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Abstract

In this research work, we investigate the concentration profiles in the single and the interconnected multiple-compartment systems with sieve
partitions for the transport of chemical species with second order chemical reaction kinetics. With assumption of unidirectional transport of
chemical species and constant physical properties with same equilibrium contant, the developed partial differential equations representing the
two systems are spatially discretised using the Method of Lines (MOL) technique and the resulting semi-discrete system of ODEs are solved
using MATLAB ode15s solver. The results show that the interconnected multiple-compartment system has lower concentration profile than the
single-compartment system for different values of diffusivities.
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1. Introduction

Chemical reactor engineers have certain desired concentra-
tion profiles for optimum yield of products. While high con-
centration profile is preferable for some chemical species to
yield adequate product, low concentration profile is desired for
some other chemical species. The type of chemical reactor
used is a factor that may determine the concentration profiles
in such systems due to pressure, heat and possible consumption
of the chemical species as a result of the presence of other re-
actions. Different chemical species have different diffusivities
in the medium through which they are being transported. The
medium through which a chemical species is being transported
could be solid, liquid or gas medium.
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In literature, researchers have modelled high and low con-
centration profiles for different diffusion values in different me-
dia. Gaiseanu presented analysis on diffusion of boron in sil-
icon at high surface concentration beginning from some diffu-
sion constants and his conclusion is centred on the dependence
of diffusion coefficient on concentration for some given param-
eters whose details can be found in his work [1]. Chepurniy and
Savage also investigated the effect of diffusion on concentration
profile in a solar pond and concluded that constant value of dif-
fusivity existed in the medium considered [2]. While investigat-
ing probe effects on concentration profiles in the diffusion layer,
Critelli et al. [3] solved a pure diffusion problem for a one-
component two dimensional axisymmetric model. They con-
cluded that positioning of a probe like a microelectrode close to
a working electrode interferes with local potential and concen-
tration distributions.
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Yang and Lue examined coupled concentration-dependent
diffusivities of ethanol and water mixture through a polymeric
membrane. While determining effects on pervaporative flux
and diffusivities profiles, they concluded that the concentration
profiles exhibited a linear to concave response as a function of
depth in the considered membranous medium [4]. There have
been various works on concentration profiles and diffusivities
of chemical species in different media [5-11].

Zhou et al. [12] generated complex concentration profile
by partial diffusive mixing in multi-stream laminar flow. One
of the key insights in their work is that details in the concen-
tration profile can be tuned with geometrical and operating pa-
rameters. Adedire and Ndam investigated model of chlorine
decay through water and intermediate Pseudomonas aeruginosa
in multiple-compartment isothermal system [13]; they however
did not compare their work with single compartment system.
Researchers in literature have not compared the concentration
profiles between the single and the interconnected multiple-
compartment systems for the transport of chemical species with
second order chemical reaction kinetics.

The research question is to determine whether single com-
partment system will have higher concentration profile than in-
terconnected multiple-compartment system for chemical species
with second order chemical reaction kinetics as time progres-
sively increases. Would there be higher concentration profile
for chemical species with higher diffusivities than for those with
lower diffusivities?

In this study, we intend to compare the concentration pro-
files in both the single-compartment system and the intercon-
nected multiple-compartment system for the transport of chem-
ical species with second order chemical reaction kinetics with
respect to diffusivities. The interconnected multiple-compartment
system is such that each compartment is separated by sieve
partitions allowing transport of chemical species through each
compartment of the system.

The subsequent part of this paper is organised as follows:
section 2 deals with model development. Section 3 deals with
numerical simulation of the model equations. While in section
4, results and discussion from the perspective of the considered
systems will be addressed, conclusion comes up in section 5.

2. Model Development

The development of the model in this work is centred on
treating fluid as a continuum [14]. Let any chemical species be
a substance distributed in Rn with boundary ∂Ω and let n̂ be an
outward normal to ∂Ω and define a function

Ψϕ(x, t) : Rn × R→ R (1)

where Ψϕ(x, t) is the concentration of any chemical species ϕ in
some units of measurements having x ∈ Rn with x = x1, x2, ...xn

at any time t. Let q ∈ N be total number of compartments and
γ ∈ {1, 2, 3, 4, 5} be compartment 1, 2, 3, 4 and 5 respectively.
For q = 1, γ = 1, n = 1, x1 = x we set up mass balance equa-
tions assuming that convection and diffusion are taking place
along the x-axis as shown in Figure 1. For chemical species ϕ

with flux qϕ and reaction term Rϕ over infinitesimal thickness
∆x in x -direction of γth -compartment of the reactor, the mass
balance gives

(∆x) Ψϕ(x, t)
∣∣∣
t − (∆x)Ψϕ(x, t)

∣∣∣
t+∆t

= vΨϕ(x, t)
∣∣∣
x ∆t − v Ψϕ(x, t)

∣∣∣
x+∆x ∆t

+ qh1 x

∣∣∣
x ∆t − qh1 x

∣∣∣
x+∆x ∆t + Rϕ∆x∆t

(2)

Division of (2) by (∆x)(∆t) gives

Ψϕ(x,t)|t−Ψϕ(x,t)|t+∆t
∆t = −v

Ψϕ(x,t)|x−Ψϕ(x,t)|x+∆x
∆x

−
qh1 |x− qh1 |x+∆x

∆x + Rϕ

(3)

Take the limit of (3) as ∆x→ 0,∆t → 0 to get

∂Ψϕ(x, t)
∂t

= −v1
∂Ψϕ

∂x
−
∂qϕ
∂x

+ Rϕ (4)

Assuming that the rate of consumption of the chemical species
follows second order chemical reaction kinetics and choosing
the flux qϕ to follow Fick’s law of diffusion [15], we have

∂Ψϕ(x, t)
∂t

= −v
∂Ψϕ(x, t)

∂x
+
∂

∂x

[
D
∂[Ψϕ(x, t)

∂x

]
,

−kϕ
[
Ψϕ(x, t)

]2
xL0 6 x 6 xµ, t > 0 (5)

with initial and boundary conditions given as

Ψflϕ(x, 0) = Ψflϕ0(x) (6)

Ψflϕ(x = xL0, t) = Ψflϕ(t) (7)

Ψflϕ(x = xµ, t) = ΨflϕE(x = xµ, t) (8)

Following the same procedure used to obtain equations (5), (6),
(7) and (8), we consider the following Figure 2 . For the pa-
rameters q = 5; γ = 1, 2, 3, 4, 5; n = 1, x1 = x, we obtain the
following system of partial differential equations with assump-
tion that convection and diffusion take place along x -axis as

∂Ψ1ϕ(x, t)
∂t

= −v
∂Ψ1ϕ(x, t)

∂x
+
∂

∂x

[
D1

∂Ψ1ϕ(x, t)
∂x

]
−kϕ

[
Ψ1ϕ(x, t)

]2
, xL 6 x 6 x1, t > 0 (9)

∂Ψ2ϕ(x, t)
∂t

= −v
∂Ψ2ϕ(x, t)

∂x
+
∂

∂x

[
D2

∂Ψ2ϕ(x, t)
∂x

]
−kϕ

[
Ψ2ϕ(x, t)

]2
, x1 ≤ x ≤ x2, t ≥ 0 (10)

∂Ψ3ϕ(x, t)
∂t

= −v
∂Ψ3ϕ(x, t)

∂x
+
∂

∂x

[
D3

∂Ψ3ϕ(x, t)
∂x

]
−kϕ

[
Ψ3ϕ(x, t)

]2
, x2 ≤ x ≤ x3, t ≥ 0 (11)

∂Ψ4ϕ(x, t)
∂t

= −v
∂Ψ4ϕ(x, t)

∂x
+
∂

∂x

[
D4

∂Ψ4ϕ(x, t)
∂x

]
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Figure 1: Schematic representation of species transport through (q=1) single-compartment chemical reactor system.

Figure 2: Schematic representation of species transport through interconnected (q=5)- multiple-compartment chemical reactor system.

−kϕ
[
Ψ4ϕ(x, t)

]2
, x3 ≤ x ≤ x4, t ≥ 0 (12)

∂Ψ5ϕ(x, t)
∂t

= −v
∂Ψ5ϕ(x, t)

∂x
+
∂

∂x

[
D5

∂Ψ5ϕ(x, t)
∂x

]
−kϕ

[
Ψ5ϕ(x, t)

]2
, x4 6 x 6 xµ, t > 0 (13)

Equation (9) has initial and boundary conditions

Ψ1ϕ(x, 0) = Ψ1ϕ0(x) (14)

Ψ1ϕ(x = xL0, t) = Ψ1ϕ(t) (15)

Ψ1ϕ(x = x1, t) = k[Ψ2ϕ(x = x1, t)] (16)

Equations (10), (11) and (12) for γ = 2, 3 and 4 have the initial
and boundary conditions

Ψγϕ(x, 0) = Ψγϕ0(x) (17)

∂Ψflϕ(x = xγ, t)
∂x

=
D(γ−1)ϕ

Dγϕ

∂Ψ(γ−1)ϕ(x = x(γ−1), t)
∂x

(18)

Ψγϕ(x = xγ, t) = k
[
Ψ(γ+1)ϕ(x = xγ, t)

]
(19)

Equation (13) for γ = 5 has the initial and boundary conditions
given as

Ψ5ϕ(x, 0) = Ψ5ϕ0(x) (20)

∂Ψ5ϕ(x = x4, t)
∂x

=
D4ϕ

D5ϕ

∂Ψ4ϕ(x = x4, t)
∂x

(21)

Ψ5ϕ(x = x5, t) = Ψ5ϕ0(t) (22)

While the Neumann boundary conditions (18) and (21) show
continuity of flux of species ϕ from γth compartment to the ad-
jacent (γ+ 1)th compartment, the Dirichlet boundary conditions
(16), (19) and (22) show the link between the concentrations in
one compartment with the concentration in the preceding com-
partment in a way showing relationship at the boundaries.

2.1. Existence and Uniqueness of Solution
The solutions of the governing equations (5)-(8)

and (9)-(22) which are PDEs and their auxiliary conditions ex-
ist and are unique; hence they are well–posed system of PDEs
[16]. Detailed proofs of the existence and uniqueness of the
governing model equations leading to their well-posedness will
not be considered here to avoid repetition as they have been ex-
tensively proved elsewhere. For further analysis and detailed
proofs, the reader is referred to [16] and to [17] and references
contained therein.

3. Numerical Simulation

The governing model equation (5) together with its aux-
iliary conditions (6)-(8) for (q=1) single-compartment system
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and the system of equations (9)-(13) together with their auxil-
iary conditions (14)-(22) for interconnected multiple-compartment
system are solved using Method of Lines (MOL) technique. We
performed numerical simulation after only the spatial deriva-
tives of the governing PDEs have been discretised with finite
difference approximations. To this end, let x = xi such that
i ∈ N be an index representing positions on grids in x. We con-
sider first order approximations to ∂Ψ

∂x for the convective part of
the PDEs as

∂Ψ(x, t)
∂x

≈
Ψi − Ψi−1

∆x
+ O(∆x) (23)

Also, for the diffusive part, second order finite difference ap-
proximations to the second order derivative ∂2Ψ

∂x2 are considered
as

∂2Ψ(x, t)
∂x2 ≈

Ψi+1 − 2Ψi + Ψi−1

∆x2 + O(∆x2) (24)

The terms O(∆x) and O(∆x2) are the truncation error of approx-
imation of finite difference scheme obtained from Taylor series.
The number of points on the grids in x is chosen as M such that
at the first boundary (left-end) of x a value of i=1 is assigned
and at the last boundary (right-end) of x a value of i=M is cho-
sen.

For q = 1, γ = 1 , n = 1 substitution of (23) and (24) into
(5) results in

dΨ(t)(ϕ) i

dt = −v Ψ(t)(ϕ) i−Ψ(t)(ϕ) i−1

∆x + D
[

Ψ(t)(ϕ) i+1−2Ψ(t)(ϕ) i+Ψ(t)(ϕ) i−1

∆x2

]
−kϕ

[
Ψ(t)(ϕ) i

]2
, 1 6 i 6 M

(25)

and (6), (7) and (8) are semi-discretised as

Ψ(t = 0)(ϕ) i = Ψϕ0(x(i)) (26)

Ψ(t)(ϕ) 1 = Ψϕ(t) (27)

Ψ(t)(ϕ) M = Ψ(t)(ϕ)0 M (28)

For q = 5; γ = 1, 2, 3, 4, 5 , substitution of (23) and (24) into
(9), (10), (11), (12) and (13) results in

dΨ(t)(1ϕ) i

dt
= −v1

Ψ(t)(1ϕ) i − Ψ(t)(1ϕ) i−1

∆x

+D1

[
Ψ(t)(1ϕ) i+1 − 2Ψ(t)(1ϕ) i + Ψ(t)(1ϕ) i−1

∆x2

]
−k1ϕ

[
Ψ(t)(1ϕ) i

]2
, 1 6 i 6 M(1) (29)

dΨ(t)(2ϕ) i

dt
= −v2

Ψ(t)(2ϕ) i − Ψ(t)(2ϕ) i−1

∆x

+D2

[
Ψ(t)(2ϕ) i+1 − 2Ψ(t)(2ϕ) i + Ψ(t)(2ϕ) i−1

∆x2

]
−k2ϕ

[
Ψ(t)(2ϕ) i

]2
, 1 6 i 6 M(2) (30)

dΨ(t)(3ϕ) i

dt
= −v3

Ψ(t)(3ϕ) i − Ψ(t)(3ϕ) i−1

∆x

+D3

[
Ψ(t)(3ϕ) i+1 − 2Ψ(t)(3ϕ) i + Ψ(t)(3ϕ) i−1

∆x2

]
−k3ϕ

[
Ψ(t)(3ϕ) i

]2
, 1 6 i 6 M(3) (31)

dΨ(t)(4ϕ) i

dt
= −v4

Ψ(t)(4ϕ) i − Ψ(t)(4ϕ) i−1

∆x

+D4

[
Ψ(t)(4ϕ) i+1 − 2Ψ(t)(4ϕ) i + Ψ(t)(4ϕ) i−1

∆x2

]
−k4ϕ

[
Ψ(t)(4ϕ) i

]2
, 1 6 i 6 M(4) (32)

dΨ(t)(5ϕ) i

dt
= −v5

Ψ(t)(5ϕ) i − Ψ(t)(5ϕ) i−1

∆x

+D5

[
Ψ(t)(5ϕ) i+1 − 2Ψ(t)(5ϕ) i + Ψ(t)(5ϕ) i−1

∆x2

]
−k5ϕ

[
Ψ(t)(5ϕ) i

]2
, 1 6 i 6 M(5) (33)

where M(1),M(2),M(3),M(4),M(5) are the number of points on
the grid in x in each compartment γ = 1, 2, 3, 4, 5. The initial
and boundary conditions (14),(15) and (16) are semi-discretised
as

Ψ(t = 0)(1ϕ) i = Ψ1ϕ0(x(i)) (34)

Ψ(t)(1ϕ) 1 = Ψ1ϕ(t) (35)

Ψ(t)(1ϕ) M(1) = kΨ(t)(2ϕ) M(1) (36)

and equations (17), (18) and (19) are semi-discretised for (30),
(31) and (32) as

Ψ(t = 0)(γϕ) i = Ψγϕ0(x(i)) (37)

Ψ(t)(γϕ) M(γ−1) − Ψ(t)(γϕ) M(γ−1)−1

∆x

=
D(γ−1)ϕ

Dγϕ

Ψ(t)[(γ−1)ϕ] M(γ−1) − Ψ(t)[(γ−1)ϕ] M(γ−1)−1

∆x
(38)

Ψ(t)(γϕ) M(γ) = kΨ(t)[(γ+1)ϕ] M(γ) (39)

Finally, equations (20),(21) and (22) are semi-discretised as

Ψ(t = 0)(5ϕ) i = Ψ5ϕ0(x(i)) (40)

Ψ(t)(5ϕ) M(4) − Ψ(t)(5ϕ) M(4)−1

∆x

=
D(4)ϕ

D5ϕ

Ψ(t)4ϕ M(4) − Ψ(t)4ϕ M(4)−1

∆x
(41)

Ψ(t)(5ϕ) M(5) = kΨ(t)5ϕ0 M(5) (42)
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Figure 3: Species concentration profile for diffusivity 5.4 × 101 m2/min γ = 1 (q=1) single-compartment system at time t = 9 minutes.

Figure 4: Species concentration profile for diffusivity 5.4× 101 m2/min γ = 1, 2, 3, 4, 5 of interconnected (q=5) multiple-compartment system at time t = 9 minutes.

4. Results and Discussion

For parameters q = 1, γ = 1, n = 1 , the total length of the
system is 600m with a constant boundary value ψϕ0 = 70mg/L.
The second order reaction rate constant kϕ is 1.2 × 101L mg
min−1, the diffusivities Dϕ are taken to be 5.4×101 m2/min and
5.4 × 102 m2/min respectively with initial concentration of the

chemical species taken as ψAϕ0 = 70mg/L.
For parameters q = 5; γ = 1, 2, 3, 4, 5; n = 1 , the length of

each compartment is 120m so that the total length gives 600m.
A constant boundary value ψ1ϕ0 = 70mg/L is used, second or-
der reaction rate constants kiϕ(i = 1, 2, 3, 4, 5) are taken to be
1.2 × 101L mg min−1 with diffusivities Diϕ(i = 1, 2, 3, 4, 5) also
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Figure 5: Species concentration profile for diffusivity 5.4 × 102 m2/min γ = 1 of (q = 1) single-compartment system at time t = 9 minutes.

Figure 6: Species concentration profile for diffusivity 5.4 × 102 m2/min γ = 1, 2, 3, 4, 5 of interconnected (q = 5) multiple-compartment system at time t = 9
minutes.

taken to be 5.4×101 m2/min and 5.4×102 m2/min respectively
with the initial concentration of the species in the system taken
to be 70mg/L .

After spatial discretisation of the resulting PDEs and their
auxiliary conditions using MOL techniques as shown in section

3 with grid points M(1),M(2),M(3),M(4),M(5) taken to be 101
in each compartment, we obtained 505 semi-discrete systems
of ODEs in one independent variable t for (q=5)-compartment
system and 101 semi-discrete systems for (q=1)-compartment
system. We use MATLAB ode15s solver due to its efficient way
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of handling such systems of ODEs with variable step size, the
results are displayed for t = 9 minutes as shown in Figures 3
and 4.

Analogously, the same set of parameters used to obtain Fig-
ures 3 and 4 but with different diffusivities Dϕ and Diϕ(i =

1, 2, 3, 4, 5) taken to be 5.4 × 102 m2/min are used and the re-
sults are displayed in Figures 5 and 6 at t = 9 minutes for (q=1)
single-compartment system and interconnected (q=5) multiple-
compartment system respectively.

Simulation of the governing model equations for different
values of diffusivities are used to investigate effects of diffusiv-
ity on the concentration profile of chemical species undergo-
ing second order chemical reaction kinetics in each compart-
ment of interconnected (q=5)- multiple-compartment system.
The results from Figure 4 show that for diffusivities Diϕ(i =

1, 2, 3, 4, 5) given as 5.4× 101 m2/min at t = 9 minutes, the val-
ues of the concentration at the end of the boundary of each com-
partment of the system has the concentration values of 32.87
mg/L, 18.19 mg/L, 10.49 mg/L, 4.99 mg/L and 0.00 mg/L re-
spectively. On the other hand, for diffusivities Diϕ(i = 1, 2, 3, 4, 5)
given as 5.4 × 102 m2/min measured at the same time t=9 min-
utes, the values of concentration at the end of each compart-
ment are obtained as 49.32 mg/L, 34.43 mg/L, 22.23 mg/L,
11.01 mg/L and 0.00 mg/L for γ = 1, 2, 3, 4, 5 respectively as
shown in Figure 6. The mid-point of the multiple-compartment
system of length 600m is 300m, so that interconnected (q=5)-
compartment system has its mid-point in the third compartment
at the point x = 60m which is equivalent to 300m of the en-
tire system. While concentration of the species at 300m of
the system is 13.90 mg/L for diffusivity of 5.4 × 101 m2/min,
the concentration of the species is 28.13 mg/L for diffusivity of
5.4×102 m2/min at the mid-point of the system at t=9 minutes.

From the results, there is higher concentration profile when
diffusivities Diϕ(i = 1, 2, 3, 4, 5) are given as 5.4 × 102 m2/min
than when diffusivities Diϕ(i = 1, 2, 3, 4, 5) are given as 5.4×101

m2/min at t=9 minutes. This means that chemical species with
higher diffusivities in (q=5)-compartment system have higher
concentration profile than those with lower diffusivities. As
time t progressively increases, the concentration profile of chem-
ical species with higher diffusivity still shows higher values
than the one with lower diffusivity in (q=5)-compartment sys-
tem.

We also made comparison between (q=1)-compartment sys-
tems for different values of diffusivities in order to ascertain
whether the behavior exhibited by (q=5)-compartment is con-
sistent with that of (q=1)-compartment system. From the re-
sults shown in Figure 3 at t=9 minutes, the concentration at
the mid-point of the system is 34.88 mg/L when diffusivity
is taken to be 5.4 × 101 m2/min and 34.99 mg/L when diffu-
sivity is 5.4 × 102 m2/min. From the comparison made be-
tween the (q=1)-compartment system and the interconnected
(q=5)-compartment system for different values of diffusivities,
there is higher concentration profile in chemical species with
higher diffusivity than with the one with lower diffusivity in
each system. However, the concentration profile in intercon-
nected (q=5) multiple-compartment system is lower than that
of (q=1) single-compartment system.

5. Conclusion

In this paper, we compared the concentration profile be-
tween (q=1)- single–compartment and interconnected (q=5)-
multiple-compartment systems for a chemical species with sec-
ond order chemical reaction kinetics.

From the results, the (q=5)- multiple-compartment system
has lower concentration profile than the (q=1)- single-compartment
system for different values of diffusivities. We conclude that
the multiple-compartment chemical reactor system be consid-
ered whenever lower concentration profile is desired for certain
chemical reactions. However, choice of a single-compartment
chemical reactor may be made when high concentration profile
is required for certain chemical reactions.
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