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Abstract

The principal objective of this article is to establish new and refined variants of Hermite—Hadamard- and Fejér-type integral inequalities in the
interval-valued setting by exploiting the auxiliary transformed mapping G(s) := F(s'/?). This transformation preserves convexity and facilitates
the systematic application of fractional integral techniques over a suitably rescaled domain through the Katugampola fractional operator. The
resulting bounds are expressed explicitly in terms of the Gamma function, which enriches the analytical structure of the inequalities and yields
sharper and more precise estimates than existing results. The validity and applicability of the theoretical findings are demonstrated through
nontrivial illustrative examples and detailed remarks, and several previously known inequalities are recovered as limiting cases under suitable
parameter configurations. As a further application, the derived inequalities are used to construct inclusion-type error estimates for numerical
quadrature rules, with particular emphasis on the trapezoidal rule applied to interval-valued functions in the Katugampola fractional framework.
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1 depth to the life and legacy of Jacques Hadamard [1], his foun-
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dational contributions to analysis provide the historical ground-
ing for the inequality that now bears his name. Sarikaya et
al. [2] established fractional versions of the classical Hermite—
Hadamard inequality by employing the Riemann—Liouville
fractional integral operators. VaroSanec [3] later introduced
the notion of h-convexity, a unifying generalization that sub-
sumes several earlier convexity classes within a single frame-
work, while Noor et al. [4] extended this idea further by de-
riving Hermite—Hadamard-type inequalities tailored to log-h-
convex functions. According to Afzal et al. [5], additional in-
equalities for H-Godunova—Levin functions can be established
by adopting the center—radius order relation, thereby linking
classical convexity with interval-based orderings.

Several works have explored h-convex and stochastic-
process-based inequalities using such order-relation formula-
tions. Afzal et al. [6] derived new convex integral bounds in the
probabilistic setting. Building upon this work, Abbas et al. [7]
further generalized these results by utilizing the total interval
order relation. Sahoo et al. [8] contributed further develop-
ments in fractional Hermite—Hadamard inequalities by explor-
ing interval-valued convexity alongside supporting computa-
tional analysis, and in a related contribution, Sahoo et al. [9] ex-
amined Ostrowski—Mercer type fractional inequalities for con-
vex functions together with several accompanying applications.
Building on this Mercer-type direction, Shah et al. [10] formu-
lated a fractional variant of such type of convex inequalities for
stochastic processes, with notable applications extending into
entropy and information theory.

Fractional-operator-based inequalities involving special and
higher transcendental functions have also received sustained
attention. Tariq et al. [11, 12] proposed new integral in-
equalities incorporating the Raina and Mittag-Leffler functions
through Atangana—Baleanu fractional operators and presented
several applications. Bin-Saad ef al. [13] unified and extended
several classical integral theorems by means of the general-
ized Mittag—Leffler function, and the same authors, together
with Alatawi and Koam [14], further obtained Hadamard and
Fejér—Hadamard inequalities for fractional integrals involving
a Mittag-Leffler-type function of arbitrary order. Abdelfattah et
al. [15], in a related effort, derived fractional integral inequali-
ties linked to applications involving special means. As reported
in Ref. [16], the same research direction was further advanced
through new fractional developments of Hermite—Hadamard-
type inequalities, while Cheng ef al. [17] introduced fractional
quantum Hermite-Hadamard inequalities for interval-valued
functions by merging g-calculus with fractional integration.

Beyond classical fractional integral settings, several works
have investigated boundedness and regularity properties within
generalized function spaces. Afzal et al. [18] examined the
qualitative properties of parabolic equations using fractional
Bessel-Riesz operators, and in a related study, Afzal et al. [19]
established the boundedness properties of fractional operators
in Campanato spaces. Extending this direction further, Afzal et
al. [20] combined gradient descent techniques with Simpson-
type inequalities through fractional operators.

A parallel and equally active area concerns topological and
soft-set-theoretic operators. Alghamdi et al. [21] proposed

new types of operators within topological spaces, and Abd El-
latif et al. [22] introduced a broader class of soft sets con-
structed via the supra soft d-closure operator. Alqahtani and
Abd El-latif [23] investigated separation axioms through novel
topological operators with accompanying applications, while
El-latif and Alqgahtani [24] classified new categories of supra
soft continuous mappings using freshly defined soft operators.
Judeh and Abu Hammad [25] introduced conformable frac-
tional analogs of the Pareto distribution, deriving its density,
moments, and entropy measures. In closely related directions,
Hatamleh et al. [26] introduced complex triple-valued neu-
trosophic soft sets together with an accompanying topologi-
cal framework supported by Al-driven signal-template analy-
sis, and Musa et al. [27] proposed fuzzy N-bipolar soft sets for
multi-criteria decision-making, with corresponding theoretical
and applied results. Ameen and Algahtani [28] examined con-
gruence representations arising from soft ideals in soft topolog-
ical spaces, and together with Alghamdi [29], the same authors
further studied lower density soft operators and their associated
density soft topologies. Abd El-latif et al. [30] introduced new
versions of maps and connected spaces by means of supra soft
sd-operators.

The Godunova-Levin class of convexity, together with its
preinvex variants, continues to be a fertile research direc-
tion. Almutairi and Kiligman [31] were among the early con-
tributors, establishing integral inequalities for i-Godunova—
Levin preinvex functions, a line of inquiry later extended by
Ali et al. [32] through fractional integral inequalities for the
same preinvex class. Ali er al. [33] subsequently general-
ized Hermite—Hadamard integral inequalities specifically for /-
Godunova—Levin functions, whereas Farid et al. [34] focused
on Ostrowski-type fractional inequalities for s-Godunova—
Levin functions derived via Katugampola fractional inte-
grals. More recently, Khan et al. [35] presented new vari-
ants of Hermite—Hadamard and Fejér-type inequalities for the
Godunova—-Levin preinvex class within an interval-valued set-
ting, and Akram et al. [36] extended this convexity notion to
fuzzy interval-valued functions using Riemann-Liouville frac-
tional g-integrals. Most recently, Almalki ez al. [37] established
new convex integral bounds by employing higher-dimensional
elliptic geometry.

Interval-valued analysis itself has diversified considerably
across coordinated, preinvex, and m-polynomial convex set-
tings. Nwaeze et al. [38] derived a fractional variant of
Hermite—Hadamard-type bounds for interval-valued mappings,
and Zhao et al. [39] examined Hermite—-Hadamard inequalities
for coordinated h-convex interval-valued functions. Srivastava
et al. [40] contributed Hermite—Hadamard-type inequalities for
preinvex functions using fractional operators, a theme also pur-
sued by Tan et al. [41] for h-preinvex interval-valued func-
tions. Lai et al. [42] complemented these efforts by studying
Hermite—-Hadamard-type inclusions for interval-valued func-
tions that are simultaneously coordinated and preinvex, while
Ali et al. [43] incorporated quantum calculus into this frame-
work by deriving post-quantum Hermite—Hadamard-type in-
equalities for interval-valued convex functions. In the classi-
cal, non-interval setting, Faisal et al. [44] established Hermite—
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Hadamard-type bounds for different classes of preinvex-type
mappings.

Fuzzy-number-valued functions and superquadratic classes
represent another expanding frontier. Liu et al. [45] for-
mulated new Hermite—Hadamard and Jensen type bounds for
fuzzy-interval-valued functions, while Khan ez al. [46] ana-
lyzed superquadratic fuzzy interval-valued functions together
with their integral inequalities. = Ahmad et al. [47] pre-
sented Hermite—Hadamard-type inequalities via generalized su-
perquadratic functions, and Kashuri et al. [48] investigated
novel inequalities for subadditive functions using tempered
fractional integrals, supported by numerical verification.

Convex geometry has also informed this broader inequality
landscape through discrete and potential-theoretic analogues of
the Brunn—Minkowski inequality. Hernandez Cifre et al. [49]
established a discrete version of the Brunn—Minkowski type
inequality, and Akman et al. [50] extended this concept to
a Brunn—Minkowski inequality and an associated Minkowski
problem for the A-harmonic Green’s function arising in quasi-
linear elliptic PDE theory. Verma and Viswanathan [51] inves-
tigated the analytical and geometric properties of the Katugam-
pola fractional integral for continuous functions of bounded
variation.

Stochastic processes combined with center—radius order
relations have similarly attracted growing interest. Afzal et
al. [52] extended this order relation to harmonically convex
mappings, deriving several novel integral estimates, and Afzal
et al. [53] applied boundedness properties of new types of frac-
tional operators to regularity theory. Adrees et al. [54] investi-
gated different classes of convex stochastic bounds and estab-
lished three distinct types of stochastic integral inequalities.

Beyond pure convexity theory, applications span differen-
tial equations, variational inequalities, and geometric function
theory. Issa et al. [55] proposed approximate solutions for
time-fractional non-linear parabolic equations relevant to math-
ematical physics, and in a related numerical direction, Atabo
and Adee [56] devised a new 15-step block method for solv-
ing general fourth-order ordinary differential equations. Adrees
et al. [57] investigated modified (p, h)-convex stochastic pro-
cesses and their associated integral properties. Saeed and Tre-
anta [58] introduced new classes of interval-valued variational
problems together with their corresponding inequalities. Bello
et al. [59] examined quasi-subordination for a subclass of non-
Bazilevi¢ functions linked to a g-derivative operator, while
Ameen and Alqgahtani [60] studied Baire category soft sets and
their symmetric local properties.

Functional-analytic and fixed-point-theoretic tools have fur-
ther enriched this applied landscape. Qawaqneh et al. [61] in-
vestigated stability analysis, modulation instability, and beta-
time fractional exact soliton solutions of the van der Waals
equation, while Qawaqneh ez al. [62] established new character-
izations of fuzzy contractions in fuzzy b-metric spaces together
with corresponding applications. In a related study, Qawaqneh
and Aydi [63] examined new fixed-point results and discussed
their applications. Complementing these fixed-point results,
Arif et al. [64] derived iterative approximations of generalized
nonexpansive operators in Banach spaces. Beyond pure math-

ematics, Kanan et al. [65] explored the potential of IoT-based
learning environments within educational settings, illustrating
the broader interdisciplinary reach of such analytical frame-
works.

Finally, several recent studies have unified multiple inequal-
ity types under fractional and pseudo-order-relation frame-
works. Shi et al. [66] established fractional Hermite—
Hadamard-type inequalities for interval-valued functions, and
Khan et al. [67] presented some new convex integral bounds on
coordinates using new double-fractional operators. Ahmad et
al. [68] proposed new notions of mathematical integral inequal-
ities with both theoretical depth and applied relevance, and
Zhang et al. [69] formulated Hermite—Hadamard and Jensen-
type inequalities via the Riemann integral operator for a gen-
eralized Godunova—Levin class. Afzal et al. [70] further ex-
amined a stability result together with convex integral inequal-
ities and identified open problems for future study, and Liu et
al. [71] rounded out this body of work by establishing new in-
equalities for cr-log-h-convex functions under the center—radius
order relation. Firdous ef al. [72] investigated various contin-
uous and discrete forms of convex integral inequalities by em-
ploying generalized strongly convex mappings. Taken together,
these contributions collectively motivate the present investiga-
tion into unified, fractional, and order-relation-based inequality
frameworks for convex and generalized convex mappings.

Although the literature already contains many results, most
of them are based on classical or Riemann-Liouville type frac-
tional operators, and the connection of interval-valued analy-
sis with the Katugampola fractional integral operator, partic-
ularly for obtaining sharp Hermite—Hadamard-type inequali-
ties for special functions such as the Gamma functions along
with applications to numerical problems, has been largely un-
explored. The main contribution of this work is the devel-
opment of an interval-valued Katugampola fractional integral
operator, which provides a unified and generalized framework
in which many known inequalities can be recovered as spe-
cial cases; moreover, since the commonly used inclusion or-
der relation has well-known limitations and does not always
allow meaningful comparisons of intervals, we instead adopt
the complete and consistent ordering proposed by Bhunia and
Samanta, which preserves the comparison properties required
for interval-valued convexity. Using this operator and ordering,
we introduce new forms of Hermite-Hadamard, midpoint, and
weighted product inequalities for interval-valued convex map-
pings that yield tighter bounds expressed explicitly in terms of
the Gamma functions, apply these results to derive inclusion-
type error bounds for numerical quadrature rules such as the
weighted trapezoidal rule under data uncertainty, and support
the generality of the framework through detailed remarks and
nontrivial examples that recover many previously reported re-
sults as special cases.

The remainder of this article is organized as follows. In
Section 1, the related literature is surveyed and the motivation
for the problems studied in this work is expressed. In Section 2,
the necessary background concepts about interval-valued func-
tions and the Katugampola fractional operators are developed.
The main results are given in Section 3 and consist of Hermite—
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Hadamard inequalities, Fejér inequalities and product-type in-
equalities with their numerical quadrature applications. Sec-
tion 4 provides concluding remarks and possible future research
areas.

2. Preliminary concepts and definitions

In this section we gather the core ideas that we need for the
development of the principal results. The material includes in-
terval arithmetic, classical and interval-valued convexity, classi-
cal Katugampola fractional operators and the special functions
that play a central role in the study.

2.1. Special functions

We begin with the two fundamental special functions that
recur throughout our analysis.

Definition 2.1 (Euler Gamma Function). The Euler Gamma
function is defined for R(z) > 0 via the integral representation

F(z):f nz_le_”dn.
0

For positive integers n, it satisfies ['(n + 1) = n!, and the recur-
rence ['(a + 1) = al'(@) holds for all @ > —1.

Definition 2.2 (Beta Function). The Beta function, alterna-
tively referred to as the Euler integral of the first kind, is speci-
fied for R(x) > 0 and R(y) > 0 by

1
B = [ A= dn
0

Its connection to the Gamma function is expressed through the

relation
_TOI(y)

B = Ty

Both functions occupy central roles in fractional calculus
and arise naturally in the coefficients of our fractional integral
inequalities.

2.2. Interval arithmetic and the cr-order

Let Ry stand for the set of all nonempty closed and bounded
intervals lying inside the real line R. An interval I = [F, ] is
said to be positive if its left endpoint satisfies J > 0. We write
R; for the class of such positive intervals, and R* for the set of
positive real numbers. . _

Given two intervals F = [F,F], § =[G, §] € Ry and a real
number o, addition and scalar multiplicatign (in the Minkowski
sense) are introduced as follows:

F+5=[F+G F+G]

[, cFl, o>0,
oJF =1{0},
[0'5”, cd], o<0.

o=0,

Each interval F € Ry can alternatively be described through
its midpoint and half-width, given by
_F-7

UL R
[ 2 k) Tr - 2 k)

so that J can be written back in the paired form F = (F, F,.).

Definition 2.3 (cr-Order, [5]). Let F = (F,F)and § = (G, G;)
be two elements of R5. The relation <., called the center-radius
order, is set up by comparing midpoints first and, in case of a
tie, comparing half-widths:

3:(<9(’
g:rsgr,

it F.# G,

Fz§ &=

if ¥ = G..
One can check that this relation orders Ry completely: given
any two intervals F,G € Ry, it is always true that F <, G or
9 < J.

Remark 2.1. <.-convexity of J is defined directly via the or-
der relation <, on the values F(y) € Ry, not through sepa-
rate convexity of & and F. Since < is lexicographic (centre
first, radius only at ties), <,-convexity is governed mainly by
F, with &, entering only when centres coincide. It is, in gen-
eral, not equivalent to convexity of 3 and J individually (see
Remark 2.2).

Riemann integration for interval-valued mappings was stud-
ied in [5, 10]; the key characterization and a monotonicity prop-
erty are stated below.

Theorem 2.1 ([10]). An interval-valued mapping & = [g,?] :
[a,b] = Rg is Riemann integrable on [a,b] if and only if both
component functions 3 and I are Riemann integrable, in which

case
b b b_
fS"CV)d)(:[f zoodx,f&"mdx].

The family of all such integrable mappings is written IR ).

Theorem 2.2 ([S]). Let F,G € IRy take values in Rj. If
F(y) 2« G(x) for every y € [a,b], then

b b
f Fdx <a f S00) dy.

Further background material on interval analysis may be
found in [5].

2.3. Convexity and interval-valued convexity

Definition 2.4 (Classical Convexity, [5]). A mapping F :
[a,b] — R is convex provided that for all y, vy € [a, b] and every
A€[0,1],

Fax+1-y) < AT+ (1 -DFW).
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Definition 2.5 (<,-Convexity, [5]). Let J = [fi?] : [a,b] —
Ry with I(y) < F(y) for all y € [a,b]. F is <,-convex on [a, b]

if
Hx + (A = D) = AT + (1 = ) F(),
Vx,p€labl, A€[0,1].

By Definition 2.3, this holds iff, for every y, v, A, either
Fx + (1 = Dy) < AF () + (1 = HTF (),
or the centres coincide and
Tl + (1 = Dy) < AT (x) + (1 = )T ().

The class of such mappings with values in RJ is denoted
IVEX([a, b], RY).

Definition 2.6 (cr-Convexity, [5]). With F = (F,F};) and F; >
0 on [a,b], Fis cr-convex if F, and F, are both convex on [a, b]
in the usual (real-valued) sense.

Remark 2.2. cr-convexity = < -convexity, directly from Defi-
nition 2.3: if F is strictly below its chord the first case applies;
otherwise (centres equal) convexity of F; gives the second case.
The converse fails in general, since the radius inequality is re-
quired only at ties of F.. Neither notion is equivalent to con-
vexity of & and F separately: F = F. + F, is convex whenever
F.,F: are, but T = F, — F; need not be, being a difference of
convex functions.

2.4. Katugampola fractional integral operators

Definition 2.7 (Katugampola Fractional Integrals, [51]). Let
0 < a<band F € Rygp. For fractional order @ > 0 and
scaling parameter p > 0, the left- and right-sided Katugampola
fractional integral operators are given by

PI%F(x) = @ )f ()(/’ p)l — F(r)dr, X > aq,
o

I = r(a)f @ o)

Remark 2.3. The substitution p = 1 in Definition 2.7 yields the
standard Riemann—Liouville fractional integrals [2]:

F(r)dr, x <D.

lqa a-1
32500 = s [ -0 T

Accordingly, the Katugampola setting strictly contains the
Riemann—Liouville setting, and every result established below
for general p > 0 delivers a corresponding Riemann—Liouville
statement upon this specialization.

3. Main results

In this section we present the main results of the paper.
We begin by extending the classical Katugampola fractional
integral operator to the interval-valued function setting. Us-
ing this construction, we then derive new variants of Hermite—
Hadamard and midpoint type inequalities for interval-valued
convex mappings.

Definition 3.1 (Interval-Valued Katugampola Fractional Inte-
grals). Let F : [{1,{2] — Ry be an interval-valued mapping
given by _

Fo =130, T 1.

where z,? € R[{h{zl'
For « > 0 and p > 0, the interval-valued Katugampola
fractional integrals are defined componentwise as

PILTC) = [PILT 0, PILT00 |,
PILF 00 = | PILF00. PILTW) |-

Explicitly, these operators take the form:

l—a/ P4 Tp—l
Pja F(y) = F( ) =) —JFdr, x>,
e _ p 63 -1
jng(f(/\,/) - r(a) p (Tp _Xp)l_a ST(T) dT7 /\/ < §2s

where the integrals are understood in the interval sense.

Remark 3.1. Definition 3.1 is not proposed as a new fractional
operator; it is the componentwise interval-valued extension
(under the < order) of the classical Katugampola fractional
integral, applied to F and F. This construction follows the
standard approach used to extend classical fractional operators
to the interval-valued setting. The novelty of the present work
lies not in this operator itself, but in the Hermite—Hadamard—
Fejér-type inequalities derived from it via the transformation
S(s) := F(s'/P), together with their associated quadrature er-
ror estimates.

3.1. Generalized Hermite—Hadamard-type inequalities via
interval-valued Katugampola fractional integral opera-
tors

Theorem 3.1. Let {1,{, € Rwith 0 < ¢ < &, and let F
[£1,4] — iR}r be an interval-valued function represented as

FQ) = [T, T

where 3 and F are Lebesgue integrable on [{1, {>] and satisfy

0<FO<TFQ), <(elh.bl

Suppose further that the transformed interval-valued map-
ping
S(s):=F(s'P),  seld. o),

is interval-valued convex on [{},5), that is,
G(As1 + (1 = D)s2) <o AG(s1) + (1 = DG(s2), € [0,1].

Then the following Hermite—Hadamard-type inclusion is
satisfied:

0 o\1/p a
3{(4 +£2) ]ﬁfr [ + Dp [ﬂ:r* F() + 9L TG

2 26 -4)"

?(4“1)+3"(§2).

Za 3 ey
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Proof. Since G(s) = F(s'?) is interval-valued convex on
(&7, 51, for any s, 52 € [¢], 5] we have

9(S1 + Sz) <. G(s1) + 9(S2)_

2 2
Now choose
=AU -G, sm=0-DE+Ag.  A€0.1].
Then ,
S1 + 52 _ {f + é
2 2
Therefore,

0 Y
1
9 (gl ;Q) <o 3[808 + 1 =08 + 51 - 07 + A8

Recalling that G(s) = F(s'/?), we obtain

P p I/p
1
9[(g ; ) ]_a ST+ -0y
+ F(((1 = g + a7,

Multiply both sides by A%~! and integrate over [0, 1]. Then

Y o\ 1/p
f/lf' 1?((( ;Q) ]d/l
0

1
% f 27 F (AL + (A = )Py da
0

<(I‘

1
+ f /1”‘13"(((1—/l)g’l’+/l{§)”p)d/l].
0

Since the interval-valued term on the left-hand side is inde-
pendent of A, we have

1 oL p L/p p+ p 1/p
f g (g ) dl =5 ({ ) f 2714,
0 2 2 0
Using
! 1
f 7N da = —,
0 a

it follows that

1 évp +§p 1/p gp + 1/p
a-1 175 _ ! 2
[ Ja=io555))

We now evaluate the first integral on the right-hand side.
Set

u= (8 +(1-0)".
Then
W =20+ (1= D8 = & - A& - &),
and hence
& -w
&4

Differentiating u” = £5 — A(Z5 — {4) with respect to A, we get
pu ™ du = —( - ) da,
that is,
p—1
di=-22 4
-4
Moreover, when A = 0, we have u = {,, and when 1 = 1, we
have u = ¢;.
Therefore,

<

1
f 7' F(QAL + (1= )P da

G — a-l o1
= F - d
f ( 4‘)) (“)( 45—5’:) !

P © —1 /P a—1
{p)af W=y — uf ) F(u) du.

(52

Using the definition of the Katugampola integral evaluated
at {», we obtain

N {2 up—l
Pj 3"({2) = 1_( 3 T g_Lt[))17Ck.(7"(Lt)(1Lt.

Since |

I~ ey N g

G-wye @7
it follows that

plf {2
TG T) = oy | @ )T T du

Hence,

{2
f W — ) F () du = T(@)p I F(L).
4] o

Substituting this into the previous expression, we obtain

1
f /1“-13"((14’; +(1=D)'P)da

_ pl(@)p™”

pﬂ" F
G-y @@
_ L@
S G-oy G @

Next, we evaluate the second integral. Let
v= (1= + )"

Then
Vo= (1= + A8 = 4 + AL = ),

and so
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Differentiating gives

V¥ ldy = (& - ¢)da,

that is,

p!

&H=4

When A = 0, we have v = {}, and when A = 1, we have v = {.
Thus,

da = dv.

1
f ATIF((( - g + )Py da
0

e v"—{f)” !
= _— F(v d
L (45—4? W
o
T a-0r

By the definition of the right-sided Katugampola fractional
integral at the point {;, we have

VP*I(V" = F ) av.

paa gz vp_l
IO TG ), g
Again,
1 _ _ #Pa-1
(=)l =0T

and therefore

1-a

P92 () = ﬁ(a)

{2
WP = ) F () dv.
141

Hence,

{2
f WO = ) F W) dv = T(@)p PIEF ().
4] >

Substituting this into the above expression gives

f A7 (1 -

_ pl(@)p™ pj
& -
_Tayp® ;
= =i
G- @

Now substitute the computed values of the three integrals
into the main inequality. We obtain

)+ AL)P) dA

&I

1 §{’+§§)”p 1] T(@)p”
—F| —= ﬁcr_—pa
a ( 2 2@ -gy 7@
C(a)p” gz }
+(§2 7 F)

Thus,

(28]« R
@ 2 g -y

[ ¢ F () +PT; 5‘”(51)]

Multiplying both sides by « and using ol (@) =

(gf + 45’)”” _ T by
2 g -

I'la+1), we get

F

["9” F(&) +PI- T |.

This establishes the first inclusion.
For the second inclusion, we again invoke the convexity of
G to write

S + (1 = D) = A5 + (1 = DS,

and
S((A =D + L) < (1 = DS + A5(L).
Since

S = F()s

the above inequalities become

S() = F(L),

FAL + (1= DENP) 2o AT + (1 = DF (L),
and
FA = DL+ ADVP) 2 (1 = DF () + AF(L).

Adding these two inequalities, we get

F(AL + (1= DIDVPY + F((1 = )Y + A)'P)
5(1‘ SF(gl) + ?((2)

Multiply both sides by 2%~! and integrate over [0, 1]:
1
f 2 F(AL + (1= DE)P)da
0
1
+ f *F(((A =0+ A8 P)da
0

1
< [T + F()] fo 2°7tda.

1
1
f 7N dy =~
0 (04

1
f AT + (1= 08)'P) dA
0

Using again

we obtain

1
+ f F(((A =0+ A8 P)da

0
9((1)+?(§2).

a

—r

Now substitute the already computed values of the two in-
tegrals:

C(a)p® L@ pge I(a)p® L@ g0
& =) T+ & - T
F&) + EF(52)
Sa
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That is,
W”hwmmwm T +T@)
@ - @
Multiplying both sides by 5 and using al'(a) = I'(a + 1), we
get
L@+ Dp [, p ] F() +5(%)
—2(5—5‘;))”[3 - F(8) +PI-T (&) 3 .

Combining this with the first inclusion, we conclude that

(é’f + (5’)””] - (e + 1)p®

5 PTWRQ)+WZ?@O

2 28 -4
F() +F ()
S

This completes the proof. 0
Example 3.1. Under the hypotheses of Theorem 3.1, consider
Fo) =07yt + 1],

This mapping is well-defined and both component functions are
integrable.
Takep =2,a =

ye[l,2].

%, {1 = 1,4 =2, and define
[s, s>+ 1],

5(s) = F(Vs) =

which is readily verified to be convex.
One computes

§p+ o\ L/p 5 29
"f(—z ) -[N]-

s e[1,4],

Furthermore,
(e + Doy, 5 83
—_— ’J“ I pj 9’ = —,
2@g_{f)g[ @) +*9 @] =15 15
and
FH+FQ2) 519
2 |22
Consequently,

529 5 83 519

a4 ﬁcr 1N 5cr ~° A |

2° 4 2°10 2°2
which confirms the validity of the Hermite—Hadamard inclu-
sion.

As demonstrated in Theorem 3.1, we have established
Hermite—Hadamard-type inclusions for interval-valued convex
mappings under the Katugampola fractional integral frame-
work. This result yields a generalized fractional structure from
which numerous known inequalities can be retrieved through
appropriate parameter choices and function classes. Table 1
catalogs the most significant reductions and related refinements
stemming from our main theorem.

Table 1: Special cases of Theorem 3.1

Parameter setting Reference
p=1,a€(0,1),F=F (2]
p=1la=1,F=7F (5]
p=1,a € (0,1), interval-valued F [8]

Here, the condition I = TF indicates that the interval F(y) =

[g()(),:?()()] degenerates to the singleton {F(y)}, so that F re-
duces to an ordinary real-valued function. We now establish
a new generalized Fejér-type inequality, equivalently described
as a weighted Hermite—Hadamard inequality.

Theorem 3.2. Let {1,{, € Rwith0 < ¢} < {, and let F -
[£1.42] = R} be an interval-valued mapping defined as

Fo) = [T, F0)]-
Suppose that the transformed interval-valued mapping
H(s) =T, seld. g,

is interval-valued convex on [, (5. Let G : [{1,0] = Rbea
nonnegative function whose transformed version

S(s):=G(s'P),  seld. 2

a+s
2 ’

is symmetric about the midpoin

S+ 2 —5)=5(s)

forall s € [£],5]. Equivalently,

S+ 2-2)") =90, xercl

Assume further that &, F, G, and the products F(-)G("), f?( )S()
are such that the Katugampola fractional integrals pU 9(4“2)

pr“ S(&), pf] (?9)({2) and pj (?9)((1) exist and are finite,
le that

TP*I Tp—l
TH Wg(T), TH WS(T),
p—1 p—1 _
= W_(T)Q(T) T @ - Tp)l_a?(T)9(T),
701 p—1 _
(;——F;E&Bﬁ) TF»GK?EFZ?@B@)

belong to L! [{1, 5]
Then for parameters a > 0 and p > 0, we have:

P o\ 1/p
9“4;5) ﬁ%aa@wﬁWS@ﬂ

<« |9 FOSON @) +7IE (FOSE) @)

F(&) + F()
—(r 2

[PJZ+9(§2) +072 g(gl)] ?)
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Proof. Denote

u(n) = (1 =& +n)",
vp) = 0+ (1 =)' = u(1 - ).

so that
u(0) =v(1) = &1, u(l) =v0) = &, 3)
u@y +vy =L + 4. ©)
Throughout, write
_ _L@p*
G-

which is the correct constant produced by the substitution

-1
s = uf (equivalently u = u(n), dn = P du, n°7" =

&=

(&5 =)'~ W =)™ h); the previously stated constant I'(a)p®!
omits the factor (&5 — ¢4)™ and carries the wrong power of p.
Since H(s) = F(s'/P) is interval-valued convex,

?((ﬁ)l/ﬂ) <. Fv(m) '; ff(u(fl))’ nel0.1l. ()
From (3) and the symmetry hypothesis g(if +0h—5) = S(s),
Su(m) = S(v(m)), n€[0,1]. (6)

Substituting u = u(n):

fl Gy dy = e P
o 1 ST et

xf7up "W - )G (w) du
&

{2
= ﬁf W W = D) G (u) du
= Cappja 8((1)

(N

Substituting p = v(n): by (6), the same integral equals

') dn, and

1 {2
a-1 dn = P f 1o pya-1 d
fo IS dn = G | PG ) S dp

= Cappja 9(42)
3
Equating (7) and (8), the common factor C,, # 0 cancels
and the key identity is unaffected by the correction:

P15 9(&) =T 5. (€))

Multiplying (5) by n%~'G(u(n7)) > 0 and integrating over [0, 1]
(valid since C,, > 0 is a positive scalar, and =, is preserved
under multiplication by nonnegative scalars and under integra-
tion):

1 1 1
SF(m)f0 n* ' Sun)) dn 5cr§fo 1" S(u(n))
X [Fv(m) + F(u(n))] dn,

(10)

{er{z)

where m := ( e, Applying the same substitutions com-

ponentwise to J, ¥, and inserting the corrected constant Cy,
consistently in every term:

1
fo 7" SO dn = Cay PIE (),

1

f 1 ST @) dip = Co "I TN,
0 (1)

1 1

fo " S F () dn fo " SEm)F ) dn
= Cop"IZ(FI)E).

Since the same constant C,, multiplies every term in (10)
identically, it cancels upon dividing both sides by Cy, > 0;
the resulting Hermite—-Hadamard—Fejér type inequality in terms
of pﬂ? and pjzr is therefore identical in form to what was
previbusly stated; only the intermediate constants in (7), (8),
(11) required correction. Substituting into (10) and cancelling

r(a)pa—l:
1
Fm)PILS@) =a [P 9T+ ILEHE]. (12)

By (9).
2‘)3" S = "3" 9(&) +”TJ" S(&). (13)

Multiplying (12) by 2 and substituting (13) on the left:

Fm)|I%. S(2) +PILS(&)] <

14
P (TGN +I TG, ()
Convexity of J{ also gives, for every n € [0, 1],
FOm) + Fw@m) =« F&1) + FL). s)
Multiply by 7%"'G(u(n7)) and integrate over [0, 1]:
1
f 1 Sm)[F ) + Fut) dn <«
0 1 (16)
[F () + F()] fo 1" Gun)) dn.
Using the same evaluations as above, this becomes
L@ IO + I EE] =
[F(&) + F @I (@)p* ™ PIE 5.
ie.,
P15 (F9)(6) +PILFHED) Za
(18)

[3"(51) + 5"(42)]‘)50 S(&).

By (13), PJZ,S(Q) = %["JZS({Z) +p3" S(Z1)]; substituting into
(18):
PI5-(T9)(&) +PIL(THED) Za

F F (19)
—(‘1); “”[psa 9 +71- 9]
Chaining (14) and (19) yields the theorem. O
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Example 3.2. Let; = 1,4 =2,p =1, @ = 5, and consider

1
25

50 =(v-2).

Here J is interval-valued convex, and G is nonnegative and
symmetric about the midpoint % A direct computation gives

F) = [y ¥ +1], yell,2].

7

1q1/2 1q1/2 —
1E50)+ 250 = ey

7 1009
10T(1/2)” 630T(1/2) |

Since F(3/2) = [3, £] and F(1) + F(2) = [3, 7], Theorem 3.2
asserts

I2(FG)2) + 192 FG)(1) =

7 91
10T(1/2)" 60T°(1/2)

ﬁ(l'

1009 } 20)

7
[101"(1/2)’ 6301°(1/2)
< [ 7 49

10T(1/2)° 30T(1/2)
which, numerically (I'(1/2) = +/r), reads

|

[0.3949, 0.8556] =<, [0.3949, 0.9036] <. [0.3949, 0.9214],

confirming the theorem. Equality on the lower bound reflects
the affinity of F(y) = y, while the strict upper-bound inequali-
ties confirm the sharpness of the estimate.

Remark 3.2. Theorem 3.2 furnishes a weighted Hermite—
Hadamard-type inequality for Katugampola fractional inte-
grals. The symmetry condition is imposed on the transformed
p-scale, namely

5((er+ - 2)") = 500,

which ensures the balanced weighting in the left- and right-
sided Katugampola fractional integrals. Moreover, several im-
portant special cases follow immediately:

e IfS(x) = 1, then Theorem 3.2 reduces to Theorem 3.1.

e [fS(x) = 1 and p = 1, then Theorem 3.2 yields the cor-
responding weighted Hermite—Hadamard inequality in-
volving the Riemann—Liouville fractional integrals.

o IfF = F, then Theorem 3.2 reduces to the real-valued
Katugampola fractional Hermite—Hadamard inequality.

e IfSx)=lL,p=1andT = ;", then Theorem 3.2 reduces
to the classical Hermite—Hadamard inequality.

3.2. Application to numerical quadrature for interval-valued
Katugampola fractional operators

The Hermite—Hadamard inequality is not only a theoret-
ical pillar of convex analysis but also yields intrinsic error
estimates for numerical integration. When the integrand is

10
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interval-valued, classical midpoint and trapezoidal quadrature
rules must be reinterpreted through inclusion relations, thereby
supplying guaranteed enclosures for the exact integral.

Let J : [1,{2] — R be an interval-valued convex function
of the form

FQ) = [T, T

where J, F are convex Lebesgue integrable functions satisfying
0< 3 < F() for all £ € [{1,05]. Consider a partition P :
§1=v0 <vp < < Uy <Yy =G of [, 0]

On each subinterval [v;, vi4], the exact Katugampola frac-
tional integral is

l-a Visl -1
P " v
P F(vip1) = F()dv,
v; (U+l) r(a,)fl; (l/?+1—Up)1_a (U) 1% (21)
v gy =P [ gy
v, i F(a) v (Up _ l/i?)l—(y .

Rather than interpolating J linearly in the original variable v
and only afterward applying the p-rescaling — which is incon-
sistent with the fact that the Hermite—-Hadamard inclusion of
Theorem 3.1 is derived for F regarded as a function of v* via
H(s) = F(s'/?) — we interpolate F linearly in the rescaled vari-
able s = v*. That is, the Katugampola weighted trapezoidal rule
linearly interpolates

H(s) = F(s'P),  sel, V],

between its endpoint values:

F(wir1) - F(wy)
W(S - Z/i))’

i+1 i

l/)

L0(s) = F(vy) + s € [, ]

Substituting s
ijT?(UH]) is

(IK(?) - pl—a fvm
l r(a) Ui (U;)+1

and, symmetrically, the trapezoidal approximation
3% F(v;), using the same interpolant L7, is
i+1

vP, the trapezoidal approximation to

Up—l
— Up)l—a

L) dv,

to

1-a Visl -1
Koy ._ P " v P
5= F(a)fui (v - i)““Li(Up) dv.

v
Both approximations are needed below, since the Hermite—
Hadamard inclusion of Theorem 3.1 controls the sum
pjg+?(vi+1) + pﬂz_ F(v;), not either term separately; compar-
i i+1

ing this sum to a quadrature rule built from ‘IZK(S'") alone mixes
an approximation to one term with the exact value of the other
and is dimensionally inconsistent. We therefore approximate
K K
the sum by TH(F) + S i.(ff") throughout. .
Using the substitution s = v*, together with

Vit ] l[) B l/) !
VI, - ) e = Bt
v; pa
e (22)
Vit ( ‘) — ')Q+
. ~ o pye-l — il i
T =)W, ) dy pa@+1)
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one obtains, after simplification via I'(a + 1) = al(a), the ex-
act closed form (no remainder term, since Lf interpolates
exactly at both endpoints):

( i+1

K
T = W[" Fw)+F@e)]  (23)
By the analogous computation, using
Ui L)
. UiD)fl—l dv = M’
pa (24)
vl l/)—l(vp _ UO)Q dv = (lfi)+l B U?)(H—l
T ple+
one obtains the companion closed form
] ;)
K i+1
' = TarD o |Fwy+aFwin] 29

Adding (23) and (25), and using I'(a + 2) = (@ + DI'(a@ + 1),

K K (Ulzo+1 UD)O[
T+ 850 = FE

|Fw) + Fwin].  @6)
which is the closed-form quadrature approximation, built con-
sistently from the same interpolant, to the symmetric sum
f’ﬂ“ Fviz) + "J" S"(U,) appearing in Theorem 3.1.

'When @ = 1, (23) reduces to

i+l

y
5 [Fw) + Fwir)],
0

THT) =
which for general p is not the classical trapezoidal rule in
the original variable v; it coincides with the classical rule
A [F (i) + F(visr)] only after additionally setting p = 1.
ThlS is expected: at @ = 1 the Katugampola integral itself car-
ries a residual p-rescaling of the measure W~ 'dv versus dv),
which is removed only when p = 1.

For the error analysis below, the quantity that enters directly
in Theorem 3.1 is the normalized combination (26), scaled by
the coefficient I'(a + 1)p%/(2(/ UID )?) appearing in the the-
orem. Define

i+1

I'la+ 1)p”

K —
T = @

S[TE@ + 8F@)].

Substituting (26) into (27), the (/)

P — U))*p” factors cancel
exactly, giving the identity

F(wi) + Fwisr)

—
T () = 5 )

foreverya >0, p > 0. (28)
Thus "I:K(f}) is identically equal to the arithmetic mean of the
endpoint values, independently of «; this is a consequence
of the normalization coefficient exactly canceling the (1/; ol
Uf )*p®-dependence of U’}((f}) + S}((ff), and is proved by (26),
not assumed. In particular, TX(F) does not coincide with TX(F)
ata = 1 in general: ata = 1, TK(JF) = CIF W) + Fwin)],

which equals ‘IIK(S") = I[Fw) + ?(U,H)] only when (/| —

z+l

11

11

1/i’)/p = 1, which is not true on a general subinterval. Conse-

quently, ﬁ:iK(?) should not be described as a convex-type combi-
nation of J(v;) and F(v;41) "lying between" the midpoint value
and the endpoint average; by (28) it is exactly the endpoint av-
erage itself, and this is the property used below.

Interval operations used in the error analysis. Recall from the
Preliminaries that an interval A = [A, Z] is identified with its
center—radius (cr) pair (A, A,), where A, 2(A + A) and A,
E(A —A) > 0, and <, denotes the order A <, B Ac <
B.and A, < B, (or A, < B.). For the subtractions occurring in
&i(F) below, we use the cr-difference

A—«B:= <AL -B., A, - Br>’

which acts componentwise on centers and radii and, unlike the
Minkowski/Hukuhara difference, always satisfies the cancella-
tion (A + B) — B = A for any intervals A, B; this is the oper-
ation implicitly used in forming &;(F) and in the proof of The-
orem 3.3 below. The associated error norm of an interval (or
cr-pair) A is |A| := (|A.l, A,) (radius being already nonnega-
tive), and A <, 0 means A, < 0; with these conventions all
subtractions and inequalities below are well defined and require
no assumption of Hukuhara-differentiability.

The inclusion error on the i-th subinterval is, using the cr-
difference just defined,

T(a+ 1)p® TK
E(F) = —————PI%F(v; PIT Fwi)| —a T (F),
@ =5 J;)a[ 5 F i) + 995 Fw)] o TN
and the global quadrature error is E(F,P) = )17, I &.(F) (the

sum of cr-pairs, componentwise).
Applying Theorem 3.1 on [v;,vi1] gives the Hermite—
Hadamard inclusion

LA s et [, p
?{(T] ] <a W[ jl,rffr(vm) + Jvalff(u,-)
< ?(Ui) +23~(Ui+l) ) (29)

Theorem 3.3. Under the hypotheses above, for any partition P
of [£1, &) and parameters a > 0,p > 0, set

Fw) + Fw; Sk
A= 2O TW) g sl | i=0..n-L
2 2
Then O <, A; for every i, and the interval-valued quadrature

error satisfies the bound

|8(CF Pl =

- [ Fw) + Fwien)
ZA )

o)

(30)
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l/p
PVOOf Fix i € {0,...,n — l} and write m; = (l/,“‘l/,:-l) . By
(29),
?(mz) <er
D@+ Dp" |,
. A Ja/+g_' ; pj(Y? 9_~ ;
(7-/,7+1 1/;))0‘[ v? (U +l)+ v, (U )] (31)
FW) + F(vir1)
Ser —2 .

By the identity (28), the right-hand endpoint of this display
equals T}((fﬂ exactly, and by the definition of £,(F) using
the cr-difference introduced above, the middle term equals
?}((?) + £;(F) — this is now a direct consequence of the defi-
nition of €;(F) and the cancellation property of —, rather than
an assumption. Hence the display reads

Fmi) Za THT) + E(T) Za TED).
Since "I\}((SL) = w by (28), this is equivalent to

0 <o 81(9:) + Ai7 and 81(3:) <« 0,

the latter being exactly the left-hand inclusion of (29) rewrit-
ten via —,. Componentwise on F,F, the classical (scalar)
Hermite—Hadamard inequality applied to ’i,? composed with
H on [v;, viy] gives

0 < F(w) + F(vi1) — 2F (my),
0 < F(v) + F(viyr) — 25 (m;).

ie., 0 <, A;, and combined with ;(F) <, 0 <, A; this gives
—A; Zq Ei(F) 24 0, ice., |Ei(F)| <o A; componentwise.
Summing over i = 0,...,n — 1 and using that the cr-
difference and | - | act componentwise (so that the triangle-type
inequality | >}; E;(F)] =o X;1€:/(F)| holds by componentwise
convexity of the center/radius coordinates), we obtain

-1

Fw) + F(v;
e < Y |2t Iwin) (U”) z(mi)],
i=0
(32)
n-115¢ T
= Fw) +Fin) =
ST, P) < ; [ 5 ?(m,)],
which is precisely |E(F, P)| 2 ?:_01 A;, i.e. (30). O

Corollary 3.1 (Special Case: p = 1). Setting p = 1 in The-
orem 3.3, the Katugampola operator reduces to the Riemann—
Liowville fractional integral, and the bound (30) becomes

)

independent of «; this reflects the fact that A; arises from
the endpoint-vs-midpoint comparison in (29), which holds uni-
fOrmly in @ and is unaffected by the corrected definition of
‘IK(?) since A; never involves ‘IK(S") or ‘J'K(SF) directly. Note

n—1
|(€(35, ﬂ:‘)| < Z [H:(Uz) +23~(U1+1) _ :‘F(Ul +2Ut+l
i=0

12

12

that this Corollary bounds the error, not the quadrature rule it-
self: atp = 1and a = 1, ‘J'}((ff") does reduce to the classical
trapezoidal rule **5=[F(v;) + F(viy1)], and correspondingly
this bound recovers exactly the classical trapezoidal-rule error
bound for interval-valued convex mappings.

Corollary 3.2 (Uniform Partition Rate, under Additional
Smoothness). Suppose, in addition to the hypotheses of Theo-
rem 3.3, that F, T € Cz[g“l , (5], and consider a uniform partition

(L/JH/J )‘/f’

i+l
Writing g :==JF o () orFo(- ) for either endpoint function and
expanding by Taylor’s theorem with Lagrange remainder about
m;,

with step size h = %, so v; = () + ih and m;

W) +8Wir) —2g(m) = 1h°g"(E) +o(h?), & € (i, vin),

since the odd-order terms cancel exactly by symmetry about m;
but the quadratic term does not vanish and no cubic cancella-
tion occurs unless g € C3. Hence, per subinterval,

A; = O(h?), not O(h?),

because the classical O(h*) per-subinterval rate of the ordinary
trapezoidal error carries an additional factor of the subinter-
val width beyond the second-difference term g" (&)h?, a factor
which is absent from the unscaled quantity A; as defined above.
Consequently, summing over the n = O(1/h) subintervals of the
uniform partition gives only

n—1
EF, P Za Y A =n-00%) = Oh),
i=0

a first-order global rate rather than a second-order rate. Re-
covering the classical second-order global rate O(h*) would
require a width-weighted error functional (i.e., bounding h A,
or equivalently (viy1 — v;)A;, per subinterval, as in the stan-
dard derlvatlon of the trapezoidal-rule error via the Peano ker-
nel or via f of a local remainder), which is not the quantity
bounded by Theorem 3.3 as stated; the bound (30) as derived
here is therefore only first-order accurate on a uniform par-
tition under C? smoothness. The additional C* hypothesis, not
mere convexity, is what supplies any decay rate at all; convexity
alone (as assumed in Theorem 3.3) yields only A; > 0, without
a decay rate as h — 0.

Corollary 3.3 (Bound as @« — 1 and as @ — 0). Since the
bound (30) does not depend on a — only A;, arising from the
a-independent classical Hermite—Hadamard inequality applied
to 9, F via H, enters, and"ff("f) = w by (28) for every
« — the bound in (30) is the same at « = 1, at @« — 0%, and at

every intermediate « € (0, 1):
vp + l/z7+1
_ 5 ,

which is nonnegative by Theorem 3.3. Note that this a-
independence now follows directly from the exact identity (28),

n—1

2,

i=0

F) + F(wisr)
2
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rather than from any approximate or bounding argument on
THT). Z(’e)ngfe e)xpllcttly that the reversed-sign expression
i)+ (Vi
Sj(m,) - o 2 Pl o«
any limit: by convexity of F, T, this quantity is < 0, and a
nonpositive quantity cannot bound a nonnegative error term.

is not a valid upper bound for E(F,P) in

Remark 3.3 (Sharpness). The bound (30) is attained with
equality for F({) = [c¢lf + d, ¢ + d] with c,d > 0, i.e., for
H(s) cs + d affine in s = (P. Indeed, for affine H the
interpolant L' coincides with H exactly on all of [V},1},,]
(not merely at the endpoints), so ‘J'K(fﬂ = p.’J“ F(viy1) and
SK(TB =PI ?(U,) exactly, i.e., E{(F) = 0 for every i in this

case, not merely A; = 0. Separately, since

s1+ 52\ H(s1) + Hsa)
W(=57)-
2 2
for all sy, 55, taking s; =V, s =}, gives

v +l/z)+1 H) +HW, ) Fw) + F i)
2 2 - 2 ’

so A; = 0 for every i as well, and hence |E(F, P)| <. 0: equality
holds throughout (30), with both sides of the inequality vanish-
ing identically rather than merely coinciding in the limit. This
confirms sharpness of Theorem 3.3 for this class of mappings.

F(my) = (

4. Conclusion

This study extends the Katugampola fractional integral op-
erators to the framework of interval-valued functions, yielding
a unified setting for the derivation of new fractional integral in-
equalities. Specifically, novel Hermite—Hadamard, Fejér, and
quadrature error inequalities have been established for interval-
valued convex mappings via the proposed Katugampola frac-
tional operator. The results are expressed explicitly through
Gamma functions and illuminate the role of the Katugampola
framework in bridging interval-valued fractional analysis with
convexity theory. Under appropriate parameter choices, the
developed results reduce to several counterparts available in
the classical and Riemann-Liouville settings. The theoretical
contributions are supported through illustrative examples, de-
tailed remarks, and numerical quadrature interpretations, col-
lectively confirming the utility of the interval-valued Katugam-
pola framework as a flexible instrument for generating new
inclusion-type inequalities and recovering existing results as
particular cases. Future research may focus on developing anal-
ogous inequalities by employing (k)-(p) fractional integral op-
erators and other newly introduced generalized fractional oper-
ators.
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