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Abstract

For a finite commutative ring R, the nil clean graph GN(R) is the undirected simple graph with the elements of R as its vertex set, where two
distinct vertices x and y are joined by an edge exactly when x+ y decomposes as a nilpotent element plus an idempotent element – in other words,
when the sum x + y is a nil clean element of R. This article builds upon and extends several results established in Ref. [1]. We introduce the
Wiener index of the nil clean graph of a finite commutative ring R, and as an application we determine this index for GN(Zn) and for the nil clean
graph of finite products of rings of the form Zn, drawing on the framework of Refs. [1, 2]. The paper concludes with a description of the spectrum
of the nil clean graph for several classes of rings.
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1. Introduction

Associating a graph structure with a ring was an idea origi-
nally put forward in Ref. [3], and since then, bringing algebraic
tools to bear on graph-theoretic questions has become a widely
used technique. As a consequence, numerous graph invariants
have been linked to algebraic properties of the underlying ring,
spurring considerable growth in this area of research. As one
instance of this construction, every commutative ring R with
unity gives rise to a graph on the vertex set R, where two ele-
ments x and y are adjacent whenever x + y can be written as a
sum of a nilpotent element and an idempotent element; this is
precisely the nil clean graph GN(R).

∗Corresponding Author Tel. No.: +91-944-244-8593.

Email address: selva_158@yahoo.co.in (K. Selvakumar )

The study in Ref. [1] investigated fundamental graph-
theoretic features of this construction – completeness, girth,
clique number, chromatic number, and connectedness, among
others. A related construction, the nil clean divisor graph, was
subsequently examined in Ref. [4].

Our focus here is a different invariant altogether: the Wiener
index, among the most widely applied graph indices in the liter-
ature. It traces back to H. Wiener’s 1947 work, with its formal
graph-theoretic definition later credited to Hosoya in Ref. [5];
the index has since been computed for a variety of graph fami-
lies; see Refs. [6–8] and the survey in Ref. [9]. Recall that the
Wiener index of a graph sums the pairwise distances over all
vertex pairs. Wiener’s original observation in Ref. [10] linked
this quantity to the boiling points of alkanes via their molecu-
lar structure graphs, a discovery that triggered extensive subse-
quent research connecting graph indices to properties of chem-
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ical compounds.
In parallel, the spectral theory of graphs built from algebraic

structures has drawn substantial attention in recent decades,
with notable work on Cayley graphs (Ref. [11]), commuting
graphs (Ref. [12]), and power graphs (Refs. [13, 14]).

The remainder of the paper is organized as follows. We first
collect the notation and background results needed later. Sec-
tion 2 shows how an equivalence relation on R allows the nil
clean graph to be written as a generalized composition of com-
plete and totally disconnected graphs, and uses this to compute
distances between arbitrary vertex pairs in such a composition.
Section 3 derives the Wiener index for this generalized compo-
sition and applies it to products of Zn-type rings together with
their equivalence classes. Section 4 introduces the Wiener ma-
trix and its total trace, and establishes the relationship linking
the total trace of the Wiener matrix to the Wiener index itself.
Section 5 specializes this to the nil clean graph of products of
rings Zp for prime p. Finally, Section 6 determines the spec-
trum of the nil clean graph for several families of rings.

We now review the basic graph-theoretic vocabulary, no-
tions, and facts that will be used later, following Ref. [15]. A
graph G consists of a pair (V, E), where V = V(G) denotes the
vertex set and E = E(G) denotes the edge set. Given a graph
G, two distinct vertices x, y ∈ G are called adjacent — written
x ∼ y — when an edge joins them; when no such edge exists
we write x ≁ y.

A subgraph G′ of G is any graph satisfying V(G′) ⊆ V(G)
and E(G′) ⊆ E(G). For a subset U ⊆ V(G), the induced sub-
graph G(U) is formed by taking U as its vertex set and declar-
ing two vertices of U adjacent precisely when they are adjacent
in G. A graph is termed complete when every pair of distinct
vertices is adjacent to one another.

A path is a finite sequence of pairwise distinct vertices in
which consecutive vertices in the sequence are adjacent. The
graph G is called connected if every pair of vertices can be
joined by some path. For vertices x and y in G, the distance
d(x, y) (also written dG(x, y)) is defined as the number of edges
contained in a shortest path connecting x and y.

Throughout the remainder of this work, our attention is re-
stricted to finite commutative rings with identity for which the
associated nil clean graph is connected.

2. Nil clean graph as a generalized composition of graphs

Our goal in this section is to write a nil clean graph as a
generalized composition of graphs, a viewpoint that will prove
convenient later when we compute its Wiener index. We also
use this representation to work out the distance between any
pair of vertices once the nil clean graph has been expressed in
this composed form.

We start by recalling the definition of the nil clean graph
attached to a commutative ring with unity.

Definition 1. Ref. [1] Let R be a ring. We define the nil clean
graph of R, denoted GN(R), to be the simple graph whose vertex
set is R itself, where two distinct vertices are joined by an edge
precisely when their sum is a nil clean element of the ring —

that is, whenever their sum can be written as the sum of some
nilpotent element and some idempotent element of R.

The generalized composition of graphs, denoted by
H[G1,G2, . . . ,Gk], was introduced by Schwenk in Ref. [16].

Definition 2. Ref. [16] Consider a graph H having k vertices
{v1, v2, . . . , vk}, and let G1,G2, . . . ,Gk be k graphs that are pair-
wise disjoint from one another. The generalized composition
graph G = H[G1,G2, . . . ,Gk] is then constructed by substitut-
ing each vertex vi of H with the graph Gi, and subsequently con-
necting every vertex of Gi to every vertex of G j exactly when
vi and v j are adjacent in H. Here H is referred to as the base
graph of G, while the graphs Gi are called its factors.

Now let R denote an arbitrary finite commutative ring with
identity for which GN(R) is connected. Our aim is to represent
such a ring in terms of a generalized graph composition. For
every element x ∈ R, we define the nil clean set of x, written
N(x), to consist of all elements y ∈ R such that x + y is a nil
clean element. In particular, if 2x happens to be nil clean, then
x itself belongs to N(x). We denote the set of nil clean elements
of R by NC(R).

Next, we introduce a relation ∼ on R by declaring x ∼ y
whenever N(x) = N(y). One can check that this relation is in-
deed an equivalence relation on R. Denote by C1,C2, . . . ,Ck the
resulting equivalence classes, with c1, c2, . . . , ck chosen as rep-
resentative elements of each class respectively. These classes
will be referred to as the equivalence nil clean classes of GN(R).

We now record a few basic facts about the equivalence nil
clean classes just introduced.

Lemma 1. Two representatives ci and c j satisfy ci+c j ∈ NC(R)
precisely when every element of Ci is adjacent to every element
of C j.

Proof. Assume first that ci + c j ∈ NC(R), and pick arbitrary
x ∈ Ci, y ∈ C j. From ci + c j ∈ NC(R) it follows that c j ∈ N(ci)
and ci ∈ N(c j). Because x ∈ Ci and y ∈ C j, we have N(x) =
N(ci) and N(y) = N(c j), so c j ∈ N(x) and ci ∈ N(y); the former
gives x ∈ N(c j), and combining this with N(c j) = N(y) yields
x ∈ N(y). Hence x + y ∈ NC(R), as required.

For the converse, suppose every element of Ci is adjacent to
every element of C j. In particular this holds for ci ∈ Ci and c j ∈

C j, so ci and c j are adjacent in GN(R), i.e. ci + c j ∈ NC(R).

Corollary 2. For each i, the subgraph of GN(R) induced on
Ci is either complete or totally disconnected, being complete
exactly when 2ci ∈ NC(R). Moreover, whenever i , j, either
every vertex of Ci is adjacent to every vertex of C j in GN(R), or
none is.

Denote by H the subgraph of GN(R) induced on the repre-
sentative set {c1, c2, . . . , ck}; thus two distinct representatives ci

and c j are adjacent in H exactly when ci + c j ∈ NC(R).

Lemma 3. The graph H is connected.

Proof. Take any two distinct vertices ci, c j of H. If ci + c j ∈

NC(R) they are already adjacent, so suppose instead ci + c j <
2
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NC(R). Since GN(R) itself is connected, some path joins ci to c j

there, say ci ∼ d1 ∼ d2 ∼ · · · ∼ dk ∼ c j, with each intermediate
vertex di belonging to some class Ck.

Replacing every intermediate vertex by the representative
of its class – say u1, u2, . . . , uk in the order induced by the path
– produces a ci-c j walk ci ∼ u1 ∼ u2 ∼ · · · ∼ um ∼ un+1 ∼ · · · ∼

uk ∼ c j inside H (Lemma 1 guarantees the required adjacencies
survive this substitution). A walk between two vertices always
contains a path between them, so H contains a ci-c j path, prov-
ing H is connected.

We now show that GN(R) can itself be realized as a general-
ized composition built from certain complete and empty graphs.

Proposition 4. Let Gi denote the subgraph of GN(R) induced
on the vertex set Ci. Then

GN(R) = H[G1,G2, . . . ,Gk]. (1)

Proof. This is an immediate consequence of Corollary 2.

3. Wiener index of a nil clean graph

Having represented a connected nil clean graph as a gen-
eralized composition of graphs, we now determine the distance
between any two of its vertices, and use this to arrive at a closed
formula for its Wiener index.

Lemma 5. Let Gi be the subgraph of GN(R) induced by Ci and
let GN(R) = H[G1,G2, . . . ,Gk]. If x ∈ Ci, y ∈ C j and i , j,
then dR(x, y) = dH(ci, c j).

Proof.
Write n = dH(ci, c j); since i , j we have ci , c j, so n ≥ 1.

Let ci = f0 ∼ f1 ∼ f2 ∼ · · · ∼ fn−1 ∼ fn = c j be a shortest
ci-c j path in H; thus f0, f1, . . . , fn are pairwise distinct repre-
sentatives, each ft = cm for a suitable index m.
Step 1: dR(x, y) ≤ n. We first dispose of the case n = 1: then
ci ∼ c j in H, i.e. ci + c j ∈ NC(R), so c j ∈ N(ci) = N(x), giving
x ∼ c j in R. Since N(y) = N(c j), and adjacency is symmetric,
y ∼ z iff c j ∼ z for every z; taking z = x and using x ∼ c j gives
x ∼ y. Thus dR(x, y) ≤ 1 = n.

Now suppose n ≥ 2. Since f0 ∼ f1 in H, we have
f0 + f1 ∈ NC(R), i.e. f1 ∈ N( f0) = N(ci). As x ∈ Ci, we have
N(x) = N(ci), so f1 ∈ N(x) and hence x ∼ f1 in R. Symmetri-
cally, fn−1 ∼ fn = c j in H gives fn−1 ∈ N(c j) = N(y), so fn−1 ∼ y
in R. Since n ≥ 2, f1 and fn−1 are among the interior vertices
f1, . . . , fn−1 of the path (possibly f1 = fn−1 if n = 2, which
causes no issue). Together with the edges f1 ∼ f2 ∼ · · · ∼ fn−1
already present in H (hence in R, since H is an induced sub-
graph of R on the representative set), this produces the sequence

x ∼ f1 ∼ f2 ∼ · · · ∼ fn−1 ∼ y, (2)

of n consecutive edges in R. The vertices f1, . . . , fn−1 represent
classes other than Ci and C j (as f0, . . . , fn are pairwise distinct
representatives), so none of them can coincide with x or y; thus

the displayed sequence is a genuine path in R of length n joining
x and y. Consequently dR(x, y) ≤ n = dH(ci, c j) in this case as
well.
Step 2: dH(ci, c j) ≤ dR(x, y). Let x = g0 ∼ g1 ∼ · · · ∼ gm = y
be a shortest x-y path in R, so m = dR(x, y). For each t, let ḡt

denote the representative of the class containing gt; in particular
ḡ0 = ci and ḡm = c j. By Lemma 1, adjacency in GN(R) depends
only on the classes of the two vertices involved: since gt ∼ gt+1,
either gt and gt+1 already lie in the same class, or every vertex of
that class is adjacent to every vertex of the other, in which case
ḡt ∼ ḡt+1 in H. Form the sequence ḡ0, ḡ1, . . . , ḡm and delete
each term that repeats its predecessor; by the observation just
made, consecutive distinct terms of the resulting sequence are
adjacent in H, so what remains is a walk in H from ci to c j of
length at most m. Since a walk between two vertices contains
a path between them, H has a ci-c j path of length at most m,
whence dH(ci, c j) ≤ m = dR(x, y).

Combining Steps 1 and 2 gives dR(x, y) = dH(ci, c j).

Continuing with this notation, write V(H) = {c1, c2, . . . , ck},
and denote the vertex set of the subgraph Gi induced by Ci

as {v1
i , v

2
i , . . . , v

ni
i }. We now compute the distance between

an arbitrary pair of vertices of GN(R) under this generalized-
composition description.

Lemma 6. Let vp
i and vq

j , where 1 ≤ p ≤ ni and 1 ≤ q ≤ n j, be
any two vertices of GN(R). Then

dGN (R)(v
p
i , v

q
j ) =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
1, i = j, Gi complete,
2, i = j, Gi totally disconnected,
dH(i, j), i , j,

(3)
where dGN (R)(v

p
i , v

q
j ) represents the distance between vp

i and vq
j

inside GN(R).

Proof. First, suppose i = j and Gi happens to be complete.
In this case vp

i and vq
j are directly joined by an edge, giving

dGN (R)(v
p
i , v

q
j ) = 1.

Next, suppose i = j but Gi is totally disconnected (an empty
graph). Then vp

i and vq
j share no edge within Gi. Since H is

connected, we can find some vertex s of H adjacent to i; con-
sequently, every vertex belonging to Gi is joined in GN(R) to
every vertex belonging to Gs. Choosing any vertex x from Gs,
we obtain vp

i ∼ x ∼ vq
j , a path of length two joining vp

i to vq
j in

GN(R). Hence dGN (R)(v
p
i , v

q
j ) = 2.

Finally, assume i , j, so that vp
i lies in Gi and vq

j lies in G j.
Because H is connected, its vertices i and j are joined by a path
in H. Take a shortest such path i ∼ d1 ∼ d2 ∼ · · · ∼ dk−1 ∼ dk =

j in H. Correspondingly, we can build a path

vp
i ∼ vp1

d1
∼ · · · ∼ vpk−1

dk−1
∼ vq

j , (4)

in GN(R) connecting vp
i to vq

j . As the underlying path between i
and j in H is of minimal length, the corresponding path between
vp

i and vq
j in GN(R) is likewise minimal. Therefore d(vp

i , v
q
j ) =

dH(i, j).
3
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Take R to be any finite commutative ring with unity for
which the nil clean graph is connected. Proposition 4 then gives
GN(R) = H[G1,G2, . . . ,Gk], with each factor Gi either com-
plete or empty.

Theorem 7. Under the notation established above, the Wiener
index of the nil clean graph GN(R) satisfies

W(GN(R)) =
∑︂

2ci∈NC(R)

(︄
|Ci|

2

)︄
+

∑︂
2ci<NC(R)

2
(︄
|Ci|

2

)︄
+

∑︂
1≤i< j≤k

|Ci| |C j| dH(ci, c j).
(5)

Proof.
Recall that GN(R) = H[G1,G2, . . . ,Gk], where each Gi is

the subgraph of GN(R) induced on Ci. Whenever 2ci ∈ NC(R),
the corresponding Gi is complete and every pair of its vertices
sits at distance 1; summing over all such classes contributes∑︁(︂
|Ci |

2

)︂
to the total. When instead 2ci < NC(R), the induced

subgraph Gi is totally disconnected, so by Lemma 6 every in-
ternal pair is at distance 2, contributing

∑︁
2
(︂
|Ci |

2

)︂
.

Finally, for x ∈ Ci and y ∈ C j with i , j, Lemma 5 gives
dGN (R)(x, y) = dH(ci, c j). Each unordered pair of distinct classes
{Ci,C j} contributes exactly | Ci | | C j | cross-class vertex pairs
(one vertex from each class), and every cross-class vertex pair
belongs to exactly one such unordered class-pair; summing |
Ci | | C j | dH(ci, c j) once over each unordered pair {Ci,C j}, i.e.
over 1 ≤ i < j ≤ k, therefore contributes

∑︁
1≤i< j≤k

| Ci | | C j |

dH(ci, c j) to the total (summing instead over all ordered pairs
1 ≤ i, j ≤ k would count each such cross-class pair twice, since
dH is symmetric). Adding the three contributions establishes
the stated formula.

Remark 8. As an illustration of the preceding theorem, con-
sider the ring (Z12,

⨁︁
,
⨀︁

), whose nil clean elements are
{0, 1, 3, 4, 6, 7, 9, 10}. Here the equivalence-nil clean classes
turn out to be C1 = {0, 3, 6, 9}, C2 = {1, 4, 7, 10}, C3 =

{2, 5, 8, 11}, with respective representatives 0, 1, 2. The base
graph H is a path on 3 vertices, with edges 0 ∼ 1 and 1 ∼ 2 (so
dH(0, 1) = dH(1, 2) = 1 and dH(0, 2) = 2), and among the fac-
tors G1 = G3 = K4 while G2 = K4, giving G = H[G1,G2,G3].

Applying the theorem, the Wiener index of GN(Z12) works
out to

W(GN(Z12)) =
(︄
4
2

)︄
+

(︄
4
2

)︄
+2

(︄
4
2

)︄
+

∑︂
i< j

| Ci || C j | dH(ci, c j), (6)

where the first two binomial terms come from the complete
classes C1 and C3 (since 2 · 0 = 0 and 2 · 2 = 4 are both nil
clean) and the middle term from the totally disconnected class
C2 (since 2 · 1 = 2 is not nil clean). Since | Ci |= 4 for every i,
the cross-class sum is

16
(︁
dH(c1, c2)+dH(c1, c3)+dH(c2, c3)

)︁
= 16(1+2+1) = 64, (7)

so W(GN(Z12)) = (6 + 6 + 12) + 64 = 24 + 64 = 88. Hence
W(GN(Z12)) = 88.

4. Wiener matrix of a nil clean graph

We open this section by recalling the notions of the Wiener
matrix and total trace of a graph, and then show that for GN(R)
the Wiener index coincides with the total trace of this matrix.

Let G be a generalized composition built from graphs
G1,G2, . . . ,Gk over a connected base graph H on k vertices,
where every factor Gi – with vertex set {v1

i , v
2
i , . . . , v

ni
i } – is ei-

ther complete or totally disconnected. The Wiener matrix of
such a graph is defined below.

Definition 3. Ref. [17]. The Wiener matrix W(G) of the graph
G is the k × k real symmetric matrix whose entries are given by

(W(G))i, j =

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
(︂
|Gi |

2

)︂
, i = j, Gi complete,

2
(︂
|Gi |

2

)︂
, i = j, Gi totally disconnected,

|Gi| |G j| dH(i, j), i , j.
(8)

We also recall the total trace of a square matrix.

Definition 4. Ref. [17]. For a real symmetric k × k matrix A =
(ai, j), its total trace tt(A) is given by tt(A) = 1

2 (
∑︁
i, j

ai, j)+
∑︁

1≤i≤k
ai,i.

Remark 9. Ref. [17] Looking back at how the Wiener matrix
of G = H[G1,G2, . . . ,Gk] is built, its diagonal entries record
the sum of pairwise distances taken within a single equivalence
class, while an off-diagonal (i, j) entry (for i , j) records the
sum of distances between vertices of Gi and vertices of G j –
which is symmetric in i, j, so W(G) is indeed a symmetric ma-
trix. Summing the diagonal entries together with the entries
strictly above the diagonal therefore reproduces the Wiener in-
dex of G exactly, which is to say the total trace of the Wiener
matrix equals the Wiener index of the graph.

We illustrate below how the Wiener index of a connected nil
clean graph can be recovered from its Wiener matrix by taking
the total trace.

Example 10. Take the ring (Z10,
⨁︁
,
⨀︁

), whose nil clean
elements are {0, 1, 5, 6}. Its equivalence classes are C1 =

{0, 5}, C2 = {1, 6}, C3 = {2, 7}, C4 = {3, 8}, C5 = {4, 9}, with
representatives 0, 1, 2, 3, 4 respectively.

We first identify which classes induce a complete subgraph
by checking, for each representative c, whether 2c ∈ NC(Z10) =
{0, 1, 5, 6}: 2 · 0 = 0 ∈ NC(Z10) and 2 · 3 = 6 ∈ NC(Z10), while
2 · 1 = 2, 2 · 2 = 4, 2 · 4 = 8 are not nil clean. Hence, by
Corollary 2, only C1 and C4 induce complete graphs K2; the
remaining three classes induce totally disconnected graphs K2.

This is exactly the pattern anticipated by Theorem 13 and
Remark 14. Indeed Z10 � Z2 × Z5 (here k = 1, p1 =

5), and under the isomorphism x ↦→ (x mod 2, x mod 5) the
two classes predicted to be complete are {(0, 0), (1, 0)} and
{(0, p1+1

2 ), (1, p1+1
2 )} = {(0, 3), (1, 3)}. Translating back to Z10,

{(0, 0), (1, 0)} corresponds to {0, 5} = C1 (the class of 0, i.e.
the all-zero/idempotent class) and {(0, 3), (1, 3)} corresponds to
{3, 8} = C4, confirming the two classes found above directly.

4
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Next we determine the base graph H on the representative
set {0, 1, 2, 3, 4}: two representatives c, c′ are adjacent exactly
when c+c′ ∈ NC(Z10). Checking all pairs, 0+1 = 1, 1+4 = 5,
4 + 2 = 6, 2 + 3 = 5 all lie in NC(Z10), while every other pair
sums to 2, 3, 4, 7 or 9, none of which is nil clean. Thus H is the
path

0 ∼ 1 ∼ 4 ∼ 2 ∼ 3, (9)

a path on 5 vertices (equivalently, of length 4; consistent with
the general fact, evident from Lemma 20 and Lemma 21 for
Zp2 -type constructions, that the two complete classes sit at the
two ends of this path), with C1 = {0, 5} and C4 = {3, 8} oc-
cupying the endpoints. Reading off distances along this path
gives

dH(0, 1) = 1, dH(0, 4) = 2, dH(0, 2) = 3,
dH(0, 3) = 4, dH(1, 4) = 1,

(10)

dH(1, 2) = 2, dH(1, 3) = 3, dH(4, 2) = 1,
dH(4, 3) = 2, dH(2, 3) = 1.

(11)

Using Definition 3, the diagonal entries of the Wiener matrix
are

(︂
2
2

)︂
= 1 for the complete classes C1,C4 and 2

(︂
2
2

)︂
= 2 for the

totally disconnected classes C2,C3,C5, while each off-diagonal
entry is |Ci||C j| dH(ci, c j) = 4 dH(ci, c j). This yields

W(GN(Z10)) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
1 4 12 16 8
4 2 8 12 4
12 8 2 4 4
16 12 4 1 8
8 4 4 8 2

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ , (12)

with rows/columns ordered C1,C2,C3,C4,C5; note that the two
diagonal entries equal to 1 (the complete classes) occur pre-
cisely in positions 1 and 4, i.e. at C1 and C4, as predicted above.

Its total trace equals 88, so we conclude W(GN(Z10)) = 88.

Remark 11. Recall that the distance matrix D of a simple graph
G is the | V(G) | × | V(G) | matrix with Di, j = dG(i, j) for
i , j and zero on the diagonal; its total trace is, by definition,
exactly the Wiener index of G. What makes the Wiener matrix
advantageous by comparison is its much smaller order, equal to
the number of equivalence nil clean classes rather than | V(G) |.
In Example 10, for instance, | V(GN(Z10)) |= 10, so the distance
matrix has order 10 × 10, whereas the Wiener matrix of Z10
needs only order 5 × 5.

5. Wiener index of nil clean graphs of products of rings of
integers modulo p

We begin this section by turning to the nil clean graph of
a reduced ring. As the example below shows, such a graph
need not be connected, so the Wiener index cannot always be
defined for reduced rings in general. On the other hand, Ref. [1]
shows that the nil clean graph of any Zn is connected, from
which one can deduce connectedness for the nil clean graph of
a product of such rings as well. Note also that whenever every

equivalence nil clean class is a singleton, the Wiener matrix
reduces to the ordinary distance matrix. With this in mind, we
now examine the equivalence nil clean classes of the nil clean
graph of Zp1 × Zp2 × · · · × Zpk for distinct primes pi.

Theorem 12. If R � Zp1 × Zp2 × · · · × Zpk , where pi > 2

are distinct primes, then there are
k∏︁

i=1
pi equivalence nil clean

classes, each of which is a singleton.

Proof. As each Zpi is a field, the nil clean elements of R are
precisely the tuples {(x1, x2, . . . , xk) : xi = 0 or 1}. Fix x =
(x1, x2, . . . , xk) ∈ R, so that N(x) = {y ∈ R : x + y ∈ NC(R)},
i.e. N(x) = {y = (y1, y2, . . . , yk) ∈ R : xi + yi = 0 or 1}, which
rewrites as N(x) = {y = (y1, y2, . . . , yk) ∈ R : yi = pi − xi or yi =

pi − xi + 1}. Our task is to show no z , x in R can share this
same set N(x).

So suppose, for contradiction, that some z =

(z1, z2, . . . , zk) , x in R satisfies N(z) = N(x); then also
N(z) = {y = (y1, y2, . . . , yk) ∈ R : yi = pi − xi or yi = pi − xi +1}.
Every y ∈ N(z) must satisfy y + z ∈ NC(R), meaning yi + zi = 0
or 1 coordinatewise, which translates to pi − xi + zi = 0 or 1 or
pi − xi + 1 + zi = 0 or 1.

Working through the four cases: pi − xi + zi = 0 forces
zi = xi; pi− xi+zi+1 = 1 again forces zi = xi; pi− xi+zi+1 = 1
(the alternate branch) gives zi = xi + 1; and pi − xi + zi + 1 = 0
gives zi = xi − 1. So each coordinate zi can only be xi, xi + 1,
or xi − 1. If zi = xi holds for every i, then z = x, contradicting
z , x.

So assume instead that some coordinate differs from x. If
the j-th coordinate is z j = x j + 1, pick y ∈ N(x) with y j =

p j− x j+1; then y j+ z j = 2, so y+ z < NC(R), meaning y < N(z)
even though y ∈ N(x) – contradicting N(z) = N(x). Likewise,
if the k-th coordinate is zk = xk − 1, choosing y ∈ N(x) with
yk = pk − xk gives yk + zk = pk − xk + xk − 1 = −1, so again
y + z < NC(R) while y ∈ N(x), the same contradiction. Both
alternatives are therefore impossible, so no such z , x exists,
and every equivalence class in R is a singleton – giving exactly
k∏︁

i=1
pi equivalence classes.

Next we turn to the case where the product of integer-
modulo-pi rings includes a factor Z2, and examine how the
equivalence nil clean classes change.

Theorem 13. If R � Z2 × Zp1 × Zp2 × · · · × Zpk , where pi > 2

are distinct primes, then there are
k∏︁

i=1
pi equivalence nil clean

classes, each containing exactly two elements.

Proof. Here the nil clean elements of R are the tuples
{(x1, x2, . . ., xk) : xi = 0 or 1}. Fix x = (x1, x2, . . ., xk) ∈ R;
then N(x) = {y = (y1, y2, . . ., yk) ∈ R : xi + yi = 0 or 1}, equiva-
lently N(x) = {y = (y1, y2, . . ., yk) ∈ R : y1 = 0 or 1, yi = pi − xi

or pi−xi+1 for i ≥ 2}. We look for z , x in R with N(z) = N(x).
Suppose such a z exists, so N(z) takes the same form:

N(z) = {y = (y1, y2, . . ., yk) ∈ R : y1 = 0 or 1, yi = pi − xi

or pi − xi + 1}.
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Every y in this set must satisfy y+ z ∈ NC(R), i.e. yi+ zi = 0
or 1 coordinatewise – in particular y1+z1 = 0 or 1, and yi+zi = 0
or 1 for 2 ≤ i ≤ k. From y1 = 0 we get z1 ∈ {0, 1}, and the same
follows if y1 = 1; either way z1 ∈ {0, 1}.

For the remaining coordinates, yi + zi = 0 or 1 expands to
pi − xi + zi = 0 or 1, or pi − xi + 1 + zi = 0 or 1, for 2 ≤ i ≤ k.
Each of these four sub-cases pins down zi:

pi−xi+zi = 0 gives zi = xi; pi−xi+1+zi = 0 gives zi = xi−1;
pi − xi + zi = 1 gives zi = 1 + xi; and pi − xi + 1 + zi = 1 gives
zi = xi. Hence, for 2 ≤ i ≤ k, each zi must equal xi, xi + 1, or
xi − 1.

Suppose zi = xi holds for every i with 2 ≤ i ≤ k; then
z = (x1, x2, . . . , xk) where only the first coordinate is free to be
0 or 1.

Now suppose instead some coordinate j ≥ 2 has z j = x j+1;
choosing y ∈ N(x) with y j = p j − x j + 1 gives y j + z j = 2,
so y + z < NC(R) and hence y < N(z) despite y ∈ N(x) –
contradicting N(z) = N(x). A symmetric contradiction arises
if some coordinate k has zk = xk − 1: taking y ∈ N(x) with
yk = pk − xk yields yk + zk = pk − xk + xk − 1 = −1, so again
y+ z < NC(R) while y ∈ N(x), contradicting N(z) = N(x). Both
alternatives being ruled out, z must be either (0, x2, x3, . . . , xk)
or (1, x2, x3, . . . , xk), one of which is x itself and the other its
unique partner. Thus, for every x ∈ R, there is exactly one z , x
with N(z) = N(x), so each equivalence class contains precisely

two elements, and there are
k∏︁

i=1
pi such classes in total.

Remark 14. Theorem 13 tells us that whenever a factor of
2 appears among the pi’s in Z2 × Zp1 × Zp2 × . . . × Zpk ,
the number of equivalence classes is p1 p2 . . . pk (exactly as
in Theorem 12), with every class of size exactly 2. Among
these classes (of which there are 2p1 p2 . . . pk elements in to-
tal, i.e. all of R, grouped into p1 p2 . . . pk pairs), only two in-
duce a complete subgraph, namely {(0, 0, . . . , 0), (1, 0, . . . , 0)}
and {(0, p1+1

2 ,
p2+1

2 , . . . ,
pk+1

2 ), (1, p1+1
2 ,

p2+1
2 , . . . ,

pk+1
2 )}; every

remaining class induces a totally disconnected subgraph.

Remark 15. Consider R � Z2×Zp1 ×Zp2 × . . .×Zpk . Since ex-
actly 2 of its equivalence classes induce complete (hence con-
nected) subgraphs while the remaining p1 p2 . . . pk − 2 induce
empty subgraphs, Theorem 7 yields

W(R) = 1 + 1 + 2(p1 p2 . . . pk − 2)

+ 4
∑︂

1≤i< j≤p1 p2...pk

dH(ci, c j), (13)

which simplifies to

W(R) = 2(p1 p2 . . . pk − 1) + 4
∑︂

1≤i< j≤p1 p2...pk

dH(ci, c j). (14)

The sum runs over the
(︂

p1 p2...pk
2

)︂
unordered pairs of the

p1 p2 . . . pk equivalence classes, each pair counted once, as in
Theorem 7.

6. Spectrum of the nil clean graph

This section works out the spectrum of the nil clean graph
of Zn for several specific choices of n.

Lemma 16. For a prime p, the nil clean graph of (Zp,⊕,⊙) is
a path on p vertices.

Proof. Since Zp is a field, its only nil clean elements are {0, 1}.
Following the definition of the nil clean graph, one checks that
0 ∼ 1 ∼ p − 1 ∼ 2 ∼ p − 2 ∼ . . . ∼ p−1

2 ∼
p+1

2 traces out a path
in GN(Zp) visiting every vertex, along which each element m is
adjacent to either p−m or p−m+ 1. To see this is the full edge
set, suppose m is adjacent to some r ∈ Zp; then m+ r ∈ NC(Zp)
forces m+ r ∈ {0, 1}, so r equals p−m or p−m+1 accordingly.
Hence GN(Zp) is exactly a path on p vertices.

Remark 17. Recall that a path on p vertices has spectrum {λi :
λi = 2cos( πp+1 ), i = 1, 2, . . . p}; by the previous lemma, this is
likewise the spectrum of GN(Zp).

Remark 18. It was shown in Ref. [1] that for any positive in-
teger n, the nil clean graph of Z2n is the complete graph K2n ,
whose spectrum is therefore {2n − 1,−1,−1, . . . − 1⏞            ⏟⏟            ⏞

2n−1 times

}.

We now turn to the spectrum of the nil clean graph of
(Zp2 ,⊕,⊙) for a prime p > 2. The nilpotents of Zp2 are
{0, p, 2p, 3p, . . . (p − 1)p} and its idempotents are {0, 1}, so its
nil clean elements are {0, 1, p, p + 1, 2p, 2p + 1, 3p, 3p +
1, . . . , (p − 1)p, (p − 1)p + 1}. As before, GN(Zp2 ) can be writ-
ten as a generalized composition of complete and totally dis-
connected graphs. A direct computation shows N(0) = N(p) =
N(2p) = . . . = N((p − 1)p),

N(1) = N(p+1) = N(2p+1) = . . . = N(p2−p+1), and so on
for the remaining residues. This yields the equivalence classes
{0, p, 2p, 3p, . . . (p − 1)p}, {1, p + 1, 2p + 1, 3p + 1, . . . p2 −

p+1}, {2, p+2, 2p+2, 3p+2, . . . p2 − p+2}, . . . {p−1, 2p−
1, 3p − 1, . . . p2 − 1} – that is, p equivalence classes, each of
size p. We next describe the base graph H underlying GN(Zp2 ).

Lemma 19. In the generalized composition of GN(Zp2 ), the
base graph H is a path on p vertices.

Proof. Recall the equivalence classes of Zp2 :
{0, p, 2p, 3p, . . . (p − 1)p}, {1, p + 1, 2p + 1, 3p + 1, . . . p2 −

p + 1}, {2, p + 2, 2p + 2, 3p + 2, . . . p2 − p + 2}, . . . {p −
1, 2p − 1, 3p − 1, . . . p2 − 1}, with respective representatives
0, 1, 2, . . . p − 1, so V(H) = {0, 1, 2, . . . p − 1}. One readily
checks that 0 ∼ 1 ∼ p− 1 ∼ 2 ∼ p− 2 ∼ . . . p−1

2 ∼
p+1

2 is a path
in H passing through every vertex.

Our task is to show this exhausts H’s edges, i.e. that H is
precisely this path on p vertices. Along it, each vertex m(,
0, , 1) is adjacent to p − m or p − m + 1. To confirm no
further edges exist, suppose m ∈ V(H) with m , 0, 1 is adjacent
to some r ∈ V(H); then m + r ∈ NC(Zp2 ), and since the nil
clean elements of Zp2 all take the form 0, 1, sp, sp + 1 for
s ∈ {1, 2, . . . p − 1}, we examine each possibility for m + r in
turn.

If m + r = 0, then r = −m = p2 − m, which does not lie in
V(H) – a contradiction. If m+r = 1, then r = 1−m = p2+1−m,
again outside V(H), another contradiction. If m + r = sp for
some s ∈ {1, 2, . . . p − 1}, then r = sp − m; taking s = 1 gives
the valid r = p − m, but any s , 1 pushes r outside V(H), a
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contradiction. Similarly, if m+ r = sp+ 1, then r = sp+ 1−m;
only s = 1 (giving r = p + 1 − m) keeps r inside V(H), while
s , 1 again contradicts r ∈ V(H). So indeed every m(, 0, , 1)
in H is adjacent only to p − m or p − m + 1.

It remains to check the neighbours of 0 and 1. Since 0 and
1 are the only nil clean elements represented in H, vertex 0 can
only be adjacent to 1. As for 1, suppose it is adjacent to some
m in H; then m + 1 ∈ NC(Zp2 ), so m + 1 takes one of the forms
0, 1, sp, or sp + 1 for s ∈ {1, 2, . . . p − 1}. The case m + 1 = 0
gives m = p2 − 1 < V(H), a contradiction; m + 1 = 1 gives
m = 0, so 1 is adjacent to 0; m + 1 = sp gives m = sp − 1,
which lies in V(H) only when s = 1 (yielding m = p − 1, so
1 is adjacent to p − 1), any other s being a contradiction; and
m + 1 = sp + 1 gives m = sp, which never lies in V(H) for
s ∈ {1, . . . , p − 1}, a contradiction. Hence the only neighbours
of 1 are 0 and p − 1, and altogether H is exactly the path on p
vertices described above.

We next examine the subgraphs induced by these p equiva-
lence classes in GN(Zp2 ), which will feed into our computation
of its spectrum.

Lemma 20. Among the p equivalence classes
C(0), C(1), . . .C(p − 1) of Zp2 , the subgraphs of GN(Zp2 )
induced by C(0) and C( p+1

2 ) are complete and all other induced
subgraphs are totally disconnected.

Proof. Within C(0) = {0, p, 2p, 3p, . . . , (p−1)p}we find 0+p =
p ∈ NC(Zp2 ), so 0 and p are adjacent, making the subgraph
induced by C(0) is complete. Similarly, in C( p+1

2 ) = { p+1
2 , p +

p+1
2 , 2p+ p+1

2 , . . . (p−1)p+ p+1
2 }we have p+1

2 +p+ p+1
2 = 2p+1 ∈

NC(Zp2 ), so this class also induces a complete subgraph. To see
that no other class does so, suppose some m ∈ Zp2 with 0 < m <
p and m , p+1

2 has C(m) inducing a complete subgraph; then
m+ p+m ∈ NC(Zp2 ), i.e. m+ p+m equals 0, 1, sp, or sp+ 1
for some s ∈ {1, 2, . . . p − 1}.

Checking each case: m + p + m = 0 gives m = p2−p
2 ≥ p,

contradicting m < p; m + p + m = 1 gives m = p2−p+1
2 < Zp2 ,

also impossible. If m + p + m = sp, then s = 1 forces m = 0
(a contradiction), while an even s keeps m ∈ Zp2 but an odd s
pushes m ≥ p, again a contradiction. If instead m + p + m =
sp + 1: taking s = 1 gives m < Zp2 , taking s = 2 gives m = p+1

2
(excluded by assumption), an odd s gives m < Zp2 , and an even
s forces m > p – every branch a contradiction.

Hence no such m with 0 < m < p and m , p+1
2 can induce

a complete subgraph, confirming the claim.

To derive the spectrum of GN(Zp2 ) we now invoke the fol-
lowing tool from Ref. [18].

Lemma 21. Ref. [18]. Let G = H[G1,G2, . . .Gk] be the H-join
of the graphs G1,G2, . . .Gk and let H be a graph of order k.
Assume that ρi j is the (i, j)th entry of the adjacency matrix of
H. Let ni be the order of Gi, Ai be the adjacency matrix of Gi

and each Gi be ri-regular, for 1 ≤ i ≤ k. Then ri is an eigenvalue
of Gi and Spec(A(G)) = (∪(spec(Ai) \ {ri}))∪ spec(Ã(G)), where

Ã(G) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
r1

√
n1n2ρ1,2 · · ·

√
n1nkρ1,k√

n2n1ρ2,1 r2 · · ·
√

n2nkρ2,k
...

...
...

...
√

nkn1ρk,1
√

nkn2ρk,2 · · · rk

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ . (15)

Remark 22. The spectrum of GN(Zp2 ) consists of
{−1,−1, . . . ,−1⏞            ⏟⏟            ⏞

p−1 times

, −1,−1, . . . ,−1⏞            ⏟⏟            ⏞
p−1 times

, 0, 0, . . . , 0⏞      ⏟⏟      ⏞
p−1 times

, . . . , 0, 0, . . . , 0⏞      ⏟⏟      ⏞
p−1 times⏞                           ⏟⏟                           ⏞

(p−2) times

}

and the spectrum of a p × p matrix.

Proof. Combining Lemmas 19 and 20, GN(Zp2 ) de-
composes as the generalized composition GN(Zp2 ) =

Pp[Kp, K p,K p, . . .K p,Kp], with Pp a path on p vertices
and Kp, K p the complete and totally disconnected graphs on
p vertices, whose spectra are respectively {p − 1, −1, . . . ,−1}
and {0, 0, . . . , 0}. Invoking Lemma 21, the spectrum is

Spec GN(Zp2 ) = {−1,−1, . . . ,−1⏞            ⏟⏟            ⏞
p−1 times

,−1,−1, . . . ,−1⏞            ⏟⏟            ⏞
p−1 times

,

0, 0, . . . , 0⏞      ⏟⏟      ⏞
p−1 times

, . . . , 0, 0, . . . , 0⏞      ⏟⏟      ⏞
p−1 times⏞                           ⏟⏟                           ⏞

(p−2) times

}

∪ Spec Ã(G),

(16)

where

Ã(G) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

p − 1 p 0 0 0 . . . 0 0 0
p 0 p 0 0 . . . 0 0 0
0 p 0 p 0 . . . 0 0 0
0 0 p 0 p . . . 0 0 0
0 0 0 p 0 . . . 0 0 0
...

...
...
...
...
...
...
...

...
0 0 0 0 0 . . . 0 p 0
0 0 0 0 0 . . . p 0 p
0 0 0 0 0 . . . 0 p p − 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (17)

Proposition 23.
The p eigenvalues contributed by Ã(G) above – so that, to-

gether with Remark 22, the full spectrum of GN(Zp2 ) is charac-
terized explicitly – are precisely the p real roots of the following
explicitly given Chebyshev polynomial equation:

ppUp

(︄
λ

2p

)︄
− 2(p − 1)pp−1Up−1

(︄
λ

2p

)︄
+ (p − 1)2 pp−2Up−2

(︄
λ

2p

)︄
= 0,

(18)

where Un denotes the Chebyshev polynomial of the second
kind. Equivalently, writing λ = 2p cos θ with θ ∈ (0, π), these
are exactly the values 2p cos θ for which
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p2 sin((p+1)θ) − 2p(p−1) sin(pθ) + (p−1)2 sin((p−1)θ) = 0.
(19)

Proof.
Let fk(λ) be the characteristic polynomial of the leading k×k

principal submatrix of λI − Ã(G). Expanding the tridiagonal
determinant along the last row gives

f0 = 1, f1(λ) = λ − (p − 1),

fk(λ) = λ fk−1(λ) − p2 fk−2(λ), 2 ≤ k ≤ p − 1,
(20)

since rows 2, . . . , p − 1 of Ã(G) have diagonal entry 0, and

fp(λ) = (λ − (p − 1)) fp−1(λ) − p2 fp−2(λ), (21)

since row p has diagonal entry p − 1 as well. Let Dn(λ) =
pnUn(λ/2p) be the characteristic polynomial of the unperturbed
n × n path matrix pTn (so D0 = 1, D1 = λ, and Dn = λDn−1 −

p2Dn−2 for n ≥ 2). Since fk and Dk satisfy the same linear
recursion for 2 ≤ k ≤ p − 1 and agree in the sense f0 = D0,
f1 = D1 − (p − 1)D0, linearity of the recursion gives fk(λ) =
Dk(λ) − (p − 1)Dk−1(λ) for 0 ≤ k ≤ p − 1. Substituting k =
p − 1, p − 2 into the formula for fp,

fp = λ fp−1 − p2 fp−2 − (p − 1) fp−1

=
[︁
Dp − (p − 1)Dp−1

]︁
− (p − 1)

[︁
Dp−1 − (p − 1)Dp−2

]︁
,

(22)

using that λ fp−1 − p2 fp−2 = Dp − (p − 1)Dp−1 by the same
linearity. This simplifies to

fp(λ) = Dp(λ) − 2(p − 1)Dp−1(λ) + (p − 1)2Dp−2(λ), (23)

which is the characteristic polynomial of Ã(G); the eigenval-
ues of Ã(G) are exactly its roots, giving the first stated equa-
tion. Setting λ = 2p cos θ and using Dn(2p cos θ) = pn sin((n +
1)θ)/ sin θ, then clearing the common factor pp−2/ sin θ, gives
the trigonometric form.

Remark 24.
The spectrum of GN(Z2p) consists of {−1,−1, 0, 0, . . . , 0⏞      ⏟⏟      ⏞

p−2 times

}

and the spectrum of a p × p matrix.

Proof. Similarly, GN(Z2p) decomposes as
GN(Z2p) = Pp[K2,K2,K2, . . . ,K2,K2], with Pp a path on

p vertices and K2, K2 the complete and totally disconnected
graphs on 2 vertices.

Here spec(K2) = {1,−1} with ri = 1, and spec(K2) = {0, 0}
with ri = 0. Removing ri once from each of the two complete
factors leaves −1 with multiplicity 2, and removing ri once from
each of the p− 2 empty factors leaves 0 with multiplicity p− 2.
Hence, by Lemma 21, the spectrum of GN(Z2p) is

{−1,−1, 0, 0, . . . , 0⏞      ⏟⏟      ⏞
p−2 times

} ∪ SpecÃ(G), (24)

where

Ã(G) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 2 0 0 0 . . . 0 0 0
2 0 2 0 0 . . . 0 0 0
0 2 0 2 0 . . . 0 0 0
0 0 2 0 2 . . . 0 0 0
0 0 0 2 0 . . . 0 0 0
...
...
...
...
...
...
...
...
...

0 0 0 0 0 . . . 0 2 0
0 0 0 0 0 . . . 2 0 2
0 0 0 0 0 . . . 0 2 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (25)

Proposition 25.
The p eigenvalues contributed by Ã(G) above are precisely

the p real roots of the following explicitly given Chebyshev
polynomial equation:

4 Up

(︂λ
4

)︂
− 4 Up−1

(︂λ
4

)︂
+ Up−2

(︂λ
4

)︂
= 0, (26)

where Un denotes the Chebyshev polynomial of the second
kind. Equivalently, writing λ = 4 cos θ with θ ∈ (0, π), these
are exactly the values 4 cos θ for which

4 sin((p + 1)θ) − 4 sin(pθ) + sin((p − 1)θ) = 0. (27)

Proof.
This is the special case q = 2, α = 1 of the same compu-

tation used above for Ã(G) in the Zp2 case (with the path-edge
weight p there replaced by q = 2 and the corner weight p − 1
there replaced by α = 1): with Dn(λ) = 2nUn(λ/4) the char-
acteristic polynomial of the unperturbed path matrix 2Tn, the
characteristic polynomial of Ã(G) works out to

Dp(λ) − 2Dp−1(λ) + Dp−2(λ)

= 2pUp(λ/4) − 2 · 2p−1Up−1(λ/4) + 2p−2Up−2(λ/4),
(28)

which, upon dividing by 2p−2, is the first stated equation; the
trigonometric form follows exactly as before.

7. Conclusion

In this paper, we studied the Wiener index and adjacency
spectrum of nil clean graphs associated with finite commuta-
tive rings. We obtained the Wiener index for (GN(Zn)) and fi-
nite direct products of rings of the form (Zn), and described the
spectrum for several classes of rings. These results highlight
the connection between the algebraic structure of a ring and the
corresponding graph-theoretic properties, providing scope for
further study of nil clean graphs.
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