Cn+1 + Rn+1 +

S n+1 (h1aMne−mτ + h1bMne−mτ + h1m) + Mn+1(h1g + h1m −
h1aS ne−mτ) + Vn+1(h1e + h1d + h1m) + Cn+1(h1ϕ + h1(m +
f )) + Rn+1h1(m + h) = S n + h1θ + h1hRn + Mn + h1eVn + Vn +

h1bMnS ne−mτ +Cn + h1gMn + h1dVn + Rn + h1ϕCn,

S n+1 + Mn+1 + Vn+1 + Cn+1 + Rn+1 +

S n+1 (h1aMne−mτ + h1bMne−mτ + h1m) + Mn+1(h1g + h1m −
h1aS ne−mτ)+Vn+1(h1e+ h1d + h1m)+Cn+1(h1ϕ+ h1(m+ f ))+
Rn+1h1(m + h) = S n + Mn + Vn + Cn + Rn + h1θ + h1hRn +

h1eVn + h1bMnS ne−mτ + h1gMn + h1dVn + h1ϕCn. (24)

Substituting n=0 into equation (24), we obtain

S 1+M1+V1+C1+R1+S 1
(
h1aM0e−mτ + h1bM0e−mτ + h1m

)
+

M1(h1g + h1m − h1aS 0e−mτ) + V1(h1e + h1d + h1m) +C1(h1ϕ +
h1(m + f )) + R1h1(m + h) = S 0 + M0 + V0 + C0 + R0 + h1θ +
h1hR0 + h1eV0 + h1bM0S 0e−mτ + h1gM0 + h1dV0 + h1ϕC0,

S 1+M1+V1+C1+R1+S 1
(
h1aM0e−mτ + h1bM0e−mτ + h1m

)
+

M1(h1g + h1m − h1aS 0e−mτ) + V1(h1e + h1d + h1m) +C1(h1ϕ +
h1(m + f )) + R1h1(m + h) < c1
(S 1+M1+V1+C1+R1)+S 1

(
h1aM0e−mτ + h1bM0e−mτ + h1m

)
+

M1(h1g + h1m − h1aS 0e−mτ) + V1(h1e + h1d + h1m) +C1(h1ϕ +
h1(m+ f ))+R1h1(m + h) < 1+h1θ+h1(bS 0M0+gM0+dV0+hR0)

S 1 < c1,

M1 < c1,

V1 < c1,

C1 < c1,

R1 < c1,

by substituting n=1 into equation (24), we obtain:
(S 2+M2+V2+C2+R2)+S 2

(
h1aM1e−mτ + h1bM1e−mτ + h1m

)
+

M2(h1g + h1m − h1aS 1e−mτ) + V2(h1e + h1d + h1m) +C2(h1ϕ +
h1(m + f )) + R2h1(m + h) < c2,

S 2 < c2,

M2 < c2,

V2 < c2,

C2 < c2,

R2 < c2,

assume that for some n ≥ 1,

S n < cn, Mn < cn, Vn < cn, Cn < cn, Rn < cn.

(S n+1 + Mn+1 + Vn+1 +Cn+1 + Rn+1) + · · · < cn+1,

S n+1 < cn+1,

Mn+1 < cn+1,

Vn+1 < cn+1,

Cn+1 < cn+1,

Rn+1 < cn+1.

As a result, all positive values of S n+1, Mn+1,Vn+1,Cn+1, and
Rn+1 are limited to a real number represented by cn+1.

3.7. Consistency analysis
The consistency of our numerical method is examined

using Taylor’s series expansion. Initially, we apply Taylor’s
series expansion on S n+1 and the Susceptible equation of the
numerical integration model.

S n+1 = S n + h1
dS
dt
+

h2
1

2!
d2S
dt2 +

h3
1

3!
d3S
dt3 + . . .

12
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From equation (3.11) we get,

S n + h1
dS
dt
+

h2
1

2!
d2S
dt2 +

h3
1

3!
d3S
dt3 + . . .


×

(
1 + h1aMne−mτ + h1bMne−mτ + h1m

)
= S n + h1θ + h1hRn.

S n + S nh1
(
aMne−mτ + bMne−mτ + m

)
+ h1

dS
dt

(
1 + h1aMne−mτ + h1bMne−mτ + h1m

)
+

h2
1

2!
d2S
dt2

(
1 + h1aMne−mτ + h1bMne−mτ + h1m

)
+

h3
1

3!
d3S
dt3

(
1 + h1aMne−mτ + h1bMne−mτ + h1m

)
+ . . .

= S n + h1θ + h1hRn.

The result of applying h1→0 is as follows

S n (
aMne−mτ + bMne−mτ + m

)
+

dS
dt
= θ + hRn,

Rearrange the formula

dS
dt
= θ − aMnS ne−mτ − bMnS ne−mτ − mS n + hRn.

Our equation is congruent with the model equation (2), as
demonstrated by the above equation. The final equation is then
obtained by applying the same procedure to Mn+1,

dM
dt
= aMS e−mτ + eV − gM − mM.

Given that the same procedure applies to Vn+1, we obtain

dV
dt
= bMS e−mτ − eV − dV − mV.

Given that the same procedure applies to Cn+1, we obtain

dC
dt
= gM + dV − ϕC − (m + f )C.

Given that the same procedure applies to Rn+1, we obtain

dR
dt
= ϕC − (m + h)R.

So the NSFD scheme is consistent with the underlying contin-
uous model as h1 → 0. This analysis helps to establish the
first-order consistency of the scheme but is not a rigorous proof
of convergence.

3.8. Numerical analysis

The numerical simulations were performed with the param-
eter values given in Table 1 and initial conditions

(S (0), M(0),V(0),C(0),R(0)) = (0.3, 0.25, 0.1, 0.2, 0.15).

The value of the delay parameter was set to τ = 10 while the
computational step size was chosen as h = 2.5 and the simu-
lations were performed for 0 ≤ t ≤ 500 in Figure 1. With the
parameter setting used in the baseline, the basic reproduction
number isℜ0 > 1 and the scenario of the endemic equilibrium
is considered in the numerical experiment.

Numerical study of the dynamical behavior of the pro-
posed system is performed based on three different discretiza-
tion schemes which include the Euler, the classical fourth-order
Runge–Kutta (RK4) method and the nonstandard finite differ-
ence (NSFD) scheme. Even though Euler and RK4 are popular
because of their simplicity and accuracy, they do not usually
maintain important qualitative characteristics of the continuous
system, particularly when time step size is large as shown in
Figure 2. Conversely, the NSFD approach is designed in a way
that it preserves the key characteristics like positivity, bound-
edness and dynamical consistency. The numerical comparison
shows that the NSFD scheme is better than the classical meth-
ods since it is not prone to spurious oscillations and instability,
hence more accurate and biologically viable solutions. These
findings substantiate the claim that NSFD is a sound and stable
scheme in modeling nonlinear dynamical systems with time-
delays.

The result indicates that the NSFD method is still conver-
gent and dynamically consistent while the Euler and RK4 meth-
ods are unstable and divergent for h = 3.8. This illustrates a
better numerical stability of the NSFD scheme for the delayed
LC model proposed.

4. Discussion and analysis by parameters

In this section we carry out sensitivity analysis to find out
how the model parameters influence the ℜ0. It aids in iden-
tifying the parameters that most strongly influence the model
threshold quantity. Through the analysis of the sensitivity in-
dices we get to know how a very slight change in a parameter
affects the value of ℜ0. The forward sensitivity of the ℜ0 in a
parameter P is normalized and is defined as.

S ensitivity Analysis =
∂ℜ0

∂P
×

P
ℜ0

Positive effect onℜ0:

∂ℜ0
∂θ
= e−mτ

m(g+m)

(
a + be

m+e+d

)
> 0 (positive effect)

∂ℜ0
∂a =

θe−mτ

m(g+m) > 0 (positive effect)

13
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Figure 1: Comparison of the Euler, RK4, and NSFD methods.
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Figure 2: Comparison of the Euler, RK4, and NSFD methods.

∂ℜ0
∂b =

θe−mτ

m(g+m)

(
e

m+e+d

)
> 0 (positive effect)

∂ℜ0
∂e =

θe−mτ

m(g+m)

(
b(m+d)

(m+e+d)2

)
> 0 (positive effect)

Negative effect onℜ0:

∂ℜ0
∂d = −

θe−mτ

m(g+m)

(
be

(m+e+d)2

)
< 0 (negative effect)

∂ℜ0
∂g = −

θe−mτ

m(g+m)2

(
a + be

m+e+d

)
< 0 (negative effect)

∂ℜ0
∂m = − θe−mτ

m2(g+m)

(
a + be

m+e+d

)
− θe−mτ

m(g+m)2

(
a + be

m+e+d

)
−

θτe−mτ

m(g+m)

(
a + be

m+e+d

)
− θe−mτ

m(g+m)

(
be

(m+e+d)2

)
< 0

∂ℜ0
∂τ
= −mℜ0 < 0

The normalized sensitivity indices shown in Figure 3 are
consistent with the displayed analysis: θ, a, b, and e have posi-
tive effects onℜ0, whereas d, g, m, and τ have negative effects.

14



Zeb et al. / J. Nig. Soc. Phys. Sci. 8 (2026) 3539 15

a b e d g m

Parameters

-1.5

-1

-0.5

0

0.5

1

S
e

n
s
it
iv

it
y
 I

n
d

e
x
 o

f 
0

Figure 3: Sensitivity index values.
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Figure 4: Relationship between ℜ0 and the natural mortality
rate.

These signs describe the mathematical response of the thresh-
old quantity. In particular, the negative sensitivities of g and d
arise from the structure of ℜ0 and should not be interpreted as
reductions in the overall burden of LC.

In Figure 4, the higher the value of m, the larger the denom-
inator of ℜ0 and the smaller the threshold quantity. This is a
monotonic effect of natural mortality on the displayed thresh-
old.

An increase in a increases ℜ0 because it adds to the popu-
lation of active smokers. Figure 5 shows a monotonic increase
in the model threshold with active-smoker recruitment.

An increase in d also leads to a slight reduction in ℜ0 be-
cause d appears in the denominator of the second term in ℜ0.
Figure 6 therefore shows a mathematical decrease in the dis-
played threshold quantity; this should not be interpreted as a
reduction in LC burden.

As indicated in the Figure 7, the increase in b will result in
the increase in ℜ0 due to more people becoming victims and
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Figure 5: Relationship between ℜ0 and the active-smoker re-
cruitment rate from the susceptible population.
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Figure 6: Relationship between ℜ0 and the LC incidence rate
from the victim group.

turning into smokers. This implies that forming of the victim
has a direct positive impact on theℜ0.

In Figure 8, an increase in g decreasesℜ0 because g appears
in the denominator ofℜ0. This shows a decreasing trend in the
model threshold quantity.

In Figure 9, an increment in e means an increment in ℜ0
as more victims move into the smoker compartment. The curve
therefore illustrates a positive relationship between this migra-
tion parameter and the threshold quantity.

An increase in τ causes a decrease inℜ0 through the factor
e−mτ. Figure 10 indicates that increasing the exposure-related
delay decreases the threshold quantity.

Figure 11 shows howℜ0 and b relate to each other at vary-
ing values of the delay parameter τ. The value ofℜ0 increases
with b, whereas increasing τ decreases ℜ0 through the expo-
nential factor. This shows the dampening effect of the delay on
the modeled threshold dynamics.
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Figure 7: Relationship between ℜ0 and the rate at which the
population becomes a victim of smoking.
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Figure 8: Relationship between ℜ0 and the smoker’s LC inci-
dence rate.

Figure 12 shows howℜ0 varies with respect to parameter b
assuming that the susceptible population S has different values.
As shown, the greater the value of b, the greater the plotted
value of ℜ0. Furthermore, the plotted value of ℜ0 increases
with the assumed value of S . Under the varied-S interpretation
used in this figure, increases in S and b therefore increase the
plotted threshold quantity.

The surface in Figure 13 shows the parameters a and b
against ℜ0 in three dimensions. The value of ℜ0 increases
as either a or b increases, showing a positive relationship be-
tween active-smoker recruitment, smoking victimization, and
the model threshold quantity.

The three-dimensional surface plot in Figure 14 shows how
the parameter b and delay parameter τ jointly affect ℜ0. The
value of ℜ0 increases with b and decreases as τ increases be-
cause of the exponential decay factor e−mτ. Thus, the delay
decreases the displayed threshold quantity.
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Figure 9: Relationship between ℜ0 and the rate at which the
population migrates from the victim group to smokers.
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Figure 10: Relationship betweenℜ0 and the time delay.

The sensitivity and numerical analyses show that the an-
alyzed parameters can substantially affect the model thresh-
old quantity and LC-related compartmental dynamics. Among
the parameters included in the displayed sensitivity analysis,
θ, a, b, and e have positive effects on ℜ0, whereas d, g, m,
and τ have negative effects. These signs describe the mathe-
matical response of ℜ0 and do not establish beneficial treat-
ment or recovery effects. The delay parameter acts through the
smoking-exposure interaction terms, and increasing τ decreases
ℜ0 through the factor e−mτ. Thus, the results support interpret-
ing the delay as an exposure-related lag rather than a treatment-
or immune-response delay.
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Figure 11: Combined effect of the rate at which the population
becomes a victim of smoking and the delay onℜ0.
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Figure 12: Combined effect of the rate at which the population
becomes a victim of smoking and different values of S onℜ0.

5. Conclusion

This research project constructs and examines a nonlinear
mathematical model of LC dynamics with a time delay asso-
ciated with smoking exposure and the evolution of smoking-
related effects. The model is designed as a theoretical basis de-
signed to get an idea of the qualitative behavior of the LC evo-
lution and not a predictive tool. Biologically significant param-
eters are taken based on literature values to make the model ac-
quire realistic dynamics of the disease. The delay acts through
the interaction terms S (t−τ)M(t−τ) and represents an exposure-
related lag rather than a delayed treatment or immune-response
mechanism. The results of this work offer qualitative informa-
tion regarding the interaction between smoking and LC and the
possible effect of the important parameters in the model on the
course of the disease.

Mathematically, the model holds the crucial biological
properties, such as, positivity and boundedness of the solutions,

Figure 13: Combined effect of the rates b and a onℜ0.

Figure 14: Combined effect of τ and b onℜ0.

which implies that all the state variables have some meaning
over time. The ℜ0 is calculated to describe the threshold dy-
namic of the system and both the DFE and EE stability anal-
ysis indicates that model parameters and delay effect have a
strong influence in the dynamics of a system. Sensitivity anal-
ysis also determines the parameters that are the most sensitive
in the course of disease, which gives insight into the factors
that most strongly influence the model threshold quantity and
LC-related compartmental dynamics.

Time delay plays an important role in the overall model
dynamics. The displayed threshold expression shows that in-
creasing the delay parameter decreases ℜ0 through the factor
e−mτ and influences the evolution of the smoking-related com-
partments. In this model, the delay represents the lag in smok-
ing exposure and smoking-related effects rather than immune
or treatment response. Numerical simulations further illustrate
how the delay affects the long-term compartmental dynamics.
In order to confirm the results of the analysis, numerical sim-
ulations are conducted with NSFD, Euler, and (RK4) methods.
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The findings substantiate the fact that, although all the methods
can capture the overall dynamics, the NSFD scheme is more
stable and qualifies the properties of the continuous system, at
least at large step sizes, than classical numerical methods.

In general, the presented research highlights that time de-
lay in the model of LC should be used to better understand the
dynamics of the disease in a more realistic way. The findings
show that the parameters of the disease model and the delay
effects have significant influence on the evolution of the dis-
ease process. Screening or treatment-control variables are not
explicit in the present model but may be used as a foundation
for future studies of screening or treatment-control variables.
Furthermore, the proposed scheme can be a useful theoretical
and computational framework for future studies of LC dynam-
ics. This model could be further developed in future work with
several delays, stochastic effects or fractional-order dynamics
to model less complex biological behavior and uncertainties in
the future development of LC.
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