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Abstract

In this work, numerical methods for solving third order initial value problems of ordinary differential equations are developed. Multi-step
collocation is used in deriving the methods, where power series approximate solution is employed as a basis function. Gaussian elimination
approach is considered in finding the unknown variables a;, j = 0(1)8 in interpolation and collocation equations, which are substituted into the
power series to give the continuous implicit schemes. The discrete schemes and its derivatives are derived by evaluating the grid and non-grid
points. These schemes are arranged in a matrix form to produce the block methods. The order of the developed methods are found to be six. The
numerical results proved the efficiency of the methods over the existing methods.
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1. Introduction

In time past, to solve third order ordinary differential equa-
tion, a reduction method is employed and this involves reducing
the differentials to three systems of first order ordinary differ-
ential equation, and the numerical approach for first order ordi-
nary differential equation is used to solve the resulting system.
This technique has a lot of drawbacks like wastage of time as a
result of many functions to be evaluated and the computational
effort required. This is extensively discussed in Ref. [1-5]. Ad-
vancing in numerical methods, direct method for solving higher
order initial value problems without going through the process
of reduction was developed by Fatunla [2], Kuboye and Omar
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[4], Olabode [6], Olabode [7], Omar and Suleiman [8], Sagir
[9], Sunday [10] amongst others. The accuracy of the meth-
ods developed by these researchers are not efficient in terms of
error, as this can be improved by the introduction of off grid
points within the interval of integration.

Hence this paper addresses the shortcoming of low accuracy
found in the existing method mentioned above.

2. Methodology

2.1. Derivation of First Block Method (FBM)

This section focuses on the derivation of first block method.
A power series
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is considered as an approximate solution to third order ordinary
differential equations of the form y” = f(x,y(x),y (x),y" (x)),
¥(x0) = y0. ¥ (x0) = ¥, ¥ (x0) = y,. Equation (1) is differenti-
ated thrice to give:

k+4

Y0 =G = DG - 2)ap
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where step number k=4. Interpolating (1) at x = x4, = 1,2,
% and collocating its highest derivative at x = X,,4,,,1 = 0(1)4
and %, the resulting equations produce a system of non-linear
equations of the form
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Solving for the unknowns constants a;, j = 0(1)8 in (3) using
Gaussian elimination approach and substituting into (1) to give
a continuous implicit scheme of the form
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where E has been defined in Appendix B. Equation (4) is dif-
ferentiated twice and the coeflicients are as follow:
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where F' has been defined in Appendix B.
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The discrete schemes and its derivatives which are generated
from (4) are represented in a matrix to form a block

] -fn+1-

Yn+1 1 1 5
| |1 2 2
_ 9 ’ 81|72,
yn+% =1 [yn] + 4 [hyn] + 32 h yn
9
Yn+3 1 3 2
LYn+4 1 ,1, »4_ | 8 ]
r 4229 1
00 0 0 350 [[fose
2699
0000 5670 Ja-s
3 45392643
+h710 0 0 0 F55555| | /o2
81
0O 0 0 O e fu-1
6056
0 0 0 O L fo |
r 271 —19 8896 -1003 63
1680 40 19845 15120 11760
148 —64 8192 —404 1
105 21 2835 945 30
43| 3137263 144020511 943569  -10281087 22497669
2621440 36700160 ~ 250880 18350080 22497669
2349 —243 1728 -117 81
560 35 245 112 980
128 —416 262144 —1408 8
L 715 35 19845 945 49

2.2. Derivation of Second Block Method(SBM)
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Equation (1) is interpolated at x = Xx,,j,j = 1,2 and %
Equation(2) is collocated at x = x,,;, j = 0(1)4 and % The
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same step employed in deriving the first block method (FBM)
are also used and this gives the second block of the form
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3. Analysis of the Method

3.1. Order of the method

The method proposed by Lambert [5] is applied in finding
the order of the methods (11) and (12) where y- and f-functions
are expanded in Taylor series and comparing the coefficients of
h, this gives the methods to be of order [6,6,6,6,6]"

3.2. Zero Stability

The Continuous implicit scheme (4) is zero-stable if the
roots
rn = 1,2, ..., N of the first characteristic polynomial defined by
p(r) = det[A’" — B'] satisfy |r,|< 1 and |r|= 1

where
1 0 0 0 0] 0 0 0 0 1]
01 00O 00 0 01
A={0 01 0 Oland B=[0 0 0 0 1
00010 00 0 01
0 0 0 0 1 0 0 0 0 1}

Applying the condition above the methods are found to be zero
stable.

3.3. Convergence

According to Henrici [3], equation(4) converges if it is zero-
stable and consistent. Therefore, since the order of the methods
are greater than one and also satisfies other conditions of zero
stability. Hence, the new methods (11) and (12) converged.

4. Application of the method

The following problems are considered in order to examine
the accuracy of the new block methods.

Problem 1: Consider the initial value problem(I.V.P)

y" =3sinx, y0)=1,y(0)=0, y'(0)=-2, h=0.1
Theoretical solution y(x) = 3 cos x + "72 -2

Problem 2: Consider the I.V.P

Y =y +y —y=0y0)=1y(0)=0y"(0)=-1h=001
with exact solution of y(x) = cos x

Problem 3: Consider the initial value problem(I.V.P)

Y =expx, y0)=3,Y0)=1,y(0) =5 h=0.1
Theoretical solution y(x) = 2 + 2x> + exp x

The following acronyms are used
o ES=Exact Solution
o CS=Computed Solution
e EIFBM=Error in first block method with s=5/2
e EISBM=Error in second block method with s=9/4
e EI0(2009)=Error in Olabode(2009)
e EIO(2013)=Error in Olabode(2013)
e EIS(2014)=Error in Sagir(2014)
e EISU(2018)=Error in J.Sunday (2018)

5. Discussion of Results

In Table 1, the results generated from the new developed

block methods (EIFBM and EISBM) are compared with EIO(2009)

and EIO(2013). It is clearly shown that the accuracy in terms
of error reveals the efficiency of the new derived methods over
EIO(2009,2013) inspite of the high step number k considered.
Furthermore, the results produced from the new numerical mod-
els outperform the results in EIS(2014) and EISU(2018) as evi-
dent in Table 2. Additionally, the effectiveness of the new devel-
oped numerical methods is demonstrated in Table 3 as it com-
pared favorably with EIO(2013) in terms of error.
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Table 1: Comparing the new method with Olabode(2009, 2013) for solving problem 1

72

x-value ES cS EIFBM EISBM EI0(2009) EI0(2013)
0.1 0.990012495834077020  0.990012495833478170  6.8911543E-13  5.9885430E-13  3.4077519E-11 1.65922E-10
0.2 0.960199733523725120  0.960199733519903840  4.4015902E-12  3.8212766E-12  1.2372514E-10 4.76275E-10
0.3 0.911009467376818090  0.911009467367234980  1.0999868E-11 9.5831121E-12 1.7681812E-10 6.23182E-10
0.4 0.843182982008655380  0.843182981990707400 2.0601632E-11  1.7947976E-11  4.0865533E-10 19.9134E-10
0.5 0.757747685671118280  0.757747685638492150  3.6853520E-11 3.2626124E-11 3.7111825E-10 3.28882E-10
0.6 0.656006844729034810  0.656006844668665210  6.7268413E-11  6.0369598E-11  7.0964790E-10  1.27096E-09
0.7 0.539526561853465480  0.539526561752478040  1.1150603E-10 1.0098744E-10 7.4653450E-10 4.84653E-09
0.8 0.410120128041496560  0.410120127886882570  1.6985002E-10 1.5461399E-10 1.9585035E-09  1.09585E-08
0.9 0.269829904811992980  0.269829904583073650  2.4948449E-10 2.2891933E-10 3.8880070E-09  2.0188E-08
1.0 0.120906917604419300  0.120906917269670430  3.6226498E-10  3.3474887E-10  6.3955807E-09  3.53956E-08
1.1 -0.034211635723267797 -0.034211636195096484  5.0769700E-10 4.7182869E-10 9.5232678E-09 5.66233E-08
1.2 -0.192926736569979610  -0.192926737210326740 6.8618927E-10 6.4034714E-10 1.3169979E-08  8.35700E-08
Table 2: Comparing the new method with Sagir(2014)and J.Sunday(2018) for solving problem 2
X-VALUE ES CS EIFBM EISBM EIS(2014)  EISU(2018)
0.01 0.999950000416665260  0.999950000416665370  1.1102230E-16  0.0000000E+00 1.9990E-07 1.1102E-016
0.02 0.999800006666577760  0.999800006666578310  5.5511151E-16  5.5511151E-16  1.9560E-07 1.3323E-015
0.03 0.999550033748987540  0.999550033748996200 8.6597396E-15  8.7707619E-15  1.3651E-07 9.6589E-015
0.04 0.999200106660977920  0.999200106661042750  6.4837025E-14  6.4614980E-14  2.5210E-07 3.2974E-014
0.05 0.998750260394966280  0.998750260395229290 2.6301183E-14  2.6290081E-14  1.3039E-06 8.2379E-014
Table 3: Comparing the new method with OLABODE(2013) for solving problem 3
X-VALUE ES CcS EIFBM EISBM EIO (2013)
0.1 3.125170918075647700  3.125170918077170500 1.5227819e-12  1.3447021e-12  9.24352E-10
0.2 3.301402758160169700  3.301402758169862000 9.6922470e-12  8.5487173e-12  18.3983E-10
0.3 3.529858807576003300  3.529858807600271000 2.4267699%e-11  2.1475266e-11  24.2400E-10
0.4 3.811824697641270600 3.811824697686721800 4.5451198e-11 4.0219827e-11  53.5873E-10
0.5 4.148721270700128200  4.148721270778516200 7.8387963e-11  7.0274453e-11  7.00128E-10
0.6 4.542118800390509700  4.542118800522103200 1.3159340e-10  1.1942358e-10  3.90509E-10
0.7 4.993752707470477500 4.993752707675188400 2.0471091e-10 1.8746782e-10  6.52952E-09
0.8 5.505540928492468600  5.505540928790510200 2.9804159%¢-10 2.7454572e-10  2.15075E-08
0.9 6.079603111156950000 6.079603111576208400 4.1925841e-10 3.8885162e-10  3.88430E-08
1.0 6.718281828459045500 6.718281829040118500 5.8107297e-10  5.4199667e-10  6.15410E-08
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6. Conclusion

The methods are derived via multistep collocation technique
which is used to develop the block methods. The methods are
zero stable, consistent, converged and of order six. The ac-
curacy of the methods is better when compared with existing
methods in terms of error as displayed in Tables 1,2 and 3.
Hence FBM and SBM are reliable and efficient numerical mod-
els for solving third order initial value problems of ordinary
differential equations.
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Appendix A
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725 frez + 3285 fpe3 — 68 fra + 3557 f, — 105 f, — 1045° firg1 + 5 f, + 365 fri1

r__20480 90112 28672 315392 430080 585111 665797 236334
371589120 371589120 371589120 371589120 371589120 371589120 371589120 371589120
4096 24576 14336 86016 129024 262947 346473 132678
10321920 10321920 10321920 10321920 10321920 10321920 10321920 10321920
—20480 —155648 =229376 602112 1290240 496249 2271083 1180914
6881280 6881280 6881280 6881280 6881280 6881280 6881280 6881280
4096 32768 57344 114688 344064 487059 351161 64806
1270080 1270080 1270080 1270080 1270080 1270080 1270080 1270080
—20480 —188416 —501760 143360 2795520 4595169 2242979 490434
30965760 30965760 30965760 30965760 30965760 30965760 30965760 30965760
20480 221184 888832 1634304 1290240 —837513 —693915 —200466
-289013760 289013760 289013760 289013760 289013760 3870720 289013760 289013760 -
r_—163840 —630784 172032 1576960 1720320 —1170222 —665797 1
371589120 371589120 371589120 371589120 371589120 371589120 371589120
32768 172032 86016 —430080 —516096 525894 346473
10321920 10321920 10321920 10321920 10321920 10321920 10321920
—163840 —1089536 —1376256 3010560 5160960 992498 2271083
F= 6881280 6881280 6881280 6881280 6881280 6881280 6881280
- 32768 229376 344064 =573440 =3176256 974118 351161
1270080 1270080 1270080 1270080 1270080 1270080 1270080
—163840 —1318912 —=3010560 716800 11182080 9190338 2242979
30965760 30965760 30965760 30965760 30965760 30965760 30965760
163840 1548288 752645332992 8171520 5160960 —1675026 —693915
-289013760 289013760 289013760 289013760 289013760 289013760 289013760 -

76

76



