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Abstract

Fractional-order derivatives have a wide range of applications in real-world problems. In this work, we focus on a renewable resource in biomass
management with population effects using a generalized Mittag-Leffler kernel. We modify the system into a time-fractional-order biomass model
with population impacts on resource biomass while accounting for the suffocation effect, and analyze its dynamics under the Atangana–Baleanu
Caputo (ABC) fractional operator. We establish positivity, boundedness, existence, and uniqueness of the fractional-order model using fixed-
point theory. We confirm global stability by means of the fractional derivative of a Lyapunov function and compute Ulam–Hyers stability using
the spectral radius of the associated matrix. The proposed model has a unique solution according to the Banach contraction principle. The
numerical scheme for the fractal-fractional Atangana–Baleanu Riemann–Liouville (ABR) extension of the ABC model is constructed using a
two-step Lagrange polynomial in the generalized form of the Mittag-Leffler kernel. Simulations are carried out at various parameter values,
fractional orders, and fractal dimensions. The numerical results reveal that the dynamics vary significantly with fractional order, leading to
either convergence to a steady state or oscillatory behavior. The study offers a framework for capturing population-resource interactions and
demonstrates how fractional order can inform control of biomass consumption under population pressure. These insights are useful for planning
and decision-making regarding the social impact of biomass.
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1. Introduction

Renewable resources are a significant source of food and
materials for the development and survival of biological pop-
ulations. Continuous and unregulated exploitation of these re-
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sources might lead to resource extinction, putting the survival
of resource-dependent species in jeopardy. Over the course of
a year, traditional cooking and heating are used globally. Tradi-
tional bioenergetics are not sustainable, according to the Inter-
national Energy Agency (IEA), and will be phased out by 2030
under its Net Zero by 2050 scenario. Commercial fishing dy-
namic models have been widely investigated, taking into con-
sideration economic and ecological issues [1]. Non-explosive
fishing capital investment and non-extinctive fisheries resources
were explored by Wang et al. [2], who provided a basic eco-
nomic model. They discussed the bionomical equilibrium and
the ideal harvesting approach while looking at the stability anal-
ysis.

In the positive quadrant, there is no limit cycle. Brown [3]
suggested a scenario in which the predator is selectively col-
lected and the prey has no financial value. In order to suc-
cessfully manage these resources and prevent catastrophic ex-
plosions in our global economy, mathematical bio-economics
may play a significant role. It may consider how this demand
might influence the resource as well as difficulties with rev-
enue, cost, etc. [4]. Samanta [5] discussed harvest competi-
tion and bionomic equilibrium in society. According to Ref.
[6], the stability and Hopf-bifurcation of a two-species, multi-
delayed, competitive system impacted by hazardous substances
were proposed. The Susceptible-Infected-Recovered model has
been studied in Ref. [7]. Along with the identification of equi-
librium points and the conditions necessary for their viability,
the stability of the system is studied [8].

Projects using fish, barbecued chickens, and ducks have
been found to be suitable for the three-species harvesting tech-
nique. Recent studies demonstrate that complex mathematical
models effectively describe nonlinear processes in physical and
biological systems.

A new method for the fractional calculus fractal fractional
derivative is currently being developed by Atangana [9]. The
concept underlying this topic is often highly suitable for re-
solving some challenging problems. The notion of the frac-
tional derivative based on the power law is introduced by Rie-
mann Liouville. The novel fractional derivative that uses the
exponential-decay kernel was proposed by Caputo and Fab-
rizio [10]. The non-singular kernel fractional derivative that
incorporates trigonometric and exponential functions was in-
troduced by Caputo and Fabrizio [10]. Recent studies have ap-
plied fractional-order derivatives to neural network models: Xu
et al. [11, 12] analyzed the dynamical properties and bifurca-
tion behavior of fractional-order delayed bidirectional associa-
tive memory (BAM) neural networks. Further studies accord-
ing to Ref. [13] examined delay-induced periodic oscillations
in fractional-order neural networks with mixed delays, and Xu
et al.

[14] investigated the bifurcation dynamics and control
mechanism of a fractional-order delayed Brusselator chemical
reaction model. One important dynamical feature in nonlin-
ear delayed differential models is Hopf bifurcation triggered
by delay. In chemistry, the transformation relationship of the
concentration of various chemical compounds can be readily
characterized by Hopf bifurcation triggered by delay. Thus, we

contend that investigating the Hopf bifurcation caused by delay
in different chemical reaction models is crucial [15, 16]. Delay-
driven Hopf bifurcation has also been studied in epidemiolog-
ical settings, for example in a networked malaria model [17].
Fractional calculus has grown in importance due to its demon-
strated applications in system biology and other scientific do-
mains [18]. One advantage of fractional and integral derivatives
is that they are not local (or point) quantities.

This non-local character has been exploited, for example,
in epidemic models on random networks with multiple routes
of transmission [19]. We found that in order to understand
the complexity of infectious diseases, epidemiologists often use
mathematical models. The disease modeling method with con-
trols is studied using the stability theory of differential equa-
tions [20]. Bankole et al. [21] investigated the optimal control
of fractional-order stochastic systems under uncertainty, incor-
porating Poisson and V-jump perturbations. Olaniyi et al. [22]
analyzed the asymptotic stability of a fractional-order Ebola
epidemic model using the Caputo fractional derivative, high-
lighting the role of fractional calculus in capturing the dynamics
of biological systems. The most widely used operators, such as
Atangana-Baleanu and Caputo-Fabrizio, use a local derivative
with a distinct function.

However, complex fractal behavior can be seen in real-
world phenomena such as biomedicine and volatility. In this in-
stance, operators involving non-local differentiation in the ker-
nel are required [23] provide fractional fractal operators. The
epidemiological patterns that fractional operators support in-
clude dengue fever, TB, measles, Ebola, and other diseases.
However, the ongoing debate on the foundations and applicabil-
ity of fractal-fractional operators has been discussed by Atan-
gana [24], who argues that their efficacy depends on the choice
of kernel and on the specific application.

Although various works have been done on the subject of
fractional order population-resource models, there are still sev-
eral areas that demand additional investigation. These mod-
els often employ either the Caputo or Caputo-Fabrizio opera-
tors; relatively few studies include both the Atangana–Baleanu
Caputo (ABC) operator, the generalized Mittag-Leffler ker-
nel, and the suffocation effect in biomass population systems.
This work attempts to address these constraints by providing a
time-fractional biomass model that incorporates the influence
of population on biomass via the ABC operator. The global
and Ulam-Hyers stability are examined using fractional Lya-
punov and spectral radius approaches and applied to the fractal-
fractional Atangana–Baleanu Riemann–Liouville (ABR) oper-
ator, resulting in solid demonstrations of existence and unique-
ness. The research emphasizes the importance of using a
memory-dependent technique to control biomass under popu-
lation pressure while taking fractional order and fractal dimen-
sion into account.

The remaining sections of this article are structured as fol-
lows. Section 2 provides some preliminary information on the
ABC fractional derivative and fixed point theory techniques.
Section 3 formulates the fractional biomass model and uses
fixed point techniques, along with Ulam-Hyers stability for the
spectral radius of the corresponding matrix, to establish the ex-
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istence and uniqueness, positivity, and boundedness of solu-
tions to the proposed model. Section 4 studies the equilibrium
points of the model, providing conditions for global asymptotic
stability using the fractional Lyapunov function technique and
generalizing existence and uniqueness results for the fractal-
fractional ABR case. Section 5 describes how the numerical
technique was developed utilizing the ABC Fractal Operator
and Lagrangian Piecewise Interpolation. Section 6 discusses
the numerical simulation results. Section 7 concludes the paper
and discusses future work.

2. Basic concepts

In this section, we discuss some important definitions which
are useful for solving the problem.

Definition 2.1. [25] If ψ ∈ H1(0, T ) and φ ∈ (0, 1], then the
ABC derivative is defined by

ABC Dφ
t ψ(t) =

κ(φ)
1 − φ

∫︂ t

0

d
dy
ψ(y)Eφ

[︄
−φ

1 − φ
(t − y)φ

]︄
dy. (1)

By replacing Eφ

[︂
−φ

1−φ (t − y)φ
]︂

with E1 = exp
[︂(︂
−φ

1−φ

)︂
(t − y)

]︂
,

it has been observed that

ABC Dφ
t [Constant] = 0. (2)

Here, K(φ) is the normalization function which is given as
K(0) = K(1) = 1. Eφ denotes the Mittag-Leffler kernel.

Definition 2.2. [25] Given ψ ∈ L(0, T ), the equivalent integral
in the ABC sense is as follows:

ABC Iφt ψ(t) =
1 − φ
K(φ)

ψ(t) +
φ

K(φ)Γ(φ)

∫︂ t

0
(t − y)φ−1ψ(y)dy. (3)

Lemma 2.1. [26] The answer to the provided problem for 1 >
φ > 0,

ABC Dφ
t ψ(t) = θ(t), t ∈ [0,T ], ψ(0) = ψ0, (4)

is given by

ψ(t) = ψ0 +
(1 − φ)
K(φ)

θ(t) +
φ

Γ(φ)K(φ)

∫︂ t

0
(t − y)φ−1θ(y)dy. (5)

Lemma 2.2. Assume that B is a convex subset of Z and that F
and G are two operators.

1. G(Z) + F(Z) ∈ B for every Z ∈ B;
2. F denotes a contraction;
3. G is compact and continuous.

There is at least one solution for the equation operator G(Z) +
F(Z) = Z, in which Z = (Q,R) [27].

3. Mathematical model with fractional operator

The investigation indicates that when harvesting a renew-
able resource that a population consumes for its own growth
and development, the impact of crowding has not been taken
into account. As a result, the author of this work presents a
mathematical model for a biological population that is heavily
reliant on renewable resources. In order to investigate the dy-
namics of biomass resources and population usage, the model
presented in Ref. [28] was modified with a fractional operator.⎧⎪⎪⎨⎪⎪⎩ dQ

dt = rQ(1 − Q
K

) − α1RQ − α2RQ
2 − qEQ,

dR
dt = sR(1 − R

L
) + β1RQ − β2RQ

2,
(6)

with initial conditions Q(0) > 0 and R(0) > 0. The popula-
tion density, denoted by Q(t) for the population and R(t) for the
resource biomass density, will determine the intrinsic growth
rate and carrying capacity of the biomass. The following non-
linear differential equation represents the proposed model with
the ABC derivative.⎧⎪⎪⎨⎪⎪⎩ABC Dφ

t Q = rQ(1 − Q
K

) − α1RQ − α2RQ
2 − qEQ,

ABC Dφ
t R = sR(1 − R

L
) + β1RQ − β2RQ

2,
(7)

⎧⎪⎪⎨⎪⎪⎩ABC Dφ
t Q = f (t,Z),

ABC Dφ
t R = g(t,Z),

(8)

where Z = (Q,R). Using the Lemma with initial conditions
and applying the fractional ABIφt of order φ on both sides, we
obtain

Q = Q0 +
1 − φ
K(φ)

f (t,Z) +
φ

Γ(φ)K(φ)

∫︂ t

0
(t − y)φ−1 f (y,Z(y))dy,

R = R0 +
1 − φ
K(φ)

g(t,Z) +
φ

Γ(φ)K(φ)

∫︂ t

0
(t − y)φ−1g(y,Z(y))dy,

(9)

whereZ = (Q,R) andZ(y) = (Q(y),R(y)). We have used some
conditions to derive uniqueness and existence for the nonlinear
functions f , g : [0,T] × K × K → K .

• For any Q,Q,R,R ∈ R, there are constants L f ,Lg > 0
such that

| f (t,Z) − f (t,Z)| ≤ L f

[︂
|Q − Q| + |R − R|

]︂
, (10)

|g(t,Z) − g(t,Z)| ≤ Lg

[︂
|Q − Q| + |R − R|

]︂
, (11)

whereZ = (Q,R) andZ = (Q,R).

• There exist constants C f ,Cg,B f ,Bg > 0 andM f ,Mg >
0 such that

| f (t,Z)| ≤ C f |Q| + B f |Q| +M f , (12)

|g(t,Z(t))| ≤ Cg|R| + Bg|R| +Mg. (13)

Theorem 3.1. Under the second assumption and the continuity
of f and g, the system has at least one solution if

(︂
1−φ
K(φ)

)︂
L<1,

where L = max{L f ,Lg}.
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Proof. Krasnoselskii’s fixed point theorem can be used to ver-
ify existence results. The operators F = (F1,F2) and G =
(G1,G2) are defined as follows.⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

F1Z = Q0 +
1−φ
K(φ) f (t,Z(t)),

G1Z =
φ

Γ(φ)K(φ)

∫︁ t
0 (t − y)φ−1 f (y,Z(y))dy,

F2Z = R0 +
1−φ
K(φ) g(t,Z(t)),

G2Z =
φ

Γ(φ)K(φ)

∫︁ t
0 (t − y)φ−1g(y,Z(y))dy.

(14)

Consequently, G is a continuous operator while F is a contrac-
tion. For everyZ, (Q,R) ∈ B, we have

|F1(t,Z(t)) − F1(t,Z(t))| ≤
1 − φ
K(φ)

L f [|Q − Q| + |R − R|],

(15)

which suggests that

∥F1(t,Z(t)) − F1(t,Z(t))∥ ≤
1 − φ
K(φ)

L f [∥Q − Q∥ + ∥R − R∥],

(16)

∥F2(t,Z(t)) − F2(t,Z(t))∥ ≤
1 − φ
K(φ)

Lg[∥Q − Q∥ + ∥R − R∥].

(17)

Thus

∥F (t,Z(t)) − F (t,Z(t))∥ ≤
1 − φ
K(φ)

[∥Z − (Q,R)∥], (18)

which demonstrates the contraction property of F . The defini-
tion of a closed subset B ofZ is

B = {Z ∈ Z : ∥Z∥ ≤ r, r > 0}. (19)

For every Z ∈ B, we have the following argument that G is
compact and continuous:

∥G1(Z)∥ ≤ max
t∈[0,T]

φ

Γ(φ)K(φ)

∫︂ t

0
(t − y)φ−1 f (y,Z(y))dy

≤
Tφ

Γ(φ)K(φ)
[C f ∥Q∥ + B f ∥Q∥ +M f ], (20)

∥G2(Z)∥ ≤ max
t∈[0,T]

φ

Γ(φ)K(φ)

∫︂ t

0
(t − y)φ−1g(y,Z(y))dy

≤
Tφ

Γ(φ)K(φ)
[Cg∥R∥ + Bg∥R∥ +Mg]. (21)

Thus

∥G(Z)∥ ≤ Tφ [(C1 + B1)r +M1]
K(φ)Γ(φ)

= ∆, (22)

where C1 = C f + Cg, B1 = B f + Bg,M1 =M f +Mg. Conse-
quently, it is established that G is bounded. We will now show
that G is equicontinuous. Considering that t1 < t2 ∈ [0,T],

|G1(Z)(t2) − G1(Z)(t1)| =
φ

Γ(φ)K(φ)

⃓⃓⃓⃓ ∫︂ t2

0
(t2 − y)φ−1 f (Z(y))dy

−

∫︂ t1

0
(t1 − y)φ−1 f (Z(y))dy

⃓⃓⃓⃓
≤

φ

Γ(φ)K(φ)
[︁ ∫︂ t2

0
(t2 − y)φ−1

−

∫︂ t1

0
(t1 − y)φ−1]︁((C f + B f )r +M f )dy

≤
((C f + B f )r +M f )
K(φ)Γ(φ)

[tφ2 − tφ1 ], (23)

|G2(Z)(t2) − G2(Z)(t1)| ≤
((Cg + Bg)r +Mg)
K(φ)Γ(φ)

[tφ2 − tφ1 ]. (24)

∥G1(Z)(t2) − G1(Z)(t1)∥ −→ 0 as t1 −→ t2.
As a result, ∥G(Z)(t2) − G(Z)(t1)∥ −→ 0 as t1 −→ t2.
This proves that G is an equicontinuous operator. The Arzelà–
Ascoli theorem then establishes that G is uniformly bounded
and completely continuous. Hence, by Krasnoselskii’s fixed-
point theorem, the system has at least one solution.

Theorem 3.2. Starting with the first assumption, our biomass
system with the ABC derivative has a unique solution provided
that (︄

1 − φ
K(φ)

+
Tφ

K(φ)Γ(φ)

)︄
2L < 1, (25)

with max{L f ,Lg} = L.

Proof. Define the operator P̀ = (P1,P2) : Z → Z as

P1Z(t) = Q0 +
1 − φ
K(φ)

f (t,Z(t))

+
φ

Γ(φ)K(φ)

∫︂ t

0
(t − y)φ−1 f (y,Z(y))dy, (26)

P2Z(t) = R0 +
1 − φ
K(φ)

g(t,Z(t))

+
φ

Γ(φ)K(φ)

∫︂ t

0
(t − y)φ−1g(y,Z(y))dy. (27)

Now, we takeZ = (Q,R) andZ = (Q,R). For the first compo-
nent, the Lipschitz condition (10) controls both the local term
and the integral term, so

∥P1(Z) − P1(Z)∥

≤
1 − φ
K(φ)

L f ∥Z −Z∥

+
φ

Γ(φ)K(φ)
max
t∈[0,T]

∫︂ t

0
(t − y)φ−1| f (y,Z(y)) − f (y,Z(y))|dy

≤

(︄
1 − φ
K(φ)

+
Tφ

K(φ)Γ(φ)

)︄
L f [∥Q − Q∥ + ∥R − R∥], (28)

where the integral term is estimated by evaluating
∫︁ t

0 (t −
y)φ−1dy = tφ/φ ≤ Tφ/φ and using Γ(φ + 1) = φΓ(φ). Simi-
larly, for the second component,

∥P2(Z) − P2(Z)∥≤
(︄

1 − φ
K(φ)

+
Tφ

K(φ)Γ(φ)

)︄
4
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Lg[∥Q − Q∥ + ∥R − R∥], (29)

Combining equations (36) and (44) and recalling L =

max{L f ,Lg}, we obtain

∥P(Z) − P(Z)∥ ≤
(︄

1 − φ
K(φ)

+
Tφ

K(φ)Γ(φ)

)︄
2L∥Z −Z∥. (30)

Therefore P is a contraction whenever the sufficient condition
(25) holds. According to the Banach contraction theorem, there
is a unique solution for the entire system. We then present
Ulam-Hyers stability results.

Theorem 3.3. If the spectral radius of the resulting matrix is
strictly less than one, then the analyzed model’s solution is
Ulam-Hyers stable.[︄

a a
b b

]︄
(31)

The stability condition is |a + b|<1, where

a =
(︄

(1 − φ)
K(φ)

+
Tφ

K(φ)Γ(φ)

)︄
L f , (32)

b =
(︄

(1 − φ)
K(φ)

+
Tφ

K(φ)Γ(φ)

)︄
Lg. (33)

Proof. Let Z be any model solution, and let Z be the model
unique solution, such that

∥Z −Z∥ ≤

[︄
a a
b b

]︄ [︄
∥Q − Q∥

∥R − R∥

]︄
. (34)

Since the eigenvalues of the matrix are 0 and a + b, the spectral
radius is |a+b|, and the condition |a+b| < 1 ensures the system
is stable.

4. Fractional operator ABC in a mathematical model

In this section, we analyze the proposed operator for the
biomass model for existence, uniqueness and stability of the
system.

Theorem 4.1. The solution (Q(t),R(t)) of system (7) with ini-
tial data (Q(0),R(0)) ∈ R2

+ remains non-negative for all t ≥ 0.

Proof. Evaluating the vector field of (7) on the boundary planes
of the positive orthant R2

+, we obtain
ABC Dφ

t Q
⃓⃓⃓
Q=0 = 0, ABC Dφ

t R
⃓⃓⃓
R=0 = 0. (35)

Since the ABC derivative on each boundary plane is non-
negative for non-negative R and Q respectively, no trajectory
starting in R2

+ can cross either coordinate axis. Hence R2
+ is a

positively invariant set, and the solution remains non-negative
for all t ≥ 0.

4.1. Positivity and boundedness
In this subsection we establish positivity and boundedness

directly for the ABC system (7). We use the following frac-
tional comparison principle.

Lemma 4.1. [29] Let ϕ ∈ (0, 1] and let u : [0, T ] → R be
continuous. If ABC Dϕ

t u(t) ≥ 0 for all t ∈ (0, T ], then u(t) ≥ u(0)
for all t ∈ [0, T ]. In particular, if u(0) ≥ 0, then u(t) ≥ 0 for all
t ∈ [0,T ].

Proof. From Definition 2.2, the ABC integral of ABC Dϕ
t u is

ABC Iϕt
[︁ABC Dϕ

t u
]︁
(t) = u(t) − u(0).

Since ABC Dϕ
t u(t) ≥ 0 and the ABC integral operator is positivity

preserving, it follows that u(t) − u(0) ≥ 0, i.e. u(t) ≥ u(0).

Positivity. Consider the R-equation of system (7), which can
be rewritten as

ABC Dφ
t R = RΨ1(t,Q,R), (36)

where

Ψ1(t,Q,R) = s
(︂
1 −
R

L

)︂
+ β1Q − β2Q

2. (37)

Since Ψ1 is continuous and Q,R are continuous on [0,T ], Ψ1 is
bounded on every compact subset of R2

+. Let

M1 = max
[0,T ]×Br

|Ψ1(t,Q,R)|, (38)

where Br is any closed ball containing the trajectory. Then

ABC Dφ
t R + M1R ≥ 0. (39)

Multiplying by Eφ
[︁ φ

1−φ tφ
]︁

and using the product rule for the
ABC operator, we obtain

ABC Dφ
t

[︂
R(t) Eφ

[︂
φ

1−φ tφ
]︂]︂
≥ 0. (40)

By Lemma 4.1,

R(t) Eφ

[︂
φ

1−φ tφ
]︂
≥ R(0) ≥ 0, (41)

hence R(t) ≥ 0 for all t ∈ [0, T ]. Similarly, writing the Q-
equation as

ABC Dφ
t Q = QΨ2(t,Q,R), (42)

with

Ψ2(t,Q,R) = r
(︂
1 −
Q

K

)︂
− α1R − α2RQ − qE, (43)

and repeating the same argument yields Q(t) ≥ 0 for all t ∈
[0, T ]. Therefore R2

+ is positively invariant.

Boundedness.
Consider first the R-equation. From (7),

ABC Dφ
t R = sR

(︂
1 −
R

L

)︂
+ β1RQ − β2RQ

2. (44)

5
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Since Q(t) ≥ 0 and R(t) ≥ 0 on R2
+, and since the term −β2RQ

2

is non-positive, we obtain the fractional differential inequality

ABC Dφ
t R ≤ sR

(︂
1 −
R

L

)︂
+ β1RQ. (45)

To close the estimate without assuming boundedness of Q, we
use the fact that Q is continuous on the compact interval [0, T ],
so Q(t) ≤ Qmax for some finite constant Qmax depending only
on T and the initial data. Then

ABC Dφ
t R ≤ R

(︂
s + β1Qmax −

s
L
R
)︂
. (46)

By the fractional comparison principle, R is bounded above
by the solution of the associated Bernoulli-type ABC equation,
which remains finite on [0, T ]. Hence there exists Rmax > 0
such that

0 ≤ R(t) ≤ Rmax, ∀ t ∈ [0, T ]. (47)

Now consider the Q-equation. Using R(t) ≤ Rmax and Q(t) ≥ 0,

ABC Dφ
t Q = rQ

(︂
1 −
Q

K

)︂
− α1RQ − α2RQ

2 − qEQ

≤ rQ
(︂
1 −
Q

K

)︂
− qEQ

= Q
(︂
r − qE −

r
K
Q
)︂
. (48)

Again by the fractional comparison principle, Q is bounded
above by the solution of the corresponding ABC logistic-type
equation, which is finite on [0,T ]. Therefore there exists
Qmax > 0 such that

0 ≤ Q(t) ≤ Qmax, ∀ t ∈ [0, T ]. (49)

Combining (47) and (49), the solution (Q(t),R(t)) of the ABC
system (7) is positive and bounded in R2

+ for all t ∈ [0,T ].

4.2. Equilibrium points of the system
Setting the left-hand sides of the system (7) to zero yields

the equilibrium equations{︄
rQ(1 − Q

K
) − α1RQ − α2RQ

2 − qEQ = 0,
sR(1 − R

L
) + β1RQ − β2RQ

2 = 0. (50)

The system is two-dimensional in (Q,R). The population-free
equilibria are obtained by setting Q = 0, which gives

E0 = (0, 0), E1 = (0,L). (51)

For a coexistence equilibrium, we consider Q > 0 and R > 0.
Dividing the first equation of (61) by Q and the second by R
gives

r
(︂
1 −
Q

K

)︂
− α1R − α2RQ − qE = 0, (52)

s
(︂
1 −
R

L

)︂
+ β1Q − β2Q

2 = 0. (53)

Equation (63) is linear in R; solving for R gives

R =
r
(︁
1 − Q/K

)︁
− qE

α1 + α2Q
. (54)

Substituting (68) into (64) yields a scalar equation for Q, which
determines the coexistence equilibrium E∗ = (Q∗,R∗) with R∗

given by (68). The coexistence equilibrium is biologically fea-
sible whenever Q∗ > 0 and R∗ > 0.

4.3. Existence, stability and uniqueness theory

In this section of the article, the ABC operator is used to
discuss the stability, uniqueness and existence of the model.

4.3.1. Global stability via a fractional Lyapunov function
Before proceeding, we state important lemmas for the frac-

tional Lyapunov stability.

Lemma 4.2. Let L : [0,∞) → R be a continuously differ-
entiable, positive-definite function, and let Ω be a positively
invariant compact set of the ABC system (7). If

ABC Dφ
t L(t) ≤ 0, for all t ≥ 0, and all (Q,R) ∈ Ω, (55)

if the largest invariant subset of {(Q,R) ∈ Ω : ABC Dφ
t L = 0} is

the equilibrium E∗, then E∗ is globally asymptotically stable in
Ω [30].

Lemma 4.3. [30] Let φ ∈ (0, 1) and let G(t) be a positive-
valued and continuously differentiable function on [0,T ]. Then,
for all t ∈ [0, T ), the ABC fractional derivative of order φ of the
Volterra-type function satisfies

ABCD
φ
t

(︄
G(t) −G∗ −G∗ ln

G(t)
G∗

)︄
≤

(︄
1 −

G∗

G(t)

)︄
ABCD

φ
t G(t),

(56)

for any positive constant G∗ ∈ R+.

We establish the global asymptotic stability of the coexis-
tence equilibrium E∗ = (Q∗,R∗) under explicit parameter con-
ditions.

Theorem 4.2. Assume that the coexistence equilibrium E∗ =
(Q∗,R∗) exists with Q∗ > 0, R∗ > 0, and that the parameter
conditions

C1 : r + α1R + α2RQ + qE >
2rQ∗

K
, (57)

C2 : s + β1Q + Q
2β2 >

2sR∗

L
, (58)

hold. Then E∗ is globally asymptotically stable in Γ, where Γ ⊂
R2
+ is the positively invariant compact set defined in Section 4.1,

containing the coexistence equilibrium E∗ in its interior.

6
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Proof. The Lyapunov function is chosen in the standard
Volterra form

L(Q,R) =
(︄
Q − Q∗ − Q∗ ln

Q

Q∗

)︄
+

(︄
R − R∗ − R∗ ln

R

R∗

)︄
. (59)

This function is positive definite on Γ \ {E∗} and vanishes only
at E∗ = (Q∗,R∗). According to Lemma 4.3, its ABC fractional
derivative satisfies

ABC Dφ
t L ≤

(︂
1 −
Q∗

Q

)︂
ABC Dφ

t Q +
(︂
1 −
R∗

R

)︂
ABC Dφ

t R. (60)

Substituting (7) into (60) gives

ABC Dφ
t L ≤

(︂Q − Q∗
Q

)︂(︂
rQ(1 −

Q

K
) − α1RQ − α2RQ

2 − qEQ
)︂

+
(︂R − R∗
R

)︂(︂
sR(1 −

R

L
) + β1RQ − β2RQ

2
)︂
. (61)

Using the equilibrium relations (52)–(53) and expanding
around E∗, we obtain

ABC Dφ
t L ≤ Φ1 − Φ2, (62)

where the sign-definite and sign-indefinite terms are separated
as

Φ1 =
r(Q − Q∗)2

Q
+
R∗α1(Q − Q∗)2

Q
+
R∗α2(Q − Q∗)3

Q

+
s(R − R∗)2

R
+
Qβ1(R − R∗)2

R
+

2QQ∗β2(R − R∗)2

R
,

(63)

Φ2 =
r(Q − Q∗)2

QK
+
Rα1(Q − Q∗)2

Q
+
Rα2(Q − Q∗)3

Q

+
qE(Q − Q∗)2

Q
+

s(R − R∗)3

RL
+
Q∗β1(R − R∗)2

R

+
Q2β2(R − R∗)2

R
+
Q∗2β2(R − R∗)2

R
. (64)

To obtain a sufficient condition for Φ1 − Φ2 ≤ 0, we group the
terms in Φ1 and Φ2 by powers of (Q − Q∗) and (R − R∗). After
collecting terms and using the equilibrium relations, the leading
quadratic contribution can be written as

Φ1 − Φ2 ≤ −
[︂ r
K
−

2rQ∗

KQ
− α1
R

Q
− α2
RQ

Q
−

qE
Q

]︂
(Q − Q∗)2

−
[︂ s
L
−

2sR∗

LR
− β1
Q

R
− β2
Q2

R

]︂
(R − R∗)2. (65)

Therefore, Φ1 − Φ2 ≤ 0 whenever the parameter conditions
(57)–(58) hold, i.e.

r + α1R + α2RQ + qE ≥
2rQ∗

K
, (66)

s + β1Q + β2Q
2 ≥

2sR∗

L
. (67)

Consequently ABC Dφ
t L ≤ 0 on Γ, with equality holding only

when Q = Q∗ and R = R∗. The largest compact invariant set in{︂
(Q,R) ∈ Γ; ABC Dφ

t L = 0
}︂

(68)

is therefore the singleton {E∗}. By Lemma 4.2 and LaSalle’s
invariance principle, the coexistence equilibrium E∗ is globally
asymptotically stable in Γ.

4.4. Extension to the fractal-fractional (ABR) setting
The main model (7) is formulated with the ABC operator.

In this subsection we show that the existence and uniqueness
results established in Section 3 extend to the broader fractal-
fractional (ABR) setting. This extension is presented solely to
demonstrate the robustness of the results under a more general
operator and does not alter the ABC model analyzed above.

Definition 4.3. [9] Let ψ ∈ H1(0, T ) and let φ ∈ (0, 1] and
ζ > 0. The ABR fractal-fractional derivative of order (φ, ζ) is
defined by

ABR
0 Dφ,ζ

t ψ(t) =
K(φ)
1 − φ

d
dtζ

∫︂ t

0
Eφ

[︂ −φ
1 − φ

(t − y)φ
]︂
ψ(y)dy, (69)

where
d

dtζ
denotes the fractal derivative of order ζ, and K(φ) is

the normalization function introduced in Section 2 withK(0) =
K(1) = 1. The fractal derivative is defined, for differentiable ψ,
by

dψ
dtζ

(t) = t1−ζ dψ
dt

(t). (70)

Applying (69)–(70) to system (7), the ABR fractal-
fractional formulation of the model is⎧⎪⎪⎨⎪⎪⎩ABR

0 Dφ,ζ
t Q = t1−ζZ(K1),

ABR
0 Dφ,ζ

t R = t1−ζ Y(K1),
(71)

where K1 = (t,Q,R) and{︄
Z(K1) = rQ(1 − Q

K
) − α1RQ − α2RQ

2 − qEQ,
Y(K1) = sR(1 − R

L
) + β1RQ − β2RQ

2.
(72)

We can write the system as{︄
ABR
0 Dφ

t Υ(t) = t1−ζΨ(t,Υ(t)),
Υ(0) = Υ0.

(73)

Since ζ ∈ (0, 1), the factor t1−ζ is continuous on [0,T] and van-
ishes at t = 0; hence no singularity arises at the initial point.
By replacing ABR

0 Dφ,ζ
0 with ABC Dφ

t and applying the fractal-
fractional integral, we obtain

Υ(t) = Υ(0) +
t1−ζ(1 − φ)
K(φ)

Ψ(t,Υ(t))

+
φ

K(φ)Γ(φ)

∫︂ t

0
y1−ζ(t − y)φ−1Ψ(y,Υ(y))dy, (74)

where

Υ(t) =
(︄
Q(t)
R(t)

)︄
, Υ(0) =

(︄
Q(0)
R(0)

)︄
, Ψ(t,Υ(t)) =

(︄
Z(K1)
Y(K1)

)︄
.

(75)

The existence theory makes use of the Banach space

B = X × X, X = C
(︁
[0,T],R

)︁
, (76)

equipped with the norm

∥Υ∥B = ∥Q∥∞ + ∥R∥∞ = max
t∈[0,T]

|Q(t)| + max
t∈[0,T]

|R(t)|. (77)

7
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Because t1−ζ is continuous on the closed interval [0,T] and the
kernel (t − y)φ−1 is integrable for φ ∈ (0, 1), the operator below
is well defined on B. Define ℑ : B→ B as

ℑ(Υ)(t) =Υ(0) +
t1−ζ(1 − φ)
K(φ)

Ψ(t,Υ(t))

+
φ

K(φ)Γ(φ)

∫︂ t

0
y1−ζ(t − y)φ−1Ψ(y,Υ(y))dy. (78)

Assume that the given requirements are satisfied by the nonlin-
ear term Ψ(t,Υ(t)).

• For each Υ ∈ B, there exist constants AΨ and PΨ such
that

|Ψ(t,Υ(t))| ≤ AΨ|Υ(t)| + PΨ, (79)

• For each Υ,Υ ∈ B, there exists a constant KΨ > 0 such
that

|Ψ(t,Υ(t)) − Ψ(t,Υ(t))| ≤ KΨ|Υ(t) − Υ(t)|. (80)

Theorem 4.4. LetΨ : [0,T]×B→ R be a continuous function.
If condition (79) holds and the operator ℑ in (78) satisfies the
contraction condition

T1−ζ(1 − φ)
K(φ)

KΨ +
φTφ−ζ

K(φ)Γ(φ)
KΨ < 1, (81)

then the fractal-fractional system (73) has a unique solution in
B.

Proof. We show that ℑ maps a closed ball Br = {Υ ∈ B :
∥Υ∥B ≤ r} into itself and is a contraction; the result then follows
from the Banach contraction theorem.
(i). Boundedness of ℑ. For Υ ∈ Br, using (79),

∥ℑ(Υ)∥B ≤ Υ(0) +
T1−ζ(1 − φ)
K(φ)

(︁
AΨr + PΨ

)︁
+

φTφ−ζ

K(φ)Γ(φ)
(︁
AΨr + PΨ

)︁
L(φ, ζ), (82)

where L(φ, ζ) is a bounded constant depending only on φ and
ζ. Choosing r sufficiently large makes ∥ℑ(Υ)∥B ≤ r, so ℑ maps
Br into itself.
(ii). Contraction of ℑ. For Υ,Υ ∈ B, using (80),

∥ℑ(Υ) − ℑ(Υ)∥B ≤
T1−ζ(1 − φ)
K(φ)

KΨ∥Υ − Υ∥B

+
φTφ−ζ

K(φ)Γ(φ)
KΨ∥Υ − Υ∥B. (83)

Under condition (81), the right-hand side is strictly smaller than
∥Υ − Υ∥B, so ℑ is a contraction. By the Banach contraction
theorem, (73) has a unique solution in B.
(iii). Equicontinuity. For t1 < t2 ∈ [0,T] and Υ ∈ Br,

∥ℑ(Υ)(t2) − ℑ(Υ)(t1)∥B ≤
⃓⃓⃓ t1−ζ

2 − t1−ζ
1

K(φ)

⃓⃓⃓⃓⃓⃓
1 − φ

⃓⃓⃓ (︁
AΨr + PΨ

)︁
+

φ

K(φ)Γ(φ)
(︁
AΨr + PΨ

)︁
M, (84)

where

M =
⃓⃓⃓ ∫︂ t2

0
y1−ζ(t2 − y)φ−1dy −

∫︂ t1

0
y1−ζ(t1 − y)φ−1dy

⃓⃓⃓
.

Since 1 − ζ > 0 for ζ ∈ (0, 1), the map t ↦→ t1−ζ is continuous
on [0,T]; hence t1−ζ

2 − t1−ζ
1 → 0 as t1 → t2. As t1 → t2, the

right-hand side tends to zero, so ℑ is equicontinuous. By the
Arzelà–Ascoli theorem, ℑ is completely continuous. Together
with the contraction estimate (83), this establishes the existence
of a unique solution of (73) in B.

According to theorem 4.3, the fractal-fractional (ABR) sys-
tem (73) has the same existence and uniqueness properties as
the ABC system discussed in section 3. Thus, even when the
more generic fractal-fractional operator is used, the results re-
main consistent. The fractal-fractional system (73) is only used
to prove the prior assumption. All other results in this section
refer to the ABC system (7).

5. Generalized form of proposed system for numerical so-
lution

In the following section, the ABC fractal operator and La-
grangian piecewise interpolation [24] are used to build the nu-
merical method for the proposed model. We have system⎧⎪⎪⎨⎪⎪⎩ABC Dφ

t Q = rQ(1 − Q
K

) − α1RQ − α2RQ
2 − qEQ,

ABC Dφ
t R = sR(1 − R

L
) + β1RQ − β2RQ

2.
(85)

We can write as

Q = Q(0) +
t1−ζ(1 − φ)
K(φ)

L1(K1)

+
φ

K(φ)Γ(φ)

∫︂ t

0
y1−ζ(t − y)φ−1L1(K2)dy, (86)

R(t) = R(0) +
t1−ζ(1 − φ)
K(φ)

L2(K1)

+
φ

K(φ)Γ(φ)

∫︂ t

0
y1−ζ(t − y)φ−1L2(K2)dy, (87)

where K1 = (t,Q,R), K2 = (y,Q,R), and

Φ = y1−ζ(t − y)φ−1. (88)

The kernel exponent is φ − 1 in both equations, consistent with
the ABC kernel of order φ; the factor y1−ζ originates from the
fractal derivative of order ζ. Now, at t = tx+1, we get

Qx+1 = Q0 +
t1−ζ
x (1 − φ)
K(φ)

L1(tx,Q
x,Rx)

+
φ

K(φ)Γ(φ)

∫︂ tx+1

0
y1−ζ(tx+1 − y)φ−1L1(y,Q,R)dy, (89)

Rx+1 = R0 +
t1−ζ
x (1 − φ)
K(φ)

L2(tx,Q
x,Rx)

8



Nisar et al. / J. Nig. Soc. Phys. Sci. 9 (2027) 3812 9

+
φ

K(φ)Γ(φ)

∫︂ tx+1

0
y1−ζ(tx+1 − y)φ−1L2(y,Q,R)dy. (90)

Using the approximation of integrals on RHS, we were able to
derive

Qx+1 = Q0 +
t1−ζ
x (1 − φ)
K(φ)

L1(tx,Q
x,Rx)

+
φ

K(φ)Γ(φ)

x∑︂
f=0

∫︂ t f+1

t f

y1−ζ(tx+1 − y)φ−1L1(y,Q,R)dy,

(91)

Rx+1 = R0 +
t1−ζ
x (1 − φ)
K(φ)

L2(tx,Q
x,Rx)

+
φ

K(φ)Γ(φ)

x∑︂
f=0

∫︂ t f+1

t f

y1−ζ(tx+1 − y)φ−1L2(y,Q,R)dy,

(92)

J f (y) =
y − t f−1

t f − t f−1
t1−ζ

f L1(t f ,Q f ,R f )

−
y − t f

t f − t f−1
t1−ζ

f−1L1(t f−1,Q f−1,R f−1), (93)

O f (y) =
y − t f−1

t f − t f−1
t1−ζ

f L2(t f ,Q f ,R f )

−
y − t f

t f − t f−1
t1−ζ

f−1L2(t f−1,Q f−1,R f−1). (94)

The interpolation coefficients in (93)–(94) involve the index f −
1, which is undefined for f = 0. We therefore treat the initial
step separately and, for x ≥ 1, split the summation into the
f = 0 term and the terms with f ≥ 1.

Initialization (x = 0). For x = 0, only the initial data Q0 and
R0 are available, and the scheme reads

Q1 = Q0 +
t1−ζ
0 (1 − φ)
K(φ)

L1(t0,Q0,R0)

+
(∆t)φ

K(φ)Γ(φ + 2)
t1−ζ
0 L1(t0,Q0,R0)Π0,0, (95)

R1 = R0 +
t1−ζ
0 (1 − φ)
K(φ)

L2(t0,Q0,R0)

+
(∆t)φ

K(φ)Γ(φ + 2)
t1−ζ
0 L2(t0,Q0,R0)Π0,0, (96)

with

Π0,0 = 2φ(φ + 1) − 2φ(1 + φ). (97)

General Step (x ≥ 1). For x ≥ 1, the complete recurrence is

Qx+1 =Q0 +
t1−ζ
x (1 − φ)
K(φ)

L1(tx,Q
x,Rx) +

(∆t)φ

K(φ)Γ(φ + 2)

×

[︄
t1−ζ
0 L1(t0,Q0,R0)Πx,0

+

x∑︂
f=1

t1−ζ
f L1(t f ,Q

f ,R f )Πx, f

−

x∑︂
f=1

t1−ζ
f−1L1(t f−1,Q

f−1,R f−1)Ωx, f

]︄
, (98)

Rx+1 =R0 +
t1−ζ
x (1 − φ)
K(φ)

L2(tx,Q
x,Rx) +

(∆t)φ

K(φ)Γ(φ + 2)

×

[︄
t1−ζ
0 L2(t0,Q0,R0)Πx,0

+

x∑︂
f=1

t1−ζ
f L2(t f ,Q

f ,R f )Πx, f

−

x∑︂
f=1

t1−ζ
f−1L2(t f−1,Q

f−1,R f−1)Ωx, f

]︄
, (99)

where the summation index f runs from 1 to x, and the interpo-
lation coefficients are

Πx, f = (x + 1 − f )φ(x − f + 2 + φ) − (x − f )φ(x − f + 2 + 2φ),
(100)

Ωx, f = (x + 1 − f )φ+1 − (x − f )φ(x − f + 1 + φ). (101)

Both coefficients depend on the index difference x − f , so Πx, f

is not constant in f for fixed x. The initialization (95)–(97)
together with the recurrence (98)–(101) furnishes a complete,
executable scheme for all x ≥ 0.

6. Numerical results and discussion

Using the various parameter values provided in Ref. [28],
we consider numerical simulations of the proposed technique
using the fractional operator for the proposed model. It has
been proved that physical processes are best characterized us-
ing fractional order derivatives, which are more precise and de-
pendable than integer order derivatives. It is important to clar-
ify at the outset which operator generates the numerical results
presented in this section. The principal model analyzed in Sec-
tions 2–4 is the ABC fractional model (7). However, to gain
deeper insight into the dynamics of the system, we extended
the model to the more general fractal-fractional (ABR) setting
in Subsection 4.4, which introduces the fractal dimension ζ in
addition to the fractional order φ. The numerical simulations re-
ported in Figures 1–18 are obtained from this fractal-fractional
(ABR) formulation, i.e., system (73) together with the numer-
ical scheme developed in Section 5. The ABC model (7) is
recovered as the special case ζ = 1. Unless stated otherwise, all
simulations use ζ = 1 (integer dimension) or ζ = 0.7 (fractal di-
mension), as indicated in each figure caption. Figures 1 through
18 show how the fractional ordering and the theoretical model
parameters affect the system dynamics.
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Figures 1–8 show the dynamics of Q(t) and R(t) for two
parameter sets: (β2, α2) = (0.1, 0.001) (Figures 1–4) and
(β2, α2) = (0.0001, 0.0001) (Figures 5–8), with fractal dimen-
sions 1 and 0.7 and fractional orders φ = 1.0, 0.9, 0.8, 0.7. Fig-
ures 1, 3, 5, and 7 display Q(t), while Figures 2, 4, 6, and 8
display R(t). In both parameter sets, the solutions decay toward
a steady state, and the decay rate relies significantly on the frac-
tional order; smaller φ gives slower decay and higher prolonged
plateaus. These parameter sets satisfy the stability conditions
C1 and C2 stated in Theorem 4.2, which is consistent with the
bounded, steady-state behavior observed.

Figures 9–12 present the case (β2, α2) = (0.0005, 0.0005)
with E = 200. Here the behavior differs from Figures 1–8:
in Figures 9, 10, and 11 the trajectories initially rise, reach a
maximum, and then decay toward a common level. Figure 10
exhibits a sharp discontinuous branch for φ = 0.7 at t ≈ 5,
whereas Figure 12 remains comparatively smooth for all frac-
tional orders. This implies that the system doesn’t always con-
verge monotonically because the convergence is based on the
parameter values and the fractional order. The parameter set
(β2, α2) = (0.0005, 0.0005), E = 200 does not satisfy the stabil-
ity conditions of Theorem 4.2, which explains why the mono-
tone convergence guaranteed by the theorem is not observed
here.

Figures 13–16 show additional cases with lower E. Fig-
ure 13 displays Q(t) at (β2, α2) = (0.0005, 0.0005), E = 150,
and Figure 14 displays R(t) for the same parameters; Figures
15 and 16 display Q(t) and R(t), respectively, at (β2, α2) =
(0.0001, 0.0001), E = 150. In Figure 14, the φ = 0.7 curve
shows a discontinuous drop at t ≈ 5, followed by a large os-
cillatory branch near the end of the time interval. A similar
abrupt drop and subsequent oscillation are visible in Figure 16
for the same fractional order. These parameter sets also fall out-
side the stability conditions of Theorem 4.2, and the observed
oscillations should be interpreted as genuinely non-monotone
dynamics of the fractal-fractional system rather than numeri-
cal artifacts, since the same qualitative behavior persists across
different step sizes in our tests.

The numerical simulations clearly show that the fractal-
fractional organization has a major effect on the system’s be-
havior. The shift in fractal-fractional organization causes vari-
ous compartment trajectories. This means that changes in the
system’s fractal-fractional order have an impact on the dynam-
ics of renewable resources and population. As a result, it is clear
that studying the dynamics of the system for various fractal-
fractional orders provides a wealth of useful information on the
system’s dynamics. Implementing preventive measures through
the parameters β2, α2, and E demonstrates that it is possible to
minimize the system dynamics. The effects of the operator’s
fractal and integer orders exemplifies the memory effect in the
fractional operator with dimensions of 1 and 0.7. The parameter
ranges have a significant impact on qualitative behavior.

Figures 1–8 show bounded and steady-state solutions, while
Figures 9–16 reveal oscillatory and discontinuous branches
with regard to specific fractional order values, particularly φ =
0.7. Figures 10, 14, and 16 show highly abrupt shifts and oscil-
lations, therefore a general conclusion about convergence to a
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Figure 1: Simulation of Q(t) with β2 = 0.1, E = 200, and α2 =

0.001 for different fractional orders and a fractal dimension of
1.
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Figure 2: Simulation of R(t) with β2 = 0.1, E = 200, and α2 =

0.001 for different fractional orders and a fractal dimension of
1.

steady state cannot be drawn for parameter sets that violate the
stability conditions of Theorem 4.2. The figures allow for one
broad conclusion: the solutions are bounded but may tend to a
steady state or oscillate in the long term.

The phase portraits of (R(t),Q(t)) and (Q(t),R(t)) are dis-
played in Figures 17 and 18, respectively, for various parame-
ter sets. The dense, folded structure indicates chaotic behavior
within the feasible region. It can be seen that the trajectories are
irregular and fold-shaped and occupy a considerable area of the
phase plane unlike in Figures 1–8 where they appear smoother.
This behavior is similar to what happens in Figures 9–16 due to
high sensitivity to the fractional order.

Because no quantified measure of chaos (Lyapunov expo-
nent or Poincaré section) is computed in this case, the motion is
classified as irregular rather than chaotic. The irregular trajec-
tories in Figures 17 and 18 arise from parameter sets that vio-
late the stability conditions of Theorem 4.2, and they should be
interpreted as genuine non-monotone dynamics of the fractal-
fractional system rather than numerical artifacts, since the same
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Figure 3: Simulation of Q(t) with β2 = 0.1, E = 200, and α2 =

0.001 for different fractional orders and a fractal dimension of
0.7.
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Figure 4: Simulation of R(t) with β2 = 0.1, E = 200, and α2 =

0.001 for different fractional orders and a fractal dimension of
0.7.
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Figure 5: Simulation of Q(t) with β2 = 0.0001, E = 200, and
α2 = 0.0001 for different fractional orders and a fractal dimen-
sion of 1.
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Figure 6: Simulation of R(t) with β2 = 0.0001, E = 200, and
α2 = 0.0001 for different fractional orders and a fractal dimen-
sion of 1.
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Figure 7: Simulation of Q(t) with β2 = 0.0001, E = 200, and
α2 = 0.0001 for different fractional orders and a fractal dimen-
sion of 0.7.
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Figure 8: Simulation of R(t) with β2 = 0.0001, E = 200, and
α2 = 0.0001 for different fractional orders and a fractal dimen-
sion of 0.7.
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Figure 9: Simulation of Q(t) with β2 = 0.0005, E = 200, and
α2 = 0.0005 for different fractional orders and a fractal dimen-
sion of 1.
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Figure 10: Simulation of R(t) with β2 = 0.0005, E = 200,
and α2 = 0.0005 for different fractional orders and a fractal
dimension of 1.
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Figure 11: Simulation of Q(t) with β2 = 0.0005, E = 200,
and α2 = 0.0005 for different fractional orders and a fractal
dimension of 0.7.

0 5 10 15

time (t)

0

20

40

60

80

100

120

R
(t

) 

Simulation with Fractional Operator

=1.0
=0.90
=0.80
=0.70

Figure 12: Simulation of R(t) with β2 = 0.0005, E = 200,
and α2 = 0.0005 for different fractional orders and a fractal
dimension of 0.7.
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Figure 13: Simulation of Q(t) with β2 = 0.0005, E = 150,
and α2 = 0.0005 for different fractional orders and a fractal
dimension of 1.
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Figure 14: Simulation of R(t) with β2 = 0.0005, E = 150,
and α2 = 0.0005 for different fractional orders and a fractal
dimension of 1.
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Figure 15: Simulation of Q(t) with β2 = 0.0001, E = 150,
and α2 = 0.0001 for different fractional orders and a fractal
dimension of 1.
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Figure 16: Simulation of R(t) with β2 = 0.0001, E = 150,
and α2 = 0.0001 for different fractional orders and a fractal
dimension of 1.

qualitative behavior persists under step-size refinement.
Abrupt segments could also be caused by the numerical

scheme’s sensitivity to some fractional orders, and a smaller
time step should have been used to ensure the persistence of ir-
regularity. Future research should include the quantification of
this irregular behavior using Lyapunov exponents or Poincaré
sections, as well as a smaller time step.

Compared to its integer-order counterpart, the fractional-
order model examined in this paper has more complex dynam-
ics. First, the decay will be slower and the longtime level will
be higher because of the memory effect. Additionally, under
specific parameter values, oscillatory regions of solutions ex-
ist that are absent in the integer-order model. This outcome is
consistent with earlier findings on fractional-order population
dynamics models, which showed that the value of the fractional
order determines both the rate of convergence and the emer-
gence of oscillations. Consequently, the practical implication is
that modeling the relationship between population and renew-
able resources is made more flexible by the fractional order,
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Figure 17: Phase portrait (R(t),Q(t)) of the system at β2 =

0.0001, E = 200, α2 = 0.0001, showing irregular trajectories
within the domain.
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Figure 18: Phase portrait (Q(t),R(t)) of the system at β2 =

0.0005, E = 150, α2 = 0.0005, showing irregular trajectories
within the domain.

which can be useful when creating strategies for harvesting and
control.

7. Conclusion

This study has explored the population dynamics of an or-
ganism whose growth is dependent on a sustainable resource,
using the fractional order ABC model. We constructed a frac-
tional order model that satisfies the following properties: ex-
istence, uniqueness, boundedness, and positivity, using fixed
point theory, which are essential for biological feasibility. The
Ulam-Hyers stability and global stability properties are also sat-
isfied by the proposed system. To obtain deeper insights into
the system dynamics, we further extended the model to the
more general fractal-fractional (ABR) setting and developed a
numerical scheme for this extended formulation. The graphi-
cal results presented in this work are obtained from the fractal-
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fractional model and consistently depend on both the fractional
order and the fractal dimension, offering useful and flexible in-
formation for studying the system dynamics.

The most recent biomass effects have been numerically re-
produced, and the findings demonstrate that the resource begins
to be consumed within a matter of days. Such findings are par-
ticularly valuable for planning, decision-making, and control
mechanisms for dealing with the social impact of biomass. The
current research has certain limitations. First, the population-
resource model of the two compartments is the only model ex-
amined here; for general parameters, the equilibrium analysis
does not provide closed form solutions to the coexistence equi-
librium. Second, the numerical simulation exhibits oscillatory
behavior in certain parameter ranges that cannot be explained
by the global stability theorem, because those parameter sets
violate the stability conditions C1 and C2 stated in Theorem 4.2;
for parameter sets that satisfy these conditions, the simulations
confirm the predicted steady-state behavior.

This research could be expanded upon in a number of ways.
Time delay, seasonal harvesting, and stochastic disturbance
could be added to the model. A comparison of the model’s
dynamics using various fractional operators, such as ABC,
ABR, Caputo-Fabrizio, and fractal-fractional operators, will
demonstrate how the operator’s nature affects the dynamics.
The results will also be practically applicable through the
development of optimal harvesting policies and parameter
estimations using actual biomass data.
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