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Abstract

This paper presents a mathematical model with time delay for the transmission dynamics of zoonotic visceral leishmaniasis (ZVL which is caused

by protozoan parasite leishmania infantum and transmitted by female sandflies). Qualitative analysis of the ODE version of the model reveals that

the disease-free equilibrium of the model is globally asymptotically stable when the basic reproduction number, R0, is less than unity. Using time

delay as a bifurcation parameter in the delay-differential version of the model, it has been shown that the incubation period has significant effect

on the stability of the equilibria and we derived the condition for Hopf bifurcation to occur.
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1. Introduction

Leishmaniasis is a disease caused by a group of protozoan

parasite called leishmania. It is transmitted to humans by the

bite of infected female phlebotomine sandfly that fed previously

on an infected reservoir or infected human. More than 20 leish-

mania species are known to be transmitted to humans and over

90 sandfly species are known to transmit leishmania parasites

[1].

There are basically three forms of the diseases namely: Vis-

ceral leishmaniasis (VL), Cutaneous leishmaniasis (CL), and

Mucocutaneous leishmaniasis. VL also known as kala azar

has two major forms which differ in their characteristics trans-

mission, namely (i) zoonotic visceral leishmaniasis (ZVL) and

(ii) Anthroponotic visceral leishmaniasis (AVL). ZVL, infects
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mostly children and immunosuppressed individuals, is trans-

mitted from animal reservoir to female phlebotomine sandflies

and then to humans [2]. ZVL posed a serious public health

threat due to the fact that 200,000–400,000 incidences are esti-

mated yearly [3, 4]. As noted in [5], ZVL is endemic in Africa,

Europe (particularly the Mediterranean region) and Asia (par-

ticularly the Indian subcontinent).

A complication of visceral leishmaniasis is known as post

kala-azar dermal leishmaniasis (PKDL) usually appear 6 months

to 1 or more years after treatment. PKDL is self-healing [6, 7,

8]. There is no licensed vaccine against any form of leishma-

niasis including the ZVL (although a number of candidate vac-

cines are at various stages of development and clinical trials) [9-

12]. On the other hand, vaccine against ZVL for reservoir ex-

ists [13, 14]. Furthermore, drugs like miltefosine, paromomycin

and liposomal amphotericin B can be used to cure ZVL patients

[15, 16].

Evidence has shown that when a susceptible human, sand-
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fly or reservoir is infected, there is an incubation period during

which the infectious agent develops. The incubation periods for

humans, sandflies and reservoir range from 2 to 6 months, 8 to 6

days, and 3 to 7 years, respectively [6, 17, 18]. Furthermore, to

capture the effect of the incubation period on the transmission

dynamics of ZVL it is important to incorporate delay caused by

the incubation period in the ZVL model.

Mathematical models have been developed to study the dy-

namics of zoonotic visceral leishmaniasis (for instance, see Refs.

[12, 19-23] and some reference therein). The aforementioned

models do not, however, incorporate an important aspect of the

disease, that is the incubation period. A few mathematical mod-

eling studies, such as those by [11, 24, 25] incorporated time

delay in the transmission dynamics of the vector. Since the in-

cubation period in the reservoir is the longest in comparison to

the time the parasite takes to develop in humans or sandflies.

Thus, it is instructive to study the effect of ZVL latency period

in the reservoir population on the transmission dynamics of the

disease.

The paper is organized as follows. The model is formulated

in Section 2. The ODE version of the model is introduced and

analyzed in Section 3. The analysis of the model with time

delay is carried out in Section 4. The paper is concluded in

Section 5.

2. Model Formulation

Three different populations, at time t, are considered, namely:

human host population denoted by NH(t), vector population de-

noted by NV (t), and reservoir host population denoted by NR(t).

The total human host population is compartmentalize into four

subpopulation namely: susceptible humans (S H(t)), ZVL in-

fected individuals (IH(t)), individuals who developed PKDL

(PH(t)), and individuals who recovered from ZVL (RH(t)), so

that:

NH(t) = S H(t) + IH(t) + PH(t) + RH(t).

Similarly, the total population of vector (NV (t)) is sub-divided

into susceptible vector (S V (t)), and ZVL-infected vector (IH(t)),

so that:

NV (t) = S V (t) + IV (t).

Furthermore, the reservoir population is categorized into sus-

ceptible reservoir (S R(t)), and ZVL-infected reservoir (IR(t)),

such that:

NR(t) = S R(t) + IR(t).

The delay-differential model for the transmission dynamics of

zoonotic visceral leishmaniasis in human, sandfly and reservoir

populations is given by the following deterministic autonomous

system of non-linear delay differential equations (a schematic

diagram of the model is depicted in fig 1, the state variables

and the parameters of the model are described in Table 1 and 2,

respectively):

S ′H = ΠH − λHS H IV − µHS H ,

I′H = λHS H IV − (ζH + µH + δH)IH ,

P′H = (1 − f1)ζH IH − (β + γ + µH)PH ,

R′H = f1ζH IH + (γ + β)PH − µHRH ,

S ′V = ΠV − λVS V IR − µVS V ,

I′V = λVS V IR − µV IV ,

S ′R = ΠR − λRS R(t − τ)IV (t − τ) − µRS R,

I′R = λRS R(t − τ)IV (t − τ) − µRIR, (1)

with

N′H = ΠH − µH NH ,

N′V = ΠV − µH NV ,

N′R = ΠR − µRNR,

where τ ≥ 0 represents the incubation time that the reservoir

needed to become infectious.

The susceptible human population (S H(t)) is recruited at a

constant rate ΠH and diminished as a result of infection from

an infected sandfly (IV ) at per capita rate (λH) so that the in-

cidence of new infection is given by λHS H IV . The population

is decreased by natural death µH (assumed to be the same in

all compartments of humans). Here we neglect the incubation

period in humans, since in ZVL humans are not contributing to

the disease transmission unlike in AVL [26] ZVL symptomatic

individuals IH are generated at the rate λH and decreased by re-

covery at a rate ζH;. A fraction f1 of individuals recovered and

the remaining fraction (1 − f1) developed PKDL. The popula-

tion of individuals with PKDL PH is decreased by treatment at

a rate γ or natural recovery at rate β. The population of individ-

uals recovered from ZVL is generated at the rates f1ζH , β and

γ.

The population of susceptible female sandflies is generated

at a constant rate ΠV and diminished following contact with

infected reservoir IR at per capita infection rate λV so that the

incidence of new infection is given by the mass action term

λVS V IR. We neglect the incubation period in sandflies since

it is very short. Furthermore, the population is decreased by

natural death at a rate µV (assumed to be the same in both the

compartments of sandflies).

The latency period in the reservoir is very long, as such we,

therefore introduced time delay τ to capture this period. At time

t, susceptible reservoirs (that are recruited into the population

at constant rate ΠR) get ZVL infection as a result of contact

with sandflies that have been infected at time t − τ (assumed

reservoirs survived the incubation period τ) when bitten by an

infectious sandfly at a rate λR.

Thus, the population of infected reservoirs is generated at

the rate λRS R(t − τ)IV (t − τ) and diminished by natural death

(at a rate µR). We assume that all the parameters of the model

to be non-negative. For the human, sandfly, and reservoir the

corresponding population sizes are asymptotically constant i.e,

NH(t) → ΠH

µH
as t → ∞, NV (t) → ΠV

µV
, NR(t) → ΠR

µR
as t → ∞.

Without loss of generality we assume that NH(t) = ΠH

µH
, NV (t) =

ΠV

µV
, NR(t) = ΠR

µR
∀t ≥ 0.

The dynamics of system (1) are qualitatively equivalent to
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the dynamics of the following system given by

S ′H = ΠH − λHS H IV − µHS H ,

I′H = λHS H IV − (ζH + µH)IH ,

P′H = (1 − f1)ζH IH − (β + γ + µH)PH ,

I′V = λV

(

ΠV

µV

− IV

)

IR − µV IV ,

I′R = λR

(

ΠR

µR

− IR(t − τ)
)

IV (t − τ) − µRIR. (2)

The initial conditions for the above system take the form: S H(θ) =

φ1(θ), IH(θ) = φ2(θ), PH(θ) = φ3(θ), IV (θ) = φ4(θ), IR(θ) =

φ5(θ), φi ≥ 0, i = 1, 2, 3, 4, 5, θ ∈ [−τ, 0], φi(0) > 0 where

φ = (φi(θ)) ∈ C+ × C+. Here, C denote the Banach space

C = C([−τ, 0],R) of continuous function mapping the inter-

val [−τ, 0] into R. The non-negativity of the cone is defined as

C+ = C([−τ, 0],R+).

Some of the main assumptions made in the formulation of

the model are as follows;

i. Homogeneous mixing among the vector-hosts populations

(that is, a sandfly has an equal chance of biting any hu-

man or reservoir host);

ii. PKDL infected individuals can recover naturally or due

to treatment [7];

iii. Rate of PKDL relapse to ZVL is assumed negligible (hence

not considered)[27];

iv. PKDL is not life-threatening (no PKDL-induced death is

assumed)[12];

v. ZVL-infected individuals recover successfully or devel-

ops PKDL [7];

vi. Treated infected reservoirs do not usually get cured but

develop an immune response that prevents them from be-

coming infectious [28, 29];

vii. No direct transmission within reservoirs and also within

sandflies [2].

viii. Death rate for humans due to ZVL-infection is assumed

to be negligible (hence not accounted for)[18]

3. Analysis of the model without delay

We consider a special case of the delay-differential model

where there is no incubation period (i.e τ = 0) . The ODE

version of the model is given by

S ′H = ΠH − λHS H IV − µHS H ,

I′H = λHS H IV − (ζH + µH)IH ,

P′H = (1 − f1)ζH IH − (β + γ + µH)PH ,

I′V = λV

(

ΠV

µV

− IV

)

IR − µV IV ,

I′R = λR

(

ΠR

µR

− IR

)

IV − µRIR. (3)

3.1. Invariant region:

It can be shown that the biologically-feasible region:

Ω =

{

(S H , IH , PH , IV , IR) ∈ R5
+ : S H , IH , PH , IV , IR

≥ 0,NH ≤
ΠH

µH

,NV ≤
ΠV

µV

,NR ≤
ΠR

µR

}

,

is positively-invariant (see for instance [5, 30]) i.e all solutions

starting inΩ remain inΩ ∀t ≥ 0. Thus it is sufficient to consider

the dynamics of system (3) in Ω.

3.2. Stability of disease-free equilibrium (DFE)

The model (3) has a DFE obtained by setting the right-hand

sides of the equations in the model to zero, given by

E0 = (S o
H , I

o
H , P

o
H Io

V , I
o
R) =

(

ΠH

µH

, 0, 0, 0, 0

)

. (4)

It follows that the associated basic reproduction number of the

model (2) denoted by R0 is defined as:

R0 =

√

λRΠRλVΠV

µR
2µV

2
(5)

3.3. Epidemiological interpretation of R0

We can epidemiologically interpret the terms in the expres-

sion for the threshold quantity R0 as follows. The term gives

the number of secondary infections that one infectious host can

generate only through a vector and reservoir transmission. Sus-

ceptible sandflies get ZVL-infection following effective contact

with an infected reservoir (IR ), the number of susceptible sand-

fly
ΠV

µV
generated by infected reservoir near DFE is the prod-

uct of infection rate of infected reservoir λR
ΠV

µV
and the average

life expectancy of the infected reservoir ( 1
µR

). Thus the aver-

age number of new sandfly infections generated by an infected

reservoir is given by λR

µR

ΠV

µV
.

Similarly, the expression
λV

µV

ΠR

µR
account for the number of

new reservoir infections caused by an infected sandfly over the

expected infection period. The humans contribute nothing to

the ZVL transmission.

Theorem 3.1. If R0 ≤ 1, then the disease-free equilibrium E0

of (3) is globally asymptotically stable in Ω

Proof. Consider the following Liapunov function

L = λRΠRIH + λRΠRPH + µVµRIV + λVΠV IR

L′ = λRΠR

[

λHS H IV − (ζH + µH+
]

+λRΠR

[

(1 − f1)ζH IH − (β + γ + µH)PH

]

+µVµR

[

λV

(

ΠV

µV

− IV

)

IR − µV IV

]

+λVΠV

[

λR

(

ΠR

µR

− IR

)

IV − µRIR

]

L′ = λRλRΠRS H IV − (µHλRΠR + λRΠR f1ζH)IH

22
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Figure 1: Schematic diagram of the model (1). Solid arrows indicate transitions and dashed arrow indicates interaction. Expressions next to arrows

show the per capita flow rate between compartments.

Table 1: Description of the state variables of the model.

Variable Interpretation

NH Total population of humans

S H Population of susceptible humans with risk of ZVL infection

IH Population of ZVL-infected humans with symptoms of ZVL

PH ZVL-infected humans with PKDL

RH ZVL-recovered individuals

NV Total population of Sandflies

S V Population of susceptible Sandflies

IV Population of ZVL-infected Sandflies

NR Total population of reservoir

S R Population of susceptible reservoir with risk of ZVL-infection

IR ZVL-infected reservoir with symptoms of ZVL

+

(

µVµRλVλRΠV

µV

− ΠVλVµR

)

IR

−(µVµRλVλR)IRIV

+µ2
VµR













ΠVλVλRΠR

µ2
V
µ2

R

− 1













IV

≤ µ2µR













ΠVλVλRΠR

µ2
vµ

2
R

− 1













IV

L′ = µ2µR(R2
0 − 1)IV ≤ 0

if R0 ≤ 1. Thus if R0 ≤ 1 the derivative L′ = 0 if and only if and

IV = 0. Furthermore the case R0 = 1 the derivative L′ = 0, con-

sequently the largest compact invariant set in {(S H , IH , PH , IV , IR) ∈
23
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Table 2: Description of the state variables of the model.

Parameter Interpretation

ΠH ,ΠV , ΠR Recruitment rate for humans,vector and reservoir

λH Rates of direct transmission in humans

λV Rates of direct transmission in sandflies

λR Rates of direct transmission in reservoir

µH , µV , µR Natural death rates of humans, sandflies and reservoir ,

respectively

ζH Recovery rate of a human from ZVL-infection

f1 Fraction of those who recovered from ZVL

τ Incubation period of the disease

β PKDL natural recovery rate

γ PKDL treatment rate

Ω : L′ = 0} when R0 ≤ 1, is the singleton set {E0}, therefore by

Lasalle-invariance principle [31], every solution that starts in Ω

approaches E0 as t → ∞.

3.4. Existence of an endemic equilibrium and its stability

In order to obtain an endemic equilibrium where at least one

of the infected component is non zero, we let E∗ = (S ∗
H
, I∗

H
, P∗

H
, I∗

V
, I∗

R
)

be an arbitrary endemic equilibrium of the model (3), solving

(3) at equilibrium, the non-trivial equilibrium is given by:

S ∗H =
λRµVΠH(λVΠR + µVµR)

g1

,

I∗H =
ΠHλHµ

2
V
µ2

R
(R0 − 1)

(ζH + µH + δH)g1

,

P∗H =
λHΠHµ

2
V
µ2

R
(R0 − 1)ζH(1 − f1)

g2g1

,

I∗V =
µ2

V
µ2

R
(R0 − 1)

(µVµR + ΠRλV )λRµV

,

I∗R =
µ2

V
µ2

R
(R0 − 1)

(ΠVλR + µVµR)λVµR

,

where,

g1 = µ
2
Vµ

2
RλH(R0 − 1) + λRµVµH(λVΠR + µVµR),

g2 = (ζH + µH)(β + γ + µH).

Lemma 3.2. The endemic equilibrium E∗ of model (3) is locally

asymptotically stable if R0 ≥ 1.

Proof. We linearize the system (3) at an endemic equilibrium

to obtain the corresponding characteristic equation as follows:

det



































































K1 − λ 0 0 −λHS ∗H 0

−λH I∗V K2 − λ 0 λHS ∗H 0

0 (1 − f1)ζH K3 − λ 0 0

0 0 0 K4 − λ λV (
ΠV

µV
− I∗V )

0 0 0 λR(
ΠR

µR
− I∗R) K5 − λ



































































= 0,

(6)

where,

K1 = −λH I∗
V
− µH , K2 = −(ζH + µH), K3 = −(β + γ + µH),

K4 = −(λV I∗
R
+ µV ), K5 = −(λRI∗

R
+ µR).

Then we have the following characteristics equation

(K1 − λ) (K2 − λ) (K3 − λ) (λ2 + (λV I∗R

+ λRI∗V + µV + µR)λ + λVµRI∗R + µVλRI∗V

+ λVλRI∗V I∗R) = 0,

(7)

which has negative roots λ1 = −(ζH + µH) < 0, and λ2 = −(β +

γ + µH) < 0. Furthermore, λ3 = −(λH I∗
V
+ µH) < 0 if R0 > 1

(i.e., I∗
V
> 0).

Other roots are given by the following equation

λ2 + (λV I∗R + λRI∗V + µV + µR)λ

+ λVµRI∗R + µVλRI∗V + λVλRI∗V I∗R = 0.
(8)

According to Descarte’s Rule of sign changes, if R0 ≥ 1 (i.e.,

I∗
V
≥ 0, and I∗

R
≥ 0), then the above equation has no sign

changes in its coefficients and therefore there will be no roots

whose real part is positive. This shows that the the endemic

equilibrium is stable. Furthermore, if R0 ≤ 1, then the above

equation has sign changes in its coefficients. Therefore one of

the roots has its real part positive and the endemic equilibrium

is unstable.

4. Analysis of the model with delay

Next we analyze the dynamics of system (2) where the time

delay is non-zero (τ , 0).

Theorem 4.1. The disease-free equilibrium E0 of model (2) is

locally asymptotically stable if R0 < 1 and unstable if R0 > 1.

Proof. We linearize the system (2) with delay around the disease-

free equilibrium, then the characteristics equation correspond-
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ing to the jacobian matrix is given by:

det





































































λ + µH 0 0 λH
ΠH

µH
0

0 λ + P1 0 −λH
ΠH

µH
0

0 − (1 − f ) ζH λ + P2 0 0

0 0 0 λ + µV − λVΠV

µV

0 0 0 − λRΠRe−λτ

µR
λ + µR





































































= 0,

(9)

where,

P1 = ζH + µH , P2 = β + γ + µH . Thus,

(λ + µH)(λ + ζHµH)(λ + β + γ + µH)(−µV

µRλ
2 − hλ − µV

2µR
2 + λVΠVλRΠRe−λτ) = 0,

(10)

where h = µVµR
2 + µV

2µR.

The equation (10) has the following roots with negative real

part, namely: λ = −µH , λ = −(µH + ζH), λ = −(β + γ + µH) and

the remaining roots of

F(λ, τ) = −µVµRλ
2 − (µVµR

2 + µV
2µR)λ

− µV
2µR

2 + λVΠVλRΠRe−λτ

= λ2 + (µV + µR)λ + µVµR(1 − R0e−λτ) = 0.

(11)

For τ = 0 we obtain the same characteristics polynomial as in

ODE case (without delay) i.e,

F(λ, 0) = λ2 + (µV + µR)λ + µVµR(1 − R0) = 0. (12)

Again, it follows from Descarte’s rule of signs changes that

equation (12) has roots with negative real part whenever R0 < 1

and thus, the disease free equilibrium is stable. If R0 > 1 then

equation (12) has at most one of its root whose real part is pos-

itive and the disease free equilibrium is unstable.

For τ , 0, suppose R0 > 1, we show that equation (11) has

a positive roots and the disease free equilibrium is unstable. To

see this, we rearrange the equation (11) in form:

λ2 + (µV + µR)λ = µVµR(R0e−λτ − 1). (13)

Suppose λ ∈ R, let H(λ) be the left-hand side of (13) and G(λ)

be the right-hand side. Then H(0) = 0 and limλ→∞ H(λ) =

∞. Moreso, the function G(λ) is decreasing function of λ and

G(0) = µVµR(R0 − 1) > 0 as such the two functions must inter-

sect for some λ∗ > 0. As such equation (13) has a positive real

solution and the disease-free equilibrium is unstable.

Now for R0 < 1 we claim equation (13) does not have a

non-negative real roots. In this case for λ ≥ 0, H(λ) is in-

creasing and G(λ) is still decreasing function of λ but G(0) =

µVµR(R0 − 1) < 0. Thus if equation (13) has roots whose real

parts is non-negative, there must be complex conjugate roots

which cross the imaginary axis. Also by Rouché’s theorem, if

instability occur for a particular value of delay τ, a character-

istic root of equation (13) intersect the imaginary axis. Con-

sequently, equation (13) must have a pair of purely imaginary

solutions for some τ > 0. Assume that λ = iω, and without

loss of generality assume that ω > 0 is a root of (13) that is ω

satisfies the following equation:

−ω2 + (µV + µR)iω + µVµR −
λVΠVλRΠR

µVµR

(cos(ωτ) − i sin(ωτ)) = 0.

Separate the real and the imaginary part and obtain the follow-

ing:

−ω2 + µVµR =
λVΠVλRΠR

µVµR
cos(ωτ), (14)

(µV + µR)ω = − λVΠVλRΠR

µVµR
sin(ωτ). (15)

Square both sides of each equation above and add the squared

equations to obtain the following forth order equations in ω :

ω4 + (µV + µR)ω2 + µ2
Vµ

2
R −
λ2

V
Π2

V
λ2

R
Π2

R

µ2
V
µ2

R

= 0. (16)

Let σ = ω2 so that equation (16) can be reduced to quadratic

form as follows:

σ2 + (µV + µR)σ + µ2
Vµ

2
R −
λ2

V
Π2

V
λ2

R
Π2

R

µ2
V
µ2

R

= 0. (17)

We denote the coefficient as:

a11 = (µ2
V + µ

2
R) > 0,

a12 = µ
2
Vµ

2
R −
λ2

V
Π2

V
λ2

R
Π2

R

µ2
V
µ2

R

=

(

µVµR −
λVΠVλRΠR

µVµR

) (

µVµR +
λVΠVλRΠR

µVµR

)

= µVµR













1 − λVΠVλRΠR

µ2
V
µ2

R













(

µVµR +
λVΠVλRΠR

µVµR

)

= µVµR(1 − R0)

(

µVµR +
λVΠVλRΠR

µVµR

)

> 0,

i f R0 < 1.

Then equation (17) can be written as:

σ2 + a11σ + a12 = 0. (18)

It follows that a12 is positive whenever R0 < 1. Thus, the two

roots of equation (18) have positive product which means that

they are complex or they are real but they have the same sign.

Moreso, they have negative sum which implies they are either

real and negative or complex conjugate with negative real parts.

Hence, equation (18) does not have positive real roots which

leads to the conclusion that there is no ω such that iω is a solu-

tion of equation (18). Therefore, it follows from Kuang’s the-

orem [Ref. [32], pp 83] that all the eigenvalues of the char-

acteristics equation (13) have negative real parts for all delay

values τ ≥ 0. This implies that the disease free equilibrium E′
is locally asymptotically stable if R0 < 1.
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4.1. Hopf bifurcation analysis

Let R0 > 1 (i.e, the endemic equilibrium E∗ exists) and τ be

bifurcation parameter. The characteristics equation is obtained

in form of transcendental equation after linearizing system (2)

at an endemic equilibrium E∗ and obtained the roots (−λH I∗
V
−

µH), −(ζH + µH), −(β + γ + µH) and the roots of equation (19)

can be written in the form:

λ2 + b2λ + b3 = e−λτ (G1λ +G2) (19)

where,

b2 = µR + µV + λV I∗R,

b3 = µRλV I∗V + µVµR,

G1 = −λRI∗V ,

G2 = −µVλRI∗V +
λVλRΠVΠR

µVµR

−
λVλRΠV I∗

R

µV

−
λVλRΠRI∗

V

µR

Now from system (3) we have

λVΠV

µV

= λV I∗V +
µV I∗

V

I∗
R

and

λRΠR

µR

= λRI∗R +
µRI∗

R

I∗
V

(20)

Now,

G2 = −µVλRI∗V +
λVΠV

µV

λRΠR

µR

− λVΠV

µV

λRI∗R −
λRΠR

µR

λV I∗V

Substituting (20) in G2 we obtained:

G2 = − µVλRI∗V + (λV I∗V +
µV I∗

V

I∗
R

)(λRI∗R +
µRI∗

R

I∗
V

)

− (λV I∗V +
µV I∗

V

I∗
R

)λRI∗R − (λRI∗R +
µRI∗

R

I∗
V

)λV I∗V

= − µVλRI∗V + λVλRI∗V I∗R + λVµRI∗R + λRµV I∗V + µVµR

− λVλRI∗V I∗R − λRµV I∗V − λVλRI∗V I∗R − λVµRI∗R

= − µVλRI∗V + µVµR − λVλRI∗V I∗R.

Therefore,

G2 = µVµR − λRI∗V (λV I∗V + µV ).

For τ = 0, it follow from Lemma (3.2) above that the en-

demic equilibrium is locally asymptotically stable. Moreover

we claim that for any τ > 0, equation (19) does not have pos-

itive real solution. To see this, we have b2 > 0, b3 > 0. We

move the positive terms from the right-hand side to left-hand

side. The rewritten equation (19) takes the form:

λ2 + b2λ + b̃3 = e−λτ
(

G1λ + G̃2

)

, (21)

where b̃3 = b3 − e−λτ (µVµR) > 0, ∀λ ≥ 0, ∀τ > 0. On the

other hand G1 < 0, and G̃2 = −λRI∗
V

(λV I∗
V
+ µV ) < 0. Con-

sequently, for all λ ≥ 0 the left-hand side in equation (21) is

positive while the right hand side is negative and the two can-

not be equal for all λ ≥ 0. To obtain the complex conjugate

solutions with positive real parts. Let λ = iω with ω > 0 be the

root of equation (19). Substituting λ = iω into equation (19),

the following equation is obtained:

−ω2 + b2iω + b3 = (cos(ωτ) − i sin(ωτ))(G1iω +G2). (22)

Separating the real and imaginary parts, we obtain that

b3 − ω2 = G2 cos(ωτ) +G1ω sin(ωτ), (23)

b2ω = G1ω cos(ωτ) −G2 sin(ωτ), (24)

We obtained a polynomial equation by eliminating the trigono-

metric term, this is done by squaring both side of each equation

above and adding the resulting equation we have:

ω4 + (b2
2 − 2b3 −G2

1)ω2 + b2
3 −G2

2 = 0. (25)

Notice that this a forth degree polynomial and the delay, τ, has

been eliminated.

Let ω2 = σ ∈ R the equation (25) become a quadratic in σ:

σ2 + ασ + κ = 0, (26)

where,

α = b2
2 − 2b3 −G2

1,

κ = b2
3 −G2

2.
(27)

We establish the conditions for endemic equilibrium E∗ to be

locally stable, that is equation 25 cannot have a purely imagi-

nary solutions.

Lemma 4.2. The following results follows from polynomial equa-

tion (26)

(i). If κ < 0 or κ ≥ 0 and α < 0, then equation (26) has only

one positive root.

(ii). If κ > 0 and α > 0 or ∆ = α2 − 4κ < 0, then equation (26)

has no positive root.

(iii). If κ > 0, α < 0 and ∆ = α2 − 4κ ≥ 0, then equation (26)

has at least one positive root.

Suppose that condition (ii) of Lemma (4.2) is satisfied then

endemic equilibrium is stable, that is equation (26) does not

have a positive real solution.

Conditon (ii) of lemma 4.2 shows that for τ > 0 there is no

positive σ such that iσ is an eigenvalue of the characteristics

equation (19). Therefore, it follows from Kuang [32] any root

λ of (19) satisfies the relation Reλ < 0.

Theorem 4.3. Assume that condition (ii) of lemma(4.2) is sat-

isfied and R0 > 1, then the endemic equilibrium E∗ of system

(2) is absolutely stable, that is E∗ is asymptotically stable for

all values of delay τ ≥ 0 .

Remarks. Theorem 4.3 indicates that for all values of de-

lay, the endemic equilibrium E∗ of system (2) is asymptotically

stable if the parameters satisfy conditions (ii) of Lemma(4.2),

The stability of the endemic equilibrium will depend on the
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value of the delay if the conditions in Theorem 4.3 are not sat-

isfied. As the delay varies the endemic equilibrium can lose

stability which can lead to oscillations.

For instance equation (26) has at least one positive root say

σ0 if κ < 0 denoted by ω =
√
σ0.

Using time delay (i.e incubation time) τ as the bifurcation

parameter, we drive the condition for Hopf bifurcation to occur.

We can think of the roots of (21), λ as a continuous function in

terms of the delay parameter λ(τ).

Theorem 4.4. Suppose that R0 > 1 and if condition (i) of

Lemma (4.2) is satisfied, then the endemic equilibrium E∗ of

the delay model (2) is asymptotically stable when τ ∈ [0, τ0),

and unstable when τ > τ0 provided that ω0 is the largest pos-

itive simple root of equation (25), furthermore the delay model

(2) undergoes a Hopf bifurcation at an endemic equilibrium E∗
when τ = τ0 where,

τ0 =
1

ω0

arcot













G2(b3 − ω2
0
) +G1b2ω

2
0

G1(ω3
0
− b3ω0) +G2b2ω0













Proof. Let λ(τ) = η(τ) + iσ(τ) be the eigenvalue of equation

(21) such that for some initial value of the bifurcation τ0 we

have η(τ0) = 0, and ω(τ0) = ω0 (without loss of generality we

may assumeω0 > 0 ) from equation (23) and (24) we obtained a

sequence of positive values of τn corresponding to any positive

root ω given by:

τn =
1

ω0

arcot













G2(b3 − ω2
0
) +G1b2ω

2
0

G1(ω3
0
− b3ω0) +G2b2ω0













+
2nπ

ω0

,

n = 0, 1, 2, ...

It follows from lemma (3.2) that for τ = 0, E∗ is asymptoti-

cally stable, by Kuang’s theorem [Ref[32], P.83], the endemic

equilibrium E∗ is asymptotically stable for τ ∈ [0, τ0) and un-

stable for all τ > τ0. Now we show the transversal condition

dReλ(τ)

dτ
|τ=τo
> 0

holds. When τ passes the critical value τ0 (i.e τ > τ0) by conti-

nuity, the real part of λ(τ) becomes positive and the steady state

become unstable. Moreover, a Hopf bifurcation occur when τ

passes through a critical value τ0 (see Ref. [33])

To establish Hopf bifurcation at τ = τ0 we need to show that
dRe(λ(τ))

dτ
> 0. Differentiating equation (21) with respect to τ we

have

(2λ + b2)
dλ

dτ
=[−τe−λτ(G1λ +G2) +G1e−λτ]

dλ

dτ

− λe−λτ(G1λ +G2).

This gives

(

dλ

dτ

)−1

=
2λ + b2 + τe

−λτ(G1λ +G2) −G1e−λτ

−λe−λτ(G1λ +G2)

=
2λ + b2

−λe−λτ(G1λ +G2)
+

G1

λ(G1λ +G2)
− τ
λ

=
λ2 − b3 + e−λτ(G1λ +G2)

−λ2(e−λτ(G1λ +G2))
+

G1

λ(G1λ +G2)
− τ
λ

=
λ2 − b3

λ2(λ2 + b2λ + b3)
− G2

λ2(G1λ +G2)
− τ
λ

Thus,

sign

{

(

d(Reλ)

dτ

)

}

= sign

{

Re

(

dλ

dτ

)−1}

λ=iω0

= sign

{

Re

[

λ2 − b3

−λ2(Z(λ))

]

λ=iω0

+ Re

[

−G2

λ2(G1λ +G2)

]

λ=iω0

}

= sign

{

Re













−ω2
0
− b3

ω2
0
(b3 − ω2

0
+ b2ω0i)













+ Re













G2

ω2
0
(G2 +G1ω0i)













}

= sign

{ ω4
0
+G2

2
− b2

3

ω2
0
((b3 − ω2

0
)2 + b2

2
ω2

0
)

}

= sign

{2ω2
0
+ (b2

2
− 2b3 −G2

1
)

(b2 − ω2
0
)2 + b2

2
ω2

0

}

,

where Z(λ) = λ2 + b2λ + b3. Since f (σ) = σ2 + ασ + κ, thus,

d f (σ)

dσ
= 2σ + α = 2σ + (b2

2 − 2b3 −G2
1)

Since ω0 is the simple largest positive root, we have

d f (σ)

dσ

∣

∣

∣

∣

∣

σ=ω2
0

> 0.

Hence

dReλ

dτ

∣

∣

∣

∣

∣

ω=ω0,τ=τ0

=

d f (ω2
0
)

dσ

(b2 − ω2
0
)2 + b2

2
ω2

0

> 0,

Remarks If an endemic equilibrium exists and the param-

eters κ < 0 or κ ≥ 0 and α < 0 is satisfied, an increase in the

length of the time delay of ZVL disease transmission below the

critical value of the time delay τ0 will cause an endemic equilib-

rium be stable. As the time delay progresses beyond the critical

delay τ0, a locally asymptotically stable endemic equilibrium

will lose its stability.
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5. Numerical simulation

In this section, numerical simulations were performed for

the model (2). The following parameter values λH = 0.5, β =

0.016, λH = 0.5, µH = 0.0067, µV = 0.087, µR = 0.1, γ =

0.033, δH = 0.011, f1 = 0.64,ΠH = 0.05, ζH = 0.036 are

used. We observed that the number of infected sandflies, in-

fected reservoir and infected humans decay faster for higher

values of the delay (incubation period) as shown in Figures 2,

3, and 4. Therefore, the delay has impact on the transmission

dynamics of the disease.
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Figure 2: Numerical simulation of model (2) with parameter values

λV = 0.250, λR = 0.20,ΠV = 0.0026,ΠR = 0.022,.
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Figure 3: Numerical simulation of model (2) with parameter values

λV = 0.50, λR = 0.1,ΠV = 0.0016,ΠR = 0.052.
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Figure 4: Numerical simulation of model (2) with parameter values

λV = 0.250, λR = 0.20,ΠV = 0.005,ΠR = 0.000523,.

6. Conclusions

This paper presents a new deterministic delay-deferential

model for assessing the effect of time delay on the dynamics

of ZVL by looking at the stability of the equilibria. The time

delay accounts for the incubation period of reservoirs needed to

become infectious. The main theoretical and epidemiological

findings of the study are summarized as follows:

The ODE version of the model has a DFE (ZVL-free equi-

librium) which is locally-asymptotically stable whenever a cer-

tain threshold quantity (R0) is less than unity. If R0 < 1 the

disease-free equilibrium is globally asymptotically stable. Also

a unique endemic equilibrium exists and is locally asymptoti-

cally stable in the interior of the feasible region.

Base on the delay-deferential model we determined the cri-

teria for Hopf-bifurcation to occur using time delay as the bifur-

cation parameter, when time delay is small the positive equilib-

rium is locally asymptotically stable, while instability can occur

by Hopf-bifurcation as the delay increases. Hopf-bifurcation

has helped us in finding the region of instability in a neighbor-

hood of endemic equilibrium where the population will undergo

regular oscillations.
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