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Abstract

A graph G admits a prime labeling if its vertices can be assigned the integers 1,2, ...,|V(G)| so that every pair of adjacent vertices receives
coprime labels; a graph with this property is called a prime graph. This paper studies prime labeling for unicyclic graphs formed by attaching stars
or pairs of pendant paths to every vertex of a cycle. Here C,, = S, denotes the graph obtained by attaching m new pendant vertices to each vertex
of C,. We give explicit constructions showing that C, * S,, C, * S4, and C, * S¢ — cycles with two, four, or six pendant vertices at each cycle
vertex — are all prime graphs, extending known results for three, five, and seven pendant vertices. We then consider unicyclic graphs in which
every cycle vertex is identified with one endpoint of each of two paths P, and Py,, where k; > k, and prove that such a graph is prime whenever
ged(ky — 1,k;) = 1 and ged(ky,n — 1) = 1, or whenever ged(k;,k; — 1) = 1 and ged(k;,n — 1) = 1. A direct consequence is that a unicyclic
graph whose two pendant paths both have k vertices is prime whenever gcd(k,n — 1) = 1. Worked examples accompany each construction, so the
labelings are straightforward to verify and to extend to other unicyclic families.
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1. Introduction stars, caterpillars, complete binary trees, spiders, and all trees
on fewer than 16 vertices have been shown to be prime (see
Ref. [2]), but no proof covers trees in general.

Prime labeling has since been extended to other graph fam-
ilies. All cycles are prime, and so is the disjoint union Cy; U C,
[3]. The complete graph K,, is not prime for n > 4, while the
wheel graph W, is prime exactly when 7 is even [1]. These ex-
amples show that primality depends on structure, not merely on
the order of the graph.

Seoud et al. in Ref. [4] proved that fans, helms, flowers,
K, and K3, (except when n = 3 or 7) are prime, and that the
join P, + K, with m > 3 is not — an example of how denser
constructions can break the coprimality condition.

Here we focus on graphs formed by attaching extra paths or
mponding Author Tel. No.: +962-77-606-9797. star shapes to the vertices of a cycle. Such graphs are simple

Email address: o.abughneim@ju.edu.jo (0. A. AbuGhneim®) to describe, yet their structure is rich enough to raise nontrivial

In graph theory, labeling the vertices of a graph G in a sys-
tematic way often reveals structural properties that are not oth-
erwise apparent. Vertex labelings connect graph structure to
number theory and have applications in network design, cod-
ing theory, and cryptography. One well-studied type is prime
labeling (PL): each vertex of G receives a distinct label from
{1,2,...,]V(G)|}, and adjacent vertices must receive coprime
labels. A graph that admits such a labeling is called a prime
graph (PG). The idea goes back to Entringer and was formal-
ized in Ref. [1].

Around 1980, Entringer conjectured that every tree is
prime. The conjecture is still open. Partial results exist: paths,
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labeling questions. Related work spans trees, cycles, and com-
binations of simple graphs; see Refs. [5—11] for further results.

Prime labelings are useful not merely as existence results:
an explicit labeling is a short arithmetic certificate that every
edge satisfies a local coprimality constraint. Finding such a cer-
tificate by unrestricted search may require examining a factorial
number of vertex permutations, whereas a closed formula ex-
poses the number-theoretic mechanism and produces a labeling
directly. Unicyclic graphs are a natural testing ground because
they are the smallest connected extension of trees containing
a cycle. Their pendant parts impose local constraints, while
the closing cycle edge creates a genuinely global compatibil-
ity condition. Thus, constructions for these graphs help isolate
techniques that may be reused in broader graph-labeling prob-
lems.

Recent studies continue to investigate prime labeling and re-
lated graph-labeling schemes, often through explicit construc-
tions. Bedi ef al. studied uniform cycle-snake graphs in 2023
[12], while Dayal et al. considered prime and prime-distance
labelings of several elementary families [13]. Further explicit
prime constructions appeared for wheel-based graphs, k-prime
graphs, and unions of graphs in 2024 [5, 7, 8]. Ponraj et al. de-
veloped a related prime-modular cordial labeling in 2025 [14].
Within the broader literature on arithmetic graph labelings, two
recent papers treated even-vertex odd-edge root-square-mean
labelings, including cycle-related families [15, 16]. These stud-
ies emphasize constructive techniques, but they do not supply
the prime labelings established here.

We are interested specifically in unicyclic graphs, that is,
graphs containing exactly one cycle. Throughout this paper,
C, = S, denotes the graph obtained from a cycle C, by attach-
ing m new pendant vertices to each cycle vertex; thus, S ,, refers
here to the set of m new leaves in this construction. Diefender-
fer et al. in Ref. [17] showed that C,, * S3, C,, * S5, and C,, * S7
are prime. We extend this line of work by proving that C,, * S 5,
C, x84, and C,, = S¢ are also prime, and by studying the more
general case in which two pendant paths are attached at each
cycle vertex.

All constructions below are explicit and illustrated with ex-
amples, so they are straightforward to verify and to extend
to other unicyclic families. Terms not defined here follow
Refs. [18-20].

2. Prime vertex labeling of families of unicyclic graphs

In this section, we present explicit prime vertex labelings
for several families of unicyclic graphs obtained from a cycle
by attaching stars or pendant paths at each cycle vertex.

The common construction principle is to partition the avail-
able labels into consecutive local blocks, one block for each
cycle vertex. The cycle vertex receives a carefully selected odd
label near the middle of its block, and the pendant vertices re-
ceive the remaining labels. Small label differences reduce the
edge checks to excluding only a few prime divisors. The final
cycle edge is then checked separately because it joins the first
and last blocks.

Figure 1. APL of Cs =S,

Theorem 2.1. For every integer n > 3, the unicyclic graph C,,
S, isaPG.

Proof. The construction alternates the position of the cycle la-
bel inside each three-label block. This keeps every cycle label
odd, while adjacent cycle labels differ by only 2 or 4.

Observe that C,, S, has 3n vertices. Let g, a1, ..., @,—; be
the vertices of the cycle and let the pendant vertices adjacent to
«; be denoted by 5/ where 1 < j < 2.

Define the labeling function f: V — {1,2,...,3n} by:

1. If i is even, where 0 < i < n— 1, then
Sfla) =3i+1,
fBH=3i+1+],

Because f(a;) = 3i + 1 is odd,
ged(f(e), f(BD) = ged(3i +1,3i +3) = 1,
ged(f(ay), f(B)) = ged(3i +1,3i +2) = 1.

2. Ifiis odd, where 1 <i <n -1, then

where 1 < j < 2.

fla) =3i+2,
fBH=3i+1,  f(B)=3i+3.
The label of a; is therefore relatively prime to the labels
of B/, where j = 1,2.
Because f(a;) is odd and f(a;1) — f(a;) = 2 or 4 for all
0<i<n-2,gcd(f(a), f(ai+1)) is odd and divides 4; hence
ged(f(ay), f(aip)) =1forall0 <i<n-2.
Also,
ged(f(ao), flan-1)) = ged(1, flan-1) =1
Thus, the labels of consecutive cycle vertices are relatively

prime. So, f is a PL. Therefore, C, * S, is a PG. O

Example 2.2. Figure 1 illustrates the block construction for
Cs * S5, the five inner labels are the cycle labels and each pair
of outer labels is the remainder of the corresponding three-label
block.

Theorem 2.3. For every integer n > 3, the unicyclic graph
C,*S4isaPG.
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Proof. Each five-label block is arranged so that its cycle label
is odd. When a possible difference is divisible by 3, the alter-
native position in the block is selected to keep the cycle label
indivisible by 3.

Observe that C,, =S 4 has 5n vertices. Let ag, ay,...,a,_1 be
the vertices of the cycle, and let the pendant vertices adjacent to
a; be denoted by B/ where 1 < j < 4.

Define the labeling function f : V — {1,2,...,5n} by:

1. Fori=0:
fay=1, f@BH=j+1 forj=123,4.

2. Foriisevenwhere2 <i<n-1:

fla) =5i+3
A S5i+j for j=1,2
18 =
Si+j+1 forj=3,4

Since f(a;) = 5i + 3 is odd and |f(a;) —f(ﬁ{) =1or2.
Then

ged(f(a), fB)) = 1 forall j = 1,2,3,4.

3. Foriis odd, we have two cases:
Case 1: 3 | 5i + 1. In this case, we get 3 { 5 + 2. The
labeling function f is:

Sfla) =5i+2,
f@Bh=5i+1,
fBH=5i+1+j  forj=23,4.

Since f(@;) = 5i+2iso0dd, 3 { 5i+2 and ’f(cy,-) - f(ﬁf) =
1,2, or 3. Then

gcd(f(cx,-),f(ﬁ{)) =1forall j=1,2,3,4.
Case 2: 3 1 5i + 1. The labeling function f is:
fla) =5i+4
fBH=5i+5
B =5i+j forj=1,2.3.
Similar to Case 1, we get
gcd(f(cx,-),f(ﬁ{)) =1forall j=1,2,3,4.

Now, we want to show that the labels for consecutive cy-
cle vertices are relatively prime.
Firstly, since f(ap) = 1, then

ged(f(ap), flar) =1,
ged(f(ao), fa@n-1)) = 1.

When i is odd, then f(a;.1) = 5@+ 1)+ 3 =5i+ 8 and
for the label of a;, we have two cases:

Figure 2. A PL of Cg * S 4.

Case 1: 3| 5i + 1. Then

315i+2,  fla) =5i+2isodd,
Jl@ivn) = flai) = 5i+8 = (5i+2) = 6.

Thus, ged(f(a@;), f(@i+1)) is odd, divides 6 and does not
divide 3. So, ged(f(@;), f(ai+1)) =1
Case 2: 3¢ 5i+ 1. Then

fla) =5i+4, which is odd,
flaip1) = fla) =51+ 8- (5i+4) =4.

Thus, ged(f(@)), f(ai+1)) is odd and divides 4. So,
ged(f(a;), f(air1)) = 1. Now let i > 2 be even, so that
i+ 11is odd. Then f(a;) = 5i + 3, whereas f(a;1) is
either 5 + 7 or 5i + 9. The corresponding differences
are 4 and 6. In the first case, any common divisor is odd
and divides 4; in the second case, the construction for
the odd index i + | ensures that 3 1 f(@;.1), so an odd
common divisor of the two labels cannot divide 6. Hence
ged(f(@y), fl@i)) = 1.

We have therefore considered both possibilities for 1 <
i < n—2, namely, i odd and i even. Together with the
two cycle edges incident with «, this accounts for every
edge of the cycle.

Thus, the labels of consecutive cycle vertices are rela-
tively prime.

O

Example 2.4. Figure 2 illustrates the labeling of C¢ * S4. In
particular, the closing cycle edge joins the vertices labeled 1
and 29, and hence its endpoint labels are coprime.

Theorem 2.5. For every integer n > 3, the unicyclic graph
C,*S¢isaPG.
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Proof. The seven-label construction follows the same idea. The
label of each cycle vertex is selected to avoid the small odd
primes 3 and 5 that may divide the relevant label differences.
Observe that C,, =S ¢ has 7n vertices. Let ag, a1, ..., a,_; be
the vertices of the cycle and let the pendant vertices adjacent to
a; be denoted by B/ where 1 < j < 6.
For each i, let

Bi={7i+1,7i+2,...,7i+7).

First set
Sflao) = 1.
If i > O is even, set
Ti+3, 317i+3,
;) =
flaw) {7i+5, 3|7i+3.

If i is odd, choose c; € {2, 4, 6} so that

3+7i+Ci and 5+7i+6‘i,

and set f(a;) = 7i + ¢;. Such a choice exists: among the three

candidates, exactly one is divisible by 3 and at most one is di-

visible by 5, so at least one candidate is divisible by neither.
After the cycle label has been selected, let

ci = fla) = Ti;

thus, ¢; is the position of the selected cycle label in B;. For
1 < j <6, define

Ti+ j,
Ti+j+1,

N 1< ] <,
f(ﬁi)_{ C,‘SjS6.
Thus, the vertices associated with a; receive every label in
B; exactly once. Since the blocks By, By,..., B, partition
{1,2,...,7n}, the function f is a bijection.

It remains to verify coprimality. For i = 0, we have f(ag) =
1. If i > O is even, then ¢; € {3, 5}, the integer f(a;) is odd and is
not divisible by 3, and its nonzero differences from the six leaf
labels belong to {1, 2, 3,4}. Hence every centre—leaf gcd equals
1. If i is odd, then f(«;) is odd and is divisible by neither 3 nor
5, while its nonzero differences from the leaf labels belong to
{1,2,3,4,5}. Again, every centre—leaf gcd equals 1.

Finally, consider a cycle edge a;a;1; with 1 < i < n—2.
Both endpoint labels are odd, and

|f(air1) = f@i)] € {4,6,8,10}.

If i is even, the odd-index endpoint @, has a label divisible by
neither 3 nor 5; if i is odd, the same is true of «;. Therefore, a
common divisor can be divisible by none of 2, 3, 5, although it
must divide one of 4, 6, 8, 10. It follows that the common divi-
sor is 1. The two cycle edges incident with « are also coprime
because f(ap) = 1. Consequently, f is a PL. O

Example 2.6. Figure 3 gives the PL of C4 * S .

Figure 3. A PL of Cy4 * S¢.

As a type of unicyclic graph, we study when a graph with
two pendant paths at every cycle vertex is a PG.

For clarity, P, denotes a path on k vertices (and hence k — 1
edges). Attaching Py at a cycle vertex means identifying one
endpoint of P, with that cycle vertex, so the attachment con-
tributes k — 1 new vertices.

The intuition for the two-path construction is to place the
cycle label at a pivot inside each consecutive block. Labels
then increase by one along one pendant path and decrease by
one along the other, making every path edge automatically co-
prime. The pivot labels form an arithmetic progression; the
hypotheses in Theorem 2.7 control its internal edges and, cru-
cially, its closing edge.

Theorem 2.7. Letn > 3 and k| > ky > 2. The unicyclic graph
obtained by attaching Py, and Py, at every vertex of C,, is a PG
whenever

[ged(ky — 1,ky) = 1 and ged(ko,n—1) = 1]
or

[ged(ky, kp — 1) = 1 and ged(ky,n—1) = 1].
Proof. Suppose C, is the cycle and ag, a1, . .., @,_1 are its ver-
tices. The first vertex of each pendant path at the ith cycle vertex
is a;. The vertices of the first pendant path corresponding to «;
are denoted by Bf , where 1 < j < k; — 1, and the vertices of the
second pendant path are denoted by ", where 1 <m < k; — 1.

The vertices B} and y; are adjacent to a;. Define the labeling
function f: V — {1,2,...,n(k; + k, — 1)} by:

1. Suppose that ged(k; — 1,k) = 1 and ged(kp,n— 1) = 1.
Then
fla) = itky + ko — 1) + ko,
FB) =itk +ha = 1) + ko + j,
f&) =itky +ky = 1) + ky — m,
0<i<n-1, 1<j<k -1,
l1<m<k-1.
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For each fixed i, these formulas assign all integers in
{i(ki+k,—1)+1,. .., (i+1)(k; +ky—1)} exactly once. More-
over, adjacent vertices along either pendant path receive
consecutive integers and hence receive coprime labels.
We want to show that the labels of consecutive cycle ver-
tices @; and ;4 are relatively prime. Let

tl flay) =itky +kp = 1) + k

and
t|f(ai+1)
= (i+ 1)(](] +k2 - 1) +k2.
Then
t] flaiw) — fla) =k +k -1
So,
t] fla) =itk +ky— 1) = ko
Thus,
l|(k1+k2— 1)—k2:k1 -1
But,

ged(k; — 1,ky) = 1 and hence t = 1.

Thus, f(@;) and f(a;;) are relatively prime for all i =
0,1,...,n-2.
For the closing edge, put D = k; + k, — 1. Then

ged(f(ao), flan-1)) = ged(kz, (n = 1)D + k)
= ged(ky,(n — 1)D) = 1.
Indeed, ged(ky, D) = gcd(kp, ki — 1) = 1 and the added
hypothesis gives gcd(ky,n — 1) = 1. Thus, fis a PL.

. Suppose that ged(k;, k, — 1) = 1 and ged(k;,n—1) = 1.
Then

fla) =itky + kp = 1) + ky,
FB) =itk + ko= 1) + ki —
f =itki+ky =D+ ky +m,
0<i<n-1, 1<j<k -1,
1<m<k-1.
As in the first case, every block uses each of its labels ex-

actly once, and adjacent vertices on each pendant path re-
ceive consecutive labels. For consecutive cycle vertices,

ged(f(@i), f(air1)) = ged(ky, ky + k= 1)
= ng(kl,kz - 1) =1

for 0 < i < n— 2. For the closing edge, with D = k; +
k, — 1, we have

ged(f(@o), f(an-1)) = ged(ki, (n — DD + ky)
= ged(ky, (n - 1)D) = 1,

because ged(ky, D) = ged(ky, ky — 1) = 1 and ged(ky,n —
1) = 1. Hence this labeling is also a PL.

Figure 4. Prime labeling of a unicyclic graph with two pendant paths at the
cycle vertices.

O

Example 2.8. Figure 4 illustrates a prime labeling of the uni-
cyclic graph with two pendant paths Ps and P3 at every cycle
vertex of Cs. The two arms at each cycle vertex run consecu-
tively away from the pivot label.

Corollary 2.9. Letn > 3 and k > 2. A unicyclic graph obtained
by attaching two copies of Py at every vertex of C, is a PG
whenever gcd(k,n — 1) = 1.

Proof. Since

ged(k—1,k) =1
and, by hypothesis, gcd(k,n — 1) = 1, the first condition of
Theorem 2.7 therefore applies. So, the graph is a PG. U

3. Constructive algorithms and complexity

The formulas in the preceding proofs give deterministic
construction algorithms. The following pseudocode makes the
procedure explicit. In each algorithm, output means assigning
the indicated integer to the named vertex.

Algorithm 1: labeling C,, = S¢
Require: Integer n > 3.

1: fori=0,1,...,n—1do

2:  if i = 0 then

3: Set r « 1.

4:  elseif i is even then

5: Set r « 3if 3 4 (7i + 3); otherwise set r « 5.

6: else

7: Choose the first r € {2,4, 6} for which 3 1 (7i + r) and
5¢(7i+r).
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. endif
9:  Output f(a;) « 7i+r.
10:  for j=1,2,...,6do

11 Output f(B)) « 7i+jif j < r,and 7i+ j+1 otherwise.
12:  end for
13: end for
Algorithm  2: labeling the two-path fam-
ily
Require: Integers n > 3 and k; > &k, > 2.
1: Put D « ki +ky — 1.
2: if ged(k; — 1,k) = ged(kp,n— 1) = 1 then
3 fori=0,1,...,n—1do
4: Output f(a;) < iD + k.
5: Output f(B!) « iD +k, + jfor 1 < j < k.
6: Output f(y") < iD +ky —mfor 1 <m < k.
7:  end for
8: elseif gcd(ky, ky — 1) = ged(k;,n— 1) = 1 then
90 fori=0,1,...,n—1do
10: Output f(a;) < iD +k;.
11 Output f(B!) «— iD+k; — jfor1 < j<k.
12: Output f(y!") « iD +k; + mfor 1 <m < k.
13:  end for
14: else
15:  Report that these sufficient constructions do not certify
the input.
16: end if

The same direct implementation of the displayed formulas
for C,, * S, and C, * S4 has identical asymptotic behavior. If
N is the number of vertices, then N = 7n for Algorithm 1 and
N = n(ky +k, — 1) for Algorithm 2. Every vertex label is written
once, so the running time is ®@(N), which is optimal for explic-
itly outputting all labels. The preliminary gcd tests use the Eu-
clidean algorithm and take O(log max{n, ki, k,}) time. Storing
the full labeling requires O(N) space, while a streaming imple-
mentation uses only O(1) auxiliary space.

4. Conclusion

This paper studied prime vertex labeling for two families
of unicyclic graphs: cycles with a star attached at every vertex,
and cycles with two pendant paths attached at every vertex. We
gave explicit prime labelings for C,, * S, C,, * S4, and C,, * S¢,
extending earlier results that covered only three, five, or seven
pendant vertices per cycle vertex.

For the two-path case, where every cycle vertex is iden-
tified with one endpoint of paths Py, and Py, with k; > ks,
we showed that the graph is prime whenever gcd(k; — 1,kp) =
ged(kp,n — 1) = 1 or ged(ky, ky — 1) = ged(ki,n—1) = 1. In
particular, a unicyclic graph with two identical pendant paths
Py at every cycle vertex is prime whenever ged(k,n — 1) = 1.
Each construction is explicit and based on simple arithmetic, so
the labelings are easy to check and to adapt to other unicyclic
families.

Several questions remain open. One is whether the two-path
result can be extended to a full characterization of the triples
(n, k1, kp) that admit a prime labeling. Another is whether cycles

with other fixed numbers of pendant vertices, or other labeling
schemes such as graceful labeling, admit similar constructions.
A more computational direction would be an algorithm that de-
cides whether a general unicyclic graph is prime, together with
possible applications to network design and coding theory.
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